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The non-relativistic treatment of heavy tetraquark
masses in the logarithmic quark potential
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In the non-relativistic quark model, the interaction potential for the tetraquark is proposed which involves the logarithmic, linear, harmonic,
and spin-spin interaction potentials. Analytically, the non-relativistic Bethe-Salpeter equation is solved, with diquark-antidiquark configura-
tions taken into account. This work is compared to other recent works. Our results of the heavy tetraquark may provide useful information
for future experimental data.
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1. Introduction

Quantum chromodynamics (QCD) theory can explain
mesons and baryons (and thus multiquark states) [1-8]. The
only requirement for these states, according to QCD [9], is
that they are colour singlets, and diquark interactions appear
to be essential in hadron physics. In 1964, Murray Gell-
Mann and George Zweig suggested the quark hypothesis in
their papers. Since the composition of their quarks and/or
their spin/parity is unknown, several reported exotic states
are being studied for a study of hypothetical exotic states
[10-12]. Ground-state mesons and baryons, on the other
hand, are well-defined experimentally. Other than the quark
model, multiquark states like tetraquarks (qq̄qq̄ or qqq̄q̄), pen-
taquarks (qq̄qqq), and structures containing more quarks have
been proposed for years [13-15].

A Tccc̄c̄ state might split into two charmonium states,
each consisting of ācc̄ pair, such asJ/ψ mesons. It’s also
possible to decay into aJ/ψ meson plus a heavier charmo-
nium state, or two heavier charmonium states, with the heav-
ier states decaying into aJ/ψ meson and associated particles.
The masses ofTccc̄c̄ states are predicted to range between 5.8
and 7.4 GeV/c2, which is higher than the masses of known
charmomia and charmonium-like exotic states but lower than
the masses of bottomonium hadrons [16].

The fully-charm tetraquark stateccc̄c̄ has an energy range
that is significantly larger than the experimentally known
range for charmonium, which is in the range of 3-4.5 GeV.
This is due to the XYZ state’s energy range corresponding
to the mass range of ordinary charmonium levels, which can
cause problems in these systems [17]. The discovery of a
possibleccc̄c̄ structure sparked a lot of theoretical research
[18-21]. So far, no observations on the side ofbbb̄b̄ structures
have been made. According to experimental research, the
entire bottom tetraquark statebbb̄b̄ exists, with a global sig-
nificance of3.6 σ and a mass of about 18.4 GeV, nearly 500

MeV below theΥΥ threshold [22]. The LHCb Collabora-
tion, on the other hand, proposed an intriguing study looking
for the unusual bb̄bb̄ tetraquark in theΥ(1S)µ+µ− state, but
no further research was conducted [23]. The theoretical exis-
tence of thebbb̄b̄ state was investigated both before and after
these experimental studies [24-26].

This work determines the masses of tetraquarks in the
ground state, with a tetraquark being a bound state of one di-
quark and one antidiquark. The unification of any two quarks
to generate a colored quasi-bound state is the physical prin-
ciple behind the diquark concept. This approach enables us
to first consider the potential of applying the diquark con-
cept in this situation, and then to obtain relatively brief for-
mulations for the masses. We have used the non-relativistic
Bethe-Salpeter equation with the logarithm potential, linear
potential, harmonic potential, and spin-dependent potential.
The logarithm potential was used to measure the masses of
pentaquarks [27]. To the best of our knowledge, no previ-
ous research has employed the logarithm potential to estimate
tetraquark masses. We have provided numerical results for
the ground masses. The following is how the paper is struc-
tured: The Bethe-Salpeter equation is obtained in the current
potential in Sec. 2. The numerical results and discussion are
included in Sec. 3, and the conclusion is found in Sec. 4.

2. The theoretical model

One heavy diquark and one heavy antidiquark are thought
to be bonded together to form tetraquarks. As a result, this
two-body structure can be described using the Bethe-Salpeter
equation in QCD. By considering the natural units (where
~ = c = 1), the Bethe-Salpeter equation [28] is derived.

[(p2 + m2
1)

1/2 + (p2 + m2
2)

1/2

+ V (r)]ψnl(r) = Mψnl(r), (1)
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wherem1 andm2 are the masses of the two-body structure
components,V (r) is the potential,M is the bound state mass
andψnl(r) is the wave function. Applying Eq. (1) to heavy
interacting particles atp < µ, as shown in Ref. [29], is a basic
method of dealing with the non-local behavior of the kinetic
energy operator.

(p2 + m2
1)

1/2 + (p2 + m2
2)

1/2

= m1 + m2 +
p2

2µ
− p4

8αµ3
+ . . . (2)

where µ = m1m2/(m1 + m2) is the reduced mass and
α = m1m2/(m1m2 − 3µ2). Taking up to terms of instruc-
tions just1/µ3 in the given equation. This is a strong ap-
proximation for heavy interacting particles that employs the
operatorp2 = −∇2 and p4 = 4µ2[E − V (r)]2, where
E = M − m1 − m2 is the energy of the bound state. It
is possible to rewrite Eq. (1) in spherical coordinates as

{
− 1

2µ

[
d2

dr2
+

2
r

d

dr
− l(l + 1)

r2

]
+ V (r) + m1 + m2

− [M −m1 −m2 − V (r)]2

2αµ

}
ψnl(r) = Mψnl(r). (3)

For each two-body interaction, the logarithm potential, linear
potential, harmonic potential, and spin-spin interaction are all
included in the potential considered in Eq. (3).

V (r) = VLn(r) + Vspin(r), (4)

VLn(r) = a + br + cr2 + dLn
r

r0
, (5)

Vspin(r) = ηe−σ2r2
, η =

Aσ3S1.S2

2π3/2m1m2
. (6)

The parameterA is coupled to the strong constant coupling
αs in the one gluon exchange approximation. The spins of
the interacting particles in the spin-spin interaction areS1

andS2 , respectively.S1.S2 = (1/2)[S(S + 1) − S1(S1 +
1)− S2(S2 + 1)], and S is the total spin. The parameters for
the logarithm potential are given in Table I.

The interaction potential of two coloured objects usually
includes two contributions. This potential is illustrated by
colour interaction, which is specified by a virtual model in-
spired by the Cornell potentialVCor = −(a/r) + br + c pre-
sented in Ref. [30] for the value of parametersa = 0.63, b =
0.18 GeV2 andc = −0.22 GeV and gives a good description
for masses of tetraquark as in Ref. [32] in comparison with
experimental data. But it has been replaced in the present
study by the logarithmic potential as in Eq. (5). Figure 1,
shows a relationship between two potentials that results in
similar behavior for both.

FIGURE 1. The Cornell potential [30] and the logarithm potential
are plotted as a function ofr. The blue line represents the Cornell
potential and the dotted line represents the logarithm potential.

TABLE I. Potential logarithm parameters.

Parameter of quark

potential mass

a 0.017 GeV mq = mu,d 0.323 GeV

b 0.659 GeV2 mc 1.459 GeV

c 0.00487 GeV3 mb 4.783 GeV

d 0.678 GeV Ac 7.920 GeV

σ 1.209 GeV [30] Ab 3.087 GeV

r0 7.959 GeV−1 [31]

By presentingψnl(r) = Xnl(r)r−1 and using the poten-
tial in Eq. (4), then Eq. (3) can defined as;

−d2Xnl(r)
dr2

+

{
l(l + 1)

r2
− V 2(r)

α

+ V (r)
{

2(M −m1 −m2)
α

+ 2µ

}

− (M −m1 −m2)2

α

+ 2µ(−M + m1 + m2)

}
Xnl(r) = 0. (7)

We use the basic approximation to solve the previous equa-
tion analytically, taking into consideration thatr < 1 fm.
Function approximatione−σ2r2 ≈ 1− σ2r2 + ..... and func-
tion log[r/r0] ≈ −[3/2] + [2/r0]r− [1/2r2

0]r
2 + .... leading

to the possible equation of potential as follows:

V (r) = a1 + a2r + a3r
2, (8)

where

a1 = −3d

2
+ a + η, a2 = b +

2d

r0
,

a3 = − d

2r2
0

+ c− ησ2, (9)
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FIGURE 2. A diagram illustrating the modelling process. First, take theq1q̄2 model of the quark-antiquark system. Second, expanding
the model to include theq1q2 quark-quark (or diquark) system. Finally, similar to the quark-antiquark system, except with diquarks and
antidiquarks as constituents of model a tetraquarkq1q2q̄1q̄2 [32].

for which Eq. (7) becomes

d2Xnl(r)
dr2

≈
{

ζ1r
4 + ζ2r

3
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2 + ζ4r + ζ5 +
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}
Xnl(r), (10)

where
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3

α
,

ζ2 = −2a2a3

α
,
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2 + 2a1a3
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,

ζ5 = −a2
1
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ζ6 = l(l + 1). (11)

Since Eq. (10) can be solved analytically.

Xnl(r) = Ωnl(r)eφ(r), (12)

where

φ(r) = t0 + t1r
2 + t2r

3 + t3 ln[r] (13)

X ′′
nl(r) =

{
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3 + 4t21r
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Xnl(r), (14)

where

t1 = ±
√

ζ3

2
,

t2 = ±
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ζ1

3
, (15)

t3 =
ζ4

2
√

ζ1
− 1, (16)

then we get,

ζ5 = ±
√

ζ3{±ζ4√
ζ1

− 1}. (17)

The mass equation is found by solving Eqs. (15)-(17)
with Eq. (11).

C1M
2 + C2M + C3 = 0, (18)

where

C1 =
2a2(3a1 − αµ + 3m1 + 3m2)

α2

C2 =
2a2(−3a2

1 − 2a1αµ + 2α2µ2 − 6a1(m1 + m2) + 2αµ(m1 + m2))
α2

− 2a2(3(m2
1 + m2

2) + 6m1m2)
α2

C3 =
2a2(a1 − αµ + m1 + m2)(a2

1 − (2αµ−m1 −m2)(m1 + m2))
α2

+
2a2(αµ + m1 + m2))

α2
− 2a2a3

α
. (19)

The diquark masses are calculated using Eqs. (18) and (19), as shown in Table II.

3. Numerical results and discussion

The mechanism underlying unusual state binding is currently unknown. The following three types of models can be used to
ascribe various interpretations. (i) The molecular model of mesons and baryons, or their mixing. A chiral effective Lagrangian

Rev. Mex. Fis.68060801



4 M. ABU-SHADY, M. M. A. AHMED AND N. H. GERISH

TABLE II. The masses of diquarks inN2S+1LJ = 13S1 and comparison with other works (in GeV).

Diquark M(our) Ref. [32] Ref. [34] Ref. [35] Ref. [36] Ref. [37]

qc 1.822 2.018 – 2.138 1.870± 0.1 –

cc 3.117 3.128 3.114 3.3297 3.51± 0.35 3.130

qb 5.354 5.339 – 5.465 5.08± 0.04 –

bb 9.853 9.643 9.792 9.845 8.670± 0.69 9.72

technique, the color-screen model, the QCD sum rules, and
the scattering amplitudes approach were used to estimate the
energy spectrum for this model. (ii) Diquark (triquark) in-
teraction models, including compact diquark-triquark model
and the diquark-diquark-antiquark model. As a result, the
diquark-triquark model, as described in Ref. [38], is possi-
ble. In addition, as shown in Refs. [39,40], a classification of
all possible pentaquark statesQQqqq̄ is based on the mass
predictions and the related quantum numbers. To explore
the tetraquark system in terms of diquark states, we plan on
building a diquark-antidiquark system as a four-particle,i.e.
two-body system. The method for prescribing the quanti-
tative masses of particular tetraquark states is derived using
the idea of tetraquarks as diquark-antidiquark systems. This
is accomplished by first studying a quark-antiquark system
and characterizing its Hamiltonian with an unperturbed one-
gluon exchange (OGE) potential and a perturbation term that
takes into account the system’s spin. As a result, a model
having four free parameters is developed and then fitted to
meson data. Second, diquarks, which are composite quark-
quark complexes, are utilized (the antiquark-antiquark sys-
tems are called antidiquarks). Finally, once the masses of the
diquarks have been calculated, the first stage of the model
explaining quark-antiquark systems is applied to diquark-
antidiquark systems, which are construed as tetraquark bound
states [32].

Only diquarks in the ground stateN2S+1LJ = 13S1 are
considered, and the diquark total spin must be 1 to preserve
the Pauli exclusion principle. As a result, the diquark’s to-
tal wave function will be anti-symmetric. These are known
as axial-vector diquarks, and Jaffe [41] called these excellent
diquarks.

In Table II, we noted that the diquark was slightly greater
than the sum of its constituent quarks. Since we deal with di-
quark (quark-quark) as a bound state which required the bind-
ing energy to build them which gives byE = M −m1−m2.
They differ by no more than 200 MeV from the values for
the diquark masses given in Table II and are actually in
good accord with the findings in Refs. [32, 34, 37], which
is proposed in the framework of non-relativistic quark sys-
tems. The Bethe-Salpeter and the Schwinger-Dyson equa-
tions, which take into account kinetic energy and also split-
tings in the spin-orbit, spin-spin, and tensor interactions, are
used to study the diquark masses in Ref. [35]. Their diquark
masses are estimated to be about 300 MeV higher than ours.
Relativistic models based on QCD sum rules, as those in

TABLE III. The masses of tetraquark inN2S+1LJ (in GeV).

Tetraquark N2S+1LJ M(our)

qcq̄c̄ 11S0 4.049

13S1 4.053

15S2 4.069

11P0 4.213

13P1 4.370

15P2 4.441

11D0 4.675

13D1 4.91

15D2 5.03

ccc̄c̄ 11S0 6.609

13S1 6.611

15S2 6.629

11P0 6.531

13P1 6.611

15P2 7.034

11D0 6.464

13D1 6.52

15D2 7.22

qbq̄b̄ 11S0 11.0164

13S1 11.032

15S2 11.049

11P0 11.013

13P1 11.061

15P2 11.173

11D0 11.009

13D1 11.05

15D2 11.23

bbb̄b̄ 11S0 20.012

13S1 20.016

15S2 20.028

11P0 20.01116

13P1 20.0162

15P2 20.078

11D0 20.013

13D1 20.017

15D2 20.104
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TABLE IV. Comparison of tetraquarks masses (in GeV) in the ground stateN2S+1LJ with other works.

Tetraquark N2S+1L M (our) Ref. [32] Ref. [42] Ref. [43] Ref. [34] Ref. [44] Ref. [45]

qcq̄c̄ 11S0 4.0497 4.076 3.849 3.852 – – –

13S1 4.053 4.156 3.822 3.890 – – –

15S2 4.069 4.262 3.946 3.968 – – –

ccc̄c̄ 11S0 6.609 6.198 – – 6.322 6.487 7.016

13S1 6.611 6.246 – – 6.354 6.50 6.899

15S2 6.629 6.323 – – 6.385 6.524 6.956

qbq̄b̄ 11S0 11.0164 10.445 – 10.473 – – –

13S1 11.032 10.472 – 10.494 – – –

15S2 11.049 10.523 – 10.534 – – –

bbb̄b̄ 11S0 20.012 18.754 – – 19.666 19.322 20.275

13S1 20.016 18.768 – – 19.673 19.329 20.212

15S2 20.028 18.797 – – 19.68 19.341 20.243

Ref. [36], projected smaller diquark masses. (With thecc di-
quark mass excluded, this indicates a higher mass).

In Table III, the tetraquark ground state mass spec-
trum is shown. Overall, lighter tetraquarks have a greater
range of energy eigenvalues than heavier ones, resulting in a
greater relative difference in mass between states for lighter
tetraquarks compared to heavier ones. We analyze systems
with the use of the various parameters of principal quantum
number, orbital angular momentum, spin, and total angular
momentum. Tetraquarks with total spins of 0, 1, and 2 are
produced using a combination of spins, spin 1 diquark, and
spin 1 antidiquark. In this non-relativistic method, quantum
mechanic couplings were introduced, where the orbital angu-
lar momentumLJ couple into total angular momentumJT

and total spinS.
Table IV, shows our projected values for tetraquark

masses as well as those from other studies. The results re-
ported in Refs. [42, 43] forqcq̄c̄ tetraquarks are similar and
the relative variation between the masses of this type of
tetraquark states in Refs. [42, 43] is generally small about
200 MeV with this type. In our model, the masses ofqcq̄c̄
tetraquarks are in excellent agreement with those in Ref. [32].
The masses calculated forccc̄c̄ tetraquarks agree well with
those found in Refs. [34, 44]. In comparison to Ref. [45],
the 1S state differs by roughly 400 MeV. Furthermore, the
calculated masses forqbq̄b̄ tetraquarks are in good consis-

tent with other tetraquarks of the same type. The predicted
masses ofbbb̄b̄ tetraquarks are very close to those found
in Refs. [34, 45], yet our values are higher than those in
Refs. [32, 44]. In Refs. [32, 45], the same model with a Cor-
nell potential and spin-spin interaction potential are consid-
ered, but the Schrödinger equation is numerically solved in
Ref. [32], and the variation principle is used to solve it in
Ref. [45]. The color-magnetic interaction is used to com-
pute the masses in Ref. [44]. The non-relativistic model of
Hulthen potential, linear confining potential, and spin-spin
interaction are considered in Ref. [34], and the solution of
the Schr̈odinger equation is obtained.

4. Conclusion

The non-relativistic Bethe-Salpeter equation is used to de-
scribe a tetraquark with two heavy-valence quarks by the cur-
rent potential, that contains the logarithmic, linear and har-
monic potentials and spin-spin interaction. The approach in-
cludes computing diquark masses from single quark inter-
actions, then computing the four-quark state mass formed
by one diquark and one antidiquark, which results in the
tetraquark as shown in Fig. 2. Results in the literature that ac-
curately characterize tetraquarks were compared to our find-
ings and found to be in good agreement. Our results of the
heavy tetraquark may be useful for future experimental data.
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