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In this study we investigate Boiti-Leon-Manna-Pempinelli equation in three dimensions, which describes the evolution of the horizontal
velocity component of water waves propagating in thexy-plane in an infinite narrow channel of constant depth and that can be considered
as a model for incompressible fluid. The new(F/G)-expansion approach and the unified approach are employed to construct some new
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1. Introduction

The nonlinear partial differential equations (NPDEs) are of
key importance due to their significant role in diverse dis-
ciplines of science and technology, including heat trans-
fer, wave propagation, elasticity, fibres, condensed mat-
ter physics, fluid dynamics, hydrodynamics, and nuclear
physics. The nonlinear wave structures have fascinated
many researchers in the recent decades due to their numer-
ous properties observed in numerous disciplines. In the
presence of solitary waves, the nonlinear evolution mod-
els are utilized to simulate the effect of surface for deep
water and weakly nonlinear dispersive long waves. There-
fore, the exact solutions of such models play a vital role
to study the dynamical behaviour and further properties of
physical phenomenon occurring in several fields such as
electromagnetism, physical chemistry, geophysics, ionised
physics, elastic medium, fluid motion, fluid mechanics, elas-
tic medium, nuclear physics, electrochemistry, optical fibres,
energy physics, chemical mechanics, gravity, biostatistics,
statistical and natural physics [1–7].

To investigate the behaviour of ultra-modern models,
renowned researchers from all over the world are able to
devise a variety of interesting numerical and analytical ap-
proaches. As a result, the study of nonlinear wave struc-
tures has latterly received a lot of attention. The Tanh-coth
expansion function technique [8, 9], the sub ODE method
[10, 11], the sine-Gordon technique [12–14], the first inte-
gral technique [15–17], the modified Kudryashov approach
[18] , the extended simplest equation method [19–21], the

modified simple equation method [22–24], the Kudryashov-
expansion method [25], the Lie symmetry technique [26,27],
the extended Tanh technique [28, 29], the modified Khater
method [30], and the Homogeneous balance method [31,32],
are some of the key approaches which have been found in
current decades.

The (3+1)-dimensional Boiti-Leon-Manna-Pempinelli
(BLMP) model is an extension of the 2-dimensional BLMP
model that describes the three dimensional interconnection
of the Riemann travelling wave solutions alongx and y-
axis [33,34], which reads

− 3ux (uxy + uxz)− 3uxx (uy + uz)

+ uxxxy + uxxxz + uyt + uzt = 0, (1)

where u is a function which depends on the coordinates
(x, y, z, t). Darvishi et al. studied the one wave and dif-
ferent numerous waves solutions for the three dimensional
BLMP problem by employing different exp-function ap-
proaches [35]. Xu developed four types of lump solutions us-
ing the Painleve-Backlund transformation [36, 37], with two
N exponential functions and quadratic functions. The multi-
ple exponential function approaches [38,39] and scale trans-
formation approaches [40, 41] were also used to investigate
the BLMP equation by Tang and Zai. Maet al., being used to
calculate the precise three-wave solutions. Exact solutions,
such as periodic wave solutions, periodic solitary waves, and
kink solutions can be found. Using Hirotas bilinear approach,
were also generated three soliton waves results in words of
kink periodic wave solutions. By employing the group trans-
formation approach [42, 43], Mabrouket al. are able to de-
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velop various appealing analytical solutions.
The basic aim of this study is to use two efficient ap-

proaches to get traveling and solitary waves solutions to the
(3+1)-BLMP model namely the(F/G)-expansion technique
[44] and unified technique [45, 46]. The aforementioned ap-
proaches are traveling wave solutions that can be expressed
by a polynomial in(F/G) andΘ(X). Traveling and the soli-
tary waves solutions to the dynamical model are examined
physically and analytically.

2. Description of proposed methods

2.1. The new(F/G)-expansion method

Consider the NPDE in the following form

F (φ, φt, φx, φtt, φxx, φxt, · · · ) = 0, (2)

φ is an unknown function of the variablesx andt andF is
a polynomial inφ(x, t) and its partial derivatives, involving
highest derivatives and nonlinear terms. Suppose the follow-
ing transformation

φ(x, t) = φ(η), η = x− ct, (3)

wherec is a non-zero constant. The travelling wave variable
η allows us to reduce Eq. (2) to an ODE forφ = φ(η)

Q (φ, φ′, φ′′, φ′′′, · · · ) = 0. (4)

The major process of newF/G-expansion method is outlined
below:
Step 1.The solution of Eq. (4) will be in (F/G) as follows,

φ(η) =
n∑

i=0

ai

(
F

G

)i

, (5)

whereG = G(η) andF = F (η) satisfy

F ′(η) = λG(η), G′(η) = µF (η), (6)

a0, a1, · · · , am, λ andµ are constants to be calculated later,
am 6= 0.
Step 2. Furthermore,N is a positive integer that can be cal-
culated by using the homogeneous balance principle between
the higher derivatives and nonlinear terms in ODE Eq.(4). We
may get the following solutions ofF (η) andG(η), with the
help of Eq.(6), which are listed as below,
Case I.If λ > 0, µ > 0, we get the hyperbolic function solu-
tion

F (η)=
C2

√
λ sinh

(√
λ
√

µη
)

√
µ

+C1 cosh
(√

λ
√

µη
)

,

G(η)=
C1
√

µ sinh
(√

λ
√

µη
)

√
λ

+ C2 cosh
(√

λ
√

µη
)

. (7)

Case II. If λ < 0, µ < 0, we get the hyperbolic function

solution

F (η) = C1 cosh
(√

−λ
√−µη

)

− C2

√−λ sinh
(√−λ

√−µη
)

√−µ
,

G(η) = C2 cosh
(√

−λ
√−µη

)

− C1
√−µ sinh

(√−λ
√−µη

)
√−λ

. (8)

Case III. If λ > 0, µ < 0, we get the trigonometric function
solution

F (η) =
C2

√
λ sin

(√
λ
√−µη

)

√−µ

+ C1 cos
(√

λ
√−µη

)
,

G(η) = C2 cos
(√

λ
√−µη

)

−
C1
√−µ sin

(√
λ
√−µη

)
√

λ
. (9)

Case IV. If λ < 0, µ > 0, we get the trigonometric function
solution

F (η) = C1 cos
(√

−λ
√

µη
)

− C2

√−λ sin
(√−λ

√
µη

)
√

µ
,

G(η) =
C1
√

µ sin
(√−λ

√
µη

)
√−λ

+ C2 cos
(√

−λ
√

µη
)

. (10)

Step 3. Putting Eq. (5) and Eq. (6) into Eq. (4) a group of
algebraic equations for(F/G)i (i = 1, 2, . . . , m) is obtained.
Setting all(F/G)i to zero and solving these nonlinear alge-
braic equations we get different accurate solutions of Eq. (2)
according to Eqs. (3),(5),(7),(8) and (9),(10).

2.2. The unified method

The major process of unified method is outlined below,
Step 1. The solution of Eq. (4) is then assumed and may be
written as follows,

u(X) = A0 +
N∑

i=1

(
AiΘi(X) + BiΘ−i(X)

)
, (11)

whereAi, Bi (i = 0, 1, ......, N) are constants to be deter-
mined,N is a possitive integer andΘ(X) satisfies the Riccati
differential equation,

Θ′(X) = γ + Θ2(X), (12)

whereΘ′ = dΘ/dX andγ is a real constant. Equation (12)
has the following exact solutions.
Family 1. If γ < 0, then
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Θ(X) =
±

√
γ (− (A2 + B2))−A

√−γ cosh (2
√−γ (η0 + X))

A sinh (2
√−γ (η0 + X)) + B

,

Θ(X) = ±√−γ +
A
√−γ(∓2)

A + (cosh (2
√−γ (η0 + X))∓ sinh (2

√−γ (η0 + X)))
. (13)

Family 2. If γ > 0, then

Θ(X) =
±

√
γ (A2 −B2)−A

√
γ cos

(
2
√

γ (η0 + X)
)

A sin
(
2
√

γ (η0 + X)
)

+ B
,

Θ(X) = ±i
√

γ +
Ai
√

γ(∓2)
A +

(
cos

(
2
√

γ (η0 + X)
)∓ iSin

(
2
√

γ (η0 + X)
)) . (14)

Family 3. If γ = 0, then

Θ(X) = − 1
η0 + X

, (15)

whereA, B andη0 are real arbitrary constants.
Step 2. The positive integerN in Eq. (11) can be deter-
mined by homogeneous balance principle between the higher
derivatives and nonlinear terms in ODE Eq. (4).
Step 3.Putting Eq. (11) along with Eq. (12) into Eq. (4) and
setting the coefficients ofΘi (i = 0,±1,±2, ...) to zero, we
get the system of equations.
Step 4. After solving the system of algebraic equations, we
substitute the obtained constants together with the solution of
Eq. (12) into Eq. (11) to obtain exact solutions of Eq. (2).

3. Soliton structures

3.1. Application to the new(F/G)-expansion approach

Consider the wave transformation

u(x, y, z, t) = ψ(X), with

X = νt + κx + µy + λz, (16)

whereλ, µ, ν andκ are constants. Substituting values from
Eq. (16) to Eq. (1). We obtain the following ordinary differ-
ential equation,

κ3ψ(4) − 6κ2ψ′ψ′′ + νψ′′ = 0. (17)

By using the homogeneous balance principle we obtain
N = 1.

The solution of Eq. (17) has the form

ψ(X) = a0 + a1
F (X)
G(X)

. (18)

Putting Eq. (18) into Eq. (17), collecting all same powers
terms of(F/G) together, and setting each(F/G) polyno-
mial to zero yields the following group of algebraic system
of equations

16a1κ
3λ2µ2 + 12a2

1κ
2λ2µ− 2a1λµν = 0,

−40a1κ
3λµ3 − 24a2

1κ
2λµ2 + 2a1µ

2ν = 0,

24a1κ
3µ4 + 12a2

1κ
2µ3 = 0.

Solving the above algebraic problem results in the values

a1 =
3
√

2µ2/3 3
√

ν
3
√

λ
,

κ = −
3
√

ν

22/3 3
√

λ 3
√

µ
.

Substituting the above results into Eq. (18), produces the fol-
lowing four categories of traveling wave solutions.
Family I.
Case I.Whenλ > 0, µ > 0, we get the hyperbolic function
solution

u1(x, y, z, t) = a0 +

3
√

2µ2/3 3
√

ν

(
C2
√

λ sinh(
√

λ
√

µX)√
µ + C1 cosh

(√
λ
√

µX
))

3
√

λ

(
C1
√

µ sinh(
√

λ
√

µX)√
λ

+ C2 cosh
(√

λ
√

µX
)) , (19)

whereX = νt + κx + µy + λz, C1 andC2 are arbitrary constants. IfC1 = 0, then we obtain the solitary wave solution

u1(x, y, z, t) = a0 + 3
√

2 6
√

λ 6
√

µ 3
√

ν tanh
(√

λ
√

µX
)

. (20)

Rev. Mex. Fis.68051403



4 K. U. TARIQ, M. INC, AND R. JAVED

Case II. Whenλ < 0, µ < 0, we get the hyperbolic function solution

u2(x, y, z, t)=a0+
3
√

2µ2/3 3
√

νζ
3
√

λ(C2 cosh(
√−λ

√−µX)−η
, (21)

where

ζ = C1 cosh(
√
−λ
√−µX)− C2

√−λ sinh(
√−λ

√−µX)√−µ
,

η =
C1
√−µ sinh(

√−λ
√−µX)√−λ

,

andX = νt + κx + µy + λz, C1 andC2 are arbitrary constants. IfC1 = 0, then we obtain the solitary wave solution

u2(x, y, z, t) = a0 −
3
√

2
√−λµ2/3 3

√
ν tanh

(√−λ
√−µX

)
3
√

λ
√−µ

. (22)

Case III. Whenλ > 0, µ < 0, we get the trigonometric function solution

u3(x, y, z, t) = a0 +
3
√

2µ2/3 3
√

νζ

3
√

λ

(
C2 cos

(√
λ
√−µX

)
− C1

√−µ sin(
√

λ
√−µX)√

λ

) , (23)

where

ζ =
C2

√
λ sin

(√
λ
√−µX

)

√−µ
+ C1 cos

(√
λ
√−µX

)
,

andX = νt + κx + µy + λz, C1 andC2 are arbitrary constants. IfC1 = 0, then we obtain the solitary wave solution

u3(x, y, z, t) = a0 +
3
√

2 6
√

λµ2/3 3
√

ν tan
(√

λ
√−µX

)

√−µ
. (24)

Case IV.Whenλ < 0, µ > 0, we get the trigonometric function solution

u4(x, y, z, t) = a0 +
3
√

2µ2/3 3
√

νζ

3
√

λ

(
C1
√

µ sin(
√−λ

√
µX)√−λ

+ C2 cos
(√−λ

√
µX

)) , (25)

where

ζ = C1 cos
(√

−λ
√

µX
)
− C2

√−λ sin
(√−λ

√
µX

)
√

µ
,

andX = νt + κx + µy + λz, C1 andC2 are arbitrary constants. IfC1 = 0, then we obtain the solitary wave solution

u4(x, y, z, t) = a0 −
3
√

2
√−λ 6

√
µ 3
√

ν tan
(√−λ

√
µX

)
3
√

λ
. (26)

Family II.

a1 = −
3
√−2µ2/3 3

√
ν

3
√

λ
,

κ =
3
√−1 3

√
ν

22/3 3
√

λ 3
√

µ
.

Substituting the above results into Eq. (18), produces the following four categories of traveling wave solutions.
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Case I.Whenλ > 0, µ > 0, we get the hyperbolic function solution

u5(x, y, z, t) = a0 −
3
√−2µ2/3 3

√
νζ

3
√

λ
(
η + C2 cosh

(√
λ
√

µX
)) , (27)

where

ζ =
C2

√
λ sinh

(√
λ
√

µX
)

√
µ

+ C1 cosh
(√

λ
√

µX
)

,

η =
C1
√

µ sinh
(√

λ
√

µX
)

√
λ

,

andX = νt + κx + µy + λz, C1 andC2 are arbitrary constants. IfC1 = 0, then we obtain the solitary wave solution.

u5(x, y, z, t) = a0 − 3
√−2 6

√
λ 6
√

µ 3
√

ν tanh
(√

λ
√

µX
)

. (28)

Case II. Whenλ < 0, µ < 0, we get the hyperbolic function solution

u6(x, y, z, t) = a0 −
3
√−2µ2/3 3

√
νζ

3
√

λ
(
C2 cosh

(√−λ
√−µX

)− η
) , (29)

where

ζ = C1 cosh
(√

−λ
√−µX

)
− C2

√−λ sinh
(√−λ

√−µX
)

√−µ
,

η =
C1
√−µ sinh

(√−λ
√−µX

)
√−λ

,

andX = νt + κx + µy + λz, C1 andC2 are arbitrary constants.
If C1 = 0, then we obtain the solitary wave solution

u6(x, y, z, t) = a0 +
3
√−2

√−λµ2/3 3
√

ν tanh
(√−λ

√−µX
)

3
√

λ
√−µ

. (30)

Case III. Whenλ > 0, µ < 0, we get the trigonometric function solution

u7(x, y, z, t) = a0 −
3
√−2µ2/3 3

√
ν(C2

√
λ sin(

√
λ
√−µX)√−µ

+ C1 cos(
√

λ
√−µX)

3
√

λ(C2 cos(
√

λ
√−µX)− C1

√−µ sin(
√

λ
√−µX)√

λ
)

, (31)

whereX = νt + κx + µy + λz, C1 andC2 are arbitrary constants. IfC1 = 0, then we obtain the solitary wave solution

u7(x, y, z, t) = a0 −
3
√−2 6

√
λµ2/3 3

√
ν tan

(√
λ
√−µX

)

√−µ
. (32)

Case IV.Whenλ < 0, µ > 0, we get the trigonometric function solution

u8(x, y, z, t) = a0 −
3
√−2µ2/3 3

√
ν(C1 cos(

√−λ
√

µX)− C2
√−λ sin(

√−λ
√

µX)√
µ )

3
√

λ(C1
√

µ sin(
√−λ

√
µX)√−λ

+ C2 cos(
√−λ

√
µX))

, (33)

whereX = νt + κx + µy + λz, C1 andC2 are arbitrary constants.
If C1 = 0, then we obtain the solitary wave solution

u8(x, y, z, t) = a0 +
3
√−2

√−λ 6
√

µ 3
√

ν tan
(√−λ

√
µX

)
3
√

λ
. (34)
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Family III.

a1 =
(−1)2/3 3

√
2µ2/3 3

√
ν

3
√

λ
, κ = − (−1)2/3 3

√
ν

22/3 3
√

λ 3
√

µ
.

Substituting the above results into Eq. (18), produces the following four categories of traveling wave solutions.
Case I.Whenλ > 0, µ > 0, we get the hyperbolic function solution.

u9(x, y, z, t) = a0 +
(−1)2/3 3

√
2µ2/3 3

√
νζ

3
√

λ
(

C1
√

µ sinh(
√

λ
√

µX)√
λ

+ C2 cosh
(√

λ
√

µX
)) , (35)

where

ζ =
C2

√
λ sinh(

√
λ
√

µX)√
µ

+ C1 cosh(
√

λ
√

µX),

andX = νt + κx + µy + λz, C1 andC2 are arbitrary constants.
If C1 = 0, then we obtain the solitary wave solution

u9(x, y, z, t) = a0 + (−1)2/3 3
√

2 6
√

λ 6
√

µ 3
√

ν tanh
(√

λ
√

µX
)

. (36)

Case II. Whenλ < 0, µ < 0, we get the hyperbolic function solution.

u10(x, y, z, t) = a0 +
(−1)2/3 3

√
2µ2/3 3

√
νζ

3
√

λ
(
C2 cosh(

√−λ
√−µX)− C1

√−µ(sinh(
√−λ

√−µX)√−λ

) , (37)

where

ζ = C1 cosh(
√
−λ
√−µX)− C2

√−λ sinh(
√−λ

√−µX)√−µ
,

andX = νt + κx + µy + λz, C1 andC2 are arbitrary constants.
If C1 = 0, then we obtain the solitary wave solution

u10(x, y, z, t) = a0 −
(−1)2/3 3

√
2
√−λµ2/3 3

√
ν tanh

(√−λ
√−µX

)
3
√

λ
√−µ

. (38)

Case III. Whenλ > 0, µ < 0, we get the trignomatric function solution

u11(x, y, z, t) = a0 +
(−1)2/3 3

√
2µ2/3 3

√
νζ

3
√

λ
(
C2 cos

(√
λ
√−µX

)− C1
√−µ sin(

√
λ
√−µX)√

λ

) , (39)

where

ζ =
C2

√
λ sin(

√
λ
√−µX)√−µ

+ C1 cos(
√

λ
√−µX,

andX = νt + κx + µy + λz, C1 andC2 are arbitrary constants.
If C1 = 0, then we obtain the solitary wave solution

u11(x, y, z, t) = a0 +
(−1)2/3 3

√
2 6
√

λµ2/3 3
√

ν tan
(√

λ
√−µX

)

√−µ
. (40)

Case IV.Whenλ < 0, µ > 0, we get the trignomatric function solution

u12(x, y, z, t) = a0 +
(−1)2/3 3

√
2µ2/3 3

√
νζ

3
√

λ
(

C1
√

µ sin(
√−λ

√
µX)√−λ

+ C2 cos(
√−λ

√
µX)

) , (41)

where

ζ = C1 cos(
√
−λ
√

µX)− C2

√−λ sin(
√−λ

√
µX)√

µ
,

andX = νt + κx + µy + λz, C1 andC2 are arbitrary constants.
If C1 = 0, then we get the solitary wave solution

u12(x, y, z, t) = a0 −
(−1)2/3 3

√
2
√−λ 6

√
µ 3
√

ν tan(
√−λ

√
µX)

3
√

λ
. (42)
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4. Application to the unified method

By using the homogeneous balance principle we obtainN = 1. Thus the solution of Eq. (17), is

u(X) = A0 + A1Θ(X) + B1Θ−1(X). (43)

Putting Eq. (43) into Eq. (17), collecting all same powers terms ofΘi together and setting the coefficients ofΘi (i =
0,±1,±2, ...) to zero, we get the system of equations

24B1γ
4κ3 + 12B2

1γ3κ2 = 0,

−12A1B1γ
3κ2 + 40B1γ

3κ3 + 24B2
1γ2κ2 + 2B1γ

2ν = 0,

−12A1B1γ
2κ2 + 16B1γ

2κ3 + 12B2
1γκ2 + 2B1γν = 0,

12A1B1γκ2 + 16A1γ
2κ3 − 12A2

1γ
2κ2 + 2A1γν = 0,

12A1B1κ
2 + 40A1γκ3 − 24A2

1γκ2 + 2A1ν = 0,

24A1κ
3 − 12A2

1κ
2 = 0.

Solving the above algebraic problem, the following are the outcomes:
Family I.

A1 = −
3

√
− 1

2
3
√

ν

3
√

γ
, B1 = 3

√
−1

2
γ2/3 3

√
ν, κ = −

3

√
− 1

2
3
√

ν

2 3
√

γ
.

Putting above results into Eq. (43), produces following categories of traveling wave solutions.
Case I.Whenγ < 0, we get the solution

u13(x, y, z, t) = A0 −
3

√
− 1

2
3
√

νζ

3
√

γ (A sinh (2
√−γ (η0 + X)) + B)

+
3

√
− 1

2γ2/3 3
√

ν (A sinh (2
√−γ (η0 + X)) + B)

ζ
, (44)

where

ζ = ±
√

γ (−A2 −B2)−A
√−γ cosh

(
2
√−γ (η0 + X)

)
.

u14(x, y, z, t) = A0 −
3

√
− 1

2
3
√

νζ

3
√

γ
+

3

√
− 1

2γ2/3 3
√

ν

ζ
, (45)

where

ζ =
A
√−γ(∓2)

A + (cosh (2
√−γ (η0 + X))∓ sinh (2

√−γ (η0 + X)))
±√−γ,

andX = νt− ([ 3
√
−1/2 3

√
νx]/2 3

√
γ) + µy + λz, andA, B andη0 are real arbitrary constants.

Case II. Whenγ > 0, we get the solution

u15(x, y, z, t) = A0 −
3

√
− 1

2
3
√

νζ

3
√

γ
(
A sin

(
2
√

γ (η0 + X)
)

+ B
) +

3

√
− 1

2γ2/3 3
√

ν
(
A sin

(
2
√

γ (η0 + X)
)

+ B
)

ζ
, (46)

where

ζ = ±
√

γ (A2 −B2)−A
√

γ cos (2
√

γ (η0 + X)) .

u16(x, y, z, t) = A0 −
3

√
− 1

2
3
√

νζ

3
√

γ
+

3

√
− 1

2γ2/3 3
√

ν

ζ
, (47)

where

ζ =
Ai
√

γ(∓2)
A +

(
cos

(
2
√

γ (η0 + X)
)∓ iSin

(
2
√

γ (η0 + X)
)) +

√
γ ± i,
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X = νt− ( 3
√
−1/2 3

√
νx/2 3

√
γ) + µy + λz, andA, B andη0 are real arbitrary constants.

Case III. Whenγ = 0, then we get the solution.

u17(x, y, z, t) = A0 + 3

√
−1

2
γ2/3 3

√
ν (−η0 −X) +

3

√
− 1

2
3
√

ν

3
√

γ (η0 + X)
, (48)

whereX = νt− ( 3
√
−1/2 3

√
νx/2 3

√
γ) + µy + λz, andη0 is a real arbitrary constant.

Family II.

B1 = 0, κ =
3
√

ν

22/3 3
√

γ
, A1 =

3
√

2 3
√

ν
3
√

γ
.

Putting the above results into Eq. (43), produces following four categories of traveling wave solutions.
Case I.Whenγ < 0, we get the solution

u18(x, y, z, t) = A0 +
3
√

2 3
√

νζ
3
√

γ (A sinh (2
√−γ (η0 + X)) + B)

, (49)

where

ζ = ±
√

γ (−A2 −B2)−A
√−γ cosh

(
2
√−γ (η0 + X)

)
.

u19(x, y, z, t) = A0 +
3
√

2 3
√

νζ
3
√

γ
, (50)

where

ζ =
A
√−γ(∓2)

A + (cosh (2
√−γ (η0 + X))∓ sinh (2

√−γ (η0 + X)))
±√−γ,

X = νt + ( 3
√

νx/22/3 3
√

γ) + µy + λz, andA, B andη0 are real arbitrary constants.
Case II. Whenγ > 0, we get the solution

u20(x, y, z, t) = A0 +
3
√

2 3
√

ν
(
±

√
γ (A2 −B2)−A

√
γ cos

(
2
√

γ (η0 + X)
))

3
√

γ
(
A sin

(
2
√

γ (η0 + X)
)

+ B
) , (51)

u21(x, y, z, t) = A0 +
3
√

2 3
√

νζ
3
√

γ
, (52)

where

ζ =
Ai
√

γ(∓2)
A +

(
cos

(
2
√

γ (η0 + X)
)∓ iSin

(
2
√

γ (η0 + X)
)) +

√
γ ± i,

X = η0 + νt + ( 3
√

νx/22/3 3
√

γ) + µy + λz, andA, B andη0 are real arbitrary constants.
Case III. Whenγ = 0, then we get the solution

u22(x, y, z, t) = A0 −
3
√

2 3
√

ν
3
√

γ (η0 + X)
, (53)

whereX = η0 + νt + ( 3
√

νx/22/3 3
√

γ) + µy + λz, andη0 is a real arbitrary constant.
Family III.

κ =
3
√

ν

2 3
√

2 3
√

γ
, A1 =

3
√

ν
3
√

2 3
√

γ
, B1 = −γ2/3 3

√
ν

3
√

2
.

Putting the above results into Eq. (43), produces following four categories of traveling wave solutions.
Case I.Whenγ < 0, we get the solution

u23(x, y, z, t) = A0 − γ2/3 3
√

ν (A sinh (2
√−γ (η0 + X)) + B)
3
√

2ζ
+

3
√

νζ
3
√

2 3
√

γ (A sinh (2
√−γ (η0 + X)) + B)

, (54)
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where

ζ = ±
√

γ (−A2 −B2)−A
√−γ cosh

(
2
√−γ (η0 + X)

)
,

u24(x, y, z, t) = A0 − γ2/3 3
√

ν
3
√

2ζ
+

3
√

νζ
3
√

2 3
√

γ
, (55)

where

ζ =
A
√−γ(∓2)

A + (cosh (2
√−γ (η0 + X))∓ sinh (2

√−γ (η0 + X)))
±√−γ,

X = η0 + νt + ( 3
√

νx/2 3
√

2 3
√

γ) + µy + λz andA, B andη0 are real arbitrary constants.
Case II. Whenγ > 0, we get the solution

u25(x, y, z, t) = A0 −
γ2/3 3

√
ν

(
A sin

(
2
√

γ (η0 + X)
)

+ B
)

3
√

2ζ
+

3
√

νζ
3
√

2 3
√

γ
(
A sin

(
2
√

γ (η0 + X)
)

+ B
) , (56)

where

ζ = ±
√

γ (A2 −B2)−A
√

γ cos (2
√

γ (η0 + X)) .

u26(x, y, z, t) = A0 − γ2/3 3
√

ν
3
√

2ζ
+

3
√

νζ
3
√

2 3
√

γ
, (57)

where

ζ =
Ai
√

γ(∓2)
A +

(
cos

(
2
√

γ (η0 + X)
)∓ iSin

(
2
√

γ (η0 + X)
)) +

√
γ ± i,

X = η0 + νt + ( 3
√

νx/2 3
√

2 3
√

γ) + µy + λz, andA, B andη0 are real arbitrary constants.
Case III. Whenγ = 0, then we get the solution

u27(x, y, z, t) = A0 − γ2/3 3
√

ν (−η0 −X)
3
√

2
−

3
√

ν
3
√

2 3
√

γ (η0 + X)
, (58)

whereX = η0 + νt + ( 3
√

νx/2 3
√

2 3
√

γ) + µy + λz, andη0 is a real arbitrary constant.
Family IV.

A1 = 0, κ =
(−1)2/3 3

√
ν

22/3 3
√

γ
), B1 = −(−1)2/3 3

√
2γ2/3 3

√
ν.

Putting the above results into Eq. (43), produces following four categories of traveling wave solutions.
Case I.Whenγ < 0, we get the solution

u28(x, y, z, t) = A0 − (−1)2/3 3
√

2γ2/3 3
√

ν (A sinh (2
√−γ (η0 + X)) + B)

±
√

γ (−A2 −B2)−A
√−γ cosh (2

√−γ (η0 + X))
, (59)

u29(x, y, z, t) = A0 − (−1)2/3 3
√

2γ2/3 3
√

ν
A
√−γ(∓2)

A+(cosh(2√−γ(η0+X))∓sinh(2√−γ(η0+X))) +±√−γ
, (60)

whereX = νt + ((−1)2/3 3
√

νx/22/3 3
√

γ) + µy + λz andA, B andη0 are real arbitrary constants.
Case II. Whenγ > 0, we get the solution

u30(x, y, z, t) = A0 −
(−1)2/3 3

√
2γ2/3 3

√
ν

(
A sin

(
2
√

γ (η0 + X)
)

+ B
)

±
√

γ (A2 −B2)−A
√

γ cos
(
2
√

γ (η0 + X)
) , (61)

u31(x, y, z, t) = A0 − (−1)2/3 3
√

2γ2/3 3
√

ν
Ai
√

γ(∓2)

A+(cos(2√γ(η0+X))∓iSin(2√γ(η0+X))) +
√

γ ± i
, (62)
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whereX = νt + ((−1)2/3 3
√

νx/22/3 3
√

γ) + µy + λz, andA, B andη0 are real arbitrary constants.
Case III. Whenγ = 0, then we get the solution

u32(x, y, z, t) = A0 − (−1)2/3 3
√

2γ2/3 3
√

ν (−η0 −X) , (63)

whereX = νt + ((−1)2/3 3
√

νx/22/3 3
√

γ) + µy + λz, andη0 is a real arbitrary constant.

FIGURE 1. a) 3D plot, b) contour plot and c) 2D plot for the solution ofu1(x, y, z, t) for the values ofλ = 0.5, µ = 0.1, andν =

−0.4, y = 1.

FIGURE 2. a) 3D plot, b) contour plot and c) 2D plot for the solution ofu3(x, y, z, t) for the values ofλ = 0.3, µ = −0.9, and
ν = 0.7, y = 1.

FIGURE 3. a) 3D plot, b) contour plot and c) 2D plot for the solution ofu7(x, y, z, t) for the values ofλ = 0.1, µ = −2.9, and
ν = 0.5, y = 1.

Rev. Mex. Fis.68051403
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FIGURE 4. a) 3D plot, b) contour plot and c) 2D plot for the solution ofu8(x, y, z, t) for the values ofλ = −1.1, µ = 2.1, and
ν = 1.4, y = 1.

FIGURE 5. a) 3D plot, b) contour plot and c) 2D plot for the solution ofu9(x, y, z, t) for the values ofλ = 1.5, µ = 0.5, andν = −2.7, t =

1, y = 1.

FIGURE 6. a) 3D plot, b) contour plot and c) 2D plot for the solution ofu11(x, y, z, t) for the values ofλ = 1.05, µ = −0.09, and
ν = −0.05, y = 1, t = 1.

Rev. Mex. Fis.68051403
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FIGURE 7. a) 3D plot, b) contour plot and c) 2D plot for the solution ofu13(x, y, z, t) for the values ofλ = 1, µ = 0.4, γ = −2.2, κ = −2,
andν = 1.2, A = 2, A0 = 1, η0 = 1, z = −2, B = −1, y = 1, t = 1.

FIGURE 8. a) 3D plot, b) contour plot and c) 2D plot for the solution ofu15(x, y, z, t) for the values ofλ = −0.2, µ = 1.2, γ = 0.02, κ = 2,
andν = −0.003, A = −1.02, B = −0.5, A0 = 1, η0 = 1, z = 0.1 = y = 1, t = 1.

Rev. Mex. Fis.68051403
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FIGURE 9. a) 3D plot, b) contour plot and c) 2D plot for the solution ofu19(x, y, z, t) for the values ofλ = −0.2, µ = 1, η0 = 1, z =

1, γ = −0.3, κ = −1, andν = −1, A = −1, A0 = 1, B = −0.3, y = 1, t = 1.

FIGURE 10. a) 3D plot, b) contour plot and c) 2D plot for the solution ofu23(x, y, z, t) for the values ofλ = −0.2, µ = 1, η0 = 1, z =

1, γ = −0.3, κ = −1, andν = −1, A = −1, A0 = 1, B = −0.3, y = 1, t = 3.

FIGURE 11. a) 3D plot, b) contour plot and c) 2D plot for the solution ofu25(x, y, z, t) for the values ofλ = 0.2, µ = −1, η0 = 1, z =

−2, γ = 4, κ = −1.2, andν = 0.2, A = −1.2, A0 = 1, B = 1.3, y = 1, t = 2.

Rev. Mex. Fis.68051403
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FIGURE 12. a) 3D plot, b) contour plot and c) 2D plot for the solution ofu30(x, y, z, t) for the values ofλ = 0.2, µ = −1, η0 = 1, z =

4, γ = 1.7, κ = −1.2, andν = −1.2, A = −0.2, A0 = 1, B = 1.3, y = −3, t = 1.

5. Discussion and results

This section contains the graphical depictions of optical
solitons and periodic wave structures. A family of periodic
and solitary wave solitons are shown for a given set of val-
ues. In this section, the graphical representation of exact
solution of (3+1)-BLMP model has been illustrated. Soli-
ton solutions, dark solitons, single soliton, periodic type soli-
tons, bell shaped solitons, singular solitons, as well as var-
ious Boiti-Leon-Manna-Pempinelli soliton solutions are ob-
tained in various forms. The new(F/G)-expansion method
and the unified method is applied to get the exact traveling
wave solutions for the set of values. The 3D, contour and 2D
graphs visualize the nature of nonlinear waves constructed
from Eq. (1).

6. Conclusion

In this study, we have found a large number of ex-
act solutions to the higher-dimensional Boiti-Leon-Manna-
Pempinelli model which plays a significant role to describe

numerous dynamical phenomenon in diverse disciplines of
science and engineering such as chemical physics, particle
physics, quantum field theory, optical fibers, fluid dynam-
ics, hydrodynamics. Exact traveling wave solutions always
provide a complete account of dynamical behaviour of the
most complicated physical phenomena that have yet to be
researched. A set of state-of-the-art analytical techniques
namely the new(F/G)-expansion method and the unified
method are employed to develop numerous solitary and trav-
eling wave solutions such as the bright solitons, dark solitons,
single soliton, periodic type solitons, bell shaped solitons, hy-
perbolic and trigonometric functions, for details see Figs. 1-
12. We are able to achieve distinct graphical interpretations
to the nonlinear wave structures for the suitable choice of pa-
rameters. The contemplated results confirm that the applied
techniques are powerful and efficient for obtaining analyti-
cal solutions to a variety of nonlinear problems emerging in
the contemporary era of ocean engineering and wave motion.
In future, other methodologies and nonlinearity laws may be
used to explore such model, thus there is still a lot of fresh
work to be done on it.
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