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1. Introduction type equations predict wave transformations in coastal fields
for time dependent waves as well. For the first time in 1967,

Among various mathematical models, nonlinear evolutior® S€t of equations for variable water depth is presented by
equations (NLEES) are very useful. NLEEs can model differ-Peregrine [1]. These are effective equations for shallow wa-
ent kinds of scientific phenomena in different fields including!er- AS a matter of fact, they are the standard Boussinesq
physics, chemistry, marine, coastal and ocean engineerin§duations that are used in ocean and coastal sciences. These
fluid dynamics, and plasma physics. NLEEs can be seen if® effective equations to investigate shallow waters. As a
“the system of equations for the ion sound wave under thénatter of fact, they are the standard Boussinesq equations
action of the ponderomotive force due to high-frequenciegVhich are used in ocean and coastal engineering. Mathemat-
field”. Also, the “Langmuir wave” is considered as an im- ic@l modelling of tsunami and tidal oscillations can be done
portant type of NLEEs. As a result, the study of NLEEs hasPY these equations. Further, these equations are very applica-
attracted lots of researchers’ interests. Finding exact sold?!€ in study of another subjects in different areas such as: the
tions of NLEES is very important in nonlinear phenomena.dynamics of thin slimy layers which have free surfaces, non-
There are different categories for solutions of NLEESs such a¥inear strings, shape memory in making metal compositions,
periodic-, traveling-wave-, cross-kink-wave, and soliton- so-Paired electrical circuits, continuum limit of lattice dynamics,
lutions. Among these solutions, solitons have received mucAnd Wave-propagation in elastic rods (see [2-4]). _

more attention in applied sciences than others, and this is be- Consider the following standard nonlinear Boussinesq
cause of their special properties. As a matter of fact, solieduation [5,6]:

tons have been appeared in different systems in nature such as
shallow water waves, plasma, optical waves, matter-waves in

Bose-Einstein condensates, marine, ocean and coastal wavgg, el recognized that the investigation of propagation of
and ultra-short pulses in nonlinear optics. Solitons are knowgyayes on the surface of water is a dynamic research field in
for keeping their shape and width unaltered even after colliyhe nonlinear science. The nonlinear Boussinesq equation de-
sion with other similar solitons. There are different kinds of g¢ripes the physical phenomena in study of the dynamics for
solitons, but we can categorize them into three original typesyin |ayers that have viscosity and free surface [5, 6]. This
namely bright, dark, and singular solitons. A bright-soliton gqyation and its related type equations are also important to
is a pulse on a zero intensity background while a dark-solitoRyescribe some another physical phenomena like the nonlinear
appears as an intensity dip in an infinitely extended constanjgtice-waves, acoustic-waves, ion sound-waves in a plasma,
background. Further any explode-decay mode soliton is ghe shape memory in metal compositions, the propagation of
singular soliton. waves in elastic rods, the paired electrical circuits, and vi-
One of the attractive nonlinear evolution equations whichbrations in a nonlinear string [7-9]. Moreover, it is useful
is described the movement of water by small-amplitude andor the realistic applications in the percolation of water in
long-wave is the Boussinesq equation. Besides, Boussinegmprous media of a horizontal layer of material, large scale
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atmospheric and jet streard, L0-13]. One may encounter forms given by
with shallow water waves’ dynamics in different fields, for
example in sea and seashore, in rivers and lakes or the other ~ u(v) = A sech’(v), u(v) = A tanh”(v), or
similar regions [11]. u(v) = A csch?(v) )
The Boussinesq equation which makes the surface gravity ’
waves is a useful model for simulating wave propagation invherer = ka — ct. By these, we obtain three different fam-
the long waves in ocean and seashore regions. The numeriGgés of one-soliton solutions for Eqsl)¢(4). These families
computation is also accomplished by the Boussinesq modgre bright, dark, and singular soliton solutions.
els in the areas of wave propagation in long waves in shal-
low water. In ocean and coastal engineering, oceanographepsi. The Pt model
and seashore engineers used the models for simulating of sur-
face water waves in shallow seas and seaports, dune mogonsider
elling, ocean basin-scale tsunami propagation, wave overtop- 9
ping and inundation, and near shore wave processes [15-19]. Uz —(6U” Uy + Usg)ztup = 0. (6)
In.the last two decades, differgnt _kind_s of _Boussinesq]c we apply the soliton wave aBz u(z,t) — u(v),v —
equations were expandgd and studied in s_glentlflc research%si — ¢tin Eq. ), the following relation is obtained
In the present manuscript, we employ the&mrsnethod for
obtaining closed form soliton solutions of the following four (k2 — A u" + K (6w + k2 u®) = 0. (7)
variants of Boussinesq equation:
After that, if we integrate Eq/7) two times and set the inte-

Uy — (60 Uy + Upge) oty = 0, (1)  gration constants as zero, we have
~thas = (60 s + oot =0, @ (= k) u—k* (2u* +k*u”) =0. (8)
—Ugt— 6"-52“1 + Uget)zt = 07 3 . .
i Uzt ottt ®) In Eq. 8) k andc are some constants. It is worthy mention
— (6% Uy + Uppe ) e+ = 0. (4) that, ourintegrations are done with respect to variable

Indeed, we derive some new families of analytical solution2.1.1. Solutions for the*1 model, bright-soliton ones

for the Boussinesg-type models Eq4)—-4). It must be

noted that these equations are presented in Ref. [20] for thE0 obtain solitary-wave a@sz for the bright-soliton solu-
first time. In addition, Eqs/1)-(4) are non-integrable ones. tions, we use the following assumption:

Further Egs.l1) and @) contain spatial dispersion. In com- »

parison, Egs.2) and B) have spatial and temporal disper- u(v) = Asech?(v). ©)
sion whereas the second and the third ones contain spati
temporal dispersion. Besides, in EQ) there are the sec-
ond order dissipative term,, and the fourth order spatial
term u,.... We can have similar descriptions for terms of
other equations, for example, the fourth order derivative term (;2 _ :2) A sech?(v) + k2 (2 A%sech®(v)

uzzee IN EQ. (1) has changed to the fourth order derivative

termugq in Eq. 2). + k? p( Ap sech?(v) — A(p + 1) sech’™(v))) = 0. (10)

These equations were studied to find their singular- and _ _ .
soliton-solutions, the Hirota’s direct method obtained somd\oW: Value of one is obtained fgrafter equating exponents
solutions of these kinds as well, and other methods found ? @nd» + 2 in Eq. (10). Further, equating coefficients of
more solutions for Eqsj—) with different physical bases functionssech(v) yields the following nonlinear system
(see [20-22)).

The structure of this study is organized as follows: The
analytical solutions with graphical representations of all so- A+ E+E =0,
lutions are presented in Sec. 2. In Sec. 3, we addressed the
physical explanation for the behavior of all reported solitonWhich has the following solution

solutions. The conclusion is given in the end.
g A=k A=-k c=kVk2+1,

2. Analytical solutions c=—kvk*+1 (11)

In this present work, different kinds of solitary wave solutions Using Eq. (1) yields bright-soliton solutions for Ed6) as:
are obtained for Eqs1j—(4). To do this, we consider three 5
types of solutions with the general hyperbolic trigonometric uii(@,t) = £k sech(k(z F VA2 +11)).  (12)

af"he unknown parametercan find in the process of finding
of solutions of Eq.l8). Thus by setting the aAtz Eq. 9) into
Eq. (8) we get

2k%(A% — k%) =0,
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2.1.2. Solutions for thest model, dark-soliton ones
To obtain dark-soliton solutions we set
u(v) = Atanh?(v). (13)

Similar to previous part, we obtam= 1. So by putting the
anstz Eq.13) in Eq. 8) for p = 1, we have:

— 2AK*(A% + k?) tanh® (1)
+ A(c? — k* + 2k*) tanh(v) = 0.

Equating the coefficients of each pair of functiansh(v)
gives:

2k*(A? + k) = 0,
—+k? -2k =0,
which has the following solutions

A=*£Ik, c=+k\/1-2k2.

(14)

Therefore, the following dark-soliton solutions are obtained

for Eq. (6) using the values of Eql4):

uia(x,t) = fiktanh(k(z F V1 — 2k%t)).  (15)

2.1.3. Solutions for the®1 model, singular-soliton ones
In order to obtain singular-soliton solutions, we assume that
u(v) = Acsch?(v). (16)

As we did before we obtaip = 1, by this value ofp and
setting anétz Eq. L6) in Eq. (8) gives

2.2. The 24 model

Next, we investigate the following equation to find its soliton
solutions:
(19)

—Ugx — (6U2 Uy + uwtt)w + U = 0.

Here we use the wave &t u(z,t) = u(v), v = kx — ct
in Eqg. (19) that yields
(2 — k) u" —k(6ku®u +Eul™) =0.  (20)

Besides, with respect to we integrate Eq.20) two times
and set zero for integrating constants. All of these yield
(® — k) u—2k*u® —k? P = 0. (21)

In Eq. 21), k andc are some constants.

2.2.1. Solutions for the’® model, bright-soliton ones

By the assumption

u(v) = Asech?(v). (22)

One may obtain the bright-soliton solutions. Obtaining of
the value of parameteris as same the process which is de-
scribed in the previous section. Then we substitute thatans
Eqg. 22) in Eq. 2]), this yields

(¢® — k?)Asech? (v) — 2k* A% sech®? (1)
— k2 p(Apsech?(v) — A(p + 1) sech?™?(v) = 0. (23)

To find parametep, we equate the exponeritg andp + 2 in

Eqg. 23). Moreover, we equate the coefficients of each pair

A(=¢® + K2 + k) cosh® (v) + A(K*(24% + k* — 1) + ¢*) = 0. of functionssech(v). These result ip = 1 and the following
system:

Similarly by equating the coefficients of each pair of func-

tionscosh(v), the following system is obtained: 2k2(A% — 2) =0,

—02—|—k:2—|—k4:(), *C2+k2+k262:0,

2 42 2 2 4 . . .
2k*A* + 2 —k* 4+ k' =0, which its solutions are

that has the following solutions: k k
i c==+ Nk (24)
A=+ki, ¢c=xkVEk2+1. a7
By the values of Eq.24), we obtain the following solutions
The values of Eq.17) give the following solutions for for Eq. (19):
Eq. 6):
k k
uis(z,t) = +ik csch(kz FkVE2 +18),  (18) uz (1) = + JI_R2 sech (’“” + mt) - (29

which are singular-soliton ones. Solutions 25) are bright-soliton ones.
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2.2.2. Solutions for the’® model, dark-soliton ones
The dark-soliton solutions express as:
u(v) = AtanhP(v).

Similar to previous cases, we obtain= 1. Now, setting the
anstz Eq.03) in Eq. (21) with p = 1 gives
A(2k2(A? + ¢2)) tanh®(v)
+ A(E*(1 — 2¢%) — ¢*) tanh(v) = 0.

Equating the coefficients of each pair of functigash(v)
gives:

2k%A% 4 2K%% =0,

(26)
A+ k2 -2k =0.
The solutions of systen®6) are
k k
A frng ii, CcC = :‘:7 27
V=1 —2k2 1+ 2k2 @

The results|27) give the following solutions for Eq.10)
which are dark-soliton ones:

k
V—1—2k2

X tanh (kx F

Ugg(l‘, f,) =4

k
N t) . (28)

2.2.3. Solutions for the’® model, singular-soliton ones

To obtain singular-soliton solutions, we set our hypothesis as:

u(v) = Acsch?(v). (29)

Similar to the previous part the value pfis obtained as
p = 1. Thus by inserting the aétz Eq. [R9) into Eq. 21)
and forp = 1, we obtain:

A(—c® + E? 4 k2¢?) cosh?(v)
+ AQQK*A% 4 % — K2 + K2 =0.

Equating the coefficients of each pair of functiansh(v)
gives system:

P+ 2+ k2R =0,

(30)
2k2A% + 2 — k? + K¢ = 0.
After solving system30) we have:
k k
A=+ , =+ . 31
2o1 VIR (1)

By the results of Eql31) the following solutions are obtained
for Eq. (19):

k k
U23(9C,t)=imCSCh<k$:Fmt), (32)

which are singular-soliton ones.

2.3. The 39 model
The following model is considered in this part
Ut — Uyt — (6u2 Ug + uzaﬁt)m = 07 (33)

to obtain its soliton solutions. Applying traveling-wave
an@itzu(x,t) = u(v), v = ka — ct in Eq. 33) gives:
cle+k)u" —k(6ku’u — k2 cu®) = 0. (34)

Now, with respect tar we integrate Eq.34) two times and

set zero for integrating constants. After doing these, we have

clc+k)u+k?(kcu” —2u) =0, (35)

for constantss andc.

2.3.1. Solutions for the'$ model, bright-soliton ones

To obtain the solitary-wave aat for the bright-soliton solu-
tion we use the following hypothesis:

u(v) = Asech?(v). (36)
Setting the arigz Eq. 86) to Eq. 35) gives:
clc+ k)Asech? (v) — 2k? A% sech® (v)
+ k3ep(Apsech? (v) — A(p + 1) sech?™2(v) = 0. (37)

Here, also we obtaip = 1 from Eqg. 37). In addition equat-
ing the exponent8p andp + 2, and coefficients of each pair
of functionssech(v) yield:

2k%(A? + ke) = 0,

(38)
—?—ck—ke=0.
One may obtain the following solutions for E38]
A=4kV14+k2,  c=—-(1+k)k. (39)

By the values in Eq/39), the following bright-soliton solu-
tions are obtained for E438):

usi(z,t) = £kv/'1+ k2sech (kx + (k + k°)t) .

2.3.2. Solutions for the'8 model, dark-soliton ones

(40)

To obtain the dark-soliton solutions we assume that:
u(v) = Atanh”(v). (41)

Here also we obtaip = 1. Therefore, setting the aatz
Eq. 41) into Eq. 35) and puttingp = 1 yields:

2k*A(A? — ke) tanh®(v) + Ac(2k® — k — ¢) tanh(v) = 0.

Equating the coefficients of each pair of functidash(v)
gives:

2k2A% —2k3c =0,
—c* —ck +2k3c =0,
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that has the following solutions

A=+V2k2 -1k, ¢=2k*—k.

Using Eq.42), we obtain the following solutions for E(38)
as:

(42)

usg(z,t) = £1/2k2 — 1k tanh(kz + (2% — k)t), (43)

that are dark-soliton ones.

2.3.3. Solutions for the'$ model, singular-soliton ones

We consider the following hypothesis to obtain singular soli-

ton solutions:

u(v) = Acsch?(v). (44)

During our computations, we obtain= 1. Besides, by sub-

stituting the an&tz Eq. 44) into Eq. 35) and forp = 1, one
can obtain:

—Ac(c + k + k®) cosh? (v)
+ A(k*(242 — ke) + c(c+ k) = 0.

2.4.1. Solutions for the'4 model, bright-soliton ones

In order to find the bright-soliton solutions, the following as-
sumption is considered:

u(v) = Asech?(v), (50)

where the unknown parametgis found during the process
of obtaining for the solutions of Eq49). Then setting the
anstz Eq. B0) in Eq. 49) gives:

A sech? (1) — 2k% A3 sech® (v) — k* A p(psech? (v)
— (p+1)sech?*2(v) = 0.

In a similar process which is mentioned in the previous parts,
we obtain the value one fgr. Besides, we equate the coeffi-
cients of each pair of functionsch(v) which gives

k*A? — k* =0,
—* 4+ k=0,
with the following solutions:

A=+4k c=+k. (51)

As usual by equating the coefficients of each pair of functions

cosh(v) gives:
—2—ck—kec=0,
2k2A% + % +ck — k3¢ =0,
which has the following solutions:

A=4\—-1-k2k, c=—k—k>.

The following singular-soliton solutions are obtained 1@8)(
using the results Eg4E) as:

usz(x,t) = £/ —1 — k2k csch(kx + (k + k%) t).

(45)

(46)

2.4. The 4" Boussinesg-type model

In this final part, we find solutions for the following model:
—(6U% Uy + Uppr) e + use = 0.

(47)

Implementing the traveling-wave atgu(z,t) = u(v), v =
kx — ctin Eq. @7) yields:
Au —k(6ku®u + 2 u®) =o. (48)

We integrate Eql48) two times with respect to and set zero
for the integration constants. All of these works give
Au—2ku -k =0, (49)

whereink andc are some constants.

Solutions [61) give the following bright-soliton solutions for
Eq. 49):

ugy (x,t) = £ ksech(kx + k*t). (52)
2.4.2. Solutions for the4 model, dark-soliton ones
To obtain dark-soliton solutions for E#9) we take
u(v) = Atanh?(v). (53)

We obtainp = 1. For this value ofp and by substituting the
ansatz Eq. 63) in Eq. 49) yields:

—A(2k2A2 + 2k4) tanhg(y)—A(—c2 — 2k:4) tanh(v) = 0.

Here, also we equate coefficients of each pair of functions
tanh(v) which gives

2k%2A? 4+ 2k* = 0,
(54)
-2 -2kt =0.
The solutions of systenbd) are
A= +ik, ¢=+V2ik?,

which in turn give the following dark-soliton solutions for
Eq. 49):

ugo(x,t) = +ik tanh(kx T V2ik>t). (55)
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2.4.3. Solutions for the4 model, singular-soliton ones

Let us now find singular soliton solutions for E4Sf where uy3(w,t) = £ik csch(k(z F kt)), (59)
the starting hypothesis is ) ) } ]
which are bright-soliton solutions.
u(v) = Acsch?(v). (56)
3. Physical discussion
The value of its unknown is obtained as= 1. Hence, by
substituting the arégz Eq. 66) into Eq. 49) and forp = 1 Itis worthy to have a physical explanation for the presented

we obtain; solutions of all types of Boussinesq equations. The Boussi-
nesq equation is valid for water waves for weakly nonlinear
A(E* — ) cosh?(v) + A(c? + K2 (kK + 24%)) = 0. and relatively long waves in fluid dynamics. In computer

models the Boussinesqg-type equations are applied for simu-
Equating the coefficients of each pair of functiansh()  lating of water waves in shallow seashores and seas in coastal
results in sciences. But the Boussinesq equation is applicable to fairy
long waves, which means that when the wave length in com-
— 4kt =0, parison with its depth of water is not short. In this work,
we have obtained some different families for the Boussinesqg-
2E°A% + ¢ + K =0. (57)  type equations. All obtained solutions can be categorized into
three types, namely, bright-, dark-, and singular-soliton ones.
After solving system37) we have: We encounter a bright-soliton when the energy of the soli-
ton reaches to its maximum value at the center of the wave
A=+ik, c=+k. (58)  and then this energy at infinity goes(oln this case, soliton
group velocityu exceeds some thresholds. Solutiofhg)(
We can obtain the following solutions for E@9) using re-  (25), (40), and 62) are bright-soliton ones which are plotted

sults 68) in Figs. 1, 4, 7 and 10.
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FIGURE 1. a) The bright-soliton solutiom, in (12) for k = 1, b) the correspondingD plot for ¢ = 0, ¢) graphical representation with
—7 <z <10,andt = 1,2,3.
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FIGURE 2. a) The dark-soliton solution, in (15) for & = 0.5, b) the correspondingD plot for ¢ = 0, c) graphical representation with
—7<z<8,andt=1,2,3.
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FIGURE 3. a) The singular-soliton solutiom s in (18) fork = 0.1, b) the correspondingD plot for ¢ = 0, ¢) Graphical representation with
—7<z<10,andt =1,2,3.
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FIGURE 4. a) The bright-soliton solutiomz; in (25) fork = 0.5, b) The correspondingD plot for ¢ = 0, c) graphical representation with
—10 <z < 12,andt = 1,2, 3.
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FIGURE 5. a) The dark-soliton solutions. in (25) for k = 0.5, b) the correspondingD plot for ¢ = 0, c) graphical representation with

—7<z<10,andt =1,2,3.
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FIGURE 6. a) The singular-soliton solutioms in (32) fork = 0.5, b) the correspondingD plot for ¢t = 0, ¢) graphical representation with
—15 <z < 10,andt = 1,2, 3.
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FIGURE 7. @) The bright-soliton solutioms; in (32) for k = 0.5, b) the correspondingD plot for ¢ = 0, ¢) graphical representation with
—10 <z < 12,andt = 1,2, 3.
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FIGURE 8. a) The dark-soliton solutioms, in (43) for & = 1, b) the correspondingD plot for ¢ = 0, c) graphical representation with
-5 <z <10,andt =1,2,3.
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FIGURE 9. a) The singular-soliton solutioass in (46) for k = 1, b) the correspondingD plot for ¢ = 0, ¢) graphical representation with
—15 <z <10, andt = 1,2, 3.
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FIGURE 10. a) The bright-soliton solutiom4; in (52) for k = 1, b) the correspondingD plot for ¢t = 0, c) graphical representation with
—7<z<10,andt =1,2,3.

Rev. Mex. Fis70031306



SOME NOVEL DIFFERENT SOLUTIONS FOR BOUSSINESQ-TYPE MODELS INCLUDING BRIGHT, SINGULAR,... 9

iy 0.59

0.3
0.2

0.14

Uaz

1.0
0.9
0.84
0.7
0.6
0.5
0.4+
0.3
0.2+

0.14

-15

-10

-5

-10

b) x c)

FIGURE 11. a) The dark-soliton solutions2 in (55) for k = 1, b) the correspondingD plot for ¢t = 0, c) graphical representation with
—10 <z < 5,andt = 1,2, 3.
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FIGURE 12. a) The singular-soliton solutions in (59) for k& = 1.2, b) the correspondingD plot for ¢ = 0, c) graphical representation
with —5 < z < 10, andt = 1,2, 3.

A dark soliton is a solitary wave that is generated by cut-4. A concluding remark

ting a portion of a continuous wave. As a matter of fact, ) ) _
a dark soliton is an amplitude dip in the continuous waven the present manuscript, the atsmethod is used for con-

It is generally known that dark soliton is a localized surfacesStructing singular-, dark-, and bright-soliton solutions for the
which is an amplitude dip, that causes a temporary decreaghistinct forms of Boussinesq-type equations. The graphs of
in wave amplitude, and can usually be seen in normal dissoliton solutions with different selections of their parameters
persion areas. Furthermore, because of its unique properti¥re plotted to demonstrate the localizations of the solutions
in homogeneous optical fibers, a dark-soliton is widely stugihat describe the nonlinear waves in coastal and ocean engi-
ied. In a homogeneous background, the intensity profile of'€ering, like tsunami waves. According to the best of our
the dark soliton shows a dip or hole-soliton. Dark-solitonsknowledge, these closed forms of solutions were not pre-
have been found to be both stable and robust to losses. Sofiented previously and all of them are new ones and novel.
ton energy is greatest at infinity in dark-solitons, and there i€\l presented solutions in this paper were tested for satisfy

a gap in the center. All solutiond%), (28), (43), and 65) are  in their relevant equations. Also the obtained results have
dark-soliton ones which are plotted in Figs. 2, 5, 8 and 11. Shown that an excellent performance of thezanscheme

in using Boussinesg-type equations. Our results can be fur-
ther extended in future research works by working on various

Nakamura [23] has shown that a certain nonlinear evo® lasses of the investigated equation.

lution equation except soliton solutions, may also have ex-

plode decay mode solutions. This kind of soliton solutions isData availability
called a singular-soliton one that can be written by an analyt- _ _
ical relation. All solutions Eqs/18), (32), (46), and 69) are All generated and analysed results which have obtained dur-
singular-soliton ones that are plotted in Figs. 3, 6, 9 and 12ind this research are included in the manuscript.
Furthermore, partée) of all Figures demonstrate three plots

of our solutions ir_12D case for a special spatial domain and Declarations

some values of time which are= 1,2,3. As one can see

from these figures all of them have soliton properties. The authors declare that they have no conflict of interest.
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