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B — L model with D5 x Z, symmetry for lepton mass hierarchy and mixing
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We propose a gauge — L model withD5 x Z, for explaining the lepton mass and mixing through the type-1 seesaw mechanism. The model
can predict the neutrino masses and mixing angles including the Dirac and Majorana CP phases in good agreement with the experimenta
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1. Introduction of the right handed neutrino is put i, the two other
) _ ) ) _ families of left handed leptons and right handed neutri-
In particle physics, the hierarchy of fermion masses is one nos are put ir2, while the two other families of right

of the most exciting issues [1,2]. The basically experimen- handed leptons are put iy of Ds. Furthermore, Ref.
tal results related to flavour problem including the origin of [12] contains up to Si)é‘U?Q)L doublets and three sin-
charged-lepton mass hierarchy [8]. : m,, : m, ~ 107%: glets.

10~ : 1, and the origins of two large and one small mixing

angles of neutrinos, and of two neutrino squared mass differ- Thenpe, It s necessary to suggest anothirbased .
ences [4]7.50 x 10~ eV? ~ (Amg ) < (Amg ) model with fewer scalar fields and a simpler scalar potential.
b 21) bt 31

bf ™ : . N .
250 x 10-3 V2. With such a motivation, we suggesta— L model with D5

A remarkable feature of discrete symmetries is that theyS ymmetry" in which the first two generations of the |eft- and

can be combined with the Standard Model (SM) extensions tgght;}hlarlcri]ed ::hharged l?ptonﬁl(?Lih’Qfl))ar?: afrs]lgned n
explain the neutrino mass and mixing data (see, for exampl‘frﬁe\,\;ir'lste ang (s)ec(ceJrr?o?c Séhégtii;eslgftlhz ri ;.t-hggdg:jr?l%rft,rinos
Refs. [5,8] and the references thereif); symmetry [9] has 9 9

been exploited in previous works [10-12] which differ from 2'c putinL, while the third one is irl, of Ds. As a conse-
our current work with the following basic properties: quence, only onsU/(2),, doublets and six singlet scalars are

needed to obtain the current neutrino mass and mixing data.
(1) Reference [10] based on symmefi§ (2), xU(1)y x  As Will be shown below, the considered model can also natu-
U(l)x x Ds x T in which the first family of left rally explain the SM charged-lepton mass hierarchy problem.
handed lepton, right handed lepton and right handed The rest of this paper is as follows. In Sec. 2 we present
neutrino are put in,, the second and third families of the particle content of the model. Section 3 is devoted to the
left handed leptons are put #y while the second and  lepton sector. The numerical analysis is presented in Sec. 4.
third families of right handed leptons as well as right The conclusions are drawn in Sec. 5.
handed neutrinos are put2n of D5. As aresult, up to
four SU(2)., doublet scalars are needed and only the2.  The model
normal mass hierarchy is satisfied.
The total symmetry of the model B = Gg_1 x D5 x Z4
(2) Reference [11] based on symmeft/ (2), xU(L)y X with Gp5_; is the gauge symmetry of thé — L model [13].

U(1)x x D5 in which the first family of the lefthanded The particle content of the considered model urilesym-
lepton is put inl,, the first family of the right handed metry is given in Tables I and L.

lepton and right handed neutrino are putin the two
other families of left handed leptons, right handed lep-1,5 ¢ |. Lepton content of the model & 1, 2).
tons and right handed neutrinos are puinof Ds. i

Furthermore, Ref. [10] also contains a non-minimal ___Fields  4ir (¥s2)  lir(lsr)  vir,v2r  vsr
scalar sector with up to eight/ (2) ;, doublets and two SU2)z 2 1 1 1
singlets. U(l)y -1 _1 0 0
(3) Reference[12] based on symmeftyy (2),, x U(1)y x UM)p-1 - -1 -1 -1
U(1)p_1, x Ds in which the first family of the left- Ds 2, (L) 2, (L) 1 L

and right-handed lepton are putin, the first family Zy i(1) 1(1) —i i
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Expression4) implies the following conditions:

TABLE Il. Scalar content of the model
N <0, A >0, 0<A?" < V6V —\1AS,

Scalars H o, ©, M P
SU(2)L 2 1 1 Uy, < Vg ) —10AP#7 /(3AT). (5)
Uy 1 0 0
U(l)p-r 0 0 2 3. Lepton mass and mixing
D5 ll 117 22: 21 ll . .
P ) . ) The lepton Yukawa terms invariant undérsymmetry take
4 b Y Z - the form:
The Yukawa interactions which are invariant under _glyep = E(iﬁlleR + orlig)(Ho)
symmetry take the form: A
XTo , —+ — _
+ == (Y1elirHeo + YorlopHer) + 3(splsr) H
X - X -
— L = Xl(%/:lm);l (Ho)1, + XQ (wiLliR)22 (Hep)a, A
_ v, - . + % (¢1LV1RH772 + 1/)2LV1RH771)
+x3(Y3rlzr)1, H + N (Yirvir), (Hn)a,
=1 y2 — ~ — ~
_ _ _ _ + == (1/J1LZ/QRH772 + ¢2LV23H771)
+ ng (%‘LWR)Q1 (Hn)2, + % (¢3LV1R)11 (Ho)1, A
B B Ys 77 Ya 7 ~
_ ~ 2 + == (Vspvar) (Ho) + == (Ysrrer) (Ho)
+ 8 (Gseven), (HO), + 2 (#avin)y, A A
=1 21 —c z22 —C 23 —C
2o 23 . _ + — (Pipvir) p+ — (Uspver) p+ — (Vspvsr) p
2 /¢ 3 /—c 2 2 2
+ o (V3rv2R)y, P+ o (VSRV3R)1, P b
4 — _
24 ~ + = [(VfRV2R)1 p+ (V3pV1R), P] + H.c. (6)
+ 5 [(Fprer)y, o+ (pir)y, o) + Heo (1) 2 1 1

After symmetry breaking, the mass Lagrangian for the
All other Yukawa terms, up to five-dimension, listed in charged leptons can be rewritten in the form:

Table 11l of the Appendix E are prevented by one or some of - .
the model's symmetries; thus, they have not been included in — £ = (lir, l2r, l3) Ma(lir, L2k, l3r)" + H.c, (7)

the expression of'” in Eq. (1).

The minimization condition of the Higgs potential, ex- where
plicitly presented in Appendix B, provides a vacuum expec- b, a; 0
tation value (VEV): My = a b 0 |,
T 0 0 C]
(H)=(00)", (@) =vs (9)=p1), (¥2)), e, o
(P12) = Vgrar () = ((m), (m2)), oA AT
(M2) = v,  (p) =1, (2)  In general the Yukawa couplings, (k = 1,2,3) are com-

plex, i.e., a;, b1 21, ¢; and thereforel/,; in Eq. (8) are com-
We note that, for eaclD; doublet ¢, ), there may be Plex. We construct a Hermitian matrix whose real and posi-

four following alignments: i)0 = (®,) # (®,) # 0, tive eigenvalues:

Ds is broken into{identity}; ii) 0 # (®1) # (P2) = 0, A Doei® 0
Ds is broken into Z, consisting of two elementge, b} 5 n E,w 0€
. . . . T Ml = MclM. = D()e ¢ B() 0 ) (9)
wherea being the2x /5 rotation andb is the reflection; iii) ¢ cl 0 0 C
0

(®1) = (®3) # 0, D5 is broken into{identity}; and iv)
0 # (®1) # (®2) # 0, D5 is broken into{identity}. There- o i
fore, the VEV ofy andn in Eq. (2) will break D5 into

{identity} (i.e., discrete symmetr; is completely broken). Ao = a2+ b2t By=a2+b2, Co=c2
With the help of Egs.B.24)-(B.30), the expressions in
Egs. B.18)-(B.22) reduce to Do = apboy/1 + €* + 22 cos 2¢), (10)
)\H>O AP >0 A\’ >0 (3) d}:a_ﬁv = argag, 6:argbla (11)
v v
b2 ben,,2 2 ben, 2 — [Ze2 _ Tm2
200703, — AP0 >0, 3] 4+ 10A%¥T02 > 0. (4) A "o (12)
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B — L MODEL WITH D5 x Z4 SYMMETRY FOR LEPTON MASS HIERARCHY AND MIXING 3

The matrixM2 in Eq. 9) can be diagonalized by biunitary transfobi M2V = diag(m?2, m2, m?2), wheré?

,LL’

Co s9.Y 0
Vi =Vg = —sg.e” W Co 0 , (13)

0 0 et

1
m, =ad+ 5 [ (1) FoVA], m=d, (14)
with
1
Cyp = 5 (15)
(VE+3(t-1)*
4a%b%(2e2cw+54+1) +

A = 8aZcyy +4a2 (' + 1) + B2 (¢* = 1)°, (16)
= = 4a2b? (2%cap + €4 + 1) + b3 (¢* = 1)°, (17)

The left-handed charged lepton mixing mat¥y in Eq. (13) differs from unity; thus, it will contribute to the lepton mixing
matrix in Eq. 31).
Combining Egs.8), (12), (14) and (15) yields’:

L A2 ER(EH)E (@ -0 (mEamd) + (1) Vi

= 18
o1 V2] 8e2 (et +1)cf + (2 —2)[(e2 —2)e2 +2] 2 + 1 ’ (18)
) A2 [62 (463} +e2 — 2) + 1} (m2 + mi) —2y/xg m
= =T 19
TRz @Rt (-2t 81t ) 11 TP T Ty (19)
where
zo =4 [2(e' — € +1) mZm;, — (m? + mi)ez] i
+ 4€* (m? + mi)2 cfp + (€2 — 1)4m§mi. (20)
Equations|18)-(19) yields a ratio betweemy; andxgs:
2 2 2\2 2 2 2 4 2,2
oot (281 )€ 2 ) 42 (¢ 1) i o
12— 2 2 2 2 2 .
Toy Uy (m2 — mu)
Furthermore, substituting Ec8)(in Eq. (15), we get:
1
Cop = . (22)

2
(\/411;9031 [(4c'f;)+e2—2)62-|—1]—&-(e4—1)2v3713c§2+(e4—1)v¢1 3:02>
41)3)36%1[(4(:4 +62—2)€2+1] +1

»

Regarding the neutrino sector, when the scalar fields get VEVs as ii2ZEdrom Eg. 6), we get the mass matrices for Dirac
and Majorana neutrinos:

ai2p azp 0
Mp=1 aup azup 0 |, (23)
asp asp O

air asr O

Mgr=| asr azr 0 ; (24)
0 0 aspr
where
Y Yk _ S e — C —
a;jp = vanj, axp = va(j), nR = ZnVp, (i,j =1,2k=3,4,n=1,2,3,4). (25)
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4 V. V. VIEN

By using the type-1 seesaw mechanism, the light effective neutrino mass matrix is given by

A, D, G,
Meff = Dl/ Bu Hu ; (26)
G, H, C,

whereA,,B,,C,,D,, G, andH, are given in Appendix C.
The mass matridlg in EQ. (26) possesses three eigenvalues and the corresponding mixing matrix as follows
A1=0, A3z= Q1 F Qo (27)

K1

71 T1
\/n%+n§+1 \/712+722+1 \/Tf+r§+1
K2 T2 T2

Ro=| Vapdn VAaa VA | @9

\/m?-ﬁ-mgﬂ—l \/7'12+722+1 \/Tf+7"§+1

where(; 5, k1.2, 71,2 andr; o are given in Appendix D. The neutrino mass spectrum can be normak{ mqs < ms) or
inverted (n3 < m; < my) hierarchy depends on the sign&fn?, [3]. Note that the eigenvalu®, = 0 corresponds to the

first neutrino eigenvector,
T

K1 K9 1
VR + R+ 1T R+ Rs+ 1 /R g+ 1
Thus, the neutrino mass hierarchy should be either= \; = 0, ma = A2, mg = A3) Or (my = \a, mo = A3, mg = A\ =
0). As will see below, the model obtained results are in agreement with the current neutrino oscillation data for both normal and
inverted orderings. The eigenvalues and corresponding vectdisgofn Eq. (26), for the two mass hierarchies, are defined

by:

1=

K1 T1 T1
0 0 0 \/n§+n§+1 \/7'12+722+1 \/rf+r§+1
K2 T2 T2
0 X 0 ), U= Uovan Vorrn Vo for NH,
0 0 X3 1 1 1
T K2+r3+1 TEHTI+1 ri+ri+1
Ul/ MegU, = \/ 17'1 ? \/ lrl 2 \/ lnl 2 (29)
Ao 0 0 N e LS RV s N N Y R NE |
T2 r2 K2
0 A3 0 ), Uw=| /g i Jelindil for IH.
0O 0 O 1 1 1
VTEHTI L \fr24r34+1 /eI kE+1
Itis easily to check that, 2, 71 2 andr o satisfy the following relations
_ l4kim +'r§ _ (r1—rK1)re _ _14kim
= ritriri+R1r3’ 2= ritririFR13 ) 2= T2 for NH, (30)
o AR ma(mmm) o l4miT for |H
L= TRt =IHrdDm’ 2T mit(R2HRdTL 127 K2 :
The leptonic mixing matrix{Jr., = ViU, reads:
chg—K,QSQ.eiw Tlcg—TQSg.eiw Tlcg—’r’QSg.ei’w
\/I{%JrKnglA \/7'12+7'22+1_ \/rerrngl»
Koco+risg.e Y Toco+T180.6 Y roco+risg.e” "V for NH
\/K,%Jrﬁg-f—l \/712+T§+1 \/7'f+7'§+1 ’
e~ i e it e~ i
U — VEZHRE+1 VrE+TE A1 Vritri+l (31)
Lep — Ticg—Tosg.e'Y ricog—rosg.e'? K1co—kosg.e'V
\/712+722+1_ \/7%—&-7'%-&-1_ \/n%-‘rn%-‘rlv
Tocog+T180. Y rocog+risg.e Y koco+kisg.e ¥ for IH
\/712+722+1 \/rerr%Jrl \//{ernngl '
e e 'Y e 'Y
\/T12+7'22+1 \/7'f+7'§+1 \/ﬁf-i-ﬁ%-i-l
In the three neutrino framework, the leptonic mixing matrix can be parameterized as
C12€13 C13512 e 0cP gy em 0 0
” - )
Upmns = | —C12513523€"°C7 — C3812 C12023 — €997 S12513523 13523 0 ™ 0 | (32)
812823 — C12C23€"9CP 813 —C23512813€0CF — C12893 C13€23 0 0 1
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B — L MODEL WITH D5 x Z4 SYMMETRY FOR LEPTON MASS HIERARCHY AND MIXING 5

WherEC12 = COS 012, Co3 = COS 923, C13 = COS 913, S12 = sin 912, S93 = sin 023 and313 = sin 913, 5CP is the Dirac CP phase
andn; o are two Majorana phases.
By comparing Eqs.31) and B2), with the aid of Eq80), we obtain:

- 2 .
(nlr1+r§+1) cgfrg(nl77"1)(n1r1+r§+1)52gc¢+r§(n177‘1)285

for NH
9 [(m%+1)r§+(n1r1+1)2](r%s%—i—mmszecw-i-?“gcg—i-l) ’ (33)
S12 =
(N1T1+H§+1)2C§+K2(Hl—Tl)(IilTl-‘y-Ng-‘rl)stCw-‘rK/g(lil—71)253 for IH
)

[(77+1)s3+(s171+1)2] (n3 5 +R1m2s20cy +r5cg+1)

r?cg—rlrzszecw +T§s§ for NH
2.2 ’
s _ ri+rs+1
13 K3cE—K1K2820Cy +RES for IH
Rf+fc§+1 ?

(34)

T%CZ+T1’I"2329CU}+T%53 f0r NH
s _ r%Jrrngl;rfcngrlrgszec%,Er%sg ’ (35)
23 — K5Chi+KiKkaSa9Cy+KTS
2Co 1KR2520Cqy 15¢
2 for IH,

K?-}-n%-‘rl—nfcg-&-mlnzswcd,—n%s

. _ i
—ilog [ —fce=rasec’ ) for NH,

ciac13y/K2+K2+1
7’]1 — 12€13 1 2 (36)
7169—7'239.611# for IH
)

—ilog | —ree—T20e-C
& cizc13\/TE+TE+1

i
_ilog [ —mea=m2see™ \  for NH

3 si12c134/TE+TE+1 ’
—ilog W) for IH.

s12c13\/Ti4ri+1

Comparing the expressions of the Jalskog’s CP-violation paramietgr= Im(U,3U7;U12U%,), in term of the model param-
eters in Eqg./81) and the standard parameterization in E22)(we get

2 = (37)

[(r2+r3)m1tr]rasaesy (NH)
. _ ) 20T [ (a1 siack, sizciaszacas ©
Sin (5CP - [(,{;’4»;13)7-14»;{1]/1232951/, (lH) (38)

2(nf+ng+l) [(Tf+1)n§+(f€171+1)2]5130§3512012523023

Equations|84)-(35) yield a solution:

e For NH:
22 2 2, 2y.2 2 2
k1 = [ririciasy + (1 + 17 +73)sty + r2(1 + 13 — rice0,,50c0cy — /Ko
2, .2.2\21/[.22 , 2.2 2, 2y.2
— (1473 +1isty)cp|/[rics + 355 — T1racys20 — Koa(rT 4 75)sTa ], (39)
_— 1 To1 + 24/T02 (40)
V22, \ b+ 253c2 cos 24 + 58
2 2 2 24.2,2.2
1 {\/7"02 — cf5c55(1 — 023013)5000%} (1)
r2 = 2 2 (2 2 _ 2 2 2
C13¢33(513C5 — C1353353)S0CoCy
where
2(2, .2 2 2 2 2, .2 2.2.2
Kor =15 (1] + 73 + 1) [kGas1acis — (ri + 73 +1) cgsgsy] (42)
Koz = 1+ 1183 + 1179cys20 + T5C5, (43)
2 272 4, 2 2 4 2 2 2122
o1 = Ci3Ch3 [S13Ch + (1355355 + (513 + €13533)s5¢5¢2y ] » (44)
4 472 2 24 222, 4 4, 4 43.22.27.222
T2 = C13Ca3 [C13813533(Cg + 2¢5¢7,55 + s5) — (815 + C13523)55¢55% ] 55¢5¢)- (45)
e For IH:

Rev. Mex. Fis69030803



6 V. V. VIEN

T = [mn%sg + K1 (1 + K2+ 5303) 52, +

K
?2 (1 + Hg — H%CQQH) CyS20 — /To1

(8 ) ] [ s+ o3 i (034 42) ] )
1 ko1 + 2v/Ko2 47
k1= "35>3 1 922 1 (47)
Ci3C53 \| Cg + 2s5CgCay + Sy
2 2 2 2\.2202
K1 {\/I‘ETD — cizca(l — 023013)39%%} (48)
K2 = 2 2 (o2 2 2 2 2
ClaC33 (s13¢5 — Cl353355) CosoCy
where
2 2, 2\[.2 .2 2 2.2 2, 2y.2
701 = k(1 + K7 + K3) [T50870CT2 — cpsy(1+ KT+ K5)S5] » (49)
To2 =1+ n%cg + K1K2CyS20 + n%sg, (50)
2 2712 4, 2 2 4 2 2\.202
KoL = Ci3C33 [513¢) + Cias3zsp + (1 — (iaciz)sichey ] (51)
4 472 2 2 (4 222, 4 4 4 442227222
Koz = C13Ca [c13513533(ch + 2c5cy,s5 + s5) — (Clssas + s13)C35553] $5¢5¢)- (52)

Expressions30), (36)-(52) imply thatk; o, 71 2, 71,2, sindcp andn; o depend orsis, si2, s23, 6 and+ which will be

presented in Sed..
4. Numerical analysis
In fact, the electroweak symmetry breaking scale is low,

v =246 x 10> GeV, (53)

The B — L symmetry breaking is assumed to be TeV scale

[14] and the cut-off scale is very high [15],
v, ~10°GeV, A ~ 10" GeV. (54)

Further, the experimental valuesqaf. , ; at the weak scale
is [3],

me >~ 0.511 MeV,
m, ~ 1776.860 MeV.

m,, ~ 105.658 MeV,
(55)

ExpressionsX9), (53) and £5) yield:

0.98
0.968

0.969 0970 0.971 0972 0.973
cos

0.974 0975

FIGURE 1. r15 versuscos ¢ with cos ¢ € (0.968,0.975).

0.106] '
0.104
= 0.102
o
(3]

0.100

0.098

0.968 0.969 0.970 0971 0.972 0.973

cos U

0.974 0.975

FIGURE 2. cos 6 versuscos 1 with cos ¢ € (0.968,0.975).

To estimate the order of magnitude af; andxg,, we con-
sider the case wherg, is an order of magnitude lower than
TeV scale and thé3 — L symmetry breaking is assumed to
be TeV scale:

vy = 100y, vy, =100, (e =10). (57)
With the help of Egs.21) and 63)-(57), we find the possible
region ofcos ¢ is
cos ) € (0.968,0.975). (58)

The dependences of two parameters and cosf on
cos ) are plotted in Figs. 1 and 2, respectively, which im-

ply

cosf € (0.098,0.106), i.e., 6° € (83.92,84.38), (59)

Rev. Mex. Fis69030803



B — L MODEL WITH D5 x Z4 SYMMETRY FOR LEPTON MASS HIERARCHY AND MIXING 7

LB Uy, 5, Uy, S fOlloWs™:
//.005
. 0.0225
| 0.0200
' Mo~ —1072) A ~ 1072, A%97 ~ 1073, (62)
— 0.0175
B2 S L — 00075, 0.0150 vy, =5 x 10" GeV, vy, 3 2.89 x 10° GeV,
= B 0.0125 10
, 001 0.0100 Uy, 32.89 x 1077 GeV. (63)
Al S — 0.0075
0015 — 0.0050
-
2% 107 0225 e
o1 At the best-fit points of neutrino mass-squared differ-

0.968 0.969 0.970 0.971 0:972 0.973 0.974 0.975 ences given in Ref. [4]Am§1 = 75.0 meV2 andAm%l _

2.55 x 10% meV? for NH, andAm2, = —2.45 x 10> meV?

FIGURE 3. (color line) zo1 versuscosy andwv,, with cosy € for IH, with the help of Eq.[27) we obtain:

.968, 0. andv,, € , ev.
0.968,0.975) andv,,, € (10°,10'°) GeV.

1% 101() &
Q1 = 29.58meV, Qs =20.92meV for NH 64)
B 0.0225 Q1 =49.87TmeV, Q5 =0.376meV for IH
80T ] 0.0200
— 00175
6>< ]U‘) - - 4 00[50
= — 0.0125 ) )
v R Three neutrino masses and the sum of neutrino masses get
ax10°L g L . the explicit values (inneV):
0.0125 _
0015 — 0.0050
.07
2% 109 02 0.022!
 x my =0, my = 8.66, ms = 50.50 for NH 6
0.968 0.969 0.970 0.971 0.972 0.973 0.974 0.975 my = 49.50, my = 50.52, ms = 0 for 1H (65)

cos ¥

. . 59.16 meV for NH
FIGURE 4. (color line) zo2 versuscos andv,, with cosy € Zmy = ) (66)

(0.968,0.975) andv,,, € (10°,10'°) GeV. 99.75 meV  for IH

and

ri2 € (0.98,1.06), i.e., xp1 ~ (0.98 = 1.06)xp2. 60 . . .
12 € ( ) o1~ ( Jroz- - (60) There exist some different constraints fojm,,, for exam-

ple,> m, < 0.152 eV, Y m, < 0.118 eV by adding the
high- polarization data [16], in NPDDE modél"m, <
0.101 eV, in the NPDDE+ model}_ m, < 0.093 eV, and in
NPDDE-+r with the R16 priod_m, < 0.078eV [16]. The
result in Eq. |66) is in consistence with the updated bounds
on) . m, taken from Ref. [16].

Expression®C) shows thatg; andzy, are in the same scale
of magnitude.

The dependences af;; andzys on cost are presented
in Figs. 3 and 4, respectively, which imply

o1 ~ To2 € (00050,00225) (61)

Expressions30), (34)-(52) imply thatko, 712, r12, sindcp

Expressions6) and 61) show that three Yukawa cou- gnd n1.2 depend on three mixing angless, si2, so3 and
plings in the charged-lepton sector are in the same scalgvo model parameteré and . Using the best-fit val-
of magnitudej.e., the charged-lepton mass hierarchy is ex-ues s,3, s1o and so3 [4], s2, = 22 x 1072 52, =
plained naturally. 0.318, s3; = 0.574 for NH, ands?; = 2.225 x 1072, s3, =

As presented in Figs. 3 and 4, the possible region 0f).318, s3; = 0.578 for IH, we can describe the depen-
vy, IS vy, € (10°,10'%) GeV. Thus, we can fixw,, =  dence ofki s, 712, 71,2, sindcp and 72 on cosy with
5 x 10°GeV. As a consequence, from the conditid) ( cosw € (0.968,0.975) for both NH and IH as shown in Figs.
one can estimate the range of the coupliatis\?, \?¢" and  10-15, respectively.

Rev. Mex. Fis69030803



8 V. V. VIEN

Figures 10-15 imply that:
0.275
e (—0.708, —0.694) for NH 0.270¢
! (1.1872,1.1882) forIH ° 0265
&
.o { (1548, 1554)  forNH 0-260¢
2 (—0.118,-0.108) forIH 0.255}
0.250]
e { (—0.956, —0.948) for NH
1 ) . . . . L . . .
(—0.700, —0.688) for IH 0968 0969 0970 0971 0972 0973 0974 0975
cos ¥
Ty € (~1.078, —1.070) for NH , FIGURE 7. 1 Versuscos 1 with cos ) € (0.968,0.975) for both
(1.543,1.550) for IH NH
and IH.
r e { (1.1774,1.1784)  for NH Furthermore, the dependencesofi ¢ and; » on cos
(—0.948,-0.940) forIH ~ with cos ¢ € (0.968,0.975) for both NH and IH are plotted
in Figs. 5-7, respectively.
ry € (—0.118, —0.108) for NH 67) Figures 5 tells us thain dcp € (—0.145,—0.125), i.e.,
(—1.074,-1.066) for IH Scp € (351.7, 352.8)° for both NH and IH which lies in the
30 range of the best-fit value taken from Ref. [18] for both
NH and IH and is in good agreement with the T2K data on
_u.s1F Dirac CP violation [19]. In addition, Figs. 6 and 7 imply
thatn, € (—2.925, —2.900)rad ~ (192.40, 193.80)° and
~0.132} ] n2 € (0.250, 0.275) rad ~ (14.32, 15.76)° for both NH
_ -0.133 1 3.7720
E ~0.134] 1 3.7715}
~0.135] 1 37710}
~0.136f ] 237705}
£
0.968 0969 0970 0971 0972 0973 0.974 0.975 3.7700¢
cos¥ 3.7695!
FIGURE 5. sin dcp versuscos ¢ with cos € (0.968,0.975) for 3.7690¢, ‘ ‘ ‘ ‘ ‘ ‘ G
both NH and IH. 0.968 0969 0970 0971 0972 0973 0974 0975
cos ¥
FIGURE 8. (mec.) (in meV) versuscosy with cosy €
: (0.968,0.975) for NH.
-2.900f 1
-2.905] 1
-2.910f 1 48.6065
S 2015t
., 48.6060
-2.920} s
B 1 48.6055
0.968 0969 0970 0971 0972 0973 0974 0975 48.6050
cos i

0.968 0.969 0.970 0.971 0.972 0.973 0974 0.975
cos Y

FIGURE 6. 71 versuscos ¢ with cosy € (0.968,0.975) for both
NH and IH. FIGURE 9. (me.) (in meV) versuscosty with cosy €
(0.968, 0.975) for IH.
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B — L MODEL WITH D5 x Z4 SYMMETRY FOR LEPTON MASS HIERARCHY AND MIXING 9

and IH which are acceptable since they are assumed to be [219,20] (me.) < 0.11 = 0.5eV, EXO [21,23] (mee) <
[0, 27] [3]. 0.17 + 0.49eV, GERDA [24] (m..) < 0.12 = 0.26eV,
The effective neutrino mass parameter goverrtingg, KamLAND-Zen [25](m.e) < 0.05 + 0.16€V.

(Mee) = Zle UZm;|, depends o mos v, which are plot-

ted in Figs. 8 and 9 for NH and IH, respectively. 5. Conclusions
Figures 8 and 9 imply that:
(3.764, 3.776) meV  for NH We have suggested a gauge— L model with D5 x Z,4
(Mee { . (68)  for explaining the lepton mass and mixing through the type-I
(48.601, 48.610) meV for IH seesaw mechanism. The model predicts the neutrino masses

The resulting effective neutrino mass in E§8(are below all ~ and mixing angles at their best-fit values while the Dirac CP
the constraints from curref33 decay experiments, for in- phase lies ir{351.7, 352.8)° which being within3o range of
stance, MAJORANA [18]m..) < 0.24+0.53eV, CUORE the best-fit value for both NH and IH andisin good agree-

ment with the T2K data on Dirac CP violation. The two Majorana phases are predictegtech@ 92.40, 193.80)° andrs €
(14.32, 15.76)° for both NH and IH. The model also predicts the effective neutrino parameteérs.of € (3.764, 3.776) meV
for NH and(m..) € (48.601, 48.610) meV which are highly consistent with the current constraints.

Non-Abelian discrete symmetrd); requires additional scalar fields which may be dark matter candidates. Howerver, a
detailed study of this issue is beyond the scope of this study and it will be shown elsewhere.

Appendix
A. Tensor products of D5

The D5 group is the symmetry group of the regular pentagon which is generated By theotationa and the reflectior,

and satisfying the relationa? = e, b?> = e, bab = a~!. The D5 group has ten elements which are divided into four conjugacy
classes corresponding to four irreducible representations, denotgd byand2,, 2, [10]. The Clebsch-Gordan coefficients
for all the tensor products dp; are given by:

Li(a)®@1(y) = Lh(a) ® L,(B) =L (af),  1i(a) ® L,(B) = Ly(a) ® 1,(8) = L,(af), (A1)
1 (@) ®2; (B, B2) = 24 (aB1, aB2), 1y (@) ®2; (B, B2) = 24 (B, —af2), (k=1,2) (A.2)
2 (o, 02) ®2,(Br, B2) = Ly (P2 + azf) @ Ly(an B2 — azfr) ® 25(cn b1, azfB2), (A.3)
25(a1, ) ® 25(B1, B2) = 1y (1 fBa + aaf) ® 1y(a1f2 — azf) @ 24 (e, a1 1), (A.4)
21 (a1, a2) ® 25(B1, B2) = 24 (2P, a1B2) ® 25(aafBa, a1 1), (A.5)

wherea; o andg; » are the multiplet components of different representations.

B. Scalar potential

The scalar potential up to five dimension, which is invariant uitisymmetry, reads’:

Vo=V (H)+V(¢)+V(p)+V(n)+Vip) +V(H,¢)+ V(H, o)+ V(H,n) +V(Hp)+ V()
V(g,n) + V(e p) + V(g,n) + Ve, p) + V(n,p) + Vi, (B.1)
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10 V. V. VIEN

where

V(H) = piHUH + M (HUH)?, V() = pge™ o + A (¢70)?, (B.2)
V() = @™ + A0 (0" 0)1, (0" 0)1, + A5 (97 0)1, (0" 0)1, + A5 (97 9)2, (¥79)2, s (B.3)
Vi(n) = pan'n + X7 n)x, (7" m)1, + A0 m) 1, (001, + A3 (0702, (17n)z,, (B.4)
Vip) = 1pp"p+ X (p"p),  V(H,§) = \'*(H'H)1, (6"9)1, + ' * (H'¢)1, (6" H)1,, (B.5)

V(H, ) = NP (HH)1, ("0)1, + N (H'9)a, (¢p"H)a,, V(H,p)=V(H,$— p), (B.6)

V(H,n) = \["(H H)y, (™)1, + A3 (Hn)a, (7 H)a,, V(g 0) = V(H — ¢, ), (B.7)

Vig,n) =V(H — ¢,m), V(g,p)=V(H — ¢,p), (B.8)
Ve, n) = A" ("), (" n)1, + A" (0" 0)1, (7" n)1, + AL (0" )2, (07 )2,

+ A" )2, (" 0)2,, Vie.p) =V(p,H —p), V(n,p)=V(nH— p), (B.9)

Vips = MP1(HTH)1 (00)2,1 + [A97(690)a, ()2, + X7 (9)2, (107 p)2, + hec] . (B.10)

All the other terms up to five dimensions that contain more than three different scalar fields (including quartic and quintic
terms) are not included in the expressiorigfin Eq. B.1) because they are not invariant under one (or some) of the model's
symmetryI’. The existence of several couplings in the scalar potehtjakpresents a characteristic of discrete symmetry
models and it guarantees of freedom to choose a suitable scalar potential.

With the aim of showing that the scalar VEVs in E®) (s a natural solution of the minimum condition of the scalar
potentialV,;, we putvy = vy (vx = v, vg, vy, Uy, ,, U,), the minimization condition of the scalar potential reads

22?4 ANE ey, vy, + /\H(z’"(vilvm + vinm) + 4Ny, v, + 2/\H¢fu2 + 2)\Hpv2 +p3 =0, (B.11)
vg [p5 + 2 (AT202 + 2020, vy, + 2270y, vy, + /\4’11 + APPy? 2]+ AN (v, 02 Uy, + Vg, v ,272) =0, (B.12)

,ug(,vg(,2 + 22702y, + 6)\“’%1%2 + N2 v A AN, v, U, + )\"5“’7’1}772%
+2)\¢“"v¢2v3) + 2(A?Pu,, + /\‘bnpvmvm)vz =0, (B.13)

uiv% + 202020, + 6XPv,,v w + N2 v, + ANV, Uy U, )\‘W"v%l% + 2/\‘#“"114,11);

+2(X?Pv,, + )\m”vwvnz)vi =0, (B.14)

4 vy, ()\H"v + 2270, Vg, + 3Ny, U, ) + MOy 0 Vg + A ”Umvd)} + 2,u727 7272 + )\Hd’"v%2
F2(APP02 4+ 2Ny, 02 =0, (B.15)

4 vy, (/\H"v + 2270, Vg, + 3N vy, vy, ) + AOEMy Vg + A "vmvd,} + 2'“77 m T + AHPq2 Usa
F2(NPP02, + 2\, Jv2 = 0, (B.16)
2 [MHP0? 4 2X%Pu, v, + )\‘Mp(vi Uy +v JUns) + 2Py vy, 4+ APP0S } + u + 2)\% =0, (B.17)
6ATv? + 4ANH 0, v, + A ¢"U (U A ¢"U ,Uns + ANy, v, + 3+ 2/\H¢v; + 2)\Hpvp > 0, (B.18)
u + 2)\H¢1)2 + AAPP0 5, Vg, + ANPTUp Uy, 6/\¢v§) + 22\%Ppr? > 0, (B.19)
6)\‘% , T NHOM 2y, 4 2X91Py, vr? > 0, 3)\"1)22 + APy, v > 0, (B.20)
6APVS, 4+ AP0, + 207 0, ur? > 0, BAT2 + AP, v, > 0, (B.21)
2 ()\H'OUQ + 2X\Pug v, + V"’pvilv,,I + )\m’pvi?z)m + 2\"Pv, v, ) + ,u,z) + 2)\4)%(% + 6)\pvi > 0, (B.22)
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B — L MODEL WITH D5 x Z4 SYMMETRY FOR LEPTON MASS HIERARCHY AND MIXING 11

where the following benchmark points were u$éd

)\910 _ )\so = \?, )\¢77P )\wm )\¢np
HUED VU YD VD P
ATO =0 = A AP = AP = a7,
AT = AT = N AT = AT = A
AP = NP = AP \T = N = T
/\dwn )\¢<P7l )\(bgon )\7110 _ )\7210 =\,
APT = AT = NET = AT = AP

APP = \EP = \#P. (B.23)

The system of Eqs/B.11)-(B.17) yields the following solution:

Aon — [2 ()\H’UQ + 22 9, vy, + )\H‘z’vi + /\Hpvf, + 2)\H“"v¢1v¢2) + 13 /o, (B.24)
o _,ui +2(\H9p2 4 2)\¢¢v¢1v¢2 + vai + Xbpv%) B )\¢¢"(vwvﬁl + U%U%Q) (B.25)
4, Un, 4vn, Uy, Vg ’
2 Hep, 2 2 2 P,
AP = |, (,uw + 2A7707 + 6A v, Vg, + 2070, + AN N0y, vy, + 2A¢‘Pv¢) — %
x (pF + 20 0? + AN, v, + AN 0, vy, + 2)\H¢v2 + 2X\HPq2 )+ )\4)""11 114 /(211%1),7111,%), (B.26)
1
AP = ~ 552 [,ui + 6P, vy, + 4Ny vy, + 2)\‘1’@@; + 2)\‘va§ + /\4"9’7%(1@21}22 - v¢1v21)/5“@"] , (B.27)
AP = [)\(W”vd, (vfhv%,2 - v%v?m) ’USOJ / (8, vy, 6°7) + [2>\H¢v2vi + 4)\‘?“"1}5)1}@10% 12)\’71) Unz
—2/1,2711771 Oy, — AN, v, — 3/\‘1""’7%@2111% — 22X\ vy, vy, — )\d’pvi)vi + )\W”v%vqug
+2X%05 + ,uivﬂ / (8vip, Vipy Uy, Uy, ) (B.28)
APP = {/ﬁ{v Uy, u¢vnlv¢ - 2%0%11)”11)772 + Qun m”m + upvmvp + 8AHMy? v Uy T 2AH Lt 12)\771),]1%2
—12)\“’1) Uf,z — 2)\¢vfhv¢ + 4/\H"v 1)2112 + 2)\"11 ’U + 8A"P Umvmvﬁz p} / (811%1),271 vfnvé) (B.29)
Vypy = €V, (B.30)
where
Ao = U?Plvm + Uf,zvm, 09" = viZU,,z — vilvm. (B.31)
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C. Explicit expressions forA,,B,,C,,D,,G, and H,

2
A, - M2D (a12pa2R — 2a22pA4R) + A1RAS5
v 2
ayp — G1RA2R

)

2
a11p (a11pasg — 2a21pa4ar) + G1RAS p

BV - 2 I
Gyp — G1RA2R
asp (a1rasp — 2a3pasr) + azpa’
¢, — 4p (@1RA4D 3DA4R 2RA3D
v 2 )
ayp — G1RA2R
D - &1D%12D02R +a1RA21pG22D  G4r (@11DA22D + A12DA21D)
v 2 o 2
Gyp — G1RA2R Gyp — G1RA2R
G — M12D02RA3D + a1razepasp  a4r (@12DA4p + a22pa3D)
v — 2 - 2 )
Gyp — G1RA2R Gyp — A1RA2R
H, — &1D%2RA3D +a1raz1pasp  a4r (@110A4p + a21pA3D)
v — - .

D. EXleClt eXpreSSionS Oml’z, K1,2y T1,2 and T1,2

Qo1 (O

0 = Qo =
! 2(&11{@23—&3}%)7 2 2(alRagR—aiR)’

2 2 2 2 2 2
Qo1 = a1r (a21D +asp + a4D) + asgr (aup +ajxp + agp) — 2a4g (@11pa21p + 12pa22p + a3pasp),
2 2 2 2 2 2 2
QOQ =4 (alRagR — a4R) [a’llD (CLQQD + a4D) + asp (ang + a22D) — 2a11Da21Da3Da4D

2 2 2 2
—2a12pag2p (@11pa21p + azpasp) + ajsp (‘121D + a4D)] + Q%1

421DA3D — G11DA4D

K1 = )
a11DG22p — G12DA21D

A22pA3p — @12DA4D

Rg = ;
@12pA21pD — G411DA22D
- T11 S— T22 - T11
1 — 5 2 — 5 1 — 5
27’07 27’0’ 27’0’
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2 2
Gyp — G1RA2R Gyrp — A1RA2R

722

o 27’07

)

(C.1)

(C.2)

(C.3)

(C.4)

(C.5)

(C.6)

(D.1)

(D.2)

(D.3)

(D.4)

(D.5)

(D.6)
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where
T11 = —2a11pA12DA21 DA2RASD + A22DA2RAS — G15pA22DA2RA3D + Ay pA2RAAD — A12DA2RA3HALD
—air [(a35p — aip)(az2pasp — a12paap) — 2a11pas1 pazapasp + a3y plazepasp + a12pasp)]
+ 2a12pa31 paspasr + 212055 pA3PALR — 2075 pA22DAADAAR — 2A22DA3 HALDALR
+ 2a12pazpa3 pasr + a% p(as2pasrazp + a12pasrasp — 2a29paspasr) + (as2pazp — a12pasn )V do,
To2 = ai)lDaQR(MD - a%u)anD(aQRaBD + 2a4paar) + a1ip {*a4D [a2RCL§D + alR(aggD - ang + CLZD)]
+aiypasrasp + 2asp(a3, p + a3yp + ajp)asr — 2a12pa22pa2rA3D } + a21p {a1k [2a12pa22pasn
—(a%w + a%QD)GSD + a3DaiD] + (G%QD + agp)(amasp - 2a4Da4R)} + (a21pasp — allD‘MD)\/(S»O»
r11 = —2a11pA12DA21 DA2RASD — G15pA22DA2RA3D + A22DA2RAS + Ay pA2RAAD — A12DA2RA3HALD
— aiRr [(a%w - aiD)(GQQDCBD - CL12DOL4D) —2a11pa21pA22pA4D + aglp(GQQDCBD + a12D&4D)]
+2a12pa3, pa3pA4R + 201232 pA3DALR — 207522 DA4DA4R — 2022 D A3 HALDALR
+ 2a12paspaipaar + a3y p(azepasrazp + a1apasrasp — 2a20paapaar) + (a12pasp — (122DG3D)\/%,
a2 = a3y pasrasp — a3y pas1p(azrasp + 2a4pasr) + a1p {—a4D [azRa§D + arg(adsp — a31p + aip)]
+aiypasraap + 2azp (a3, p + a3,p + aip)asg — 2a12Da22Da2Ra3D} + a21p {a1r [2a12pa22pasap

—(a31p + a3yp)asp + aspaip| + (alyp + a3p)(azrasp — 2aapasr)} — az1paspy/do + aripasp /o,

2 2 2 2 2 2
To = a11Da21D(a1Ra4D - G2RG3D) + CL12DG22D(G1RG4D - GQR(lgp) + a3D(a21D + a22D)(a3Da4R - G1RG4D)

2 2
+ ai1pasp(azrasp — aapasr) + afapaap(A2rA3D — A4DA4AR),
2 /2 2 2 \2
0o = atp(az p + asp + ajp)® + 2a1ra2r [4a11pa21p(@12p022D + A3pGap) + 4a12pA22pA3DGLD
2 2 2 2 2 (2 2 2 2 2 2 2
+ai1p(agp — azep — aip) —azplaz p + azp — ayp) — ajaplaz p — azp + a4D)]
2 2 2 2 (2 2 2 4
+ (at1p +aiap +azp) [G’QR(allD +aiap + azp) — 4azr(a11pazip + a12pazep + azpasp)asr
2 2 2\ 2 2 2
+4(a3,p + a3p + aip)air] — 4a1rasr(a11pazip + a12pazep + azpasp) (a3, p + a3ap + asp2),

with a;;p, arp, anr (4,5 =1,2;k =3,4;n=1,2,3,4) are defined in Eq.25).
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E. Excluded interactions

TABLE Ill. Excluded interactions.

Couplings Prevented by
(Dilsr)2, (HY)1,, (0iplsr)2, (HP)2,, (Vs lir)2, H, (¥, var)2, H,
(Vsvir)1, (H)2,, Wspvar), (He)z,, (Wspvsr)1, (Ho )1y, (Vspvsr)1, (He" )1, , Ds

(71CRV3R)11(779)217(%CRV:%R) (1P)2,, TSr11R)1, (MP)2, , (FPSRV2R)1, (NP)2,

(Yiplir)LH, (L lir) L (HO™) 1, (i lir)2, (He")2,, (Vilsr)2, (Hn)z,
(Paplin)z, (HN)2,, (Wsplsr)r, (H)1,, (Psplsr)s, (HO )1, ($;pvsr)z, (Hn)z,,
(Papvir)y, H, (W var)y, H, (Vs pvir)s, (Ho™)1,, (Pspver)1, (Ho ), ,
TR, (99)1,, (FTrVIR)L, (87 P)1, , (P RV2R)1, (8P)1,, (PTRV2R)1, (67P)1,
(FErvir)1, ($0)1,, (Psrvir)L, (67 p)1, s (Psrver)L, (6)1,, (PErver)L, (67P)1, »

Za

(V§rvar)1, (6p)1,, (VSrvaR)1, (67p)1,

(Dipvir)2, (Hp)1,, @, vir)2, (Hp*)1,, (@i ver)z, (Hp)1,, (@ var)2, (Hp*)1, B~ L,Ds

(EiLliR) (HP) (szliR) (HP )1 17(¢3LZ3R) 1(HP) 17(¢3Ll3R) (HP )

B—-L,Z,
(arvir)y, (Hp)1, s (Wspver)s, (Hp)1,, $gpvar)y, (Hp* )1, , (s ver)y, (Hp™)1,
(Yirlsr)z, (Hp)1,, (Wi lsr)z, (Hp")1,, (Wsplin)z, (Hp)y, s (V5. lir)2, (Hp* );17 B—L.Ds.Z
(Vsrvsr)2, (Hp)1,, (b vsr)2, (Hp*)1,, ($spvsr)s, (Hp)r,, (Yapvsr)1, (Hp' )1, ,
(iglir) (Hn)2, s (i lsr)H, (i lsr)2, (HO )1, (Yiplsr)2, (He")z,,
(Ysplir)2, (Ho)1,, (Ysplir)2, (HO )1y, (Vsplir)z, (He)z,, (Y3 lir)2, (HP")z,,
(Parlsr)r, (H)2,, @aplsr)r, (HE )2y, (Ysplsr)1, (HN)2,, (Yirvin)e, H,
(Yipvir)2, (Ho),, (Wi vir)a, (He™)1,, (0, var)2, H, (¥, v2r)2, (Ho)1,
(spver)2, (HS™)1,, Gy vin)2, (HE)2,, (Wipvir)2, (HE" )2y, (Yirvan)2, (He)z,,
(srv2r)2, (H")2,, (P;pv8r)2, (HY)1, , (Vi vsr)2, (HO)1,, ($;rvsr)2, (HP)a,,
($irvar)z, (H9" )2y, (Papvir)r, (He")zy, ($gpvar)1, (He")z,, (s vir)1, (HN)z, ,
(Parver)s, (HN)2y, (bspvsr)y, H, (Papvsr)s, (Ho)1, , (Papvsr)s, (He),,
(Parvsr)r, (H)z,, O rvir)1, (90)1,, @Srir)1, (67 0)1,, (PTRver)1, ()1,
(FTrver)L, (67p)1,, (Pervir)L, (8p)1,, (PErVIR)L, (67 P)1, s (VERV2R)1, (0P)1, Ds. 7
(FSrver)1, (7)1, (PSrvsr)L, (6p)1,, (FSRVsr)1, (97 P)1, s (PiRVIR)L, (9)2,,
(TTrVIR)1, (97 P)2ys (PTRV2R)L, (99)2,, (PTRV2R)L, (97)2, ) (PERVIR)L, (9P)2,
(TSrVIR)1, (97 P)2ys (PSRV2R)L, (99)2, s (PSRV2R)L, (97P)2, ) (PSRVSR)L, (9P)2,

N
=
i
—
3
)
=
(]
o

(TSrvsr)1, (©7°P)2,, (P rViR)1, (0P)2,, (P RV2R)1, (10)2, (PSRVIR)L

(T rvaR)1,

*

1
(TSrv2r)1, (Np)2,, (PSrvar)1, (0p)2,, (PLrVaR)1
R © o)1,

P
(#Trvar)1, (67 p)1,, (PTrvar)L, (90)1,, (PSrvar)L, p, (PiRvaR)1,
(VSrvar)1, (6p)1,, (FSRVaR)1, (97P)1, s (PSRVaR)1, (9P)1, > (PSRV3R)1, (97 P)1, 5
(T5rviR)L, ps (PSRVIR)L, (80)1,, (TSrVIR)1, (67 P)1, s (PSRViR)1, (9P)1,
(TSrviR)L, (97 P)1, s (PSRv2r)1, P, (VSRV2R)1, (69)1,, (FSRV2R)1, (97P)1, 5

(TSrv2r)1, (9P)1,, TsrV2r)1, (97P)1,
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F. The dependence ok, 712, 712, sin dcp @and 7 5 ON cos

-0.694
—0.696
—0.698
-0.700
-
-0.702
-0.704
—-0.706
-0.708
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