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Exact Green’s functions for localized irreversible potentials
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We study the quantum-mechanical problem of scattering caused by a localized obstacle that breaks spatial and temporal reversibility. Accord
ingly, we follow Maxwell’s prescription to achieve a violation of the second law of thermodynamics by means of a momentum-dependent
interaction in the Hamiltonian, resulting in what is known as Maxwell's demon. We obtain the energy-dependent Green’s function analyti-
cally, as well as its meromorphic structure. The poles lead directly to the solution of the evolution problem, in the spirit of M. Moshinsky’s
work in the 1950s. Symmetric initial conditions are evolved in this way, showing important differences between classical and wave-like
irreversibility in terms of collapses and revivals of wave packets. Our setting can be generalized to other wave angratecsromagnetic

cavities in a classical regime.
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1. Introduction thus providing an analytical solution to scattering and time-
dependent evolution via Laplace inversion. It should be noted

Explicit time-dependent solutions of the Setinger equa- that such a function will have broken exchange symmetry
tion have been of interest since the advent of quantum md€.9. G(z,z') # G(2',z)), as is to be expected for a sys-
chanics. In 1952, M. Moshinsky showed [1] that the evo-tem with Maxwellian irreversibility or broken time reversal
lution of a particle beam emerging from a shutter displaygnvariance. Explicit Green’s functions with such properties
important details inherent to interference effects. In the samare scarce in the literature [12, 13], so our results shall in-
decade, this study was linked to the poles of the S matrix [2flude new formulae for these objects.
in scattering theory, including irreversible problemg res- In terms of applications, the limitations of the second-law
onances and nuclear decay [3]. Since then, nuclear, atomff thermodynamics have been discussed since the appear-
and molecular beams have been used to demonstrate diffra@nce of Maxwell's demon [14-21], but they have not been
tion and quantum interference; in our days, matter waves arémulated dynamically so far in the quantum realm; instead,
best realized by Bose-Einstein condensates [4—7]. informational treatments have been used which, in general,
In this article, we study a closed dynamical system withdre based on measurements and feedback [14—-21] in various

spatial and temporal irreversibility, using similar '[echniquestyloes of arrangements, such as photonic setups_ [27.’ 28], ul-
acold atoms [29], superconducting quantum circuits [30],

but in a modern context: The microscopic test of the secon%ED e 31 d 32 d el C
law of thermodynamics. Our closed system consists of an ar~ cavities [ ] quantgm ots [32] and e ectrqnlc cir
uits [33, 34]. In view of this, our approach shall be ideal for

bitrarily large ensemble of independent particles described b
rrartly 'arg inaep part ! pplications that involve wave dynamics of a broader type,

the Sclddinger equation under the influence of a momentum-

dependent potential localized in some small region — an opWithout wave collapse mechanisms; electromagnetic cavities
stacle. In the classical regime, the so-called Maxwell's de £3" be considered if one perturbs the Helmholtz operator with

mon [8] falls into this class of problems, whereby the pro_complex terms, as m(;ilelectrlc media. q d il
cess of discriminating particles by their velocity is called . In Sec_:. 2 we |ntro uce a momentum- epen gnt pot(-_zn.t|a
Maxwellian irreversibility. With this in mind, it is possible to in a classical Hamiltonian that exerts Maxwellian irreversibil-

study the quantum effects of an interaction potential that dei—ty on the particles involved, and then we generalize it to the
pends on the momentum of a wave, an operator that ad- guantum mechanical domain. Subsequently, the formalism of
dresses its Fourier component Suéh momentum-dependeiﬁ'ieverSible non-symmetric Green’s functions is introduced,

interactions have been used extensively to model nucleaPPtining thereby a new closed expression. Lastly, in Sec. 3
molecular or even relativistic dynamics [9-11]. Thus, weWe present a dynamical analysis of symmetric initial condi-

expect that a point-like defect that operates on a particle adions.

cording to its velocity, should reproduce reasonably well the

classical division of fast and slow components of an ensem2  Maxwellian Irreversible Problems with Lo-
ble mtq two compartmgnts, plus interference effects that we calized Interactions

shall discuss carefully in our treatment.

The mathematical goal of this work is to obtain in closedWe motivate our discussion with a classical problem that con-
form the corresponding energy-dependent Green’s functiorsists of an ensemble of particles in an origin-centered con-
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tainer with a length o2x,. In this context, particles are con-

where the reference momentuRy, will discern which par-

sidered independent, therefore the action of a potential is sepicles will be influenced by the perturbation, depending on
arable and a Hamiltonian formulation per particle is possibletheir momentum, whereas tldedistribution is a contact in-

For this system, the Hamiltonian takes the form

2
H= 2pim + Vbox(l') + Vint(l‘,p), (Y]

whereVyox represents a pair of impenetrable barriers at

teraction depending on particle’s position. In addition, an
ultraviolet cutoff Py, can be introduced in case the potential
does not operate at high frequencies; for instance, in electro-
magnetic realizationsyy is necessary, as dielectric materials
operate in specific ranges (see Fig. 1).

To appreciate the effect of this potential, suppose two en-

+x 1, Vin is @ momentum-dependent potential with strengthsemplesp; and p,, shown in Fig. 2: p; represents a col-

Voatx =0,i.e,

Vint(z, p) = Voo () Vacd(p), 2

andVa(p) is an activation function that determines whether

lection of independent particles in the first quadrant with a
right-directed momentum less thd?x:, therefore, when the
system evolves, the phase space corresponding to the zone
—xp, < 2 < 0and|p| < |Pr| will be filled. Converselyp,

particles remain on one side of the container or pass to thiepresents a collection of independent particles in the third

other side according to the particle’s momentum. In particu
lar, we have the following expression

Vaclp) = f-(Ipl)sgn(p) + f+(Ip)), ©)

with
2f+(p|) = ©(Pr — |pl)
+ O(|p| — Pr) F O(|p| — Puv), 4)
1 ‘/;l(it (p)
— !
. S
—Puv —Pr . +Pr +Puv

FIGURE 1. Activation potentialVac(p) defined in [8) with refer-
ence momentun®r and ultraviolet cleavingPuy .
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FIGURE 2. Phase space evolution of two particle ensembles

quadrant with a left-directed momentum greater than so,

when the system evolves, the phase space corresponding to
the zone) < x < x, and|p| > | Pr| will be filled. It should

also be noted that, after the selection process has taken place,
the system reaches an equilibrium where each compartment
possesses temperatui@s; such that

To(xz > 0) > Ti(x < 0). 5)

ThereforeVae(p) effectively separates the particles into two
well differentiated zones according to their momentum.

2.1. Quantum mechanical generalization

Now we can omit the presence .« in the Hamiltonian op-
erator by introducing Dirichlet boundaries. It is also impor-
tant to preserve the hermiticity &f by defining properly the
irreversible potential. To this end, we first prom&g(z, p)

in (2) to an operator

‘A/}nt(i'a P) = M)(s(@)vact(ﬁ) ) (6)

which must be symmetrized in order to get a hermitian poten-
tial. First, we note that the action éﬁct(ﬁ) on a complete ba-
sis of plane waves i8a(p) exp(ikz) = Vau(lik) exp(ikz),
whereV,(hk) is just a number as specified by the classical
function [3). Therefore, the action oB} on any wave given

by ¥ (x) = (x|¢) can be defined by means of the action of
Vact(p) 0N the statéy); we have

Vact =iV (z|v)) = (2] Vact(B) )

oo

/ dp (2] VaclB) |p) (ple0)

oo
,(lp| < |Pgr|) & p2(|p| > |Pr|). The activation potential sepa- _
rates particles according to the reference momentum, leaving two B dpVac(p){|p) (pI¥)
well differentiated zones. —oo
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EXACT GREEN’'S FUNCTIONS FOR LOCALIZED IRREVERSIBLE POTENTIALS 3

or, expressed in the position basis

A ’[ A
- / dp / da'Vaelp) [} (pl’) (a'|0) (2] G ') = (@GP |2 (10b)
T Note that the left-hand side becomes
7 / 7 ein—a)/h . A
= / dx /deact(p)W@ %) (] G |2y = (/| G |2))*
0o after taking out the conjugate transpose. Consequently,
= dz' V. (2" — x)(z'), @ *
_ZO act (G(i)(x/’l_;E)) = GF (2,2, E). (11)

where Vy¢t is the Fourier transform ol This proce-  So the advanced and retarded Green'’s function, for this case,

dure is valid even for Dirichlet boundaries, @asabove may are related to an index exchange and complex conjugation.
have compact support and its Fourier integral will be re-m

duced to the domair-z, < 2’ < xy. The symmetriza- Corollary G&)(z,2/; E) is symmetric if and only if the
tion of the operator@) is the following hermitian potential Hamiltonian is real.

V= (1/2)(Vine + Vi3, and it renders the Sobdinger equa-  proor, =) By taking a Hamiltonian such thai = H*, it
tion as follows that

R, Vo cronirs
—5 V U(,1) + F[6(@)V(~ihV) & — A

+ V(=ihV)3(2)] ¥ (2, t) = ihd, ¥ (x,t).  (8)

(12a)

or, expressed in the position basis
The goal is to solved) using energy-dependent Green'’s func- o )
tions. We emphasize that the explicit form of the eigenfunc- (@| GF) |2!) = (2| GF) |a) . (12b)
tions is not necessary to obtain the spectral decomposition of
Green’s functions in closed form. An example of this canNote that the left-hand side can be transformed into
be seen in Appendix A, where the Green’s function for a L S )
5(x)-potential is calculated solely using the integrals in the{z| (G))7|2') = (x| (GF))T |2') = (2 (GF)T|a'),
Lippmann-Schwinger equation.

where(10¢g) was used in the last step. Consequently,
2.2. A Theorem on Non-Symmetric Green’s Functions

(@ (@) |z) = (| T |a') . (13)

It is known that Green’s functions are not always symmet-
ric: the cases in which symmetry under exchange of spatiatherefore G(*)(z, z'; E) is symmetric.
variables is recovered correspond to real Hamiltonians and ) suppose that
time-reversibility. To see this, we present the following ele-

mentary theorem: . R GH(z,2' E) = G (', 2; E), (14a)
Theorem . Let G'*) be a solution of(H — E)G*) =

I and GH(H — E) = 1, where H is Hemmi- o expressed in Dirac notation

tian and G*) in the position-basis is(z| G*) [2/) =

lim. o+ (z|1/H — EFicla’) = GH(x,2’;E). Then (@] GH [2") = (2'| G |z). (14b)
(GH) (2,2 E))* = GH(/, ;5 E)).

Proof. In the position-basig7(*) must fulfil Note that the right-hand side can be transformed into

—3 _ (£) /. _ .
(H(z,—i0,) — E)G*™ (z,2'; E) = §(x — 2) (9a) (| (é(i)t)_r 2y = <x,|é($)f %) = (2] GO )

and
(H* (', —iDy) — E)G(i)(x,x’; E)=o(z—2)). (9b) where(10g) was used in the middle step. Consequently,
Taking a Hamiltonian such thaf = H', it follows that (x| GH) |2’y = (2| GT)" |2). (15)

AT A ~ « ~ . . .
G =G, (10a)  Therefore(G(®)" = (¥, and the Hamiltonian is realll
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4 J. I. CASTRO-ALATORRE, D. CONDADO, AND E. SADURN
2.3. Exact form of Green’s function
Now we focus on the analysis of a functiGibemon that solves the following problem
(H + V(z,p) — E) Gpemon= d(z — '), (16)

whereH is any Hamiltonian whose Green'’s functih is known andV (z, p) is the Maxwellian interaction irB). From here

on we work with unitsh = 1. We recall that a particle with a Dirac-delta potential gives rise to an equation with a source,
similar to the Lippmann-Schwinger equation. This allows an exact solution for the energy-dependent Green’s function by an
evaluation of the corresponding integrals in the first term of the Born series. Note however that when the potential is affected
by a momentum-dependent activation function (hence irreversible), the integral is more involged, sedf-contained in the
expressions. For this reason, we must address an integral equation as well as a functional relation. The explicit equation in
operator-form to be solved is

(ﬁ —E+V(p)e(E) + 5(:&)1/(13)) G, =1 (17)

Inspired by the solution of a delta perturbation that depends only on position (see Appendix A), the following integral equation
is obtained

Gy(x,2' E) = Go(z,2', E) —/dyGO(x7y7E)é(y)V(]ﬁ)Gp(y,x'7E) —/dyGo(x,y,E)V(ﬁ)d(y)G,,(y@’,E), (18)

where the momentum operatprin the expression above is understood-&#,. Prior to the evaluation ofl@) we insert
another complete set in each integral in the form

{yl 8@V (D)Gy |a') = /dy’ (Wl s@)V©) ) Y|y Gpla’)

= [ay B2 [aper o v Gyl ot B) = 500) [t TG ' B 199)

where a complete set of plane waves was introduced in the second line, and as before

~ 1

V(y') = o / dpe= "'V (p), (19b)

is the Fourier transform of the potential; whereas, for the second integral, we have

V@G, 1) = [ dy GV 101y = [y "L [apere v, o' )

= V() [ a9/ 86/)Goly' . B) = V(-)G,(0,. E). (190)
Substitution of[19) in (18), leads to
Gp(z,2, E) = Go(z,2', E) —Go(%O,E)/dy’?(y’)Gp(y’,x’7E) —/dyGo(x,y,E)‘N/(—y)Gp((lw’,E) (20)
In order to getG,,(z, ', E), we first multiply the last expression 579(1‘) and integrate over,
/da:f/(x)Gp(a:,x’,E) = /d.T‘N/(.’E)Go(CL‘,,T/,E) — /da:f/(:x)Go(x,O,E)/dy’f/(y/)Gp(y’,x"E)

- [ s V@) [ dyColey. BT (-)Gy(0., ) 1)
and recognizing that the integral on the left-hand side is the same as the one in the 2nd term of the right-hand side (with another

integration variable), a consistency condition is obtained:

P1 (J}/, E) — Ql(E)Gp(O, I‘/, E)
1+ Q2(E) 7

/ dy' V(y)Gyly, o', E) = (22)

Rev. Mex. Fis69 050401



EXACT GREEN’'S FUNCTIONS FOR LOCALIZED IRREVERSIBLE POTENTIALS 5

where
P2/, E) = / iV (2)Go (2,2, E), (233)

Py(z, E) =/dyGo(w,y,E)‘7(—y), (23D)

()= [ [dyV@Golwu BV (). (230)

Q2(E) = / dz V(2)Go(x,0, E). (23d)

Substituting the above equation again iftg(z, =, E') given by (18), leads to the following functional equation
Pl(xlv E) B Ql(E)GP(Ov xlv E)
1+ Q2(E)

The latter is not yet a closed formula 6, for it depends oy, again. Evaluating at = 0 provides the reduced functional
equation

Gp(z,2',E) = Go(z,2', E) — Py(x, E)G,(0,2", E) — Go(x,0, E) (24)

Pl(z/a E) B Ql(E)GP(O’xlv E)

"E) = ""E) - P, E "E) — E 25
GP(O7J: ) ) GO(Oya: ) ) 2(07 )GP(Oax ) ) G0(07O7 ) 1+ QZ(E) ) ( )
which can be solved fa#, (0, 2/, E), leaving
Go(o x E) — Go(o 0 E)Rl(l’/ E)
/ E — 3 ) ) ) ) 26
G0 ) = 0. B) — Go(0,0. B)Qs(B) (262
where
/ Pl(xlvE) Ql(E)
Ri(2F) = ———~| E)=—"——+—. 26b
) = T G E) @)= T uE) (260)
The last equation is substituted ir@,(x, «’, E'), to obtain its final expression in termsGf(z, 2’, E)
GO(xvan)GO(valaE)QS(E)
/E — /E
GP(I’,I ) ) GO(I’,I ) )+ 1 ¥+ P2(07E) — Go(0,0,E)Qg,(E)
_ Go(2,0,E)Ry (', E) 1+ P2(0, E))  Py(x, E) (Go(0,2, E) — Go(0,0, B)Ry (2, E)) 27)

1+ P5(0,FE) — Go(0,0, E)Q3(E) 1+ P5(0,FE) — Go(0,0, E)Q3(E)

This is a new formula for our Green'’s function. We shall see 1Bt ¢an be split into symmetric and antisymmetric contribu-
tions, where the latter are associated with irreversibility, as we have seen from the theorem in the previous section.

3. Application to a particle in a container

We now specialize in the case where particles are in a container with Dirichlet boundary conditions. The Green’s function
and the energies are well known for the unperturbed problem. Our plan is as follows: first we apply our new Green'’s function
formula to the case of the container with an irreversible perturbation inside; we give the explicit form of its spectral decompo-
sition, and we analyze its meromorphic structure in order to find its poles. Subsequently, we focus on the evolution problem;
therefore, we shall need an appropriate definition of entropy that accounts for the emergence of disorder in energy space. T
this end, a basis-dependent entropy is suggested. The next subsection is devoted to the use of Shannon’s entropy in our ev
lution problem. Afterwards, we address the explicit problem of numerical evolution by means of spectral decomposition and
a finite-difference method in space. Efficient numerical evaluations are best achieved if this discretization is restricted to a
region where the dispersion relation is well approximated by a parabola. Thus, we include a careful analysis of the dispersion
relation in the spatially-discretized version of the problem. Lastly, we construct specific initial conditions that are completely
symmetric and analyze how the wave packet propagates inside the container asymmetrically. The reason is obviously the in
herent broken spatial symmetry of the problem, the transformation — —x, p — —p is not a symmetry off. Then we

add a special definition of temperature (or effective beta parameter). Therewith we can analyze other types of time-evolving
distributions. In this part, it is important to show how the entropy can indeed decrease as a function of time, resulting in a
special kind of ordering or sorting of fast and slow particles, produced by the non-reversible Maxwellian potential.

Rev. Mex. Fis69 050401



6 J. 1. CASTRO-ALATORRE, D. CONDADO, AND E. SADURN

We start with a free Green’s function in a contaid#y, i.e.,

2 sin(komx) sin(kama’) 2
Gt B =72 = —p *t1
m m—

m=1

cos(Kam—12) co8(Kam—12")
Eypp1 — E

(28)

1

with x,, = nm/L and eigenenergiek,, = (1/2)h%x2. Although this problem does not have asymptotic states, the perturbed
system can be regarded as a scattering problem for waves inside the box. It is important to clarify that our approach using plane
waves in ) is still valid here. One may as well resort to a basis of box functions for this purpose, but computations would be
more involved. Now let us employ our new result: The Green’s func@& ¢an be put in terms of Jacobi’s theta function as
reported by [12]. The Green’s function i@4) with the container is

PE(x, E)GS(0,2', E) — G§ (2,0, E)PF (2, E)
1-G§(0,0, E)QF(E)

G§ (2,0, E)GG (0,2, E)QS(E) _ Pr(x, E)GG(0,0, E)PL(a', B)
1-G§(0,0, B)QF(E) 1-G§(0,0, E)QT(E)

Gg(:c,x’,E) =GS(zx, 2’ E) +

(29)

where PE andQ$ are the integrals evaluated wigif. From the previous expression the identification of the symmetric and
antisymmetric part of the Green’s function is effortless. Note that terms that contribute to the antisymmetric part come from
the Maxwellian perturbation, as the first and third terms are manifestly symmetric.

3.1. Pole structure analysis

The integrals inl27) can be done in terms of sine-integral functions [31] (Si) using in addition the Fourier’'s transform of the
potential described in Fig. &.g.

7 (dy) = ;}y (1 — 2cos Pay), (30a)
PS(a/,E) = —PS(a/, E) = _% 3 Site+) ’ES;(S:)E’ SINT) in(kana), (30b)

n=1 n

2 (Si(¢4) — Si(6_) — Si(nm))?
-2 z:: - jE nm)”. (30c)
Q5(E) =0, (30d)

with
L

gﬂ: = (PR + /€2n)§. (306)

Given the behavior of the Si function iA® andQ$(F), the following approximation can be made. The argument is written
as
™

Si(nm 4+ a) — Si(nT — a) ~ 5 g@(n — [a/7]) + g@([[a/ﬂ'ﬂ —n) + 7€y [a/x] (32)

wherea = PrL/2, [a/7] represents the integer part anthe fractional part ofi/7 and the step function is zero for the case
n = [a/7]. (The full procedure is in Appendix B). So the integrals are now approximated by

[a/m]—1

2 sin(konz) 1 <= sin(kon) 1 (1+2) .
Pi(z,E)~—— | > 7§: - 32a
1 (l’, ) il o E2n _B 2 o Eo, — E 2 E2|Ia/7r]] _E Sln(HQ[[a/ﬂ]]x) ) ( )
and
1 [ 1 1
c
F)~ — - . 32b
QF(E) ~ o7 (;E%_E Eﬁ[a/ﬂﬂ_E) (32b)

The pole structure of the whole antisymmetric term can be very intricate. According to the transcendental equation

1 - GS(0,0, E)QS(E) =0, (33)
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EXACT GREEN’'S FUNCTIONS FOR LOCALIZED IRREVERSIBLE POTENTIALS 7

where it is straightforward to see that

GS(0.0, ) = tan(L\/2E/2h),
hv2E
QC(E)—L 1 Lcot(LV2E/2h) 1
N ap \ 2K 2h/2E Eslajx) — E

and clearlyFy [, /- is not a zero o0f33), since the produdt$ (0,0, £)Q$(E) would tend to infinity if & — Es[a/x)- However,
it is noted that the numerator

PP(z, E)G§(0,2',E) — G§(2,0, E)PL (2, E) (34)

still contains the poles af'S; while the new termPF(z, E), proportional tosin(kofq/x12)/ (Eafa/<] — £), Which in general

(if x # 2') does not disappear, contributes to a new pole locatéthgt ;. To sum up, the antisymmetry under exchange
x < 2’ in both stationary and time-dependent solutions comes predominantly from the harmonic inverSif)ruofder the
approximation

N sin(ng[[a/,r]]x)Gg(:(:', 0,F) - GS(0,z, E) sin(kafa/]7")
Eslajx] — E

whose pole producesp(—iFs[,/+t/h) in the spectral decomposition of the wave function, and thus a typical frequency.

3.2. Shannon’s Entropy

The entropy is fundamental in the analysis of asymmetric evolution inasmuch a dynamic effect of apparent ordering is sought.
Since the von—Neumann equation without a source does not capture the irreversibility phenomenon, a notion of entropy tha
describes disorder with respect to a specific basig €nergy) is required. Shannon’s definition of entropy is

Osh = — Z Om 10g 0, (35)

where the probabilitieg,,, will be given by the overlap (integral) of the wave function with the basis of the free probkem,

2
om = | (m, EQ) 0, t* = |3~ (m, EQ)n’ () 01| . (36)
Likewise, the total entropy of the system must be estimated separately, as Shannon’s entropy applies only to the particles
inside the container, but does not contemplate the reacti®f(efp) itself, which is not dynamically involved. To this end,
we estimate the work done by the potential on the trapped waveriaedversa Also, using the principle of extensivity

one can find a lower bound for the total entropy of the systems the linear combination of the particle’s entrafyplus
Maxwellian-potential’'s entropyy, i.e.

ASy = AS, + ASg >0 (37a)

with AS, < 0 as the entropy of the particles must decrease because of the Maxwellian potential. Furthermore, one can find a
lower bound for the Maxwellian-potential’s entropy change in terms of the work done by the potential as

ASy /5/;2 ~ (Aifi > <%AV = (const.AV. (37b)

From this, it follows that
ASy > ASp + (const. AV (37¢c)

Therefore, when taking into account the work done by the Maxwellian potential, its contribution must compensate for the
partial entropy reduction. Indeed, for a container with two separated compartments with vgltimaehange in the particle’s
entropy is

Rev. Mex. Fis69 050401



8 J. 1. CASTRO-ALATORRE, D. CONDADO, AND E. SADURN

_ Pr P, = P B
ASy = <TR + TL) vlog?2, (38a)

wherePr ;, andTr, ;, are the pressure and temperature for the
right (R) and left (L) compartment, computed as ideal gases.

; --- FE
Moreover, the internal enerdy « Pv, SO =

P
ASp x —f8s (Ur +Up)log2, (38b)

where gg is the thermodynamic beta aridz ;, the corre-
sponding lateral internal energy. We shall employ these con-
siderations in the numerical treatment of the problem.

-=-=4T0D
3.3. Spatial and spectral decomposition

We proceed to discretize the Hamiltonian on a lattice. This
enable us to treat the problem as a matrix representation or
a basis of point-like functions. Since the treatment is equiv-
alent to a tight binding model in a crystal, it is advisable to FIGURE 3. The graph below shows the energies in a tight binding
use the first Brillouin zone to calculate the energies. In thignodel in a crystal, the coloured zones represent the activation po-
way, the activation potential i} will be non-zero in the in-  tential in 3) with reference momentur?r « rr. Also, using
tervals[—rp, —r ] and|0, k], resulting in the action zones the quasrpar_abohc_energy regime below Bieac point (wp), the

of the Maxwellian potential according to the reference mo-UPPer graph is obtained.

mentumPgr < kg. This can be seen in the graph below in
Fig. 3. However, itis necessary to work in the quasi-parabolic
energy regime that is below thgirac point [36] (wp), ob- i
taining the upper graph, a parabola with regions where the ) \ﬁ Z e n) (39)
Maxwellian potential acts. It is worth mentioning that the re-

gion of the potential fop < — Pr is not bounded above as in is no longer restricted to the unperturbed part plus the defect
the graph below. at the origin, instead we have a non-local effect that can be
| obtained directly by calculating the matrix elements atsite

1
|
T
1
1
1
1
1
1
1
1
1
1
1
1
1
-
1
1
1
1
1 I
1

—T —KD—KR Rr KD ™

Therefore, the Hamiltonian’s action on a plane wave

h2 eikn 1 .
n|H |k) = — (1 — cosk + 2cos (kgn) —1 —e 0"
(n| H |k) ma2( )\/ﬂ 27;71'7?,\/%( (kRn) )
. : 2 cos (kpn') — 1 — Z’HD”’). 40
ZQmm ( cos (krn') e (40)

wherea is the scale parameter. Also, the Hamiltonian will be diagonalized using a discretizedsHasis many sites as
frequencies are necessairg,

h? Vo dno ik
(n|Hn') =~ a2 (On—1,n" = 20n,n' + Opy1,n) + > %irn (2 cos(kgn) —1—e Dn)
O, Lo,
7%.2' ’0/<2COS(I€RTL/)*1*6“€D7L). (41)
mn

Note that for the central element (the evaluation of the corresponding integrals at= n’),

h2 Vo KD
R 42
2ma? + 2 (42)

This shows that the potential at its location is finite in a discretized setting, and its intépsidy be adjusted at will.

(0 H 10) =
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Finally, the wave functionl (¢) at siten is

(ny U, t= Zexp (—itE,/h) (n) m, B, (m, En,) Uy, (43a)

whereFE,, are the eigenvalues of the problem) m, E,,, are
stationary functions.e. eigenvectors, whilém, E,,) ¥, is
the overlap (integral) of the initial condition with the basis,
ie.

(m, E) Wo =Y (m, Ey)n' (n) ¥y

’

(43Db)

n

where(n’) ¥y is the initial condition.

3.4. Dynamical analysis of symmetric initial conditions

The Shannon analogue of a Boltzmann thermal distributior?€e" at

[37] (e.g. as understood by superposition of particle’s num-

ber in photonic states) can be used as an appropriate initia’

condition for box states. The idea is to monitor its evolution
and its subsequent ordering. We have:

Nmax

BB = Y exp (8 (g* — 1)) sin L RIT

44
o (@44)
heren is the site such that N < n < N (the Maxwellian
potential is atn = 0), Nmax = 2N + 1 is the maximum

number ofg box states that are meaningful in a discretized

system, and’ is an order parameter which would correspond
to

T2 h2
2mL2

Eq
kT’

8 with FEy = (45)
in thermodynamics. This probability overlaps with the com-

ponents of the eigenvectomé?) of (41)

2N+1

wE(Bm) = > w8 npi) (46)
n=1

obtaining the wave function at the rescaled time(=
ht/2ma? [adim])

2N+1
Up(B,n,7) = Y oxp(—iTZy) UG(B,m)v), (A7)
m=1

where= (= 2ma?E/h? [adim]) are the rescaled eigenener-
gies of @41).

An example of evolution is shown in Fig. 4. The system
size is2N + 1 = 249 sites, with scale parameter= L/2N,
the rescaled potential intensityTs = (1/10)(= ma®Vy/h?
[adim]), the reference momentum is; = #/4 and3 =
1/100. For relatively short times(x1073) ~ 2, a de-
crease of the entropy iiBY) is appreciated. Then, between
7(x1073) ~ 3 to 9 the entropy increases, which is explained

B = 001

S

220 1=
I}

2.1 |2S
&

%2.0 F
1.9} | &
S

1.8¢ T
Z

0 5 10 15 20

7 (x10°) [adim]

FIGURE 4. Entropy with3 = 1/100. A decrease of the entropy is
(x1073) ~ 2 and 12.

10 0.5 0.01 15 TG
— | 0.1 . 1x1073 1x1073
T
5
a3 ¢
= K
g - L
2 X
<
of ‘ &
0 5 10 15 20

7 (x10%) [adim]

FIGURE 5. Comparative plot of entropies by varying the tempera-
ture values.

Now we turn our attention to Fig. 5 where we show
a comparative plot of entropies by varying the temperature
value. It is found that value$/2 > 5 > 1/200 produce
significant fluctuations for a potential intensiyy = 1/10.
It should be stressed that for higher valuesigf the over-
all behavior shifts to larger values of beta. For very high
temperatures, a highly disordered system in the energy basis
has a tendency to fluctuate around its original entropic value
(quasi-stationary behaviours), this implies that the effect is
not strong in these cases. We have found, through these nu-
merical results, that the role played by; is only partially
decisive in the creation of box asymmetries in the evolution,
as the intensityl' is also important for small values of beta.
However, we must stress th#lfy cannot be taken as infinite,
since all waves would be trapped in such a case.

In Fig. 6 we can see asymmetries induced as time elapses,
with must drastic effects occurring aroun@ix10=3) ~ 8.5

by the natural wave expansion in each compartment, to dewvhere the difference between left and right probabilities (oc-

crease again at(x1073) ~ 12.

cupation) is large. Note that the effect is recurrent for larger
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— fdx prx0) — [dx pp(x,7) — [dx p(x,7) |‘I’,5>(,B,n,7')|2
1.0 S 20}
= = — 10
(=) = - ’
< 0.8 I
I —
R 0.6 <
E S 0.8
504 & 15
-y 0.2 gn
>< p— Ly |
2 I =
0.0: & = 0.6
0 5 10 15 20 S
7 (x103) [adim] g 10t
FIGURE 6. Lateral probabilities for the left (L, red line) and right §
(R, blue line) part of the container with = 1/100. T: 0.4
(‘IﬁlHﬁI‘), (‘I‘+|H|‘I’)R : 5t
_ Y HY
W, e, 02
0.050} =
= i
(e}
< 0.020 ] : 0 0
I = -100 =50 0 50 100
Q 0.010¢ Il
— < n
= 0.005+ 3
7 g FIGURE 9. Evolution of a Boltzmann distributed wave packetin the
I interval—124 < n < 124 (horizontal axis) at = 0 (vertical axis),
0.002} Z : ) . X . )
0 5 10 G 20 interacting with a Maxwellian potential located at = 0, with

g . B =1/100, kg = 7/4 andYo = 1/10. The colouration exhibits
7 (x10°) [adim] the probability density, showing that fér< 7(x107?) < 10 the

FIGURE 7. Average internal energy for the left (L, red line) and Wave packet s predominantly on the right side.

right (R, blue line) part of the container with= 1/100.
In Fig. 7 we display lateral averages of the total en-

- ergy as functions of time. We find asymmetries in both
—INQETVIY) oW quantities: initially, the thermal wave is biased to the right.

0.15 = Then, between(x10~2) = 0 and 5 there is an expansion
= regime where there is thermalization. Fgix10~3) > 5 the
g 0.1 >'<L> Maxwellian-potential’s action enters the game and the waves
S 0.05 < are segregated again. These curves are compared with those
Q“,L E of Fig. 8, where indeed the average potential energy becomes
= 0.0 5 negative forr(x10~3) > 5, indicating that the particles ex-
> ~0.05 < ert work on the Maxwellian potential (see a global minimum
i of (V) at7(x1073) ~ 9. In this setting, we conclude that
-0.10 Z our device operates well until the wave expansion allows an
0 5 10 15 20 important interaction with” at7(x10~2) = 5 and after. For
7 (x103) [adim] very large times, a regime with noisy collapse-and-revival be-

) . N haviour can be seen.
FIGURE 8. Average Potential Energy. It contributes significantly

to the energy balance. The blue line indicates the time average In ,F'g' 9 we show a den_S'ty PIOt forT). _The Talbot
at time . Negative values imply work done by the wave on the effect induces a recurrence time in the quasi-temporal coor-

Maxwellian potential. dinate that will force the system to repeat its behaviour. In
this casesrainot = 10(x10%), and forr < Trapet there is an
times. In addition, the entropy has a minimum when the probasymmetry that shows the efficient work of the Maxwellian
ability has a maximal rate of change with respect to time, im-potential. Subsequently the behaviour is reversed between
plying that the Maxwellian potential operates until it reachesthe compartments of the box.

a quasi-stationary regime, where there is no exchange of den- Another situation of interest is the uniform distribution,
sities but there is entropic rise. i.e. U, = 1, (thisis denoted by =IS0). For this case the
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EXACT GREEN’'S FUNCTIONS FOR LOCALIZED IRREVERSIBLE POTENTIALS 11

B =1S0 4, Conclusions

15l S We have dealt with an irreversible problem in time and space.
: In particular, we have reported a new asymmetrical Green’s

o function in closed form pertaining to irreversible systems, not

1.0l >'L found in standard Refs. [12]. The meromorphic structure of
§ % such a solution has been docile enough to allow proper identi-
i, fication of energy ranges where a Maxwellian sorting device

0.5¢ x is effective. In this way, we have identified how through a
S Fourier semi-transform the propagator of a real problem will

il be perturbed due to irreversibility. The symmetry breaking

0.0t Z is located in a special term in the Green'’s function, whose
0 5 10 15 20 pole is related with the reference energy at which a demon

7 (x10%) [adim] operates.

Afterwards, a dynamical model for a system that splits
FIGURE 10. Entropy of an isospectral wave packet. A decrease of an ensemble of waves representing in.dependent partic_les has
the entropy is seen a{ x 10~?) ~ 8 and 16. been proposed and successfully studied. Our description has
been possible via a Hamiltonian operator given by gnd
the irreversible potential in3j. The system works with a
reference momentum that decides how two subsystems, with
different temperatures, are distributed in each compartment
of the cavity. The outcome is reminiscent of the classical
1.0 demon’s action shown in Fig. 2, as we have confirmed by an-
alyzing wave dynamics in Fig. 9. As an interesting result,
the undulatory version of Maxwell’s demon contains —in its
‘ evolution—the interference structure of Talbot (quantum) car-
0.8 pets in time domain.

The reader familiarized with Jacobi theta functions may
find in our interference patterns the typical trajectories of
constant theta value that appear in many other applications,
including factorization of natural numbers using Gaussian
sums [38]. For long times, a structure of collapses and re-
vivals can be distinguished. This structure displays the ex-
pected spatial asymmetries for limited periods of time associ-
ated with Talbot lengths. There is no true thermalization (as
opposed to the classical process) because of such revivals.
A number of quantities and their time behavior support our
conclusions in connection with irreversibility and the appar-
ent entropy decrease. Indeed, with Shannon’s definition for
a basis-dependent disorder function (in energy states) we ob-
serve regimes where ordered configurations are established
- — | as time elapses. Also, densities and average energies at each
100 —-50 0 50 100 compartment were studied. (Fig. 7 is unmistakable in this
respect.) As mentioned in the introduction, our approach to
irreversibility can be applied to many types of waves. Particu-
lar attention should be paid to electromagnetic cavities, since
FIGURE 11. Evolution of an isospectral wave packet in the inter- non-hermitian wave operators with odd space parity emerge
val —124 < n < 124 (horizontal axis) at- = 0 (vertical axis), naturally in dielectric media. Numerical implementations are
interacting with a Maxwellian potential located at = 0, with left for future work.

KR = 71'/4 andTo = 1/10.

0.6

7 (x10°) [adim]

n

o - Appendix
entropy evolution is shown in Fig. 10. Note that the entropy

value oscillates, again reaching a minimum as the systerp | Green’s function for a Dirac-delta potential
evolves. A density plot of the wave functidn (x, 7) shown

in Fig. 11, reveals that the wave is distributed asymmetricallyFor clarity and completeness to the case at hand’ip (ve
due to terms that break parity explicitly as expected. include the procedure to obtain the Green’s function for the
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12 J. 1. CASTRO-ALATORRE, D. CONDADO, AND E. SADURN

case of & (x)-potential; such result can also be found at [12, 39, 40]. To our knowledge, there is no prior reference to this,
although the 10 (z)-potential appears in many textbooks. We start with

(ﬁ_E+%&@y%:1 Q)
Multiplying from left with G, and computing it in the position basis
Gs(z, 2, E) + Vo (x| God(2)Gs |2') = Go(x, 2", E), )
where it has been used that
(ﬁ—Ey%:m and (2| Gy |2') = Go(z,2', E). 3)
Inserting a continuous complete set, obtains
Gs(z, 2, E) + Vb/dm"Go(x,x/',E)(S(x”)Gg(x”,x’,E) = Go(z, 7', E). 4)

The above expression is evaluated at 0, yielding a functional equation

Go(o 3?/ E)
/ _ ) )
Go(0:2 B) = 30 o 0.0, B ®)
which finally, when introduced ird), yields
/
G(;(I’,l’/,E) _ Go(I,I/,E) N VOGO(l'vaE)GO(va >E) (6)

1+ VoGo(0,0,E)

B. Sine—integral approximation and meromorphic structure

In order to analyze the obtained Green’s function, some integrals can be approximated. In particular, for a container, the terms
to be obtained are

The Fourier transform V()

P Pp
~ 1 . , 1 w ‘N es0 1
V(y) = — [ dpe WOV (p) = — ( + ) dpe~PWHie) <=0~ (1 — 2cos Pry). (B.1)
27r/ 21 Zo 0/ 29Ty
Integral PE(z', E)
7 Si(e.) - Si(e.) - Sitnn)
~ 2 [ —Si(¢-) — Si(nm
PE(2' E) = dz V(2)G§(z, 2/ E) = —— + sin(k2, '), (B.2)
! _42 0 il n; Ey, — FE 2
whereéy = (Pr + kap) (L/2).
Integral QS (E)
L/2 L/2 9 Si . Si 2
w) = [ i@ [ ayefy By = 5> SEIZSEIZSI) gy
—L/2 —L/2 n=1 "
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EXACT GREEN’'S FUNCTIONS FOR LOCALIZED IRREVERSIBLE POTENTIALS 13

Integral PS(z, F)

i)~

Py(z,E) = /dy GS(z,y, E)V(—y) = MLL 3 Si(&+) _ESQI Si(nr)

sin(konz) = —PS(x, E). (B.4)

_E

Given the behaviour of the function Si, the following approximation can be made: The argument is written in the form

Si(nm + a) — Si(nm — a) = Si(r(n + [a/7]) + we) — Si(w(n — [a/7]) — 7€) (B.5)
where[a/7]represents the integer part anthe fractional part ofi /7. Expanding around = 0,
Si(n7 + a)—Si (n — a) =Si (w(n+[a/x])) —Si (w(n — [a/7])) +¢ (Sm EZT@%?H)) 45n EZTHG%TH)))
~ g - g@ (n — [a/x]) + g@ (la/x] = n) + 7€ 6 fa/n]- (B.6)
(Note: Given the original function, the step function is zero for the ease[a/x].) Thus, it follows that
0o . . la/m]—1
Si (E+) — SI(&*) ~ 5n la/=]
n; Ey,—E nz::l EQH—E ZEQ,L—E 8.7
and
>, Si(nn) T —
; By, —E 5; Bsn, (B8
while
= (Si(&4) — Si(£2) — Si(n) On,la/x]
ngl Ey, — F 4 nzlEg ;Egn—E (B.9)
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