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In this present paper, we obtain a general version of constant angle surfaces constructed concerning any direction in three dimensione
Euclidean space. This constant angle surface is the special case of developable ruled surfaces whose direction is a spherical circle. Here, v
obtain the constant angle surfaces by taking the circles (small circles) whose radius is less than the radius of the sphere, as the base curv
Also, the relationship between the isophote curve and this surface and its physical interpretation is mentioned. When we beam from a light
source in a constant direction, the intensity of the light will be the same at every point on this constant angle surface. This study is very

important in terms of associating optics, a branch of physics, with geometry, a branch of mathematics. Finally, we classify the singular points

of these constant angle surfaces.
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1. Introduction So, we can say that the curves on the constant angle surface
are isophote curves. The isophote curve is a nice corollary

A constant angle surface is a surface whose tangent planés Lambert’s law of cosines in the optics branch of physics.
make a constant angle with a fixed vector field of space. InThis law states that the illuminance intensity on a diffused
another saying, constant angle surfaces whose unit normalrface is proportional to the cosine of the angle formed be-
form a constant angle with an assigned direction field in théween the normal vector of the surface and the light vector.
Euclidean3—space. This surface is the generalization of aSo, we can say the geometric description of isophote curves
helical curve. An interesting motivation to study helix sur- on surfaces which are the surface normal vectors in points
faces or constant angle surfaces arises from physics. Thad the curve make a constant angle with a fixed light direc-
most basic known application areas of constant angle sution, [14]. In recent years, there have been many applications
faces are for light such as crystal, liquid, shape from shadef these curves in different branches. In [15], the authors
ing problems. In recent years, many authors have studiedre developed a novel technique to detect caries lesions using
these special surfaces to take advantage of their applicatiomgophote concepts. Also, in [16], they present the implemen-
in mathematics and physics. Cermelli and Scala discusgtion of a real-time eye detection method that uses the prop-
some properties of constant angel surfaces in terms of therties of isophotes, to achieve robustness against changes in
Hamilton-Jacobi equation. They investigate the properties oillumination, eye rotation and pupil size.
a constant angle surface when the direction field is singular
along a line or a point, [1]. Munteanu and Nistor obtain a
classification for which the unit normal makes a constant an-
gle with a fixed vector direction being the tangent direction to
R in Euclidean3—space, [2]. Many studies have been done
on constant angle surfaces and developable surfaces [3, 4]
In [5], the author investigates the constant angle ruled sur-
faces generated by Frenet frame vectors. Recently the the
ory of constant angle surfaces are extended to other ambi-
ent spaces. For example; in [6, 7], they study these surface:
in Minkowski 3—space. In [8], the authors extend the con-
cept of constant angle surfaces to a Lorentzian ambient space
Also, in product spaces” x R [9,10], inH2 x R [11] and in
Heisenberg group [12,13].

On the other hand, an isophote curve is defined as the D(u,v)
locus of surface points whose normal vectors make a con-
stant angle with a given constant vector as seen in Fig. 1FIGURE 1. An isophote on a surface.
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In this present paper, we investigate the spherical circlefor the first and second fundamental form coefficients of the
and constant angle surfacesBA. This study has emerged surface
by considering the study of Munteanu and Nistor in [2] from
a different perspective. The difference of the present paper E=(Qy,®u), F=(0y,®), G=(Dy,0,), (4)
is that a constant angle surface is obtained with respect t9nd
any direction and some characterizations are given in three
dimensional Euclidean space. This constant angle surface is ¢ = (®,,,N), f= (®uy,N), 9= (Py,, N). (5)
the developable ruled surface whose direction is the spheri-
cal circle whose radius is less than the radius of the spherén the other hand, the Gaussian curvatiir@and the mean
Also, by the definition of isophote curves, the curves on thiscurvaturef! of the surface are as follows
surface are isophote curves. These curves have applications eqg — f2
in many fields. At the beginning of these is optics, which is its K= EG — F2° (6)
application in physics. There are many studies that bring to-
gether the optics branch of physics and the geometry branci’
of mathematics [17—21]. This study is one of them. Based on o ot Ge —2Ff )
that, we can say that when we beam from a light source in a 2(EG - F?) -
constant direction, the intensity of the light will be the same

at every point on this constant angle surface. On the oth Definition 1. Leta, y be curves andi/ be a surface in

. . . Euclidean3—space. Surfaces formed by the movement of a
hand, the singularity of the ruled surfaces has been studi :
ce#ne along a curve in space are called ruled surfaces. The pa-

bY many _authors. we "?"50 Investigate the s_mgulanty types rameterization of the ruled surface for any two differentiable
this special surface. Finally, as an application, we give some

illustrated examples which support the theory of the paper. curvesa andy is as follows
D (u,v) = a(v) + uy(v),

2. Preliminaries wherea(v) is called base curve of the ruled surface ay{d)

Leta = a(s) : I — E3 be an arbitrary curve ift®. The is a unit direction vector of an oriented line i#®. In addi-
curvea is said to be a unit speed(i (s), o/ (s)) = 1 for any tion, if the direction curve is not constant, thatig(v) # 0,
s € I. Assume that(s), n(s), b(s)} be the moving frame the surface is called a non-cylindrical ruled surface, and the

of the curven which satisfies the Frenet equations sgrfaces yvith_a constant direction curve are called the gener-
alized cylindrical surface, [23].
t(s) 0 K(s) 0 t(s) Theorem 1. Let M be a regular ruled surface with the
a5 | )| =1 -als) 0 w(s) | n(s) |, (1) parameterizationd(u,v) = a(v) + uy(v). If the Gaussian
b(s) 0 —-7(s) 0 b(s) curvature of the surface is zero, the surfatkis called the

where t(s), n(s), b(s), (s) and 7(s) are the tangent, the developable surface. Also, another characterization for de-

principal normal and the binormal vector fields, curvature and/él0Pable ruled surfaces is thaet(a/(v), v(v), 7' (v)) = 0,

torsion ofa(s), respectively, [22]. [24,25]. . _
Let the position vector of the surfadd in the standard 1heorem 2. LetM be a surface in Euclideas—space. For

form of Euclidean spacg? is the surfaceM = ®(u,v) = a(v) + uy(v), line of striction
is calculated as[26]
o ) = ) ) ) P ) . / /
(0] = ()2l e). ol v) ) ) - DO XA @A) x o)
Then the standard unit normal vector fiéldon the surface [y (v) x v (v)|]? Y
can be defined by

Definition 2. Leta : I € R — E? be a unit speed curve

N = M, (2) in E*. Points witha/(t) = 0 on the curven(t) are called
[ @y x @yl singular points[27].
whered,, = (& (u,v)/du) and®, = (9B (u,v)/dv). Also, The study of ruled surfaces is a main subject in differen-
the first and second fundamental forms of the surface are 4l geometry in Euclidean space. Generally, ruled surfaces
follows have singularities. Briefly speaking, the cuspidal edgeR,
the cuspidal cross-capC R or the swallowtail appea# T as
I = Edu® + 2F dudv + Gdv?, singularities of developable surfaces in general. The figures
11 = edu? + 2fdudv + gdv® 3) of these types of singularity are given below in Fig. 2, [28].

Theorem 3. Let®(, ) : I x J — R? be a noncylindrical
where theF, F andG components are called the coefficients developable surface and )\ : I — R be smooth functions
of the first fundemental form of the surface, and ¢h¢ and ~ with o' (¢) = pu(t)y(t) + A(t)7/(£). Let (to,uo) € I x J be
g components are called the coefficients of the second funde singular point of®,, .y and putzo = a(to) + uey(to) =
mental form, respectively. The following equations are given® , ., (to, uo)-
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FIGURE 2. Types of singularity ' x R, CC R andSW, respectively).

1. Suppose thadet(y(to),~'(t0),v" (to)) # 0. Then If we taked = 0 in above equation, the expression
a. The germ Of‘b(a7,y) (I X J) at g is |Oca||y dif- a(v) = cosvey + sinwves,
feomorphic toC x R if ug = A(to) and u(to) #
N (to). becomes the great circle with a radiuslain the unit sphere.

b. The germ ofb, .., (I x .J) ata is locally diffeo- Thus, in order to obta_in other c?rcles (small circles), we
morphic toSW if uo = Ato), p(to) = N(ty) ~ @n construct (_:|rcles with a certain ar?@lea_nd the normal
and /' (to) = N (to). e3 = e; X eg in the plane. By considering the study of

Munteanu and Nistor in [2] from a different perspective, we
2. Suppose thafet(v(to),v'(t0),7"(to)) = 0. Thenthe obtain a ruled surface with a constant angle with respect
germ of &, ., (I x J) at x, is locally diffeomor- to any direction. The fixed direction is directly related to
phic to CCR if ug = A(to), u(to) # N(to) and es = e; x ex. To find the tangent vector of the curugv)
det(y(to), ' (to), 7 (to)) # 0, [29]. on the sphere fof # 0, we take the derivative of the E@B)(
with respect ta
Definition 3. A curve lying on a sphere is called a spherical )
curve,[27]. a (v) = cos O(—sinve; + cosves). 9)
Definition 4. Leta : I — S? be a unit speed spherical
curve. We denote as the arc-length parameter of Letus The norm of the above equation is that
denote by ’

al(v)H = cosf.
a(s) =a(s), T(s)=d'(s), S(s)=als)xT(s)

So, the unit tangent vector of(v) is obtained as follows
where T'(s) is a unit tangent vector oftx. The frame
{a(s),T(s),S(s)} is called the Sabban frame of on S2,
[27].

_ a@)
[lo (V)]
. . If we cross product the curva(v) and the tangent vector
3. Spherical circles and constant angle sur- 7(,), we get the expression
faces

T(v) = —sinwve; + cosves. (10)

S(v) = a(v) x T(v) = —sinf(cosve; + sinves)
A circle of a sphere is a circle that lies on a sphere. A spher-
ical circle can be formed as the intersection of a sphere and + cosfes. (11)
a plane, or two spheres. A circle on a sphere whose radiuf

passes through the center of the sphere is called a great ci a(v), T(v), S(v)} as expressed in Definition 4 in the Pre-

cle, otherwise this spherical circle is called the small circle.Iiminaries section. If the necessary calculations are taken
In this section, a method will be given to obtain constant an- ' y '

gle ruled surfaces with the help of small circle on the spheréhe derivative change of the frame is as follows

hus, the Sabban frame is obtained on the unit sphere as

in Euclidean3—spacek3. a(v) 0 cosf 0
Let$2 ={(z,y,2) €eB*|a? + >+ 22 =1} beaunitl 4 T() |= | —cosh 0 sin 6
sphere inE3 and let{e;, e2} be any orthonormal vectors in dv S(v) 0 _sinf 0
this space. We can express a circle on this sphere with the
help of these orthonormal bases as follows a(v)
x | T(v) | . (12)
a(v) = cosf(cosvey + sinveg) + sinf(eg x e2).  (8) S(v)
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In addition, the Darboux vector of the spherical circle If the following calculations are done to find the normal of

a(v) determines the fixed direction as the surface, we obtain
w = sinfa(v) + cos 0S(v). (13) D, x P, = —(g(v) + u) cos O sin 6 cos ve;
In fact, if the necessary calculations are done here, it can be — (9(v) + u) cos @sin @ sinvey

easily seen that + (g(v) + ) cos? Bler x e),

w =e€1 X ey = €3. and

Theorem 4. Let {e;, ez} be any orthonormal vectors in
3—dimensional Euclidean space. Lebe the small circle in
the unit sphere given as

@, x @, = (g(v) + u) cosb.

So, we can easily find the normal of the surface as follows
a(v) = cosB(cosve; + sinvey) + sinfles, 6 # 0.
() ( ! 2) ° 7 N = —sinfcosve; —sinfsinves + cosf(ey X e2). (17)
The surfaceb(u, v) defined below is a ruled surface _ _
If necessary arrangements are made in the above expression,
it can be seen that

v

®(u,v) = / [f()a(v) + g(v)a’ (V)] dv + ua(v), (14)

) N = —sinf(cosve; + sinveg) + cos e,

wheref(v) andg(v) are the differentiable functions. N=25. (18)
Proof. Leta(v) be any small circle on the unit sphe¥and _ .
®(u, v) be the surface. Considering the definition of ruled Thus, we can say thatf(v) is the unit normal to the ruled

surfaces, the curve surfaced(u, v).
Corollary 2. Let the normal of the ruled surface(u, v)

v

, defined in Eq.14) be N andw = (e; X e3) = e3 be the
/ [f(v)e(v) + g(v)a (v)] dv, axis of the constant direction. Then, the surfdge:, v) is a
0 constant angle ruled surface.

Proof. Let ®(u,v) be the ruled surface iB—dimensional
Euclidean space. Considering E@7) and axis of the con-
stant directionv = (e; x es) = ez, we can easily write that

is defined as the ruled surface directrix (also called the bas
curve) andx(v) is defined as the direction vector of the sur-
face. So, we can easily see that the surfate, v) is a ruled
surface.

Corollary 1. Let (N,w) = cosf = constant. (19)

v So, we can say that the surfa®u, v) is a constant angle

O (u,v) = / [f(v)a(v) + g(v)d (v)] dv + ua(v), ruled surface.

4 Corollary 3. Let

v

be the ruled surface irB—dimensional Euclidean space.
S(v) = a(v) x T(v) is the unit normal of ruled surface ®(u,v) = /[f(“)a(ﬂ) + g(v)d/(v)] dv + ua(v)

®(u,v) wherea(v) is the small circle on the sphere afijv) 0

is its unit tangent vector. ) ) ) )

Proof. Let ®(u,v) be the ruled surface ia—dimensional be the ruled surface iR—dimensional Euclidean space. The

Euclidean space. To find the unit normal of the surface, ~ Surface®(u, v) is a developable ruled surface.
Proof. Let ®(u,v) be the ruled surface. If we rename the

N - Dy X Py base curve of the surfadg(u, v) as
(@, % @, .
we firstly calculate the parameter curves of the surface. If o= / [f (v)x(v) + g(v) (v)] do, (20)
the derivatives of Eql1) are taken with respect o anduv,

. 0
respectively, we get

and use the developable ruled surface condition, we obtain
@, = a(v), (15)  that
and det (i (1), a(v), o' (v)) = det(f(v)a(v)

@, = a(v)f(v) + ' (v)(g(v) + u). (16) +9(v)d/ (v), (v), o' (v)).
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If necessary calculations are made, it can be easily seen thaheorem 5. Let® : I x J — E3,

this determinant value is zero. So, we can say dat v) is
a developable ruled surface.
Corollary 4. Let

v

D(u,v) = / [f(0)a(v) + g(v)a’ (v)] dv + ua(v)

0

be the ruled surface iB—dimensional Euclidean space. The

line of striction of the surfac@(u, v) is as follows

¢ =¢—g(v)a(v) (21)

where

v

©= / [f(v)a(v) + g(v)d (v)] dv.

0

Let ®(u,v) be the ruled surface. The line of striction of

the surface is calculated as follows

L la@xdme@ @) o
@ xa@rP %

P(u,v) = / [f (v)e(v) + g(v)a (v)] dv + ue(v)
0
be a constant angle ruled surface afid; : I — R be smooth
functions with

" ( [ 15@a) + go)a'(w) dv)

0
— f(v)a(v) + g(v)a’ (v).

Also, let(ug,vo) € I x J be a singular point of®(u, v) and
2o = [ f(wm)aloo) + gloo)a (o) do
0
+ /U/OOC(UO) = (I)(UO, Uo).
The germ ofb(u, v) at z is locally diffeomorphic ta” x R
and STV. Also, the germ of(u, v) at = isn’t locally diffeo-

morphic toCCR.
Proof. Let® : I x J — E3 be a constant angle ruled sur-

If the necessary calculations are made in the above expregsce andf,g : I — R be smooth functions. Considering

sion, we get
a(v) x o (v) = —sin 0 cos 0 cos vey
— sin# cos @ sinvey + cos® f(ey x e3), (23)
a(v) x @' (v) = —g(v) cos @ sin @ cosve; — g(v) cosd

x sin @sinvey + g(v) cos? B(e; X e2). (24)

If the above equations are substituted in 22)(line of
striction is obtained as

g(v) cos? 0

L G Y o(v),

¢=¢—gav).
Corollary 5. Let

v

B(u,v) = / [F@)a(v) + g(v)a/ (v)] do + ua(v)

0

be the ruled surface iB—dimensional Euclidean space. If

f(v) =0andg(v) =constant®(u, v) is a cone surface.

Theorem 3 in Preliminaries section, we are calculated that
det(a(v), o/ (v), a”(v)) = sin cos? 4.

1. Foro #0(0 # 3,m,...), det(a(v), o/ (v),a” (v)) #
0. Then;

a. Sinceug = g(vg) and f(vg) # ¢'(vo), the germ
of ®(u, v) atx is locally diffeomorphic ta” xR.

b. Sinceu, = g(vo), f(vo) = ¢'(vo) and f’(vg) #
g (vg) the germ of®(u,v) at z, is locally dif-

feomorphic toSW.
2. Ford =0 (0 = Z,m,...), det(a(v), o/ (v),a" (v)) =
0.
Although wy = g(vw), f(vo) #  ¢'(vo),

det(a(v), o’ (v),a® (v)) = 0. Hence, the germ ob(u,v)

atz isn't locally diffeomorphic toCCR.

Remark 1. Considering the theory in the study, we can say

that when we are given any axis, we can create a constant
angle surface with the help of this axis. For example, let's ex-
amine the problem of creating a constant angle ruled surface
with axisk = es. To find the circlex(v), the circle whose

Proof. Let ®(u,v) be the ruled surface: If the; expressions normal isk = e; must be written. This is found by writing
f(v) = 0 andg(v) =constant are substituted in the surfacene intersection curve of the unit sphere and the plane wgth

equation above, we can easily see that

D(u,v) = ca(v) + ua(v), ¢ constant

D(u,v) = (c+ u)a(v), cconstant.

So, we can say thak(u, v) is a cone surface.

normal. Let the{e;, eo} be an orthonormal vector obtained
by Gramm-Schmidt orthonormalization method in the plane
whose normal igs. In this case, the intersection curve of the
unit sphere and the plane is as follows

cosvey + sinves.
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This curve is the great circle with radius lengthSmall cir-  If we calculate the singular points for this surface according
cles with radius- = cos 0 are as follows to Theorem 5, we can write that

a(v) = cos 0 cos vey + cos 0 sinves + sin fes.
det(a(v),a(v), " (v))#0
The surface

v for 640 (9¢g,w,...).
B(u,0) = [ [f)a(o) + g(0)a’ ()] do -+ ua(e),
0 a. For f(vg) = vo + 1, ¢'(vo) = 2vo,
obtained by this spherical circle:(v) is a constant angle
ruled surface with the axis = e3. The normal to this surface vo + 1 # 2up
is
N = sinf cosve; — sinfsinvey + cos fes, and
and (N, e3) = cosf. The angle that the surface makes with
the axis is determined according to the state of drengle. vo # 1.
Also, when the functiong and g are changed, they change
on the constant angle surfaces. Sinceuy = g(vo), we can say that all points &g, vg) of

The equations and figures of the constant angle surfaceB(u, v) satisfying the following condition are locally diffeo-
according to given any direction are discussed in the exammorphic toC' x R
ples below.
Example 1. Let's get the equation of the constant angle sur- ug =v3, for wo#1.
face with the axisc = e3 = (1/v/3)(1,1,1) and draw its
figures as Fig. 3.

él = (la 7170)7 52 = (Oa 15 71)

If the vectors perpendicular to the plane are made orthonor- fvo) =vo + 1,
mal with the Gramm-Schmidt method, the following vectors

b. For f'(v) = 1, ¢'(v) = 2v, ¢ (v) = 2,

/ _
are obtained as g (vo) = 2vo.
1
ep = E(L —1,0), e2 = %(17 1,-2). From the equality of the above equations, we obtain that
In this case, the spherical circle(v) with radiusr = cos 6 o — 1
is obtained as follows foff = /4, o= "
a(v) = (1 cosv + 1 sinv + L7 Considering the following equations,
2 2V/3 V6
-1 L f'(vo) =1
— cosV + —=sinv + —, ’
2 2v/3 V6 "
g (UO) = 27
-1 . n 1 )
—= S1mvo — .
V3 V6 we can say that
For the functionsf (v) = v + 1 andg(v) = v?, if the neces-
sary calculations are done, the equation of the constant angle f(vo) # g” (v).
ruled surface can be easily written as
O (u,v) = (O, Py, P3) We obtain the other singular point as follows

where

ug = g(vg) = g(1) = 1.
(I)l(uav):é[(\/g+311)cosv+(—3+\/gfu)sinv] 0 =9g(vo) = g(1)

So, the point® (ug, vg) = ®(1, 1) is locally diffeomorphic to

1 1 1
+ ZUCOSY + ——usinv + —u, SW. Also, according to Theorem 5, we know that the germ
2v3 V6 of ®(u,v) isn't locally diffeomorphic toCCR.
By (u,v) = }[(\/3 — 3v) cos v + (3 + v/3v) sinv] Example 2. Let's get the equation of the constant angle sur-
6 face with the axig = e3 = (1/3)(2,1,2) and draw its fig-
B lucosv—&- 1 usinv—&—iu ures as Fig. 4.
2 2v/3 V6
_ 1 1 é1=(0,-2,1), é=(-1,0,1).
P3(u,v)=——=(cosv + vsinv)——=usinv + —u.
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light source

FIGURE 3. Constant angle surface far/4.

If the vectors perpendicular to the plane are made orthonoiFor the functiong (v) = sinv andg(v) = coswv, if the neces-

mal with the Gramm-Schmidt method, the following vectorssary calculations are done, the equation of the constant angle
ruled surface can be easily written as

are obtained as

_ 1 \/5(124).

O (u,v) = (1, P2, 3)

07_27]—7 =5 | L= E
e =zl )oe2= 55
where
In this case, the spherical ciralév) with radiusr = cos @ is
obtained as follows foff = 7/3, O (u,v) = _\/51, _ sy, _ﬁusinv + @u
’ 6 V3 6 3"
-V 3 1
alv) = ( gfsinv + %, Dy (u,v) = %(2\/51} — 5v3cosv)
1 ) 3
_—cosv+—5$inv+£ ——ucosv—l—%usinv—i—%u7
NG 5 6 V5
V5 V3 D3 (u,v) v _ o8y + ! U COS v
1 2v/5 3 3\, V)= -
—— oSV + —sinv + — |. (25) 3v5 V3 25
2v5 15 3
+ %usinv + ﬁu
15 3

FIGURE 4. Constant angle surface fai/4.
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