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Elko spinors revised
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It is shown that c-number elko spinors obey the massless Dirac equation and are unitarily equivalent to Weyl bispinors. Therefore, they do
not constitute a new spinor type with mass dimension one.
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Elko spinors are a complete set @humber bispinors that For definiteness, we use the gamma matrices Weyl represen-

are eigenstates of the charge conjugation operator, a propettgtion, with the following definitions

from which they take their name (an acronym from the ger-

man Eigenspinoren des Ladungs Konjugations Opergtors v = , Y= , 3
. ' . 1 0 —o 0

They were proposed in 2005 [1,2] as the expansion coeffi-

cients of a quantum field operator, the elko field, presented 5 _.0123_ (01

as a new type of fermion field with the exotic properties of TETTYT =01 0 )

not obeying the massive Dirac equation and having canonical

mass dimension one, despite being fermionic. The latter fea- 3 =240 = ( o 0 ) , (4)

ture led to their proposal as a dark matter candidate, since the 0 o

elko field is assumed to couple only to the Higgs field to enwheres = (01,02703) are the standard Pauli matrices.

sure renormalizability. To this day, elko spinors continue t0oThen the massless Dirac equationt'd, ¥ = 0 simplifies
appear in the scientific literature in various applications, segg

e.g references [3-9] and references therein. However, elko B}

spinors are just another type of massless bispinors satisfying ¥ - pu(p) = =7 u(p). (®)
the masslesss Dirac equation, and as such they can not con- |4 Hamiltonian form Eq.%) reads

stitute a new spinor type with mass dimension different from ’

the known 3/2 mass dimension of fermions in the Standard o pu(p) =+u(p),

Model Lagrangian [10]. In fact, they can be unitarily trans- o b U(HQ)( )= — U(HQ)( ) s=1,2 ®6)
formed to massless Weyl spinors, as is shown in this letter. P P P,

Let us first state the properties of masless four-componerdnd« (") (p) andu(® (p) are positive-energy bispinors, with
Weyl spinors. A complete treatment is given in Ref. [11], both positive helicity an chirality for the former and negative
but here we reproduce the main properties for completenessor the latter, whileu® (p) andu® (p) are negative-energy
Plane wave solutions to the massless Dirac equation are giveynes, with negative helicity and positive chirality for the for-

by ¥ = u(p) exp {i (£ Et — x - p) }, with the bispinors mer and the reversed values for the latter. These bispinors are
0 (p) orthonormal[u(i)(p)fu<j>(p) = §;;. Taking the momen-
u(p) = < ( )> , u?(p) = (XOP ) ) tum p = (sinf cos ¢, sinfsin @, cosh) in the z direction,
X+ P (1) which will be referred to as the canonical frame, the bispinors
(3) 0 (4) X+ (P) simplify to
W= () ww = (). , .
0 1
and the two-component spinoys. (p) given by uM (p.) = NE u® (p.) = ol
0 0
_( cos(3) @)
X+ (p)_<eup81n(g)) ’ 8 (]j
eiogin (9) @ u® ()= [ O], u ) = |0
x-(p) = ( cos (%) ) ' 1 0
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The canonical frame bispinors and the general momentureigenvalues, as shown in Eg6) &nd (14). Let us schemati-
ones are related by the rotation cally write them as{u(p) = tu(p) andHA(p) = £A(p),
0 with H = « - p the massless Dirac Hamiltonian. Then,
Ay (0, ) = exp { (v' cosp + y*sin ) 73} , (8 there must be a unitary transformatiéh(6, ¢) with the

2 propertiesQA(p) = u(p) and QH — HQ = 0, such that
since QHO1ON(p) = £QA(p) impliesHu(p) = +u(p)

. . To this end let us consider the rotation
Ay (97 ()0) u® (pz) = u® (p)7 i=1,...,4. (9)

(P ¢ 1, o 4 3 .2
Let us now define the elko bispinors following Ref. 9. Az (0, ¢)=sin (5) [COS (2> v Asin <2) g } K
These are

¥ 4 LAY

A(l)(p) _ (0277*?(1)))) a0 (o) = (02771((1)))> 7 + cos (5) |:COS <2> 1—sin (2> v, (15)
N+\P —N+P

(10)  whichtransforms the elko bispinors from the canonical frame

A®) (p) = (a%i(p)) AN (p) = (g%;*_ (p)) ’ to the general momentum bispinors in E&Q), that is

_(p n—(p , )

- (P) (P Az (0,0) N (p) = AD(p),  i=1,....4, (16)
where we have changed the notation and ignore the ad-hoc
normalization used in the aforementioned reference, for simwhere the\(® (p.) correspond to tha (¥ (p) with § = ¢ =
plicity. The two-component spinors. (p) are given by 0. The canonical frame elko bispinors can be rotated to the

—ip)2 0 corresponding Weyl bispinors, by means of the rotation
®) (e /< cos (2)>
n+P) = )

/2 gin (& U:L Ci (1445 4 (1 + i
o % ” G5 (i) + (1 i?)
—e "/ %sin (3 )
- (p)—< 7 cos (9) ) +97 = (L=i (7" +9%) %), (17)
2
which differ from the spinors in Eq2J by a phase yielding
Xt = T2, (12) UAD (p.) = u™ (p.),
The elko bispinors are eigenstates of the charge conjugation UA® (p.) = u®® (p2),
operatorC = 2/, which is their defining property, witfC (3) _ .3
. > e ) UXNY (pz) = u™ (p2)
representing complex conjugation to the right
A (p) = + A9 (p) UXD (p) = ul® (p.). (18)
C\(2:3) (p) = — A(Q’S)(p) (13) Defining the rotation
Now, a straightforward calculation shows that the elko Q0,0) = A1 (0,0) UAS (0,¢) (19)

bispinors are solutions to the massless Dirac equation ) )
we obtain from Eqgs.9), (16) and (8), a relation between

a-pAD(p) =+ A8 (p), 1) general momentum elko and massless Wey! bispinors
s=1,2, 14

a-pAT (p) = = A (p). Q(0,) XV (p) = u (p),
Hence, the correct field operator, expanded in terms of these Q(0,0) A (p) =u?® (p),
spinors, would necessarily be that of a massless Dirac field,
satisfying the massless Dirac equation, as Weinberg has Q(0,0) A (p) =u™ (p),
shown in a seminal paper [12]. Furthermore, the associated

Q(0,0) A (p) = u® (p). (20)

propagator, either for the spinors in a Relativistic Quantum

Mechanics framework or for the field operatpr in QuantumIt can also be shown that, as required,

field Theory, would have to be the masless Dirac propagator.

Therefore, a massive spinf2 field operator in terms of elko [Q(0,¢),a-p] =0. (21)

spinors, as defined in reference Ref. 9, with mass dimension

one and that does not obey the massive Dirac equation is ju$herefore, elko spinors can be obtained from Weyl bispinors

unphysical. by a rotation and vice versa, which is another way to show
Having proved that Elko spinors obey the massless Dirathat the former do not constitute a new type of spinors, but

equation, we now have that both Elko and Weyl bispinors satare in fact equivalent to massless Weyl bispinors, obeying the

isfy an eigenvalue equation with the same Hamiltonian-and massless Dirac equation.
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