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Equation of state for solid-liquid-vapor coexistence for heavyn-alkane

F. de J. Guevara-Rodrı́guez

Instituto Mexicano del Petróleo,
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An equation of state to predict solid-liquid-vapor coexistence of heavyn-alkane is developed. In this equation of state, their parameters
are functions of then-alkane molecular weight and were correlated with their corresponding values from methane 16.04 g/mol to eicosene
280.53 g/mol published in referenceChem. Eng. Commun., 209(2022) 171; and the experimental melting temperature value of some heavy
n-alkanes (from 100 g/mol until 600 g/mol).
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1. Introduction

In recent papers, an Equation of State (EoS) to study the
solid-liquid-vapor coexistence of a substance [1–3] was de-
veloped. The EoS is

P =
R T

v − b
− a

(v − c)(v − d)
− f T

(v − e)ν
, (1a)

a = R T
(
b−B

)
, (1b)

B = b
(
1− (

λ3 − 1
)(

eε/R T − 1
))

, (1c)

whereP is the pressure,T is the temperature,v is the mo-
lar volume, andR is the gas constant. The functiona is re-
lated to the second viral coefficientB (which is approached
and derived from the square-well potential with parameters
σ, ε andλ). In consequence,a depends on the interactions
between molecules. Moreover, the restrictionb = 2πσ3/3
comes from the properties ofa, namely: a is a continuous,
positive (a > 0), monotonically decreasing (da/dT < 0),
and convex (d2a/dT 2 > 0) function of temperature [4].

A cubic equation of state [5] predicts the liquid-vapor co-
existence, but the solid phase is out of scope. This limitation
is corrected with the last term in Eq. (1a), which is propor-
tional to molar density, but with high power (ν = 12). This
term is related to very short-range molecular interactions, and
therefore, its value is a very small contribution to the EoS at
mid-range molecular distances, for example, at the liquid and
the vapor phases. In consequence, this term does not modify
the liquid-vapor coexistence practically. However, the value
of this term has a relevant contribution to the EoS at high
molar density. Thus, it extends the capabilities of a cubic
equation of state with the solid phase inclusion.

The set of parametersS = { b, c, d, e, f, λ, ε } de-
fine the EoS of a substance, and their values are determined
by using the critical point data, the acentric factor, and the
temperature value at the triple point and the boiling point
of the substance. After that, Eq. (1) is used to study the

solid-liquid-vapor coexistence of the substance. The proce-
dure is described and discussed elsewhere and was applied to
more than a hundred substances, where the setS was deter-
mined [1,2].

Crude oil is a complex mixture with many compo-
nents that is most prevalent in it, such as aromatics, naph-
thenes, alkanes, and others. On the other hand, the
heavyn-alkane definition starts fromC16 (hexadecane with
226.41 g/mol) and includes, for example,C50 (pentacon-
tane with 703.34 g/mol), and more [6]. Unfortunately, in
this heavyn-alkane group, experimental data are not com-
plete or do not exist at all. However, an ad-hoc model can
be constructed from the available data and the resulting EoS
is called the pseudo-alkane model. The experimental data for
alkanes fromC1 (methane) toC20 (eicosane) is available (see
Ref. [1]) and was used to determine the parameter values inS.

In the literature there are also reported other equations of
state, which were developed to predict the solid phase, and
all of them are non-cubic EOS. Yokozeki [7–10] introduce a
discontinuity between the solid and the liquid region to avoid
the solid-liquid critical point, but Lee [11, 12] pointed out
that the EOS has a mathematical problem because there are
two singularities and suggests that Yokozeki’s model should
be carefully reevaluated as was recently done by Chaoping
Mo, et al., [13]. Wenzel [14] modified the Peng-Robinson
EoS [15] by adding a new repulsion term (like the third term
in Eq. (1a)), but this term does not avoid the formation of the
solid-liquid critical point and introduce a temperature discon-
tinuity at T = 0 K (by these reasons, they self-suggest to
replace the added term with another instance proposed by
Carnahan-Starling [16]). Later, Wenzel [17] proposed an-
other strategy, where the Soave-Redlich-Kwong EoS [18,19]
is modified to make it applicable to the solid-liquid tran-
sition by calculating the volume change (with temperature
and pressure) in the solid and liquid regions of substances.
Wenzel [20] applied again the same idea by using the Peng-
Robinson EoS, but in both cases, the solid phase is treated
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as a pure component in a pseudo-mixture [21]. However and
perhaps, this work is the first effort to develop a psudo-alkane
model by using a non-cubic EoS, the Eq. (1). The pseudo-
alkane model is relevant to study the wax precipitation in gas
condensate mixtures [22], for example. In this case, wax can
precipitate before liquid condensation. If this behavior is ig-
nored, the dew point pressure, calculated with an EoS will be
incorrect. Therefore, the wax-precipitation model must pre-
dict the solid phase of the heavy n-alkanes in the mixture.
Nowadays, the wax-precipitation models are extremely com-
plex due to the number of correlation parameters [22] which
are used to improve the description of the solid-state transi-
tion. On the other hand, in this work, the target is to construct
a pseudo-alkane model based on Eq. (1). The pseudo-alkane
model will be the keystone in a new wax-precipitation model.

The pseudo-alkane model is constructed from the EoS for
C1 to C20 published in Ref. [1], and the experimental melt-
ing temperature value of some heavyn-alkanes. Thus, the
parameters inS are functions of then-alkane molar weight
in the pseudo-alkene model. We this in mind, the manuscript
is divided into four sections, namely: A brief summary of
properties of the EoS to describe the solid-liquid-vapor co-
existence is in Sec. 2; psuedo-alkane model is developed in
Sec. 3, and the application of the new EoS to correlate the
melting temperature of heavyn-alkanes is in Sec. 4. Finally,
conclusions are in the last section.

2. Solid-liquid-vapor coexistence

The mechanical equation,P , is derived from the excess mo-
lar free energy,∆A, namely:

∆A = RT ln
(

v

v − b

)
+

a

c− d
ln

(
v − c

v − d

)

− f T

(ν − 1)(v − e)ν−1
, (2)

whereP and∆A are related with
(

∂∆A

∂v

)

n, T

=
RT

v
− P, (3)

wheren is the total number of moles of substance.
The chemical equation is other important property to de-

termine the solid-liquid, solid-vapor, and liquid-vapor coex-
istence. In particular, the fugacity coefficientϕ is derived
from the molar variation of excess free energy, namely,

(
∂

∂n
n∆A

)

V, T

= RT ln(Zϕ), (4)

whereV = n v is the volume where the substance is confined
andZ = Pv/RT is the compressibility. From Eqs. (2) and
(4), the result forln(Zϕ) is

ln(Zϕ) = β∆A + Z − 1, (5)

whereβ = 1/RT . Thus, Eqs. (1), (2), and (5) constitutes the
framework to study solid-liquid-vapor coexistence of pure
components.

The algorithm to determine solid-liquid, solid-vapor, or
liquid-vapor coexistence is discussed and showed elsewhere
[1,2]. In this point, ifA andB are two phases of a substance,
with A 6= B, and{A, B } ⊂ {Solid, Liquid, Vapor}, then
both phases coexistence if they fulfill with: a)PA = PB ;
b) TA = TB ; and c)ϕA = ϕB , but d) vA 6= vB . For a
temperature below to the critical value and up to the triple
point value, we find a point at the melting curve withPSolid =
PLiquid1

and another second point at the vaporization curve
with PLiquid2

= PVapor. In this case,PSolid > PVapor and the
molar density ofLiquid1 phase is higher thanLiquid2 phase
(i.e. vLiquid1

< vLiquid2
). For the triple point temperature, we

find thatPSolid = PLiquid1
= PLiquid2

= PVapor and theLiquid1

phase is the sameLiquid2 phase (i.e. vLiquid1
= vLiquid2

), thus
the solid-liquid-vapor coexistence (triple point) is described
with Eq. (1). Finally, for a temperature below to the triple
point value, we find only a point at the sublimation curve
with PSolid = PVapor, where the liquid phase is an unstable
state.

3. Pseudo-alkane model

The EoS in Eq. (1) was applied to some knownn-alkanes
from methane to heptadecane, plus eicosane and docosane
(see Ref. [1]). In Table II in Ref. [1], the reader can find the
parameters values inS for eachn-alkane. In this work,b, c,
andd are now functions of molar weightM with the follow-
ing expression

b∗ = (c00 + c01M
∗)c02 , (6a)

c∗ = (c10 + c11M
∗)c12 , (6b)

d∗ = −(c20 + c21M
∗)c22 , (6c)

where b∗ = b/(cm3/mol), c∗ = c/(cm3/mol), d∗ =
d/(cm3/mol), andM∗ = M/(g/mol). Coefficients and ex-
ponents in Eq. (6) are in the first three rows in Table I. They
were computed by minimizing the mean square deviation be-
tween Eq. (6) and their corresponding value in Table II in
Ref. [1], but restricted withd < 0 < c < b < vc, wherevc is
the molar volume at the critical point.

On the other hand,vmin andvmax are defined as an ex-
treme molar volume at high-temperature conditions,i.e. they
are related to

lim
T→∞

(
∂P

∂v

)

n, T

= 0 for vmin or vmax. (7)

Both extreme molar volume are restricted withb < vmin <
vmax in order to avoid the formation of a solid-liquid crit-
ical point at any temperature. Moreover, solid phase vol-
ume is found in the rangevSolid ∈ (b, vmin), meanwhile
the liquid and vapor phase volume is found in the range
vmax < vLiquid < vVapor. vmin andvmax are also functions of
molar weightM with the same previous expression, namely
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TABLE I. Coefficients and exponents in Eq. (6), (8), and (10).

n cn0 cn1 cn2

0 18.6469 3.18455 0.863276

1 9.85353 4.56078 0.804816

2 14.4887 0.45967 1.569080

3 1.01175 9.36963×10−6 0.534545

4 1.01382 9.36963×10−6 0.534545

5 1.83257 2.45633 0.027041

TABLE II. Coefficients in Eq. (11).

n c6n

0 -6.72779×102

1 1.53914×101

2 -7.55375×10−2

3 2.03799×10−4

4 -2.75580×10−7

5 1.46278×10−10

6 4.04943×102

7 1.54841×103

v∗min = (c30 + c31M
∗)c32 , (8a)

v∗max = (c40 + c41M
∗)c42 , (8b)

where v∗min = vmin/(cm3/mol) and v∗max =
vmax/(cm3/mol). Coefficients and exponents values in
Eq. (8) are in Table I in rows fourth and fifth.vmin and
vmax values are used to compute the parameterse andf by
using the following equations

ξ =
(

vmin − b

vmax − b

)2/(ν+1)

, (9a)

e =
vmin − ξvmax

1− ξ
, (9b)

f =
R(vmin − e)ν+1

ν(vmin − b)2
. (9c)

In this way,e andf are also functions ofM .
The second virial coefficientB in Eq. (1c) is derived from

the square-well potential. This potential is characterized with
parametersσ, λ andε. In this case, the first parameter (i.e.
the hard core diameterσ) is restricted withb = 2πσ3/3 as a
consequence of the properties of the functiona. The second
parameterλ is related to the width of square well and is cor-
related with the molecular weightM by using the following
expression

λ = c50 + c51e
−c52M∗

, (10)

coefficientsc50, c51 andc52 are in Table I (at the sixth row).
Again, they were computed by minimizing the mean square

deviation between Eq. (10) and its corresponding value in Ta-
ble II in Ref. [1].

The last function in the pseudo-alkane model corresponds
to ε which is the depth of the square well potential. This
function will be developed from the correlation between the
experimental melting temperature data of some heavyn-
alkanes and the model predictions. The procedure is in the
next section.

4. Melting point temperature

The functions of molar weightM showed in the previous
Sec. 3 (exceptε) were correlated with their correspond-
ing value in Table III in Ref. [1]. Meanwhile, the mean
square deviation between the melting temperature obtained
with Eq. (1) and its experimental value is minimized with
the functionε, for heavyn-alkanes [23]. The blue solid
curve in Fig. 1 is the resulting melting temperature obtained
with Eq. (1), and the red symbols are the experimental data.
The numerical results agree with experimental data, and the
curve goes beyond both sides of experimental data because
the function forε has the following expression

(
ε

R

)∗
=





∑5
n=0 c6n (M∗)n, if M < Mcut,

c66 ln(M∗)− c67, if Mcut ≤ M,
(11)

where(ε/R)∗ = (ε/R)/K. The expression forε is a piece-
wise function whereMcut = 461.97 g/mol is the cut-off and
corresponds to a continuous and soft-transition between both
parts. Coefficients values are in Table I.

FIGURE 1. Melting point temperature ofn-Alkanes. Red symbols
are experimental data [23, 24], and blue solid line was calculated
with the pseudo-alkane model, the data are in Table II. The black
dashed curve was calculated with the correlation Eq. (12) proposed
by Won [24].
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TABLE III. The melting temperature data from experiment (exp) [23,24] and pseudo-alkane model (cal).

M T (exp) T (cal) ∆T

g/mol K K %

100.2 182.1 182.85 0.41

127.8 220.3 228.54 3.74

141.6 245.8 244.04 0.71

155.0 249.3 256.23 2.77

168.7 265.5 266.33 0.31

182.8 268.9 274.99 2.26

196.4 280.2 281.93 0.61

211.3 284.2 288.38 1.47

224.9 292.1 293.45 0.46

239.0 296.1 298.16 0.69

253.2 302.0 302.44 0.14

266.7 305.9 306.20 0.09

281.6 310.9 310.12 0.25

295.8 314.4 313.69 0.22

310.7 318.4 317.30 0.34

324.2 321.3 320.47 0.25

338.3 324.3 323.70 0.18

353.2 328.3 326.97 0.40

367.4 330.3 329.94 0.10

382.3 333.3 332.89 0.12

396.4 335.3 335.49 0.05

410.6 337.3 337.88 0.17

425.4 339.4 340.14 0.21

438.9 340.9 341.95 0.30

452.3 342.9 343.55 0.18

465.8 344.4 345.33 0.27

479.9 346.4 347.55 0.33

493.4 348.0 349.58 0.45

521.0 351.5 353.56 0.58

534.4 352.0 355.40 0.96

547.9 353.6 357.20 1.01

562.0 354.6 359.03 1.24

∆T = 100× |T (cal) − T (exp)|/T (exp).

The melting temperature values from the experiment and
pseudo-alkane model are in the second and third columns in
Table III, respectively. The percent deviation is in the fourth
column, and their values have a normal distribution with the
following mean deviation:( 0.67 ± 0.47 )%. Therefore, the
model predicts the melting temperature as a function of molar
weight at least in the range(100, 600) g/mol.

In 1986, Won [24] proposed a solid-liquid-vapor equilib-
ria model for paraffinic hydrocarbon mixtures. In this model,
solid-liquid equilibria is determined through activity coeffi-
cient of liquid phase, meanwhile, the liquid-vapor equilibria

is determined by using the SRK-EOS [18, 19]. Additional,
Won proposed a empirical correlation for the temperature of
melting points. In this case, the correlation equation is

T ∗m = 374.5 + 0.02617 M∗ − 20172/M∗, (12)

whereT ∗m ≡ T/K. The results from the about the temper-
ature correlation of melting points are plotted in Fig. 1 with
the black dashed curve. The correlation equation describe the
experimental data as well as the predictions obtained with the
pseudo-alkane model in this work.

Rev. Mex. Fis.69041701
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TABLE IV. The melting temperature data from Eq. (1) at Ref. [1] and pseudo-alkane model(cal).

M T (exp) T (cal) ∆T ε/R ε(cal)/R ∆ε

g/mol K K % K K %

methane 16.04 0.0 — — 21.273 — —

ethane 30.07 0.0 — — 97.102 — —

propane 44.10 0.0 — — 124.30 — —

butane 58.12 134.61 3.4762 97.41 183.36 3.5905 98.04

pentane 72.14 143.48 91.654 36.12 173.11 113.84 34.23

hexane 86.17 177.84 146.12 17.83 219.94 208.54 5.183

octane 114.2 216.22 209.11 3.287 324.16 359.41 10.87

nonane 128.2 219.71 229.08 4.263 411.95 419.16 1.750

decane 142.2 243.52 244.71 0.492 386.56 470.55 21.72

undecane 156.3 247.60 257.22 3.888 523.94 514.91 1.722

dodecane 170.3 263.62 267.40 1.434 525.72 553.45 5.266

tridecane 184.3 267.81 275.79 2.980 606.82 587.19 3.233

tetradecane 198.3 279.04 282.81 1.351 725.90 617.05 14.99

pentadecane 212.4 283.46 288.79 1.883 754.87 643.79 14.71

heptadecane 240.4 297.05 298.60 0.520 621.09 690.40 11.15

eicosane 282.5 310.09 310.35 0.083 805.40 749.70 6.916

∆T = 100× |T (cal) − T |/T ∆ε = 100× |ε(cal) − ε|/ε

FIGURE 2. Parameterε as a function ofn-Alkane molecular
weight. Symbols are the values published in Ref. [1] and the solid-
line comes from Eq. (11). The data are in Table IV.

On the other hand, the pseudo-alkane model was devel-
oped by using the melting temperature of heavyn-alkanes
and does not work for methane (16.04 g/mol). In this case,
ε has an unphysical value through Eq. (11). To clarify this
point, theε values published in Ref. [1] are shown in Fig. 2
with symbols and the curve corresponds to Eq. (11). The
curve passes through the points but has a deviation of more
than 30% for butane and pentane cases. In fact, Eq. (11) has
a root atM = 57.64 g/mol, and therefore, methane, ethane,

and propane are excluded. In consequence, the pseudo-
alkane model works starting from hexane (86.17 g/mol).

5. Conclusions

Parameters in the setS define the EoS for a substance and are
functions of the molar weightM in the pseudo-alkane model.
In this case, the functionsb, c, andd are shown in Eq. (6), e
andf are shown in Eq. (9), λ is shown in Eq. (10), andε is
shown in Eq. (11).

The last function,ε, was developed to minimize the mean
square deviation of the melting temperature between the pre-
dicted and experimental values. In this case, the molar weight
in the experimental data runs from 100 g/mol to 600 g/mol,
the melting temperature results are in agreement with exper-
imental data, and therefore, the model works at least in such
a range.

Finally, the melting temperature deviation between both
predictions, with the EoS in the Ref. [1] and the pseudo-
alkane model, increases from pentane to butane, and in
the worst cases, the model fails for methane, ethane, and
propane. Furthermore, in the model, Eq. (11) is a smooth
interpolation of theε values until the eicosane and is an ex-
trapolation for heavyn-alkanes.
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