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Thep < T symmetry has been ruled out by its predictions on the reactor and atmospheric angles, nevertheless, a breaking of this symmetny
might provide correct values. For that reason, we build a non-renormalizable lepton model where the mixings arise from the spontaneous
breaking of theSs ® Z, discrete group, subsequently the— 7 symmetry is broken in the effective neutrino mass matrix, that comes from

the type Il see-saw mechanism. As main result, the reactor and atmospheric angles are corrected and their values are in good agreement wi
the experimental data for the inverted hierarchy. Furthermore, we point out a link between the atmospheric angle and reactor one. In the
quark sector, under certain assumptions, the generalized Fritzsch textures shape to the quark mass matrices so that the CKM matrix value
are guaranteed.
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1. Introduction particular, the neutrino data seem to obey an approximated
i < 7 symmetry (for a complete review see [15]), that con-
The confirmed(g — 2),, anomaly by the Fermilab [1] and sists in the exchange labgl < 7 in the effective neutrino
the W boson mass new measurement [2], which are not conmass matrix when the charged lepton mass one is diagonal.
sistent with the theoretical prediction, have shown again thagpeaking of exaqt < 7 symmetry, which is is outdated cur-
the Standard Model (SM) is incomplete. Along with this, the rently due to its predictions, would imply to obtdif and45°
flavor puzzle remains to be solved so that there is a need fr the reactor and atmospheric angles, respectively. Besides
enlarge the SM. that, the solar angle and the Dirac CP-violating phase keep
The neutrino oscillation opened the window to searchas a free and unknown parameters. Despite this, from the
physics beyond the SM, as it is well known, these establishethodel building point of view, the well studied «» 7 sym-
that neutrinos have mass so they mix. Although there arenetry has been a guide to construct lepton models [16—24]
many mechanism [3] to get tiny neutrino masses, so far therand there is a possibility that a soft breaking [21-23, 25-29]
is no a convincing theory that explains the origin of suchof this symmetry can accommodate the experimental results
mass and the peculiar pattern which is completely differeno that there is still strong motivation to study on the»
from the quark sector. In the last years, several experimentsymmetry. Apart from this, elaborated flavored models have
have measured the neutrino mixing angles with great acclbeen proposed to face the lepton mixings and related issues
racy, also the masses seem to obey two orderings (normak leptogenesis, dark matter, and so forth [14, 30, 31].
and inverted hierarchy) due to the lacking of information on
the absolute neutrino mass. Certainly, the normal ordering On the other hand, in the quark sector, according to the
is preferred by the available data [4, 5] but the inverted hi-available data [32] the CKM matrix is close to the identity
erarchy is not completely discarded [6]. Another importantone, this pattern might be explained by the notable hierarchy
point is that, conforming to the experimental data, the PMNSamong the quark masses. In addition, this feature is exhib-
mixing matrix exhibits large values in its entries, in addition, ited by some matrices like the nearest neighbor interactions
the second and third rows satisfy the relatjgf),;| = U] (NNI) [33-36] and the generalized Fritzsch [37—39] mass
(« = 1,2,3) in good approximation for the normal and in- textures which can be obtained by means the flavor symme-
verted hierarchy. The aforementioned facts might be undettries [7—10]. The contrasting behavior between the PMNS
stood by means of a symmetry in the effective neutrino masand CKM mixing matrices is undoubtedly a puzzling prob-
matrix, then the concept of flavor symmetry turn out beinglem, so far one of the main task for model builders is to match
crucial to explain the mixings, and a variety of discrete sym-simultaneously the fermion mixings by the same flavor sym-
metries [7, 8, 8-14] have been applied to the lepton sector. Imetry in the suitable framework.
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In order to address the masses and mixing problem, a phetioned paper, they got exagt < 7 symmetry. Lastly, the
nomenological scalar extension of the SM is realized wheré&INI textures, in the quark mass matrices, appeared in a nat-
the type Il see-saw mechanism is responsible to obtain smaliral way so that they obtained correct values for the mix-
neutrino masses and special emphasis is put on the leptangs. Although our model has some limitations like the flavon
sector under a soft breaking of the— 7 symmetry scheme. alignments and one benchmark (in the quark sector), the main
To do so, we use th8, [40-44, 46-48] non-abelian discrete purpose of this work was to show that a simple soft breaking
group to handle the Yukawa couplings, at the same time, thisf the i <~ 7 symmetry is enough to correct the lepton mix-
symmetry allows to treat the quark, lepton and scalar sectdng angles.

in different manner. Additionally, we includeZy symmetry, The layout of the paper is as follows. In Sec. 2, we de-
to have a non-renormalizable Yukawa mass term for neutriscribe the general framework to explore hediscrete sym-

nos. On the other hand, the inclusion of three Higgs doubletgetry, the full assignation for the matter content is shown
are required to obtain the quark and charged lepton massggd the mass matrices and the corresponding mixing matrix
and mixings, this latter comes out being diagonal as result o4re obtained. In addition, a brief analytical study is carried
the matter assignation under the flavor symmetry. Then, agut to fix some free parameters in the model. Main results
enriched scalar (fIavons) sector is included to provide deSirare presented in scattered p|ots where the set of free parame-
able mass textures. In consequence, the mixings arises froférs values, that fit the mixing angles, are shown. All of this

the spontaneous breaking of tg ® Z discrete group and s included in Sec. 3. We give some conclusions in Sec. 4.
thep «— 7 symmetry is broken in the effective neutrino mass

matrix. Eventually, the reactor and atmospheric angles come

out being different of0° and45° respectively. CP parities

phases in the neutrino masses play an important role to g

sizable values fof;3 and the deviation of),3 from max-

imality which turn out being consistent with neutrino data2-1. General framework

for the inverted hierarchy. In the quark sector, under certain

assumptions, the generalized Fritzsch textures shape to tihéthough, there are fascinating theoretical frameworks that

quark mass matrices so that the CKM matrix values are gua€an be good candidates to replace the SM, conforming to

anteed. our interest, a scalar extension of the SM will be considered.
It is worthy mentioned that a similar study was carried Thus, apart from the SM matter content a Higgs triple} (s

out [24], nonetheless there are clear differences namely. TH&dquired to generate tiny neutrino masses by means the type

first one is scalar matter and the flavor symmetry, the secontl See-saw mechanism. Furthermore, extra Higgs doublets

one is related with the mechanism to generate small neutrin@nd flavon gauge singlets (o andg) will be added to pro-

masses and the corresponding predictions: in the aforemeryide the CKM and PMNS matrices, respectively. In Table |,
|  we can see the rest of the matter fields.

gt. Flavored model

The relevant gauge invariant Lagrangian is given by
—L=y'QrHdr +y"QrHup + y°LHep + %y”i(iag)A (L) +V(H,A, ¢,0,6) + h.c., (1)
with H = ioy H* and the scalar potential
V(H,A, ¢,0,8) =my H'H + %AH (H'H)” + miTr(ATA) + %)\A (THATA)) + Agra (HTH) Tr (ATA)
Xy aHTATH 20 + S 00l6+ Ao (HH) 107 + AaoTr (ATA) 67+ m2Jl? + Sholil®
+ Mg (H'H) |0l + Aap Tr (ATA) [of? +mglef® + %Mfl‘l +Ame (HTH) €7 + AacTr (ATA) [¢[?

+ XpolP[817 + Aeo €2 [817 + Aegl€]* ], 2

TABLE |. Matter content.

Matter QL = dR UR L= eR H = A = +
), ¢ H° &0 -
SU(3), 3 3 3 1 1 1 1
SU(2), 2 1 1 2 1 2 3
Ul)y 1/3 —2/3 413 1 2 1 2
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In flavored models, the scalar potential turns out being important to get a viable model, in here, a detailed study on the
scalar potential is not the purpose of this paper however we add a comment about 8, d@iserete symmetry [7-10] was
selected to control the flavor mixings since it has singlet, doublet and triplet irreducible representations (see the Appendix A
for more details), this feature represents an advantage for us because the quark and Higgs sector will be assigned in double
and singlets whereas the lepton sector in triplets. The main achievement to do that is to get desirable mass textures in bot
sectors.

Along with this, we wish to highlight the scalar potential, where the three Higgs doublets are only involved, has been study
exhaustively [49-51]. In the aforementioned paper, three Higgs doublets were assigned usiglerdup as follows: the first
and second family were put inZawhereas the third one ih;. In these circumstances the scalar potential was minimized and
the (Hy) = (H;) alignment is allowed by the flavor symmetry. Having commented that, we go back to our work wh8ge the
flavor symmetry drives the Yukawa couplings as well as the scalar potential. It is worthy mentioned that the non-abelian groups
S, andS; are completely different from each oth&s(is a subgroup of th8,), however, theS, scalar potential with three
Higgs doublets can be mimicked from the previous study [49-51]. This asseveration is supported d&q tepinesentation
can be decomposed in tBg ones [7]. To be more explicit, as we can see in the appendix B, the irreducible representations
1, and2 of both groups coincide so that the tensor product respects the same rules among them as can be verified. Then, i
this sense, similar results are expected for the Higgs alignments because we are using the same assignation for the three Hig
families under theS,, as one can see in Table Il. On the other hand, a complete analysis of the scalar potential is beyond the
scope of this work so that the flavor alignments will be considered as a matter of fact.

Further to our previous comments, the full symmetry breaks down as fol®W$3) . ® SU(2), ® U(1)y ® S4 ® Zs
—SU(3),®8U(2), ® U(1)y — SU(3), ® U(1),, where theA scale of the spontaneous breaking of 1ex Z, group
is larger than the = 246 GeV electroweak one.

2.2. The model

Having commented briefly the theoretical framework, we put now attention to the matter field assignation uSddtatier
symmetry. Hence, those are assigned as follows: the first and second family of quark and Higgs a2edpubiet; the third
family is assigned to th&; singlet. This choice has been exploited in m&iymodels with three Higgs doublets (see for
instance [52]) and interesting mass textures can be obtained, for this reason, the same assignation is used in our work. On tt
other hand, the lepton sector is treated in different way since the three familleéeg) left-handed (right-handed) doublets
(singlets) are put in th8, triplet irreducible representations. This allows to obtain a diagonal charged lepton mass matrix so
that the mixings will arise from the neutrino sector where an enriched scalar one is needed as can be seen in Table Il. Let us
add a comment on the rol&, symmetry, the main purpose is to prohibit the renormalizable neutrino massftéirmg) A LS.
Consequently, the most relevant terms which are flavor and gauge invariant are wfitten as

L=y [Qir (Hidzg + Hadir) + Qor (Hidig — Hador)| + 5 [QiHsdig + QopHsdor| + y§ [QioHy + Qo Ha] dsg

+ y$Qar [Hidi g + Hodor] + vy Qs Hadsp + vt {QlL (H1U2R + Ffzum) + Q21 (HlulR - qumﬂ
+ 5 [QlLH:%UlR + Qnggum] +y3 {QlLﬁl + QQLHQ] usr + Y4 Q3L Fhum + gzum} + ngSLﬁSUBR

_ _ _ _ 1. 1.
+yi [L1Hseir + LoHseor + LyHsesr| + y5 {L1H261R - §L2 (\/§H1 + Hz) ear + §L3 (\/ng - H2> 63R]

_ _ o 1
+y1 [L1(i02) AGLY + Lo(io2) AGLS + Ls(ioa) AGLS | 1
N7 c_l7 . c, L1z cld
+yy |L1(ioa)Apa LY — §L2(102)A (\/ggol + <p2) Ly + §L3(202)A (\/§<p1 — @2) L n
_ _ _ 1
+y3 [L1(i02)A (LS + &LS) + La(ioa) A (&1L + &L ) + La(io2)A (6L + &LY)] T+ h.c. ()

TABLE Il. Assignment unde8, flavor group. Here] = 1,2 andi = 1, 2, 3.

Matter Qrr Qs drr dsr UIR U3R L; €iR Hy Hs A ¢ Y1 &i
Sy 2 1 2 11 2 1 31 31 2 1 11 11 2 31
Zs 1 1 1 1 1 1 1 1 1 1 -1 -1 -1 -1
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Once the scalar fields get their vev's, the fermion masses are written as

ys(Hz) + yi (Hz) yi (Hy) y3(H1)
My = yf(H1> yg(H3> - yf<H2> y§(H2) )
yi(H1) i (Hz) ya (Hs)
(H3) + y5(Ha) 0 0
M, = 0 Y (Hs) — 3y5 (V3(Hy) + (Hs)) 0 :
0 0 v (Hs) + 395 (V3(H1) — (Ha))
yi (@) + 13 (ip2) v3' (&) v3' (&2) (A)
Mo= {0 ale) a9 - b (VBlen + () ui'(e) L@
Y3 (&) ya' (€1) Y (@) + %yé\[ (\/§<901> - <<P2>)

Evidently, there are too many free parameters in the fermion mass matrices however some ones can be reduce notably by
making an alignment in the vev’s of the scalar fields. In particlHr) = (H>) will be assumed in the Higgs sector as we
already commented. Also, Higgs vev’s have to satisfy the relafidnl; )2 + (H,)2 + (Hs)2 = v = 246 GeV. For the flavon
sector, the alignment that provides a good phenomenology in the neutrino mass matrix is given by

<£> = (,Uﬁlavavf)v <¢> = Vg (L]-v]-)a <§0> = Vyp (1,0) (5)

As it is usual, each vev’s of the flavons are set to be proportionahtavhere\ (0.225) is the Wolfenstein parameter and the
cutoff scale of the model.

2.3. Fermion masses and mixings
2.3.1. Lepton sector

As was already commented, we put special emphasis on the lepton sector. To start with, let us focus in the charged lepton
sector which is diagonal and the physical masses can be obtained straightforwardly. Nonetheless, a particular alignment was
assumed, this ig,H1) = (H2) [49-51] and the principal motivation has to do with the quark sector where outstanding mass
textures appear.

As consequence of the mentioned choice in the Higgs sectogstivekawa coupling has to be negative and an extra
rotations in the fields are necessary to obfaip = Diag.(me, my, m;) = UZLMeUeR with Uz, r) = S23Uc(r,R),
thereforeM, = u!, m.u,z with

Yy (Hs) + y5(Hz) 0 0
m, = 0 y§(Hs) + 595 (V3 — 1) (Ha) 0 )
0 0 yi(Ha) — 395 (V3 +1) (Ha)
100
Sys=10 0 1]. (6)
01 0

From Eq. 6), one can identify the charged lepton masses

Sus (VB 1) (], e = lyitats) — o (VB +1) (). (1)

We stress that there are few parameters to adjust the three charged lepton masses and this can be a weak point. This can be
solved by including extra flavons however we want to keep the model simple so that this will not be carried out.

In the neutrino sector, on the other hand, due to phenomenological implications in the mass matrix we assume the align-
ments given in Eq.5). Along with this, in the standard basi:A(l,, is diagonalized by thdJ, matrix such thafVi,
Diag.(m1, ma,m3) = UM, U% with U, = Sy3u,, thenM, = u! Tm,u’ whereS,; has been shown before andz, is
given by

me = |y (Hs) + y5(H2)|, m, = |yi(Hs) +

y{V/U(b yévvo’;: yévv‘g <A> Mee meu me'u
Wy = yévvf y{VU¢ T gyévv‘f’ yé\’v& = | Mep Mpuyp Mpyr |- (8)
Y4 ve Y5 vey yNug — @yé\/% Mey  Myr Mrr

Rev. Mex. Fis69 030802



SOFT BREAKING OF THEy <~ 7 SYMMETRY BY S4 ® Zo 5

Due to the charged lepton mass matrix is diagonal, one can identify clearly the physical masses, §ed Eerefore, in
the effective mass matrixn,, they < 7 symmetry is broken because of the differemeg,, # m., as one can notice. As
result of this, the reactor and atmospheric angles will be deviatedGfoamd45°, respectively. As it is usual, in the context
of 4 — 7, the solar angle is a free parameter which can be fixed to the current experimental values but this will get correction
since thatm,,,, # m,.

In order to diagonalize the neutrino mass matrix, a perturbative analysis will be done in such a way that the matrix can be
written as

0 €
m,,

mee mep. mel_L 0 0
m, = |Mey Muyy Mur | +[10 0 0 , 9)
Mey  Myr My 0 O

where the former matrix possesses exaet 7 symmetry and it is broken in the latter one where the dimensionless parameter
€ = (mrr —my,) /my, has been defined and this quantify the breaking. As we observe, this can be written/ds/ (yi¥ —
yd) (vev's of the flavons are proportional to\). So that, ify)’ was zero, the, < 7 symmetry would be exact, then we
assume that is small such that this parameter will be treated as a perturbation, thus, a pertubative study at firstcokdler in
be carried out. Therefore, we demand that 0.3 as consequence quadratig?) terms will be neglected.

As a result of having a diagonal charged lepton mass matrix, there is no contribution to the mixings, then the neutrino sector
will provide it. To see this, we go back to tle, mass matrix wheren? is diagonalized by the following mixing matfix

cosf sin6 0

sin 6 cos 6 1
U=|"% % “vi| (10)

__siné cos 6 1

V2 V2 V2

Hereafter, the superscripted W and the matrix elementmgﬂ (o, B = e, u, 1), denotes quantities when the — 7
symmetry is exact. R
Going back to the expressidv, = u/,m,u*, thenu, ~ U%U¢ which implies

M, = U [USm U + USm U U, with UYmOUY* = Diag. (m?,m3, m3) . (11)

In addition, we have

em? sin?9 —sin28  _ing 1
U%meUuY = TMM —sm20 cos?f  cosh |, mp, = 3 (m{ sin® @ + m3 cos® 0 — m3) . (12)
—sinf  cosd 1

As we already commented, the parametés considered as a perturbation so that the mixing mafigxis obtained by
using perturbation theot¥y at first order in¢|. Consequently, we obtain

mzu sin 20 mﬁu sin @
Nl _mgfm‘l) 4 €N2 m‘l)fmg 2 €N3
0 0 -
€~ Muu  sin 26 My  cos
U, = pry e A N “mlemy 2 €N | (13)
0 0
m i m )
o pu  sin@ up  cosf
m?—mg 2 €N1 m,g—mg 2 6N2 N3

where the normalization factors are written as

i 2 0 2
Ny = [1+ |e|? sin® 0 (’ My

0
m
+ cos? 9‘ BB

4 0 0

0 0
my —msg

my —my

)
)
o\ 7-1/2
)] . (14)

2 0

m
+ 311129 %
my —my

4 0 0

I 2 2 0

€|“ cos* 0 m
N2 — 1 _|_ | | ‘ M
mg — mg

2 0

m
L
+ COS2 9 %
my — Mg

0 0

my —msg

_ ) mo
N3 = |1+ |€T (sin29"w
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At last, the theoretical formulas for the mixing angles are obtained by comparing our PMNS mixing idatitJ{ U, =
UYU¢, with the standard parametrization, then we finally get

N3 m? (mg — m(l)) €
sinf3 = |Uqg| = == ne sin 26
v = U= 7| Gg ) oy — gy | 2
mo 2
’U12‘ ‘1 -5 (ng:‘fn?) cos 9‘
sinfip = ————— = Ny sinf ,
V1 — sin® 013 V1 — sin? 013
1 + € mgu (mg sin? 0—‘,—771,(1J cos? 9—mg)
Us- N. 2 19 —m9) (1m0 —m0
Sin fa3 = [Os|  _ s (=) (i ) (15)

\V 1-— Sil’l2 913 B \/5 V 1-— Sin2 013

As one can realize i goes to zero, one would obtain the well known predictigdhs:= 0, 612 = 0 andfs3 = 7/4.

In order to figure out the set of free parameter values, an analytical study on the theoretical formulas is carried out. It
is important to note that the reactor angle depends strongly on the breaking parameter and the ratio among complex masses,
md = |m?lei®. In the former factor, the associated phase |e|ei®« is irrelevant however the differenced — m? and
mY — m§ are crucial to enhance the reactor angle value, then CP parities values turn out being relevant to accommodate the
reactor angle. As result of this, we choose the following CP parities valijes: —|m3|, m{ = |m{| andml = |m$|. To
add to it, the solar and atmospheric angles are sensitive to the associated phadehe CP parities values of the neutrino
masses.

In the current analysis, the normal hierarchy is not favored as one can check straightforward, then we just focus in the
inverted ordering. Due to the CP parities in the neutrino masses, we obtain

o _ Ny | [(Im8] + [m8]) cos® 0 — (Jm8] — [m5[)] (Im3| +[ml]) |, | .
sinfy3 = |Uys| = —> o o 5 5 €| sin 26,
8 (Im3| + [m3]) (Imf] — [m3])
_ e 29 _ M)} 2

|U12| ‘1 I [cos 0 (\7né|+|m§\ cos” 0

sinfig = ————— = Ny sinf ,
vV 1-— sin2 913 V 1-— sin2 913
1 e Lm8i+imeD)® cos® osin® 0—(jmgl-+{mS 1) (ImS 1 —Im§1)+(Im?|—ImS1)°]

Uy, N 4 g+ mg]) (g =Img]

sin923: | 23’ _ V3 ( 2 3)( 1 3) (16)

\Y4 1-— sin2 013 B \/i \Y4 1-— SiIl2 913
Let us consider two extreme cases where the lightest neutrino mass takes part. According to the squared mass scales

Am3, = [m3|? — |mY|? andAm?; = |m?|?> — |mJJ?, two neutrino masses might write 889| = /|m{|2 + Am3, and

mi| = /Im3]* + Ami.

Strict inverted hierarchy (|m$| = 0): In this case, we havien?| = \/Am?2; and

1 Am3
0 ~u 17,0 21
|mg| = |m7| (1 + 5 m(1)|2> . (17)

Then, one can obtain a precise values for the mixing angles

N. 2 1
sin 013 ~ TBM sin29’ [2(1+74)cos®0 —1] (1 —r4) | = 1—\/;|e\(1 - 57“,4),
- 29— 1 _ 2
. ' ‘1 € Jcos?0 — 3 (1 —r4)] cos 9‘ ] - <
sin 619 ~ Ny sin 6

V1 — sin? 013 B \/3\/1—81112913,

1-1 [4sin2900526— 1]

1 |1+ 5|

\V 1-— SiIl2 913 B \/i \Y4 1-— SiIl2 913’

sin fa3 &~

(18)

SIE

wherer, = Am3, /2Am3,.
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In the above expressions, we have consideied = 1/+/3 which is a good approximation to the tribimaximal sce-
nario [53-56],/¢] = 0.3 anda. = 0 we obtainsin 6;3 =~ 0.0234, sin 6,5 ~ 0.587 andsin f33 ~ 0.713. In the case where
a. = m, the solar and atmospheric angles have similar values in comparison to above case.

Almost degeneratelm?| > /Am?2,: In this limit, we obtain the following masses

mi| ~ jm3| L +7r5],  |my| = |mg|[1+ 75 +rc], (19)

with g ~ Am?2,/2\m3|? andre ~ Am3, /2|m3|%.
For this reason, the mixing angles formulas are written as

N. ; 2
sin fy3 =~ isin@cos‘wﬂ = iﬂ,
2 B 9 B

_ € 4
‘1 4 Cos 0‘

sin 15 ~ Ny sin 6 :L ‘1_§|
\/1—sin2 913 \/gx/l—sin2 913
€ 202 2
N 1 — 55 sin” f cos 9‘ 1 ’1_955‘

sin 923 ~ — = — .
\/5 vV 1-— sin2 913 \/5 vV 1-— sin2 913

Remarkably, in this scheme the three angles can be accommodated with great accuracy according to the experimental da
as we will see later.

Before finishing this section, it is worthy of mentioning the relation among the reactor angle and the deviation of the solar
and atmospheric angles, respectively. To do so, in the strict hierarchy case we have

(20)

18
€| & — sin 43, 21
le| 75 Sl (21)
then
sin 6 sin 6
11 1 1

sin 912 ~ — sin 923 T ——— (22)

\/g V 1-— sin2 913’

In the almost degenerate case, one can write

\/§ vV 1-— sin2 (913.

€| ~ i7‘B sin 613, (23)

V2

subsequently

_ 1 |1+ T sinus) _
sinfio &8 ————X—— sin fo3 ~

\/g vV 1 —sin2 913 ’

where thet represents the and0 values for then, phase.

1Hi%%

E vV 1-— sin2 9137

(24)
2.3.2. Quark sector
As we already commented, the lepton sector was studied mainly in this paper. Then, we want to address briefly the quark

sector within a particular benchmark as follows. We adopted the following alignmiBnjs= (H-) which is consistent with
the minimization of the scalar potential [49-51]. Hence, one gets

By by Gy
My=10bs Ay Cq, (25)
Dy Dy Eq

whereg = u, d and the defined parameters can be read of#jgLet us remark that, has bee studied exhaustively in [52]
and significant results were released. Nonetheless, we want to address the quark mass matrices in different way so that son
assumption will be done. To do so, notice thet, is diagonalizett by U,(;, r) such thatM, = UZLMquR with M, =
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Diag.(myg, , mq,, my, ) denoting the quark physical masses. Then, the following rotations is redlizedr) = U~/ 4uqz, r)
so thatM,, = u;LmquqR. Notice that

1 1
A, b, 0 v 0
mg= (b By V20|, Ugu=|-7 o5 0. (26)
0 2D, E, 0 0 0

At this stage, two assumptions are matlie = 0 andC, = D,. To be honest, we could not eliminate the former entry
by means thé&, ® Z, discrete symmetry and the latter assumption might be realized within the left-right theory [57-60] by
invoking parity symmetry. Also, as was shown in [37], the second assumption can be realized by a suitable transformation
in the right-handed quarks fields (there are no right-handed currents in the model), wh§d @4, singlets, such that the
resultant quark mass matrix turns out being hermitian. Due to this fact, we could have assumbed], tisaliermitian but
only the aforementioned simplification was carried out. In this benchmark the quark mass matrix has the generalized Fritzsch
textures [37—39] which fit with great accuracy the CKM mixing matrix.

As a result, the CKM mixing matrix is given by = Ul U, = OIP,0, whereP, = PP, and theO, orthogonal
matrix has the following form

mqg‘qu‘(‘Eq‘*mﬂ) _ mq1mq3(|Eq‘+|qu|) mq1‘mq2‘(mq3*|Eq‘)
Ry Ry Ry
O — 7’lq1(‘Eq‘_7"ql)|Eq‘ ‘"lqz‘(‘Eq“qugl)lEq‘ 7"(13(mq3_|Eq|)|Eq‘ . (27)
1 Rgy Rq, Rgy
mq1(‘Eq|+‘mq2‘)(mQ3_|Eq|) _ |mq2‘(‘qu_mq1)(mq3_|Eq|) mq3(‘Eq|_mq1)(‘Eq‘+‘qu|)
Rq, Rg, Ryg

whereq = u, d. In addition,
Ry, = (mgy —myg,) (Img, | +mq,) [ Eql, Ry, = (mgg + [mg,|) (Img, | +myg,) [ Eql,
Ryy = (mgs + [mg,|) (mgy — myg,) [Eyl. (28)
As we can show in the Appendix B, in the CKM matrix there are four parameters nafiglfy = u, d) and two effective
CP-violating phasesyand3) so that a numerical study will be realized to fix them.
3. Results
3.1. Lepton sector

We have shown that our theoretical formulas on the mixing angles can accommodate the experimental data where the inverted
hierarchy is favored. In order to get a full set of free parameter values that fit the mixing angles, then some scattered plot will
be elaborated as follows.

The mixing angles depend on three free parameters, explicitly

Sin913 = sin913 (6, 0, |mg|) y sin 012 = sin913 (6,9, ‘ng s sin 923 = sin 913 (E, 9, |mg|) . (29)

Hence, from the previous analytical study the three free parameters let vary on the following rangep:-0.3, 0],
6 € [0,7/3] and|m3| € [0,0.09] eV. Therefore, we demand our theoretical formulas satisf§{athe following values [4]

sin?015/107" € 2.71 — 3.69, sin?013/107% € 2.018 — 2.424, sin? fy3/107" € 4.33 — 6.08, (30)
for the inverted hierarchy. Additionally,
Am3, [107°eV?] €6.94—8.14,  Ami, [107° eV?] € 2.37 — 2.53. (31)

Having included the experimental data, the scattered plots are constructed by using the theoretical formulas giv&f)in Eqg. (
which have to satisfy the experimental values. As a result, the mixing angles as function of the lightest neutrino mass are
displayed in Fig. 1. The allowed region of values for the}| is consistent with the previous analytical study.

As it was already commented, tileparameter is identified with the solar angle in the limit.of— 7 exact. Then, the
following scattered plots exhibit the region wheét@arameter lies around the experimental value of the solar angle. In fact,
this value is close to tribimaximal prediction since the solar angle receives a small correctian from
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FIGURE 1. From left to right: the reactor, solar and atmospheric angles versusi#}jdightest neutrino mass. The thick line standsSer
of C. L.
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FIGURE 2. From left to right: the reactor, solar and atmospheric angles versdsgaemeter. The thick line stands for of C. L.
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FIGURE 3. From left to right: the reactor, solar and atmospheric angles versug fh@rameter. The thick line stands far of C. L.

In the previous analytical study, we showed thgarameter must be negative and this may vary in the intédyal0.3].
The numerical study shows the favored region where the mixing angles are fitedsse Fig. 3. Evidently, the case with
le| = 0 is excluded due to this stands for the limit of exact> 7 symmetry.

As model prediction, we have calculated numerical the effective Majorana mass of electron neutrino which is defined as
follows

3
|mee| = ZmiUzi ) (32)
=1

with m,; represents the physical neutrino mass &hg PMNS matrix elements. This effective mass has been measured by
GERDA phase | [61] and Il [62], and the lowest upper bounthis.| < 0.22 eV.

In our model, CP parities have been used in the neutrino masses. In particular, we utflized-|m9|, m? = |m{| and
mJ = |m§| since this fit quite well the mixing angles. Consequently, the predicted region for the effective Majorana mass of
electron neutrino is shown in the following scattered plots.

3.2. Quark sector

Our numerical study consists in making scattering plots. To do so, we compare our CKM theoretical expression with the
standard parametrization one. In particular, we consider the e(Mg,s)th (i =d,s,b) and(Vcb)th that depend on the free
parameters

(V)" | = [ (Va)™ (|Bul, |Eal,a, ), [(Ve)™ | = | (V)" (|Eul, | Eal, v, B) |. (33)
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FIGURE 4. The effective Majorana mass of neutrino electron versus the fitted parameters.
Therefore, we demand the magnitude of mentioned entries must satisfy the following experimental values [32]

| (Vua)® | = 0.97401 + 0.0001, | (Vus) | = 0.22650 £ 0.0004, | (Vup)¥ | = 0.0036115-00055,
[ (Ven)® | = 0040537550067 (34)

In the current study, the physical quark masses are considered as input values. To be more precise, the normalized quark
massesity,, /mq,) Will be used due to their ratios do not change drastically at different energy scales as one can verify directly
from [63]. So that, at the top quark mass scale we have [22]

My = (1.33£0.73) x 1077, me = (3.91 +£0.42) x 1072, mq = (1.49 + 0.39) x 1073,
ms = (2.194+0.53) x 1072 (35)

In addition, for simplicity, two dimensionless parameters have been defined E,|/mq, (¢ = u, d), then we now have the
constraintl > y, > Mg, = |mg,|/mq, > Mg, . EXplicitly, for the up and down sectdr> y,, > m, = |m¢|/m; > m, and
1> yq > ms = |ms|/mp > mg.

With all the above information, we calculate the allowed regions for the four CKM entries and constrain the free param-
eter set of values. However, let us show you only the scattered plot¥.fgrand|V,;| since that these entries usually are
complicated to fit. As we already commented the theoretical expression are required to satisfy the experimental data up to
Moreover, the normalized quark masses let vary upst@nd the two CP-violating phases are in the rafigér]. Then, as
one notices, in Fig. 5, there is a set of values in whi¢h | is fitted with great accuracy.

0.0040 _ _— . 0.0040 —_— .
= '
3 =
> 0.0035 > 0.0035
0.0030 1 0.0030
0.2 0.4 0.6 0.8 1.0
Yu
0.0040f ‘ . . 0.0040
= =
3 e -~ |
= 0.0035 = = 0.0035
0.0030 1 0.0030
(1] 1 2 3 4 5 6 0

FIGURE 5. |V,,| as function of the four free parameters. The thick line stand8daf C. L.
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FIGURE 6. |V | as function of the four free parameters. The thick line stand84asf C. L.

Focusing in the dimensionless parameigrandy,, the favorable regions lie ifd).5, 1) approximately. Additionally, there
are two regions of values for the CP phasesnd 3, where the magnitude d¢¥,,;| is accommodated. In the Fig. 6, we see
|V.»| as function of the four free parameters and these have the same allowed region as the above case.

To finish this section, we want to comment our naive analysis showed a large region of values for the free parameters where
the theoretical CKM entries are in good agreement with the experimental dateBap £ostrict study, as for example ay?
fit, must determine better the space of values however the principal aim of this numerical study was shown the generalized
Fritzsch mass textures fit the CKM matrix as it is well known.

4. Summary and conclusions

To sum up, we have built a non-renormalizable model where the fermion mixing is driven by the spontaneous breaking of the
S4 ® Z- discrete group. An appropriated alignment of the scalar vev’'s allows to break ¢her symmetry in the effective
neutrino mass matrix. Therefore, under a perturbative study, we were able to correct the wrong predictions on the reactor anc
atmospheric angles, and a set of values for the free parameters was found such that the mixing angles are consistent with tr
latest neutrino data. Due to the lack of extra symmetries, in the quark sector, a benchmark allows to get consistent mass texture
that accommodate the CKM mixing matrix.

We have learned that the flavor symmetries have been useful to eliminate spurious parameters in the Yukawa sector. Al
the same time, those shape the fermion mass matrices, consequently the mixing pattern can be obtained straightforwardl
Ambitious flavored models have gone beyond of fitting the mixings and prediction on some free parameters (Majorana phases
Dirac CP phase for instance) have been done. In conclusion, despjte<ther is outdated, in this constrained model, we
wanted to show you that a simple soft breaking is enough to correct the mixing angles. Although the model predictions are so
limited and the favored inverted hierarchy goes against the data, a soft breakinrg ofis still alive from theoretical point of
view nevertheless the experiments have the verdict.

Appendix
A. S, flavour symmetry

S, is the group of permutations of four objects and this is the smallest non abelian group having doublet, triplet and singlet
irreducible representations [7]. Geometricaly, is the symmetry of a cube. This discrete group contains five irreducible
representations, this i$;, 12, 2, 31, 32 which has the following tensor product rules [7]:
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aq by a1by + azby
= b b —aqb b A.l
(a2>2 ® <b2>2 (a1b1 + agba)1, ® (—aibs + azb1)1, ® (a1b1 _ a2b2>2’ (A1)
a b1 azby arby
<a;> ® | by = —%(\/galbg + agbz) (&) %(\/gagbg — albg) (A.2)
2 b3/ g, 3(V3aiby —asbs) / 5 —3(V3azbs +aibs)/ 5 7
a by a1by aszby
(ai) ® | b2 = | 1(V3azbs —a1bs) ® | —1(V3aibs + asbo) (A.3)
2 bs 3, —%(\/30253 + a1b3) 3 %(\/galbs — azbs) 3
“@ by 5 (azby — asbs)
as ® | by = (a1b1 + agbs + a3b3)11 D (1 _\/5 )
as N by N \/6( 2a1b1 + agby + a3b3)
CLng + a362 a3b2 - CLng
D (11[)3 + a3b1 (&) a163 — (lgbl (A4)
albg + a2b1 3, a2b1 — albg 35,
a1 by L (asby — azb
ag ® | b2 = (a1b1 + agbs + asbs)1, ® (1(_‘53(; j_ u bS —&S—)a b )>
as 5, bg 5, NG 1V1 202 3V3 5
a2b3 + a3b2 a3b2 — 0,21)3
D albg + agbl S5 a163 - (lgbl (A5)
aibs + ashy azb; — a1by 3,
a1 by L (2a1by — agby — azb:
az ® [ b2 = (a1b1 + agbs + azbs)1, ® (ﬁ(f(; b i; b )3 3)>
as 5, bg 5, V2 202 3Y3 5
agbg — agbg a2b3 + 0,31)2
D (leg — a3b1 (S5 a1b3 + a3b1 (A6)
asb; — a1by 3, aibs + asby 3, .

In this section, we remark an interesting feature betwee®$H&] and S, non-abelian groups. As it is well known, these
are different, the former one has three irreducible representations namely two sihglatg]j 15, and one double2. This
group is smaller thaB, as one can see in Ref. [7]. In addition, each representatiBn odn be decomposed in representation
of Sz as follows:1; — 11,15 — 15,2 — 2,3; — 1; ®2and3, — 15, ® 2.

B. Symmetry y < 1
In the basis where the charged lepton mass matrix is diagonal, the effective neutrino mass term is given by
L = vy, (M,) oo (verr)? + hec, (B.1)
wherel, ¢’ = e, u, 7. If the neutrino mass matrix is invariant under the interchange |akel, one would have
Mee meu meu
M, = | mep mpp myr |- (B.2)
Mep  Mpur Mpp
As one can notice, in the previous mass matrix the ent2e@2) and13 (33) are equals, then that matrix possesses the
1 < T symmetry [64—68] and its prediction on the mixing angles are obtained as follows. In the mentioned basis, the neutrino

mass matrix is diagonalized by, this meansU/M, U* = M where the latter matrix stands for the neutrino masses,
M = Diag.(m1,ms, m3), which can be complex.
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As itis well known, U, = U/, U SO thatU;, M, U’ = UngU; where

mee \/gmey, O ]- 0 0
_ _ o 4 —L1
m, = | V2me, M+ mp, 0 , Uy = 2 V2 (B.3)
0 0 My — Mpyr 0 % %
In addition,m,, is diagonalized byJy, whose form is given as
cosf@ sinf O
Uyg=|—sinf cosf 0], (B.4)
0 0 1
and one condition should be satisfied
8m,
tan 20 = V8m " . (B.5)
Mpyp + Mpyr — Mee
Therefore, one can write the full matrix
cosf sinf 0
_sin® cos® _ 1
V2 V2 2

Comparing the above mixing matrix with the standard parametrization of the PMNS matrix, one gets the reactor and
atmospheric angles afg; = 0 andf.3 = 7/4, respectively. Speaking about the solar angle, this is free parameter and can be
identified by6;5 = 6.

At the same time, the matrix elements can be written in terms of the physical neutrino mass as follows

in 20 1
Mee = My s> 0 + mg sin’ 6, Mey = 81\r;§ (me —ma), Mur = 5 (ml sin® 6 + my cos® 6 + m3) )
1
My = 3 (m1 sin® @ + mo cos? 6 — ms) . (B.7)

C. Perturbative study to obtain U,

To start with, we have to remember the stationary perturbation theory from our lectures on quantum mechanics [69]. This
method is applied to a system whose Hamiltonian is givelifby: H, + W where the eigenstatesy) and eigenvalues®)

of Hy are known, alsdV (known as a perturbation) is smaller thay, besides thatH, andW are time independent. With

W = AW and\ < 1, at first order in the\ perturbative parameter, one can perform the correction to the eigenstates and
eigenvalues off (A\) ( H(\)|®,(\)) = En(/\)\@n()\») which are given respectively by

0
2.0 =) + 3 '¢ 60, Ea(\) = B+ (g0|W60). (C.1)

k#n "

Then, we adapt the above results to diagonalization problem given in the neutrino sector. As it Wasfehpiﬂrdiago-
nalized by theU, matrix such thaM, = Diag.(m1,ms, ms) = Ul M, U* with U, = Ss3u,, thenM,, = ulm,u*. m,
can be written as

0 €
m,, m,,

Mee  Mey  Mey 0 O
my, = | Mey Mpyp Mpr | + 0 0 0 s (C2)
0 0

Mep Mpyr Mpyp

where the former matrix possesses exaet 7 symmetry and it is broken in the latter one where the dimensionless parameter
e = (m.r —my,)/m,, has been defined and this quantify the breaking. In addition, this parameter will be treated as a
perturbation, thus, a pertubative study at first ordee inill be carried out. It was shown in the above Appendix’ is
diagonalized byu?, then, M, =ul Tm,u’ with u, ~ UU¢ implies

M, = UJ [Um) U + USm US| U, with  UY'm)UY* = Diag.(m{, mJ, m3) . (C.3)
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In addition,
m;, a2 0 sin 260 in@
— € mo , SH.l ——5 Sin 1
U%me U = T’“ —sm20 o529 cosd |, mgu 3 (m{ sin 20 4+ m3 cos® 0 — m3) . (C.4)
—sinf  cosf 1

In here, we make contact with the perturbation theory, instead of having a Hamiltonian, wenhavem! + m¢ where the
eigenstatesf’) and eigenvaluesit?) of m% are well known. In consequendd;, is built by means the adapted eigenvector,
this is,US = (|®1(¢)), |P2(€)), |P3(€))) where

1% ml,v
Bal) = o)+ 3 LA gy (€5)
k#n n k

wheren = 1,2, 3. In order to apply correctly the formula, we have to observe that maifjphas been rotated By° so that
the new perturbative matrix is denotedfy,. Additionally, each eigenvectd®,, (¢)) must be normalized. Finally, one gets

0 O
N1 ——3 u;Ln ::m420 ]\72 — ;L:nu sin 6 N3
2 1 1 3
0
€~ My sin 20 ™My cosb g
UV mg—m(l) 4 6N1 N2 mg—mg 2 GN‘S ’ (CG)
0 0
m i m
_ e sin 6 A cos 6
7m[1)7mg o 6N1 7m87mg o ENQ N3

where the normalization factors are written as

[ 02 0
Ny = |14 €] sin® 0 ’ gnw i
i 4 my — mg

2 0

m
—+ C0829 %
My —my

X
)

2 0

m
.92 i
+ sin 9‘0 5

i 0
Ny = 1+|6|2C0829(‘ gnw 0

4 my — My my — my
e m, |? mo, 1\
N3 = [1+ — [ sin®0|——"“—| +cos 9‘ Mg 5 (C.7)
4 my —msy m3 —m$

To sum up,M,, is dlagonallzed approximately By, ~ Sj3u, with u, ~ U%U¢. As a result of this, the PMNS mixing
matrix, U, is defined all = UeLU whereU,;, = S,3u.z, was performed in the Iepton section. Therefdiess uT U,
as one reahzes,leL contains unphysical phases which are irrelevant to the magnitude for PMNS matrix elements that are

written explicitly as
1 + — Sln 0 ( )] ,

(U);5 = Nasinf [1—005 9( )]7

N- 0y mg my
(U)13:T3sin206 l(mgf“()( zng)]’

(U)y; = Nicosb

Ny . € o 1 cos? 6
U),, = —~Lging |1 - <
(U V2 s { 9 Mn {m? —mj + my—m ||’
N { € o { 1 sin 6 H
U),, = —=cosf |1 —=-m — ,
(U)s, V2 27 I my—my  m§—m

N3 € o cos? 6 sin” 0
U),, = -2 1-%
(U)ss \/5[ Qm““{mg—mg—’_m?—mg ’
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Ny . € o 1 cos? 6
(U)s; = _ﬁsme {1"' 9 Mun {m(l) 0 om0 o}] )

3 Mg—my

Ny € 1 sin? 0
(U)322ﬁ0059[1+2m2u{ 0 0T 0 0}]7

mg —Mm3 My — My
N3 € o cos2 6 sin? 0
—1-= . C.8
VIR e (€8

In the limite — 0, one recovers thg < 7 scenario.

(U)ss =

D. Diagonalizing M,

After the spontaneous symmetry breaking and with the appropriated alignment in the vev's, the quark mass term is given by

QLquR + h.c., (D.1)
with ¢ = u, d. Explicit, we have
Bq bq Cq
Meg=1[b, Ay Cif. (D.2)
D(I Dq Eq

In order to diagonalize the above mass méirix transformation in the left and right-handed quarks is made suclthat
U,r qr andqr = Uyr Gr Whereq;, ry are the quark fields in the mass basis. Thet, = ULLMquR where M, =
Diag.(myg, , mgq,, mg,) stands for the quark physical masses. Withy, = U, 4u,(z r), ON€ obtainsM,, = uLLmquqR, in
this case, we have

1 1
Ay by 0 7% ? 0
mg= (b By V20|, Ugu=|-7 o5 0f. (D.3)
0 2D, E, 0 0 0

As it was discussed, a benchmark was considered suckithat 0 andC, = D, so that we end up having a complex
symmetric mass matrix

0 b 0
m,=|b, B, V2C,|. (D.4)
0 V2C, E,

Givenm,, this can be written in the polar form, this meabs= |b,|e’**, B, = |B,|e"*"« and so forth. The phases can be
absorbed in the quark fields, to do so let us write = P,mP, with P, = Diag. (e, ¢, ¢ ) where the following
condition must be satisfied

Ng, = 2arg(b,) ; arg(Bq)’ Ngs = %, Ngs = @, argB,) +arg E,) = 2arg(\f2 Cy), (D.5)

and

0 b 0
m,; = |bq‘ |Bq| ‘\/§Cq| . (D.6)
0 [V2C,|  |E]

As a result of thisn,, = P,0O, andu,r = P}O,, O, being the orthogonal matrix that diagonalizesiiq. Therefore,
M, = uZLmquqR = 0f'm,0,, this last expression is useful to fix three free parameters, in terms of the quark physical
masses and one unfixed paramet&, (), through the following invariants

(M), (M), det(an,), (D.7)
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where tr and det stand for the trace and determinant. In consequence,

Maga Mg, [T Mags | Mg, [T
bl = By =g g = (B VR =y [Peeme 0
q q

In the above parameterns,,, = —|m,,| has been chosen in order to have real parameters.
Once many free parameters have been fixed Qpeorthogonal matrix is built by means th€,, eigenvectorsO, =
(Xq1, —X¢g,, Xg,), Which are given by

, ballVEC,
7 \myg, (mg, — |Byl) — |bq‘2

Here, N,, stands for the normalization factors whose explicit form is determined by the condiﬁidﬁqi = 1. Finally, one

obtains
m(13|mq2‘(‘Eq|_mq1) _ mqlmqg(‘EqH“mqu mq1|mq2\(mq3—|Eq\)
Rqy Rq, Rgy
o — gy (|Eql=ma, )| Eq| Mgy | (1 Eql+Imay ) 12| Mg (Mg~ Bq|) | B . (D.10)
a Rf]] RQ2 Rf]s
mq1(|Eq|+‘mq2‘)(mq37|Eq|) _ |mq2‘(‘qufmql)(mqgflEq‘) mqg(lqufmﬂ)(‘Eq|+‘m42‘)
R, Ry, Rqg
In addition
R(h = (mQS - m(h) (|m<I2‘ + mlh) |Eq|a qu = (mQB + ‘qu2|) (|mQ2| + mth) ‘Eq|a
R(Is = (mfls + |mCI2|) (mfI3 - m(h) |Eq| (Dll)

Let us point out the unfixed parametdL, |, has to satisfy the constraint,, > |E,| > |mg,| > m,, in order to get a real
orthogonal matrixQ,.

Having calculated the ingredients that take places in the CKM matrix, weligve= U, ,u,r = U, /4P,0,. Conse-
quently,V = U! U, = OTP,0, with P, = PiP,, Here, let us emphasize an important point, this has to do with the CP
phases that enter in the CKM matrix. Notice tif contains three phases but two of them only play an important role to fit
the mixings. At the endy has four parameters namely, | (¢ = u, d) and two effective CP-violating phases 4nd).

In the CKM matrix, the involved matrices are written explicitly

mt‘mC‘(‘Eu‘fmu) _ mumt(‘EuH"mC‘) mulmCKmt*lEul)
Ru Rt

RC
0O, = My (| Bl =mu)|Ey| [me|(| Bul+]me])| Eul my(mi—|Ey])|Eul
u Ry R

R. t
,\/mu(lEuIHmcl)(mﬁlEul) ,\/|mc|<|Eu\fmu)<mr\Eu\> \/mt(\Eu\fmn(\Eulec\)
R, R, Ry

my|ms|(|Ea|—ma) [ mamy (| Eq|+|ms]|) mg|ms|(my—|Eql)
Ry Rs Ry

0, = ma(|EBa|—ma)|Ead| [ms|(| Bal+]ms | Eal my(my—|Eal)|Eal
Rd Rs R

b
_\/mduEd\+|ms|><mb—\Ed\> _\/\msmEd|—md)<mb—\Ed|> \/mb<\Ed|—md><|Ed\+|ms|>
R Ry

Rg

P, = Diag (e, ez, ¢"Ms ) | (D.12)

With g, = Mg — Nu, Mg, = Ns — Ne ANA7,, = 0 — np. In addition,

Ry = (my —my) (Ime] +my) [Eul, Re = (mg + [me|) (Ime] + my) [Eul,
Ry = (my +|mel) (me —ma) |[Eul;  Ra = (mp —ma) (Ims] +ma) |Eal,
Ry = (my + [ms]) (Ims| + ma) [Eal,  Re = (mp + [ms]) (my — ma) [Eql. (D.13)
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On the other hand, for the up and down quark sector we have the following constraints on the free parametgrs| >
|me| > m, andmy, > |Ey4| > |ms| > my. Having written the main ingredients that take place in the quark mixing, the CKM
matrix elements are

Vz‘%(M = (OU)H (Od)l el + (Ou)m (Od) el (OU)gl (Od) mq3
gsKM = (OU)11 (Od)1 oy + (Ou)21 (Od)z ez + (Ou)31 (Od)s wqg
whem = (0u)1; (04) 15 €™ + (0)yy (Od)yz e e’z 4 (Ou)z; (Od)sz € e,
V&ienr = (0u)15 (0a) 11 €™ + (Ou) gy (0a)yy €72 + (0435 (0a) gy €75,
Erenr = (0u)15 (0a) 15 €M1 + (Ou) gy (0a) gy €712 + (O35 (0a)gy €7,
Vin = (Ou)15 (Oa)y5 € + (Ou)gy (Oa)ys € e’z 4 (Ou)33 (Oa)gg e,
Viliear = (0u)15(0a) 11 €™ 4 (Ou) g3 (0a)yy €72 + (04) 35 (0a) gy €775,
Vi = (0u)13(0a) 15 €™ + (Ou)g3 (0a)yy €12 + (0u) a3 (0a)gy €,
Vtcl‘)KM = (Ou)13 (Od)1 eiﬁql + (Ou)zg (Od) qu + (Ou)33 (Od) m% (D-14)

Remarkable, for each entry its magnitude only depends on two effective phases,dhisig,, — 74, andjs, = g, — 7, -
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