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We present a theoretical formalism based on fluctuational electrodynamics and the Maxwell-stress tensor for describing the impact of ra-
diative and multiple reflections corrections on the van der Waals force between two nanoscale spherical particles and a pair of atoms in the
dipolar approximation. Particularly, we examine the van der Waals forces for two metallic particles whose dielectric constant is represented
by the Drude model, for two dielectric particles in which their material response has phononic resonances, and for two atoms with dynamic
polarizabilities containing a single resonant frequency. For the metallic particles, in relation to the case in which the aforementioned effects
are omitted, the van der Waals force is unchanged by the radiative corrections of the polarizabilities, whereas the mechanism of multiple
reflections perturbs force about a few percentage points when the spheres nearly touch each other. In contrast to the metallic case, the radi
tive corrections of the polarizabilities of the dielectric particles modify peculiarly the van der Waals force in comparison to the case where
such corrections are neglected; there is a critical interparticle separation that divides two regimes: when the interparticle separation is smalle
(larger) than this critical distance the force with radiative corrections is smaller (greater) than that without these corrections. Moreover, the
van der Waals force is practically unchanged when effect of multiple reflections is taken into account. For the atomic case, the deviation of
the van der Waals force due to multiple reflections is about a few percentage points when the interatomic separation corresponds to twice th
van der Waals radius, and this deviation can reach about seventeen percent at a separation of 2.5 times the atomic radius. This work migt
have implications concerning the fine-tuning between theoretical and experimental outcomes of the van der Waals forces.
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1. Introduction such discrepancies. For example, since the theoretical for-
malism of these forces demands the a priori knowledge of the

The presence of electromagnetic fluctuations in matter angli€lectric function of the particles in the whole electromag-
space is ineludible; they still exist at absolute zero temperal€tic Spectrum, sometimes this information is not available,
ture. which are the so-called vacuum fluctuations. As a conin other cases, the models of the dielectric function can yield
sequence of these fluctuations, forces between neutral atorff§iccurate estimations of the dielectric response of the mate-
or macroscopic objects arise [1, 2], and they are denominatddftl in some spectral ranges [20,21]. Moreover, the superficial
as van der Waals or Casimir forces. We mention that vafioughness of realistic objects can yield significant deviation
der Waals forces are usually associated with interaction off experimental outcomes of the Casimir force from the cal-
particles or atoms, whereas Casimir forces involve macrogulation of the force arising from a smooth surface [22, 23].

scopic objects. The van der Waals forces take part in std¥loreover, the van der Waals force between two noble gas
bility of some inorganic materials [3, 4] as well in biolog- aoms was measured with a functionalized tip of an atomic

ical elements [5, 6]. Also Casimir forces can impact theforce microscope, obtaining_, in comparison with the case of
performance of the motion on micro- and nano-mechanicafSelated atoms, a stronger interaction due to adsorption ef-
devices [7]. Recent research of Casimir forces is relatedfCts in the setup; also the van der Waals potential energy
to new materials such as metamaterials [8], graphene [gﬂewates from the theoretical power law when heavy atoms
topological insulators [10], Weyl-semimetals [11], complex Interact [24].

geometries [12, 13], as well as conditions out of thermal Herein we explore another mechanisms that could influ-
equilibrium [14, 15]. Since there exists a very vast litera-ence the theoretical outcome. Our aim is to analyze until
ture about this topic, we refer to the reader to the followingwhat extent the van der Waals force between two spherical
texts [16—19]. particles is perturbed when multiple scattering and radiative

The current technological capabilities for manipulating corrections of the polarizabilities are consider.ed; the influ—
and fabricating nano- and atomic-structures have allowed thg"Cc€ on the van der Waals force due to the multiple reflections
continuous improving of the accuracy for measuring van defS @lS0 examined for two atoms.

Waals or Casimir forces. However, there are still discrep-  Our paper is organized as follows. Section 2 presents the
ancies between the experimental outcomes and theoreticdieoretical formalism for obtaining the van der Waals force
predictions. There is a long list of causes that gives rise tdoetween two spherical particles when the effect of multiple
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reflections and radiative corrections of the polarizabilities arenoment and position of the dipole, respectively. It turns out
taken into account. This section is complemented by two Apthat the Green tensor for our setup is explicitly
pendices. In Sec. 3, the results for three different scenarios

are shown; van der Waals forces for metallic and dielectric @, (r, vy, w) = Gou(r, ro,w) + M apw)
particles, and for a pair of atoms. Section 4 contains the con- goe 3j(k1d)
clusions. 2
X GOij (I‘,O,w)Gojl(O, I‘o,w) + 5-30721
2. Theory y 5?2/(3) Gouy (r, dn, )Gyt (dn, o, )
We consider a spherical particle that is located.at dn, 1w €. (kad)
(center), and it has radiug and frequency-dependent dielec- — s ap (w)ag(w) 22 !
tric function e;(w); w is the angular frequency ang, is the 4 (g0€1) Bj(k1d)

Cartesian unit vector in the direction of theaxis. In the
vicinity of this particle, there exists another spherical parti-
cle, whose center position, radius, and dielectric function are
r, = 0, ap, ande, (w), respectively. The nonabsorbing en-
vironment in which the particles are embedded has.dieIECtriS\/herei,j,l — 2.y, 2, Gog is the Green tensor of the bulk
constant;l. Furthermore, we assume that the enwronmenhedium (background without particles) which is explicitly
and particles are non-magnetic, and they are held at temper-
atureT’, that is, the whole system is at thermal equilibrium. o , = VV] exp(iki|r — 1'])
This setup is depicted in Fig. 1a). Go(r, ', w) = {I +k%} T idr —v
To calculate the van der Waals force due to vacuum and_
thermal fluctuations that is exerted on any of these particleg,I is the unit dyadic). Herey, (w) (v = p,s) is the polariz-
we require the electric response of an arbitrary electric dipol@bility with radiative correction, given by
located at the background medium in presence of the two par-
ticles; as will be seen, the electromagnetic field correlations ay (W) = ay (W) /T, 4)
of vacuum and thermal fluctuations are needed for obtainin
the force and they depend on this response. Then, the electg‘/
response is expressed as

X [G()ij(r7 0,w)Goji(dn,,ro,w)

+ Goig(x,dn., w)Gos(010,0) |, (2)

)

4rlr — 1/|

Chereéz,, (w) is the static polarizability anB,, is the radiative
correction factor, which are given by

(€ —€1)

2 a, (w) = 4madege , 5
E(r) = ~L G(r,r0,) - b, (1) “ "l +2a ©
Ep€1
-
whereE(r) is the electric field generated by the dipolg, Ty=1- 6meoes Gy (). ©
is the vacuum permittivityk; = w,/€1/c (c is the speed of .
light in vacuum),G is the Green tensor, anglandr, are the The factors;; (k1d) are defined as
& (ad) = & nd)= "0 D () + b = 1)), ()
AZ r r
! @ ‘\, e (rd) = 2SRRI D 8)
P 1v P z\I1 = 477 s \Tlh ’
" A s (kad)?
a rs = dn, . andg; are the factors arising from multiple scattering which
are given by
El ’ @—_—r 6
o - n a8 V‘/p Bi(kid) = 1 — map(w)as(w)ff(k‘ld). ©)
The five additive terms of the right-hand side @) ¢€orre-

. spond respectively to the interacting paths I, 11, I, IV, and
V of Fig. 1b). The derivation of Green tens@) (s found in
11 P Appendix A.
b) 2.1. Force

FIGURE 1. a) Setup. b) The five interacting path of the Green The background medium is vacuum hereafter, thus- 1.
tensor. The force (along the axis joining the centers of the particles)

Rev. Mex. Fis69 040403



ON THE RADIATIVE AND MULTIPLE REFLECTION CORRECTIONS OF THE VAN DER WAALS. .. 3

that is exerted on the particle located at the origin is calcucases. The first one considers that the particles are metallic,

lated from
F, :]{ (T,2)dag + (Ty.) day + (T,) da.]. (10)
v

Here,(...) denotes ensemble averadg; (¢, j = x,y, 2) are

whereas the second case involves the interaction between di-
electric particles. The last case deals with the force between a
pair of atoms. The temperature for all cases is sétto 0 K,

thus only the contribution arising from vacuum fluctuations is
considered.

the Cartesian components of the Maxwell stress tensor which

are given by

Ej = EQEiEj — gij€OE2/2+MOHiHj — gij/ton/Q, (11)

3.1. Metallic Particles

We consider that the size and dielectric functions of the

whered;; is the Kroneckep tensor,y is the vacuum per-  metallic particles are the same, namely= a, = a, and

meability, £; and H; are the Cartesian components of the, — e

Furthermore, the dielectric function of the

= €.

ﬂuctuating electric and magnetic fieldS, reSpeCtiVer. The inmeta”ic partic'es is described by the Drude model as

tegration is carried over the spherical surfage= bn, (a, <
b < d — as) which encloses the aforementioned particle;

(1 =, z,y, 2) are the Cartesian components of a differential

segment of area of this surface, thatda,= b? sin #ddd¢n,.

wQ

- (17)

W)= = e

wheren,. is the unit vector along the radial direction, afhd wherew, is the plasma frequency,is the collision rate, and

and¢ are the polar and azimuthal angles, respectively.

€so 1S the dielectric function in the limiv — oo. In par-

By using the properties of the stochastic thermal fielddicular, we assume that these parameters have the following

corresponding to our environment, the for@€)(turns out to
be

oo

h

2ikd
0

[ g1(kd) g2(kd)
’Yl(kvd) 72(k7d)

Here,Im{. ..} denotes imaginary patt,= w/c, O(w,T) =
{exp[hw/(ksT)] — 1} 1 is the mean photon number,

g1(kd) = —i(kd)® + 3(kd)*

]}[1/2+@(W,T) dw. (12)

+ 6i(kd)® — 8(kd)* — 6ikd + 3, (13)
go(kd) = 2(i(kd)® — 4(kd)? — 6ikd + 3), (14)
v(k,d)=1— map(w)as(w)e2ikd[(kd)4
+ 2i(kd)® — 3(kd)* — 2ikd + 1], (15)
ol d) = 1— map(w)%(w)ezikd
x [ = (kd)* = 2ikd + 1], (16)

values:w,/c = 5 x 1072 nm™! v/w, = 2.4 x 1073, and

€s = 1; these values are of the order of those that correspond
to the dielectric function of noble metals due to free-charge
carriers [25].

Figure 2 depicts the forcé&’, for several radii of parti-
cles as a function of the separatidrthree curves are shown
for each particle size: (1) the curve that considers only the
static polarizabilities of particles without the effect of multi-
ple reflections, denominated simply as “static case”; (2) the
curve that comes from polarizabilities with radiative correc-
tions and excludes multiple reflections, denominated as “ra-
diative case”; (3) the curve that takes into account both polar-
izabilities with radiative corrections and the effect of multi-
ple reflections, named “multireflection case”. As seen in the
curves of Fig. 2, the information of the fordé versus sepa-
rationd is indirectly provided since the vertical axis of these
curves isF,d", thus this information is extracted by dividing
the strength of the curves by the facifr The reason for this
presentation is that the deviation of the force from the Lon-
don dispersion force lawx{ d~7) can be easily visualized;
this applies for the rest of the curves that are shown ahead.

By disregarding the effect of the multiple reflections,
whena = 2 nm (Fig. 2a)), we notice that there is practically
no difference between the curves corresponding to the static

h andkB are the reduced Planck and Boltzmann constants, '&and radiative cases. However, by Comparing F|gs Za)-d), as
spectively. Equatioril2) is derived in Appendix B. We men-  the radius of the particles increases, the difference between
tion that if the multiple scattering effect is neglected, that is,these curves grows; the strength force for the radiative case is
second terms of the right-hand side @6 and (L6) are dis-  |arger than that for the static case. By considering the effect
regarded, then the conventional formula of the van der Waalgf multiple reflections, we notice that, in comparison with the
force is recovered. radiative case, the force is perturbed; as seen in Figs. 2a)-d),
the multireflection effect becomes appreciable in the range
2a < d < 4a and the deviation between these curves is ap-
proximately3% when the spheres almost touch each other
To determine how strong is the impact of the polarizabilities(d — 2a). We mention that agd approaches to the contact
with radiative corrections and the effect of multiple reflec- point (d = 2a) of the spheres, multipolar contributions of
tions on the van der Waals force, we examine three particuldnigh-order must be taken into account.

3. Results

Rev. Mex. Fis69 040403
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FIGURE 2. Van der Waals forces for metallic particles; static, radiative, and multireflection cBsésversusd. a)a = 2nm. b)a = 5 nm.
¢)a = 10 nm. d)a = 15 nm. For these plot2a < d < 8a.

3.2. Dielectric particles radiative case exceeds the one for the static case; maximum
difference is about4.7% and it happens wheti = 3.61a.
We now consider two identical dielectric particles; the \oreover, the crossing point of the aforementioned curves is
nomenclature is the same as previous case-(a, = as located atd. ~ 8a/3. In comparison to the radiative curve,
ande = ¢, = ¢). For this case, we assume that the dielecthe jmpact of the multiple reflections is practically null; there
tric function of the particles has phononic resonances. Thig a slight perturbation when particles nearly touch. The com-
material can be described by a single oscillator model, thabarison of the figures for different sizes of particles, together
IS, 5 with the aforementioned features, suggests a proportionality
€(W) = €xo |1+ — WQA . , (18)  connection among them. By definidgd, a) = F.(d, a)d’
wr —w? —ilw and two different sets of two-equal-size particles (ragiand
wherewr is the resonant frequency of the transverse-optical,,) we found the relation:
phonon,w? = w? — wi (Wi being the frequency of the
longitudinal-optical phonon)” is the damping factor. The ®(far,a1)/®(fas,as) = (al/a2)5, (19)
parameters are set to those that correspond approximately
to SiC [26]: wr/c = 5 x 107*nm™!, I'/wr = 0.006, that applies, at least, in the range< f < 8 wheref is a
wa/c=3.5x10"*nm™!, ande,, = 6.7. dimensionless factor.
We keep the same shorthand as in previous subsection
when we refer to “static”, “radiative”, and “multireflection” 3.3. Atoms
cases. Figure 3 illustrates the forEe versus the separation
d for the static, radiative, and multireflection cases and dif-We extrapolate the EG1P) for calculating the van der Waals
ferent particle sizes. force between two identical atoms due to vacuum fluctua-
We notice that the curves for the static and radiative caseons. Consequently, we replaced the polarizabilitiesand
intersect; the crossing point is denotéd Whend < d., the  «, by the atomic polarizabilitya(w) which is expressed
strength of the force is larger for the static case than that fo@s [27]
the radiative case. For a particular particle size, the largest 2 1 1
difference occurs whed = 2q and it is about34.6%. On a(w) = {1l i + i
the contrary, whed > d., the magnitude of the force for the h lwo—w—iY/2  wo+w+iY/2

, (20)

Rev. Mex. Fis69 040403



ON THE RADIATIVE AND MULTIPLE REFLECTION CORRECTIONS OF THE VAN DER WAALS. .. 5
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FIGURE 3. Van der Waals forces for dielectric particles; static, radiative, and multireflection cdsel. versusd. a)a = 2nm. b)
a =5nm. c)a = 10 nm. d)a = 15 nm. For these plotRa < d < 8a.

wherey is the transition dipole momenty, is the resonant 5.88%, whereas this deviation grows % for an inter-
frequency with linewidthY'; this description assumes only a atomic separatiod = 2.5R,. However, when the atoms get
single resonance. closer, contributions of high-order become important [29];
also if the atomic clouds overlap, the electronic interaction

To find the impact of multiple reflections, we consider the becomes complex [18, 19].

atomic pair Ca-Ca. The atomic radius of Caiis = 180 pm,
whereas, for this pair of atoms, the van der Waal radius is
R, = 262 pm [28]. The experimental dipole-dipole van
der Waals coefficient i€'s = 2188 E,al (Ey, is the Hartree
energy andy, is the Bohr radius) [29]; the interacting po- 13 : . . : : : :
tential isU = —Cg/(d®). For the atomic force, we con- ' — 1.2999 ¢A
sider two cases: the first one in which the multireflection <~ 4 2 e & -
terms are neglected, denominated as the “conventional case”

the second takes into account the effect of multiple reflec- = 1.1
tions, known as the “multireflection case”. Figure 4 depicts o

the van der Waals force against the interatomic separdtion ~_ 1.0
for the conventional and multireflection cases. We have set =
wo/c = 0.0l nmL, T/wy = 0.001, andy = 1.2922 €A K 09
(e is the electron’s charge); these parameters yield a force

curve for the conventional case that coincides exactly with 0-80 ) 05 0I6
the curve that arises from the aforementioned interaction in-
volving coefficientCs, as seen in Fig. 4. In comparison
with the conventional case, the effect of multiple reflection
influences noticeably the van der Waals force in the rangg;cure 4. Van der Waals force for a Ca-Ca paif,d” versus sep-

d < 2R,. When the separation i = 2R,,, the deviation arationd for conventional and multireflection cases. The distances
from curve corresponding to the conventional case is about.5R, and2R,, are indicated with vertical dashed lines.

——— multireflection conventional

0.7 0.8
Separation d (nm)
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3.4. Additional remarks

] ] ] The dielectric response of the metal was described by
the methods of [30, 31]. For illustrative purposes, we haveforementioned mechanisms are neglected, the van der Waals
considered simple models for describing the dielectric functorce is practically unperturbed by radiative correction of
tion of a metal or dielectric. However, the modelling of the the polarizabilities, whereas the effect of multiple reflections

dition to the the contribution of free-electrons, comes from A single oscillator model was considered for the dielec-

bound electrons (interband transitions) which are importangiic particles. The van der Waals force suffers a noticeable
in the optical spectrum; this contribution can be described byng peculiar perturbation when the radiation corrections to
using the expressio1§). With this limitation, ourresults are - the polarizabilities are considered. The van der Waals force
intended for presenting an estimation of the impact of the efyjth these corrections is smaller than that without them when
fect of multiple reflection and the radiative corrections of the ; < 8a/3, whereas, the opposite happens whep 8a/3.
polarizabilities of particles. Different from the case of metallic particles, the van der

Waals force practically is unchanged with the inclusion of
4. Conclusions multiple reflections.

In the atomic case, the polarizability of each of the atoms

We have derived the analytical expression for calculating thés described by a single resonance. The effect of multiple re-
van der Waals force in a setup composed of two sphericdlections changes with respect to the van der Waals force law
particles that takes into account the multiple reflections and~"; the force difference between these curves at equilibrium
the radiative correction of the polarizabilities (dipole-dipole separationd = 2R,,) is also a few percentage points and it
interaction). To determine the influence of these effects, wgrows to aboul 7% whend = 2.5R,,.
have obtained the van der Waals for three particular cases: Our work might have repercussions related to fine adjust-
metallic particles, dielectric particles, and a pair of atoms. ments between theory and experiments of the van der Waals
| interaction between particles.

Appendix
A. Green tensor derivation

When there is an external dipole with momenatr, the electric field that excites the particles is

k2 <
Eo(r) = 71(;0(1'7 ro, w) ‘P, (Al)
€o€1

we recall thaiG, is the Green tensor of the bulk medium (see B)). (Then, we solve the scattering problem with the dipolar
excitation field/A.1). By using the volume integral method [27], it turns out that the electric field outside the particles is

>

2 ~ 2
E(r) = Eo(r) + ]z—lP/(es —€1)Go(r, v, w) - E(r)d® + ?P /(ep —€1)Go(r,r',w) - E(r)dr'. (A.2)
1 1
v, Vo

Here,P denotes principal part and tensoy is [32]

LI VA
3]4:%6(1‘ r'), (A.3)

> >

Go(r,r/,w) - G()(I‘,I'/,(U) -

whered(. . .) is the Diracé function; the last two terms of the right hand sideAf2) correspond to the electric field that is
scattered by each particle. As seenAn2), to obtain the electric field elsewhere outside the scatterers, we require to find the
electric field inside each particle. Fro#.R), the following equations are found

Amwad 3 €p — €1 4rad k2 o
E(rp) = Eo(rp) +i 3 = 67T1€1 E(rp,) - pgTE(rp) + ?ll(es —€1)Go(rp, rs,w) - E(ry), (A.4)
_4770,2 kj% 47m§ ﬁ -

E(rs) = Eo(ry) +1

B(r,) = S B(r.) + —5 > (e — ) Golrarpw) - Blr).  (AS5)

3 6mer €1 3 €

Rev. Mex. Fis69 040403
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We mention thatA.4) and {A.5) follow from the fact that, in the limit — r’, the real part oG, is dominated by the Diraé-
function of (A.3) whereas the imaginary part @f, is

— >

=k
Im[Go(r, r,w)] = Im[Go(r, r,w)] = T 67; (A.6)
EquationslA.4) and A.5) can be rearranged as
3e1Eo(rp) 312 &G —€6 o
VR B(ry,) — dmalkl— e w) - B(ry), A7
(Ep + 261)1-\[) (rp) Traskll (6p ¥ 261)Fp GO(rp7r w) (I‘ ) ( )
BaBolrs) oy amad ke —2 L Go(rs,rp,w) - E(ry). (A.8)

(€s + 2€1)Tg (€s + 2€1)Ts
In (A.7), we solve forE(r,) and then it is substituted iA(8), obtaining that the electric field inside the particle locatet at
can be found by solving
ki‘ap(w)as(a})
(c0€1)?
3e; kiap(w)
= ——— | Eoilrs
(es + 2€1)T oi(rs) + €o€l

i,j,1 = z,y, z and this notation of indices is used for the remaining parts of the derivatjdn;) anda;(w) have been already
defined inlg). By using a similar procedure, the internal electric field inside of the particle placgdcain be obtained by
solving E(r;) from (A.8) and then substituting this result in7A.7), leading to

Ei(rs) — Gou(rs, Tp, w)Goij (rp, Ts, w) Ej(rs)

Goij(rs, rp, w) Eoj(rp) | (A.9)

Kap(@)as(@)
(c0€1)?
361
- (ep + 261)Fp {EOi(rP) *

Without loss of generality, we consider thgt= 0 andrs = dn, (d > 0). By using the fact that

Ei(rp) — Goit(rp, Ts,w)Goij (rs, Tp, w) £ (rp)

k%as (w)

Epn€l

GOij (rpvrsvw)EOj (rs):| . (Alo)

Goij(dn;,0,w) = Go;;(0,dn,,w) = %;_(kld), (A.11)
the electric fields inside the particles are
Ei(dn,) = 5a Ky [Gou(dnz, ro,w) + ut ap(w)&i(k1d)Goi; (0, Poyw)] pj (A.12)
(€s + 2€1)I's B (kd) eo€r : dmeger
Fi(0) = —— e Gy (0700 + KL o (@)s(k1d)Gorg (dn, o, o) (A13)
(ep + 2€1)TpBi(k1d) €0€x 4megeq

we mention that the explicit factogs(k, d) andj;(k1d) are found in[{)-(9). By substituting/A.12) and (A.13) into (A.2), the
electric field can written adlf where the Green tensor is expresse®@js (

B. Force derivation

Any Cartesian component of the electric fidlgl(r, ¢) can be decomposed in terms of its speclidlr, w) content as
Ei(r,t) = /Ei(r,w) exp(—iwt)dw + /E;‘ (r,w) exp(iwt)dw. (B.1)
0 0
Thus, the average between two signals is

(Ei(r,t)E;(r' 1)) = //(E;‘(r, W E;(r',w)) expli(w’ — w)t]dwdw’
0
+ //(Ei(nw')E;-‘(r',w))exp[—i(w' — w)t]dwdw’. (B.2)
0

Rev. Mex. Fis69 040403



8 JORGE R. ZURITA-SNCHEZ

According to the fluctuation-dissipation theorem [33, 34]

(B (r,w)E;(r',w)) = Wi(r,r',w)0(w, T)d(w — o), (B.3)
(Bi(r,w') B} (r',w)) = WE(r,r',w){1 + O(w, T)}3(w — o), (B.4)

where )
Wh(r,r',w) = P Im[G(r, v, w)]. (B.5)

Notice that the vacuum and thermal correlations of the electric field depend on the Greerdgtisati§, the electric response
due to an electric dipolélf. Thus,

(Ei(r,t)E / (r,v,w){1/2+ O(w, T)}dw. (B.6)

0

A similar procedure for the magnetic fields yields
(H,(x, ) H / (1,1, 0){1/2 + O(w, T) }dow. B.7)

0

Here,

W) = TGy (.1’ (8.8)

whereg;; is the magnetic Green tensor, namely, the magnetic response due to a magnetic dipole. However, the magnetic Green
tensor can be related to electric Green tensor by [35]

—

. oT T
G (rr',w)=Vx|V xG (r,r’,w)] , (B.9)

(T denotes transpose). Hence, the spectral vacuum and thermal correlations of the magnetic field are now related to such a
magnetic response as

(H} (v, ) H; (v, w)) =WH (r, v, w)O(w, T)d(w — '), (B.10)

ij
(Hi(r, ) H (v ,w)) =W} (r, ', w){1 + O(w,T)}5(w — ). (B.11)
From [B.6) and B.7), the elements of Maxwell-stress tensor can be found, and the [bgbdcomes

T 27

FZ = Z sz(goguE + ,U/Ogl/H / l// rC7rC7 )Sln 9COS¢+ W (I'C,I'C,UJ) sin295inq5
v=EH
+ W2, (re,re,w) — W, (re,re,w) — Wy, (re, re,w)] sin 6 cos 9/2}d¢d9] 1/2 4+ O(w,T)] dw. (B.12)

By using the explicit expression of the Green ten@)y &fter a laborious algebraic manipulaticB.12) becomes1?2).
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