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Surface plasmon resonance based on graphene-metal-graphene
structure: recurrence relation theory
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The last years, graphene has opened exciting new fields in graphene plasmonics, due to the graphene’s unique optoelectronic properties such
as long-lived collective excitation, extreme optical confinement in graphene plasmonics and extraordinary light-matter interactions in meta-
materials. Therefore, these excellent properties make graphene a favorable candidate for novel plasmonic devices and potential applications
in photonics, optoelectronics and sensor technologies. In this work, theoretical investigations are carried out to in Graphene-Metal-Graphene
structure for enhanced surface plasmon resonance based on the recurrence relations’ method. We find that the graphene-metal-graphene
structure supports both high-energy optical plasmon oscillations and out-of-phase low energy acoustic charge density excitations. Since a
high performance of surface plasmon resonance excitations should exhibit a large depth of dip (small reflectivity), the minimum of reflectivity
in the hybrid structure can be manipulated dynamically by changing the thickness of the metallic film, the number of the graphene layers
and the dielectric proprieties of the surrounding dielectric materials. Based on this principle, different kinds of plasmonic sensors have been
designed in previous years.
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1. Introduction

Surface plasmons (SPs) are transverse magnetic (TM) po-
larized electromagnetic waves coupled with charge density
oscillations (plasmons) traveling along metal-dielectric in-
terface. The electric field associated with these oscilla-
tions decay exponentially into the dielectric medium making
plasmons extremely sensitive to the refractive index of the
medium. When the wave vector of the incident light matches
the wave vector of the SP wave, the SP resonantly couples
with the incident light and a remarkable electric field en-
hancement can be realized, and the so called SP resonance
occurs. Usually surface plasmons can be excited via evanes-
cent waves in the Kretchmann configuration, utilizing high-
index prisms, where the wavevector mismatch between vac-
uum and SP is compensated [1]. Once the SP is excited in
the Kretchmann configuration, partially of the energy asso-
ciated to the incident of the electromagnetic radiation will
be transferred to the SP, and a sharp minimum is observed
in the reflectance versus angle (or wavelength) curve. The
ability of controlling strong light-matter interaction through
surface plasmons in metals has driven the field of plasmon-
ics. Additionally, increasing research has been carried out
to investigate and manipulate SP for new sensing function-
alities. Based on this principle, different architectures of
plasmonic sensors involving metals have been designed in
previous years [2,3]. However, the major obstacle in devel-
oping plasmonic applications is dissipative loss, which lim-
its the propagation length of surface plasmons and broadens
the bandwidth of surface plasmon resonances and their sur-
faces easily oxidize degrading their plasmonic characteris-

tics [4]. To overcome these shortcomings, some new struc-
tures have been proposed to investigate surface plasmon res-
onances for new plasmonic materials; among them, graphene
has emerged as an alternative, unique two- dimensional mate-
rial able to extend the field of plasmonics for terahertz to mid-
infrared applications [4-7]. Graphene is a two-dimensional
material made of carbon atoms arranged in hexagonal lattice.
Graphene material has attracted tremendous attention due to
its physical properties including high electrical and thermal
conductivity, optical transparency, and controllable plasmon
properties. Two-dimensional plasmons in graphene exhibit
unique optoelectronic properties and mediate extraordinary
light-matter interactions. Therefore, these excellent proper-
ties make graphene a favorable candidate for novel plasmonic
devices and potential applications in photonics, optoelectron-
ics, and in sensor technologies [8]. Hence, the hybridization
of graphene-metal metamaterials plays an important role in
the field of plasmonics and exploring the interactions of the
plasmon modes in multilayer graphene structures coupled via
Coulomb interaction with metallic substrates offer new op-
portunities for applications and fundamental studies of col-
lective electron excitations in plasmonic metamaterials for
biological and chemical sensing [9-17], photodetectors [18]
and optoelectronics [19,20].

In this paper, we report a theoretical investigation of SPs
of hybrid metal graphene structures for surface plasmons res-
onances applications. Specifically, we consider a graphene-
metal-graphene metamaterial surrounded by a semi-infinite
materials of dielectric constantsε1 andε2, respectively, see
Fig. 1. Solving Poisson equation for the electric potential and
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FIGURE 1. Schematic representation of a metal-graphene metama-
terial surrounded by a semi-infinite materials with dielectric con-
stantsε1 (left) andε2 (right), respectively. The incident radiation is
on the metallic surface atz = −dm, the separation of the graphene
layers is d embedded in a material of dielectric constantε0.

and applying standard boundary conditions at the interfaces
between the different layers, the amplitudes associated with
the electric potential between different layers satisfy a lin-
ear recurrence relation of second order and consequently,
an analytical expression for the dielectric function of the
metamaterial can be obtained. The zeros of the dynamic
dielectric function lead the dispersion relation of the plas-
mon modes. It is important to mention that in the past years
the transfer matrix method has become a standard theoretical
model to study optical properties and charge density excita-
tions in non-interacting graphene layers. Thus, the recurrence
method offers an alternative method to study plasmon modes
in multilayer structures. It is found that the SPs of the hybrid
structure depend significatively on the number of graphene
layers, the thickness of the metallic film and the dielectric
properties of the environment. Thus, it is important to point
out that the reflectivity property depends not only on the an-
gle (or wavelength) of the incident radiation but also on the
geometrical parameters of the metamaterial and the sensing
medium. It is worth to mention that our results may elucidate
the SPs resonances sensor of the graphene-metal-graphene
structured numerically investigated in Ref. [5].

2. Theoretical approach

In this work, we consider a periodic system consisting of
a finite graphene monolayer stack; each layer with an elec-
tron densityn spatially separated a distanced on a substrate
constituted by a metal film of thicknessdm. The layered
graphene system is represented by an array ofN graphene
layers located ayz = ld(l = 0, 1, N − 1) inserted in a ma-
terial with background dielectric constantε0. The substrate
constituted by a graphene-metal composite film occupy the
space−dm < z < −0. The graphene-metal-graphene meta-
material is surrounded by a semi-infinite material with dielec-
tric constantsε1 andε2, respectively, see Fig. 1.

In previous works, a transfer matrix method has been
applied to structures consisting of periodically arranged
graphene layers for optical calculations [21]. In this paper,
we adopt an alternative theoretical method for plasmons in
periodic graphene layered structures [22].

The collective electronic excitations can be found by
solving Poisson equation for the electrostatic potential as
∇2ϕ(r, t) = 0 between graphene layers whereϕ(z)ei(qx−ωt)

and the electrostatic potential betweenl and l + 1 layers is
given asϕ1(z) = Ale

−q(z−ld) +Ble
q(z−ld) whereAl andBl

represent the coefficients of the forward and backward prop-
agation wave, standard electromagnetic boundary conditions
atz = ld, yields

Al−1e
−qd + Bl−1e

qd = Al + Bl

−Al−1e
−qd + Bl−1e

qd − (−Al + Bl) = 2VqΠ(q, ω)

×(Al−1e
−qd + Bl−1e

qd), (1)

where Vq = 2πe2/ε0q is the Fourier transform of the
two-dimensional Coulomb interaction andΠ(q, ω) is the
graphene electron polarizability calculated in Refs. [23,24].
Equation (1) can be written as

(
Al

Bl

)
= T

(
Al−1

Bl−1

)
,

T =

(
(1 + VqΠ(q, w))e−qd VqΠ(q, w)eqd

−VqΠ(q, w)e−qd (1− VqΠ(q, w))eqd

)
, (2)

here,T represents the transfer matrix connecting the coeffi-
cients at adjacent graphene layers with unit determinant and
Tr(T ) = 2(cos hqd − V qΠ(q, ω) sin hqd) = 2R. From
Eqs. (2), it is possible to obtain the following linear recur-
rence relation of second order with constant coefficients,

Al+2 − 2RAl+1 + Al = 0. (3)

Recurrence relations given by Eq. (3) can be solved using
standard methods, the solutions of which can be written in
terms of the electrostatic amplitudesA0 andB0 as

Al =
−1

sen θ

[
A0 sin(l − 1)θ

−A0T11 sin lθ −B0T12 sin lθ

]
, and

Bl =
−1

sen θ

[
B0 sin(l − 1)θ

−B0T22 sin lθ −A0T21 sin lθ

]
, (4)

where the coefficientsTnm are the elements of the transfer
matrix, the angleθ is defined ascos θ = R, |R| < 1.

According to Fig. 1, the existence of graphene-metallic
substrate in the range−dm < z < 0 and the dielectric
boundaries where the graphene-metal-graphene structure is
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immersed, the electrostatic potential outside the hybrid structure is written as

ϕ(z) =





Ceqz Z < −dm

Nme−qz + Mmeqz −dm < z < 0
De−qz z > (N − 1)d

, (5)

matching the electromagnetic boundary conditions at the interfacesz = 0, z = −dm andz = (N − 1)d, leads the relationship
between the electrostatic coefficientsA0, B0, AN−2 andBN−2;

A0

B0
=

(1− εm/ε0 + 2VqΠ(q, ω))e2qdm + (1 + εm/ε0 + 2VqΠ(q, ω))F (q, ω)
(1 + εm

ε0
− 2VqΠ(q, ω))e2qdm + (1− εm

ε0
− 2VqΠ(q, ω))F (q, ω)

= H(q, ω), (6)

AN−2

BN−2
=
−1− ε2

ε0
+ 2V qΠ(q, ω)

−1 + ε2
ε0
− 2V qΠ(q, ω)

=
e2qd

G(q, ω)
, (7)

F (q, ω) =
− ε1

ε0
+ εm

ε0
+ 2VqΠ(q, ω)

ε1
ε0

+ εm

ε0
− 2VqΠ(q, ω)

, (8)

with εm(ω) = ε∞−ω2
p/ω2 the dielectric permittivity of the

metal andωp andε∞ the plasmon frequency and dielectric
constant at infinite frequency, respectively. The condition
for the self-sustaining collective oscillations (plasmons) oc-
cur when the amplitudes of the electrostatic potentialAm and
Bm 6= 0 while the effective dielectric constant of the multi-
layer graphene-metal-grapheneε(q, ω) vanishes. An analytic
expression forε(q, ω) is calculated making use of Eqs. (6)
and (7) in Eq. (4) as

ε(q, ω) = G(q, ω)H(q, ω)[sin(N − 3)θ − T11 sin(N − 2)θ]

− [G(q, ω) + H(q, ω)]T12 sin(N − 2)θ

− [sin(N − 3)θ − T22 sin(N − 2)θ]e2qd = 0. (9)

In general, numerical results for the plasmon dispersion
can be presented by solving numerically Eq. (9) for a sys-
tem consisting of a finite number of graphene layersN cou-
pling via Coulomb interaction with the electron gas in the
graphene-metal as shown in Fig. 1. However, in the THz
region, which is our interest, we take the long wavelength
approximation such thatqd ¿ 1. Under this approximation
θ ∼ q and [24]

Π(q, ω) =
Ef

π

q2

ω2

(
1− ω2

E2
f

)
. (10)

HereEf is the Fermi energy of the two-dimensional elec-
tron gas in monolayer graphene. Thus, Eq. (9) reduces to

ε(q, ω) = G(q, ω)H(q, ω)[N − 3− T11(N − 2)]

− [G(q, ω) + H(q, ω)T12(N − 2)

− [N − 3− T22(N − 2)]e2qd = 0, (11)

whose solution for the plasmon optical mode is written as

ω2 =
4(N + 1)e2Ef

ε1 + ε2
q +

dmω2
p

ε1 + ε2
q, (12)

where the first term of the right hand in Eq. (12) repre-
sents the optical plasmon energy of a monolayer graphene
times the graphene number of layersN + 1 in the hybrid
structure,i.e., the electron density oscillations of the stacked
graphene layers are in phase coupled via Coulomb interac-
tion with the symmetric plasmon modes in the metal film.
Equation (12) also shows how a graphene induces a shift
of surface-plasmon resonances of metal films, which agrees
with the experimental results reported in Ref. [14].

3. Numerical results

Surface plasmons in graphene-metal-graphene can be sig-
nificantly influenced by many-particle involving interaction
between electrons and plasmons and besides that, they can
be tuned continuously by manipulating the thickness of the
metal, the dielectric properties of the external medium, etc.
The dispersion curves of the surface plasmons on graphene-
metal-graphene structures, Eq. (11), reveal these essential
features. Therefore, the interaction of light with surface plas-
mons can be enhanced leading a great ability for biological
and chemical sensing applications. Usually surface plasmon
can be excited via evanescent waves in the Kretschmann con-
figuration, utilizing high-index prisms, where the wavevec-
tor matching between incident light and surface plasmon
is compensated. Once surface plasmon is excited in the
Kretschmann configuration, a sharp minimum is observed
in the reflection coefficient versus incident angle (or wave-
length) curve.

In the present work we consider a p-polarized light inci-
dent on the graphene-metal substrate, and to determine the
reflectance of plasmon resonances as a function of the inci-
dent angle, we solve the Fresnel problem for the graphene-
metal-graphene structure as developed in Ref. [21].

As depicted in Fig. 1, if thex − y plane is the interface
plane, for wave propagation in thex direction, the magnetic
field is polarized along the y direction and can be written in
the formH = (0, Ue−ikz + V eikz, 0)eikx−iωt = (0, Φ, 0)
and the electric field associated with this electromagnetic
wave isE = −c/iωε(−∂zΦ, 0, ∂xΦ) with k2 = εω2/c2−κ2

andc the light velocity in vacuum. Furthermore, the propaga-
tion of light across the set of interfaces formed by a graphene-
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metal graphene must satisfy the standard electromagnetic boundary conditions,i.e., the tangential component ofE is continu-
ous andH discontinuous. Thus, the relationship between the field componentsU, V at the first and last interface of the layered
structure are related by a2× 2 transfer matrixM , namely

(
U1

V1

)
= M

(
UN+1

VN+1

)
, (13)

whereM is the characteristic transfer matrix of the combined metal-graphene stack and can be obtained from the following
relation for p-polarized incident light [25]:

M = R1→2P (d2)R2→3P (d3) . . . P (dN )RN→N+1, (14)

where the electric and magnetic field in different layers are related through the propagation matrixP (dm+1)

P (dm+1) =
(

e−ikm+1dm+1 0
0 eikm+1dm+1

)
, (15)

and the transmission matrix

Rm→m+1 =
km+1

2εm+1




εm

km
+ εm+1

km+1
+ 4π

ω σ(ω) − εm

km
+ εm+1

km+1
− 4π

ω σ(ω)

− εm

km
+ εm+1

km+1
− 4π

ω σ(ω) εm

km
+ εm+1

km+1
− 4π

ω σ(ω)


 . (16)

Hereσ(ω) is the surface conductivity of graphene which
considers the contribution of the interband and intraband
electronic transitions

σintra =
2ie2kBT

π~2(ω + iΓ)
ln

[
2 cosh

(
Ef

2kBT

)]
, (17)

and

σinter =
e2

4~

[
1
2

+
1
pi

+ arctan
[
~ω − Ef

2kBT

]

− i

2π
ln

(~ω + Ef )2

(~ω + Ef )2 + (2KBT )2

]
, (18)

wheree is the electron charge,k is the Boltzmann’s con-
stant,~ is the reduced Planck’s constant,T is the temper-
ature, andω is the angular frequency of incident light and
Γ is the relaxation frequency. Once the transfer matrix is
known, we can calculate the optical properties of the multi-
layer graphene-metal structure. Assuming the incident light
is on the metallic slab,z = 0, it can be easily shown that the
reflection coefficient is given by the elements of the matrix
M , r = M21/M11 and the reflectivityR = |r|2.

In Fig. 2 the reflectivity of the metamaterial is depicted as
a function of the angle associated with the incident radiation
for metal thickness increasing from 50 to 70 nm. One impor-
tant note from this plot is the optimum thickness value such
that the resonance dip in the reflectivity curve becomes the
sharpest with a reflection minimum close to zero. Further-
more, as can be seen from the plot, optimum thickness value
is around 70 nm at a resonance angle near to 0.88 radians
(∼ 50 deg), and a wavelength of the radiationλ = 632 nm,
the dielectric constant of the prismε1 = 2.25, the plasma fre-
quency of the metalωp = 1.37 × 1016 sec−1, the graphene
Fermi energyEf = 0.5 eV and the dielectric constant of the
sensing mediumε2 = 1.2, hereN = 1.

FIGURE 2. Reflectivity spectra of metal-graphene structure as a
function of the incident angle of the incident radiation for differ-
ent thickness of the metallic film withλ = 632 nm, ε1 = 2.25,
ε2 = 1.2, Ef = 0.5 eV, ωp = 1.37× 1017 sec−1, N = 1.

Another parameter that affects the performance (mini-
mum reflectivity) of the proposed optical metamaterial is the
wavelength of the incident radiation. In Fig. 3, the reflectiv-
ity intensity with respect to the incident angle is shown for
the configuration of highest sensitivity (d = 60 nm) with
three different wavelengths. The reflectivity intensity ex-
hibits maximum dip atλ = 800 nm and withλ = 632 nm
andλ = 550 nm, respectively. These results indicate a shift
of the resonance dip in the reflectivity showing that wave-
length of the incident radiation can be optimized to enhance
the sensitivity surface plasmon resonance sensor as shown
numerically in Ref. [5].

Surface plasmon resonance can be also used to detect bi-
ological molecules [26]. This feature is used to design opti-
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FIGURE 3. Surface plasmon resonance reflectivity of metal-
graphene metamaterial as a function of the incident angle for dif-
ferent incident light wavelength with metallic film thicknessdm =
60 nm. The other parameters of structure are the same as in Fig. 2.

FIGURE 4. Shows the reflectivity curves as a function of inci-
dent angle of the incident radiation for different dielectric per-
mittivity of adsorbed organic molecules on graphene surface with
dm = 60 nm. The other parameters of metal-graphene structure
are the same as in Fig. 2.

cal biosensors that can measure the refractive index when the
biomolecules become adsorbed on the graphene surface and
create a layer of refractive index higher than that of the air (ε2

in Fig. 1) resulting in a change in the resonance angle. Fig-
ure 4 plots the theoretical reflectivity against the resonance
angle for different refractive index of the sensing medium. As
can be seen, there is a shift of the reflectivity depth dip on the
incident angle for different dielectric constants of the sensing
medium. Therefore, this plasmonic metamaterials are very
sensitive to the changes of refractive index of the dielectric
media in the vicinity of the graphene layer.

Finally, Fig. 5 shows the variations of the reflectivity with
the number of the graphene layersN and the graphene layers

FIGURE 5. Reflectivity spectra of the metal-graphene metamate-
rial as a function of the incident angle for different number of the
graphene layers. The other parameters are the same as Fig. 2.

separation such thatqd ¿ 1( the frequency range is0.1− 10
THZ) . These results indicate that the number of graphene
layers can be optimized to enhance the performance of
the hybrid metamaterial structures-based surface plasmon
biosensor. As can be seen, when the number of graphene
layers increases there is a shift of the resonance peak and
a reduction in the amplitude of the resonance dip. Thus, a
maximuum transfer of energy of the incident radiation corre-
sponds to one graphene layer,N = 1.

4. Conclusions

In this study, the collective electronic excitations in metal-
layered graphene structure were investigated. Long-range
Coulomb interactions in the metamaterial lead new set spec-
tra of surface plasmons, which depend on a certain charac-
teristic parameter of each material in metal-layered graphene
structure. At long wavelength (qd ¿ 1) the optical plas-
mons emerge in this metamaterial structure characterized by
a square root dependence on the momentum, which can be
excited under the Kretschmann coupling configuration. Since
a high performance of surface plasmon resonance should ex-
hibit large depth of dip (small reflectivity), the minimum of
the reflectivity in the hybrid configuration can be manipu-
lated dynamically by changing, the thickness of the dielectric
film, the dielectric properties of the environment, the num-
ber of graphene layers, etc. which is an efficient method to
realize high sensing properties for the metamaterial. As an
application, we have shown that metal-graphene stack is a
sensitive THz plasmonic biosensor to study graphene layer
interactions with biomolecules characterized with their own
dielectric permittivity [5,26].
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