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The water molecule has many biological functions and is one of the most abundant molecules in the human body. Then, in order to carry out
a study of the molecule in physical and chemical phenomena, the model used depends on the phenomenon. For some cases, it is necess:
to consider the electronic distribution, while in other cases, it is necessary to consider the protons of the hydrogen atoms, for example, to
explain the physics in magnetic resonance imaging. In this work, the water molecule model considered is conformed by three particles:
The two nuclei of the hydrogen atom and the oxygen atom negatively double charged and unstructured. The spatial wave function and the
interaction of the angular momentum of protons with a constant magnetic field has been studied in a previous work. The present work is a
completion, in order to have the complete wave function of this model, considering the spin of the protons, where the energy is degeneratec
(B = 0). Finally, the interaction of the spin of the nuclei of hydrogen atoms with a magnetic field is studied, representing the case of

magnetic resonance imaging, where it is obtained a break in the degeneration of the energy levels, which are in the order of radiofrequency.

Keywords: Water molecule; total angular momentum; energy levels; quantum mechanics; magnetic resonance imaging.

DOI: https://doi.org/10.31349/RevMexFis.70.050401

1. Introduction in a constant magnetic field, some proton spins of the hy-
drogen atom in the water molecules become aligned whereas
The water molecule is an important material to simulate cellsgme others become anti-aligned with respect to the direction
of human body parts, for example, to calculate cross sectionsf the magnetic field. When a radio frequency (RF) is turned
of the radiolysis of water [1]. Then, it is important to have on_ it produces an effect on the direction of the spin, which is
a model of it. The model used can be simplified when conyeyersed: parallel becomes anti-parallel and vice versa. This
sidering the phenomena to be studied. The water moleculgiate is called the excited spin state. Finally, when the RF is
model studies have not consider all the components of thgred off and the proton spins return to the ground state, they
water molecule (protons, neutrons and electrons), in soMgsjease the excess energy in the form of electro-magnetic ra-
cases it considers the protons alone [2, 3] and in others thgiation (RF), which is detected by the radio frequency coils
electronic configuration [4,5]. Taking the case of radioly- RFC) components of the MRI technology [17] and thus ob-
sis of Water, the studies are carrie out in Simulations, anéain the image. Considering the above’ it is necessary to
these simulations are performed with chemical experimenhayve a water molecule model whose important particles are
tal parameters [5, 6] using some toolkits [7]. However, therghe protons of the hydrogen atoms. A model that empha-
is few work with theoretical modeling and generally it goes sjzes highlighting the protons in hydrogen atoms within water

back many years [8, 9]. molecules coniders three particles: the two protons from the
hydrogen nuclei and the oxygen atom (doubly charged nega-
1.1. Three-body model of the water molecule tive and unstructured). Classically, this model is represented

A tioned ab th | models t b}/ a triangle. It is well known that the distance between the
S mentioned above, there are several models 10 Tepreseplyong and the oxygen is constaif & 95.60 pm), as well
the water molecule, most of them are represented by th

lectroni fi i = h th s, the distance between protods =151.05 pm), due to
eiectronic contiguration. For Some pheénomena, th€S€ Mogp e g|actrostatic interaction [4,18]. In a previous work [19]

.e'S are not very useful, such as magnetic resonance Imagr,, a4 possible to obtain the wave function and the energy
ing (MRI). It is a powerful technique to obtain three dimen-

of this system, analytically. Where it was found the spatial

Elodnal |mtagel% olfztheBOS;/ruc;ur:e and k;:oc;nptgsnmn of hqn:a tate function of the water molecule and the energy, which is
ody parts [10-12], o O human body TiSSues consist o egenerated. The spatial function, is given by

water molecules [13]. The main assumption used in the MR
is to consider the protons of the hydrogen atoms in the water
molecule [14-16], it is because the resonance frequency of Uty imyile.ma (01, 615 02, ¢2) = Y, (01, 61)
protons occurs at radio frequency. The basic principle of the

MRI thechnique consists that when a human body is placed X Yiy.ms (02, 62), @)
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whereY, ,,, are the spherical harmonics. andm, are the  Equation[2) can be rewriten by the wave function:
orbital guantum number and magnetization quantum number,

. . 1
respectively, for each proton, denotatediby 1,2. When D i1 (0i,¢0) = ———
the water molecule is placed in a constant magnetc field, the ~* > V2l +1
degeneration partially persists for the quantum orbital num- \/71 L
bersl; andi, and it breaks for the quantum magnetic num- % Lyl £ mi +3Yy, 1 (0 1) . (4

berSm1 ande. A /li Fm; — %lehmi_,'_% (07, gf),)

In this work, a complete study of [19] is carried out using
the water model previously mentioned to calculate the totawhere theY; .. . 1(6;, ¢;) are the spatial functions (spheri-
wave function, which corresponds to the total angular mo<al harmonics Eqll)) for the water molecule [19].
mentum (/ = L+ S) and the analysis is performed when the The final calculation is to obtain the sum of the two angular
water molecule is placed in a constant magnetic field. Thignhomentumsj; andj for each proton, giving by four possi-
molecule model can be thought as a hydrogen atom (wittple combinations:
the exception that the potential does not depend on the ra- ) _
dial part, since it is a constant), then, there is an analogy to Lji=h—1/2andjs =ls — 1/2
the anomalous Zeeman e_ff(_ecfc. Then, i.t is calcuated _the fine 2. 51 =1 —1/2andj, = Iy + 1/2
structure through the relativistic correction and the spin-orbit
interaction for the water molecule. The work is organized as 3. j; =1; +1/2andjs =1, — 1/2
follows: In Sec. 2, the states of the total angular momentum
are shown In Sec. 3, itis introduced a constant magnetic field 4. ji=h+1/2andjy = Iy +1/2
to obtain the fine structure for the water molecule model and Then. it is known that the total anaular momentum is ob-
it is found the total energy. Finally, in Sec. 4, the results aretained b ’ 9
discussed and conclusions are presented. y

. Il o .
l7;m >Ej117j22)) = Zzll,lg < J1, Jas ma, malj;m >
mi1 Mo

2. Total angular momentum of water molecule o
X |.717.72,m/15m2 >l17lza (5)
To obtain the total angular momentum, it is used the forwhere |j;, jo;mi,me >, = |j1;m1 >, ®lja;me >,
malism of sum of angular momentum. This water moleculegng « j17j2§m17m2‘j§m’ > are the Clebsh-Gordan coef-
model considers the two orbital angular momentuinsd  ficients.

l2) and two spin valuess{ = s = 1/2), corresponding to Then, the wave function is giving by

each proton (denotated by=1, 2). The sum of an orbital

angular momentum and 1/2-spin, it is well known. The case U1, toimy masd 21 (01, 01,62, 92)

l; = 0 implies that there is no angular momentum and the

total angular momentum is purely spin angular momentum. =0y 41, (01,01) Py, 1, (02,02).  (6)

For the case of; > 0, the resulting angular momentuyn
only has two possibilitieg; = I; + 1/2. Then, the states are 2-1. Ground state of water molecule

giving by The water molecule model used is a fermion system, due
1 to the two protons. Then, the protons follow the Pauli ex-
|7i;ms >, = |l & 5;ml—> clusion principle. For the ground statg, = I = 0 and
ks my = mg = 0, therefore, one of the spin protons must have
I a1 +1/2 value and the other the1/2 value. The total angular
iFmi+ 5, 1 11 .
=\l zsmi + =, —7> momentum takes the valye= 0,1 and the only two states
2l; +1 2 2" 2
allowed are
Litm;+31 1 11 (0,0) 11 11
e — 0;0> 11 :‘777;_777> )
20 +1 b 9! M Ty 2>’ 2) | (3:3) 12727 272/00
. (0,0) _‘1 11 1>
1;0 > =|z,22,—2) . 7
where,m; = —j;,—j; + 1...,j; — 1,7; and |l;, 3;m; + | (:3) 127272 2/00 0

1 1 1 1 1 H
5:F5 >= |lism; £ 5 > |5;F5 > is the tensor product . .
of the spatial part (first bra) and the spin part (second bra)?'z' First excited state of water molecule

where, The first excited state must occur with= 1 and the other
remains in; = 0. For this case, all combinations of the quan-
1 1> — (1) 1 _}> — <0> . (3)  tum numbers are allowed. To exemplify, it is takgn= 1,
2’2 07127 2 1 then,j; = 1/2,3/2; then, the six states can be obtained by
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Eq. ). The guantum numbers for the second proton are 1. Case j=2: The five states are
lo = 0andsy = 1/2, thenj, = 1/2. The calculations

e A ) 3131
are simplified by considering the angular momentum rise and |2,2>El§’oﬁ) =133y 2>
fall operators, instead of the Clebsh-Gordan coefficients. The 2 10
two spaces are described below. 2 1>(1 o _ [3]311 1
T(52) 402727272

2.2.1. Space generated y=1/2 andj, = 1/2

The total angular momentum has two possible values: 1

and 0. + 311 1
2'2°2" 2/,
1131 31
1. Casej = 1: The three states are. 2,—1 (%’01) ==, ===, =
K 2DEh =329 2 0
3131 1 1
|11>1)=1111 +\/;‘22 2’_2>
(3:3)  |2727272 10
1.0 31 3 1
(1,00 1 1 1 1 |27—2>E§7§):'2,23—27—2> . (10)
I1, O 1 1= 10
2 2’ 2’ 2 10
2. Case j=1: There are three states giving by
111 1
+‘—> ) (1,0 _ 313 1 3 1
2'2°2" 2/, L) il23973),
11 1 1
103 = |3 5mg-g) - ® IR
272 2 2 2 2 10 2 2 2 2 2
1 311 1
The first state could be obtained immediately due to the 1, 0>51%’?%)) =7 ( ‘2, 31y 2>
known conditions of sum of angular momentum. The 10
other two were obtained from applying the descent op- 31 11
erator to the first state. The same procedure was used - ‘2, 3Ty 2> )
for the other states, as shown below. 10
1 1 1 1
1L-139 =2 |2, 52
(32 2)2°2 27 2/,
2. Casej = 0: There is only one state giving by 3131 31 1
“Vilpara), W
(1,0) 1 111 1 Acording to [19], the energy of this water molecule model
10,004 1) = 2'3°3 73 is By, 1, = [h2/2md2)ly (1, + 1) + [2/2md2)la (1o + 1
(3:3) \/i 2°2°2 2 10 IS 11712_[ /mo]1(1+ )+[ /m0]2(2+ )+V1

which is degenerated. Clearly, this degeneracy persists even
11 11 when the total angular momentum is considered, since it only
‘ ***** > ) 9) depends on;. It was found that this degeneration is shifted
10 when a constant magnetic field is considered (see Sec. 4
of [19]). In Sec. 3.4, it is found the shifted energy by the
interaction of the total angular momentum with a constant
magnetic field.
2.2.2. Space generated py=3/2 andj, = 1/2
2.3. State function for identical protons

The total angular momentum has two possible values: 2 Itwas mentioned that the water molecule is a fermion system,
and 1. then, to consider the protons as identical particles, the wave
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function must be antisymmetric. The E®) pecomes wherep; = —ihV, is the momentum of the protoh In
1 spherical coordinates
\Illl laymy,mo; % %(013¢17027¢2) ﬁ ) 1 82 1 .
V= ot = el (16)
(I)ll:tl,ml (91,¢1) (I)lzi%,nm (91,¢1) (12) Tz T Ti
¢l1:|: , M1 (927 ¢2) ¢l2:|:%,m2 (927 ¢2) ’ Where,
where the2 x 2 determinant is the Slater determinant. ) 1 9 9 1 92
Lg_— 2 - Sln9 +7272 5 (17)
sin 6; 00; ' 90, sin® @; 0¢;

3. Interaction of water molecule with an exter-

nal magnetic field is the orbital angular momentum operator of the proton

Once again, for this model, the-coordinate is constant

The water molecule model used for this analysis is like a hy{r; = d,), then, the momentum is purely orbital angular mo-
drogen atom. Then, the presence of the water molecule imentum:V? = —(1/h%d2)L?.
a constant magnetic field can be treated as the anomalous The Hamiltonian is the sum of the kinetic and potential
Zeeman effect, where the protons would be the analogou@perc’sltorsHZ T; + V;), then, tacking until the second term
to the electron in the hydrogen atom. Therefore, it turngrom Eq. (15), it is obtained,
out interesting to obtain the fine structure of water molecule, .
through the spin-orbit interaction and the relativistic correc- H, = Pi _ _Pi +V;
tion. These latter properties, due to the contribution of the 2my  8mpc? 7
movement of protons. This study is made with the purpose
of obtaining the breaking of energy degeneration, through thihere, it is defined’; = (¢?/2d,) — (¢?/d,). The total po-

total Hamiltonian of the system. tential of the system i¥ = Vi + V3 = (¢2/d,) — (2¢*/d,),
whereby Eq./18) can be written as:

(18)

3.1. Spin-orbit coupling ) ) pt ) )
o H; = Hy, — -—%— = Ho, + Hg,, (19)

As an analogy, for the hydrogen atom, the spin-oribit cou- b 8mic? ’ ‘

pling arises from the interaction between the electron’s spin

magnetic momentis, = (e/m.c)S, wheree is the electric ~ Where,

charge,m. is the electron mass andis the speed of light) . % A

and the magnetic field produced by the prot@). It is Hy, = ﬁ + Vi, (20)

well known that the Hamiltonian is, P

is the Hamiltonian without the magnetic field and the rela-

- 1 1dVA N - L
He - - S§.1. 13 tivistic Hamiltonian is giving by
50 = 27712(:2 rdr (13)
The magnetic moment of the protons f&, = Hp, = -2 (21)

& . 8m3e2’
—g(e/2myc)S, whereg ~ 5.585 [20] is the gyromangen- P

tic ratio andm,, is the proton mass. Then, the Hamiltonian

54 can be expressed in terms Bf,. andV; using Eq. 20),
associated to the proton’s spin-orbit is giving by P P B, ’ 9 Ea. %0

obtaining

- ge 1dVs - . N A .

Hso = 2m2c r dr —S-L. (14) p? = 4m;2)[H(i - 2ViHOi + ‘/;2] (22)
As it is mentioned, for this water molecule model, the ~ The energy values dffz, can be obtained to calculate the

distance of the protons with the oxygen doubly charged neggXPectation value:

ative, as well as the distance between the protons are con-

A - 1 .
stant, thendV /dr = 0 and thereforeflso = 0, i.e., there Ep, =<Hp, >= - 55 < i > (23)
is no spin-orbit coupling contribution for this water molecule P
model.

The expectation value of} can be obtained using

R . Eq. (22), then, we obtain the relativistic energy:
3.2. Relativistic correction

The kinetic energy of one proton can be approximated as: Er, = TRm3e2 <pi >
p
[ 2 P b 1 2 2
Ty = +/p2c? 2ot g 2 — 1 15 =— < -2V, Ey, 4
FC e 2m;,  8mjc? * (13) 2my,c? [Eo” = 2ViEo, + V7, (24)
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whereE), is the energy without magnetic field (see Sec. 3.2 T B 2m< g1
of [19]): ,/" (10:00: . —) El_ﬂ( %
Ey, = i L +1)+ V. (25) Qoo o) -y,
0; — d2 ol " -t 10— 10:+. %) etp?h
. e Yo0ns) £- e
i imy 0img my) e (1,0;00: £, F)
The energy of \{ve}tgr moleculg By = Fy, + Ey,. Fi- E, “"“_’,‘_ : —_— F
nally, the total relativistic energy is SIIllTTTeeee 1010+, 5) El_;ﬂ
b Sa Ve (1,0;1,0;—,-) —i;(nml)
2 2 ‘“y Tt —— 2m,
Er = FERr, + ER, = o [Eol + E02 \\.:\* (1.0:0.0: + . +) Eﬁ%g
9 9 o Se (01054, +) E- "
— 2Vi By, — 2VaEq, + V + V3 } (26) =
It is simple to note, that the degeneration still persists E, 0%005% ... ooomen
in m; andmsy. The contribution of the relativistic correc- B=0 B#0
tion is considered a perturbation because it is of the order of
107 ev. FIGURE 1. Left: CaseB = 0. The first states are degenerated
for the quantum numbers,;,, ms, andms,. Right: CaseB # 0,
3.3. The fine structure of water molecule the degeneracy is lifted for all quantum numbers. Bhand

indicates a spin exchange.
The fine structure is obtained by adding the spin-orbit and the
relativistic correction. As it is shown, there is no contribution
of the spin-orbit correction, then, the fine structure is the rel-

ativistic correction giving by Eq/26). It is simple to note TABLE |. Energy levels for the ground and first excited state of the
that the energy is degenerate . " protons in the water molecule in presence of a magnetic field of

7T.
3.4. Interaction of _the_ proton’s spin with a constant ex- State (0 o mr, s, 51, 52) Energy (eV)
ternal magnetic field
Ground (0,0;0,G+,¥) -23.4
The interagtion of the orbital angular momentugy, ( = (1,0;-1,0; —, —) -23.3977255
—[e/2m,c]L) and spin angular momentunfig ) with the (1,0;0,0; —, —) 23.3977257
magnetic field is giving by the Hamiltonian: (1,0;1,0,—, ) -23.3977259
N e ~ ~ .
Hrisp = _2 [L _|_gs] .B. (27) - (1,0; —1,0; &+, F) -23.3977267
mpc First (1,0;0,0; %, F) -23.3977270
For simplicity, it is considere® = Bz. Then, the hamil- (1,0;1,0,+, ) -23.3977272
tonian for the water molecule placed in a constant magnetic (1,0;1,0; —,—) -23.3977280
field is: (1,0;0,0; +, +) -23.3977282
N eB . 5 . . 1,0;1,0; +, + -23.3977284
Hpsp = —3 (L1, + Lo, +g(S1. + 52.)].  (28) ( )
myC
Therefore, the total Hamiltonian is giving by the symbolst+ and—, representing4-1/2 and—1/2, respec-
R . A . tively. The ground state is giving b§p, 0; 0, 0; +, —), this
H=Hy+ Hgr+ Hrsp- (29)  state corresponds tBy, as it was shown in Subsec. 2.1. In

. . . Eq. (7), the two states are orthogonal, however, they are actu-
The total energy is obtained by the expectation value ofly representing an exchange of their spin and they are asso-
Eq. 29). E, and ER are already known. Due to the lower cjated with the same energy. The first excited state is given by
order of magnitude o, it is not considered its numerical (1, 0; m,, 0; m,,, ms,). Nine different energy values were
value for EqR9). Ersp =< Hrsp > is obtained from  optained for the lifted of;. In Fig. 1, it is shown the lifted

Eq. (28). Then, the energ¥'1.s 5 is giving by, of ;.
eBh To obtain numerical values, it is used the expectation
Ersp = — My 1, +ms g +ms,g|, (30)  yajue of Eq.29) and it is considereds = 7 T, to be able

2me to compare this results with the previous in Ref. [19]. In Ta-
ms, = £(1/2) andmy, = —l;, =1, + 1,....,0; — 1,1,. ble I are shown the lifted values of the eneigy. It is simple
It is used the notationl{, l2; m1, ma; ms,, ms,) to rep-  to note that the first exited state is for, 0;1,0; +, +), the
resent the state of the system E&). (m,, and m,, take second excited state occurs far 0; 1, 0; +, +) and so on.
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4. Discussion and conclusions calculing the scattering amplitude. For the ground state, the
energy is not degenerated, as itis shown in Table | and it has a
Modeling the water molecule is very important to be ableya|ye of -23.4 eVi.e. to ionize the water molecule and leave
to describe physical phenomena. Depending on the phys without a proton, an energy of 23.4 eV is required. On the
cal phenomenon, the model used is chosen. For the case @fher hand, to know the ionization of the water molecule hav-
physics in MRI, the protons of the hydrogen atoms in the wajng |ost an electron, other model is needed and in this case the
ter molecules are essential. In this work, it was used a mod@nergly value is around 12.6 eV [22, 23]. It is clear then that

commonly known, but never described by a wave functiongepending of the phenomenon, a different model is needed.
which consists on three patrticles: the two protons from the

two hydrogen atoms and the oxygen doubly charged and un- Another important application is the MRI, which con-
structured. Due to the electrostatic interaction, the distancgists in the interaction of a magnetic field with the spin of
between these particles is constant, the spatial wave functidhe protons of the hydrogen atoms that make up the water
and the energy was obtained in a previous work [19], Wherénolec_:ule._ The spins are orl_ent_ed in parallel or a_ntlparallel to
the important particles in this model are the protons of thehe direction of the magnetic field. Then, a RF is turned on
hydrogen atoms in the water molecule. For the purpose ofom the RFC and the spin of the protons change the orien-
application to MRI. tation: parallel becomes anti-parallel and vice versa, having
The present work is a completion of a previous work [19],an excited state of spin. When the RF turned off, the orig-
where the spin of the protons is now considered. The result§al orientation of the spins is recovered. In this transition
could be obtained analitically. Using angular momentum al-2 RF is emitted from the protons, which is detected by the
gebra, it was possible to obtain the total wave function, whiclRFC [17]. As a first approximation, it can be considered that
Corresponds to the total angu|ar momentum. As an examp|éhe magnetic field is constant, then, each water molecule that
it was calculated the ground and first excited sate of the wamakes up an organism, was considered placed in a constant
ter molecule. The fine structure of the water molecule modelmagnetic field, therefore, the results of this work can be ap-
only depends on the relativistic correction and the energy iglied. To obtain numerical values, it was us8d= 7 T,
still degenerate. The degeneracy is broken when the wateyhere clearly the energy degeneracy breaks, as it was pro-
molecule is placed in a constant magnetic field, each ~Posed in Ref. [19]i.e., for each state corresponds to a unique
state corresponds to a unique energy, given by the expect&nergy. The varition between one energy state and another is
tion value of Eq.[29). in the range of RF, as can be calculated from Table I. Thus,
Two applications of this water model can be in the radi-it is proposed the hypothesis that the RFC from the MRI de-
olysis of water to obtain the hydroxil molecule (OM[21],  Vice, can be programed to detect the corresponding RF from
which occurs when the water molecule lost a proton from théhe excited states of the water molecule and therefore it will
hydrogen atom. Then, this water model can be used to caPave a sharper image when carring out the MRI study, as it
culate the differential and total crossectiafv(d2 ando,  allows for the differentiation of the energy emission state of
respectively) to this ionization, because it can easly remov€ach water molecule within the organism. A future work is
one of the protons to consider the Okholecule. It can also ~ considering a variation of these results, with the obtained to
be used to calculatdo/d2 and o for elastic collision and ~ consider the gradient magnetic field and consider the RF to
some excited sate, all these functions can be obtained wheibtain the new energy of the system.
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