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N. Raza

Department of Mathematics, University of the Punjab,
Quaid-e-Azam Campus, Lahore, Pakistan.

Department of Mathematics, Near East Technical University TRNC,
Mersin 10, Nicosia 99138, Turkey.

S. Arshed

Department of Mathematics, University of the Punjab,
Quaid-e-Azam Campus, Lahore, Pakistan.

M. Kaplan

Department of Computer Engineering, Faculty of Engineering and Architecture,
Kastamonu University, 37150 Kastamonu, Turkey.

Received 24 March 2023; accepted 30 January 2024

The (3+1)-dimensional new negative-order-KdV-CBS model is investigated in this study. The suggested model combines the Korteweg-de
Vries (KdV) and Calogero-Bogoyavlenskii-Schiff (CBS) equations. This research provides multiple soliton solutions and traveling wave
solutions for the KdV-CBS model. Multiple exp-function methods have been used for extracting soliton solutions. For this aim, the extended
sinh-Gordon equation expansion approach was selected to get traveling wave solutions. The findings are graphically examined by selecting
appropriate values for arbitrary parameters.
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1. Introduction wherep, A, andv are constants. Eql)is the result of com-
bining the KdV equation with the Calogero-Bogoyavlenskii-

Nonlinear partial differential equations can mathematicallySchiff (CBS) equation. For = 0 andp = 0, Eq. 1)
reflect a number of complicated processes in applied scecomes the negative-order KdV equation. ko 0 and
ences and different fields of engineering, namely fluid dy-* = 0 EQ. (1) becomes the negative-order CBS equation.

namics, optics, plasma physics, elastic media, quantum field The considered equation is studied in this paper via two
theory and optical fiber communication. These exact soluefficient analytical techniques: Multiple exp-function pro-
tions are crucial for understanding various dynamical procedure [12, 13] and extended sinh-Gordon equation expan-
cesses and real-world occurrences in a variety of scientifision procedure. The detailed description of the proposed
fields. For this reason, these days this area is becoming irypproaches is given in Sec. 2. Section 3 is devoted to pro-
creasingly popular. Numerous techniques have been develide one, two and three soliton solutions of the proposed
oped in the current context to locate these equations’ analyequation using multiple exp-function method. Section 4 con-
ical solutions, including the modified simple equation tech-structs new traveling wave solutions using the expanded sinh-
nique [1], Hirota bilinear method [2], the extended unified Gordon equation expansion (shGEE) approach. By choosing
method [3], extended transformed rational function procespecific values of random parameters, the found results are
dure [4], the generalized projective Riccati equations procealso introduced graphically. Section 5 provides some final
dure [5], auto-Bcklund transformations [6], Lied&klund notes at the end of the work.

symmetries [7], auxiliary equation method [8], Nuccis re-

duction approach [9], the generalized Kudryashov technique

[10, 11], and so on. In this work, a (3+1)-dimensional new

negative-order-KdV-CBS model [13] is taken as . .
2. Proposed analytical techniques

The algorithm of suggested analytical techniques is given in

+ APaz + pPzy + VP2 = 0, (1) the following subsections.
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2.1. Review of multiple exp-function method is used for transforming Eq2) into an ODE as
Take into consideration the following PDE F(h,W ,1",..) =0, (10)
A(t, 2, y, 2,pt, s Py, Pz--) = 0. (2)  where ordinary derivatives with respectdare indicated by

w /o . . . . . .
This method is valid for both higher order PDEs and for sys+ orrﬁ ;r S'ilit?:rlén;ngalfgf :g ;jolltlzv(\j/:.nvatlves. Examine the
tem of PDEs. The algorithm of this method is based on four a4 '

steps. n ‘
Step 1: In step 1, the following auxiliary equations are de- h(w) = Zcosh’_l(w)
fined as i=1
Yi,e = Qivi, andvy; » = Kivi, (3) x [b; sinh(w) + a; cosh(w)]* + ag, (11)
where();, K;, 1 < i < n, respectively denotes the angular wherew(() satisfies [14].
frequency and wave number. The exponential solutions for 5
Eq. (3) are obtained as W' =1/c+ dsinh®(w). (12)
y; = Cieffiz=Shit, (4)  The following cases arise after substituting different values
. _ of parameters andd in Eq. (12).
whereC;, 1 < i < n are arbitrary constants. Case 1 Simplified version of sinh-Gordon equation is ob-

Step 2: In step 2, the original PDE is transformed into a tained after taking = 0 andd = 1 in Eq. (12)
new PDE by assuming a rational function solution involving

vi, 1 < i < n, that has the following form W' = sinh(w). (13)
p(x,t) = M7 (5) Equation|l3) [14] possesses the following solutions
Q('yl?’YQa teey ’-Yn)

sinh(w) = +usec(), cosh(w) = £tanh(¢), (14)

a A
P = Z Z eab,de%{li’yga

b,c=1d,e=0 and
a A .
. sinh(w) = +csch¢), cosh(w) = +coth({),  (15)
Q = Z Z fab,de’y(gzlr)/ba (6)
b,c=1d,e=0 where, = /—1.

where g, ge and fap . are the unknowns to be evaluated. ~ The solutions of Eq.11) along with Eq.L3), have the
Putting Eq. [6) into Eq. ), this leads to new rational func- following forms
tion equation invy;, 1 <i <nas

n

h(¢) =) (—tanh(¢))"

i=1

W(xut771a72777’n) :0 (7)

Step 3: By equalizing the coefficients of various powers of x [#b; sec h(¢) £ a; tanh(¢)]* + ag (16)
~;, an algebraic equation system is retrieved in the unknown
€ab,de AN fup 4e, K; andQ;. Upon solving the obtained sys- and

tem, we are able to determine polynomidts @Q and ~;, n
1 < i < n. Finally, multiple soliton solutiong(z, t) of the h(¢) = Z(—coth(())”l
given PDE are obtained with the following form =1
p(z,t) x [£b; csc h(¢) + a; coth(¢)]" + ag. 17)

7P(CleK1£L’791t7 C’2€K2£E*ta’ s CneKnxfgnt

= (8)

Q(CleKla:—Qlt7 Czesz—Qgt7 s CneKn:L‘—Qnt :

Case 2 After takingec = 1 andd = 1, Eq. (12) becomes

w’ = cosh(w). (18)
2.2. Review of the extended sinh-Gordon equation ex-

pansion technique The sinh-Gordon equation has a compressed form as well.

) ) ) _ ) Eq. (18) possesses the following solutions
Take into consideration the PDE as given in E2). (The

following expression sinh(w) = tan(¢), cosh(w) = £sec(¢), (19)

p(x,t) =h((), (=pPx+ey—uvt, 9) sinh(w) = —cot(¢), cosh(w) = % csc((). (20)
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The solutions of Eq.11) along with Eq. 18), have the fol-
lowing forms

h(¢) = (Esec(¢)) !

i=1
x [b; tan(¢)+a; sec(¢)]* + ao, (22)

n

h(¢) = (fese(() !

i=1
X [=b; cot(¢)%a; esc(€)] + ao. (22)

The balancing number is calculated by making balance
between the highest order nonlinear term and highest or-
der derivative term. A nonlinear algebraic system is deter-
mined by surrogating the value ofin Eq. (11) and using it
along with Eq.12). Then by collecting the coefficients of
sinh(w)? cosh(w)?, (i = 0,1,2,..., j = 0,1), equal to zero
and solving the given system the valuesigfb;, v, e and3

are obtained. Finally plugging these values into A®) énd

Eq. (17) the required solutions are obtained. Similarly, Case
2 can be proceeded.

3. Formulation of the soliton solutions using
proposed techniques

The soliton solutions of the proposed model have been ob-
tained in the following subsections using multiple wave solu-
tions approach and extended shGEEM.

3.1. Applications of multiple exp-function technique

Consider the (3+1)-dimensional new negative-order-KdV-
CBS model [13] as

Dat + pmm:y + 4pmpry + 2pmrpy
+ APz + Pzy + VD> = 0. (23)

2
a101b16_t(K1 sitpusitAK)+Kiztsiy 2bgb1 K1 + a1bg

Multiple exp-function method is applied on E23) to ex-
tract soliton solutions.

1. One-soliton solutions

The one-soliton solution of Eq28) can be assumed as

ag + a1 (z,y,2,t)

. 24
1+b171(x5y727t) ( )

p(z,y,z,t) =

Hereay, a; andb; are randomized constants needed
to be determined. By inserting Ei24) in Eq. (23),
a system is retrieved by comparing the coefficients of
various powers ofy;, obtaining the values of the con-
stants as

bo (72[)1 kl +a1)
by ’
Q1 = Kis1 + AK1 + ps1, p1 =0, (25)

ag =

wherey, = Cef1ets1vtpiz—Ut gatisfies the follow-
ing linear conditions

Yz = K&, vie = =&,

Yiy = S171, Y1z = P171- (26)

Using Eq. R5) in Eq. (24), we obtain the following
one-soliton solution of Eq2Q) as

p(z,y,z,t) =

by (bo + blCle—t(Kfa+u51+>\K1)+K1m+51y)

(27)

In Fig. 1, the one-soliton solutions for different parametric values are shown.

2. Two-soliton solutions

To construct two-soliton solution, the assumed solution of [Z§). fas the following form

2[K1m + Koye + ara(K1 + K2)y172]

; (28)

p(m7y7 Z’t) =

1491 + v +a2viye

wherea;s is unknown to be calculated. By inserting E«28) in Eq. (23), a system is retrieved by comparing the

coefficients ofy; andy,. The constants are evaluated as

K3+ K} -2K\ K,
- K?+ K2+ 2K, Ky’

a12

Ql = K1281 +/\K1 -|—,U/Sl7

Qo = K259 + AKy + usa, (29)
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FIGUREL. a)byp = 11,K; = 1,51 = 0.1,a1 = 0.41,b; = 0.21,p1 = 0,A = 1.11, 0 = 1.51,v = 1.06,C; = 11,5y = 1,z = 1. b)
bo=11,K1 =1,s1 =-0.1,a1 =0.1,b1 =0.1,p1 =0, A= -1, = 1.05,v = 1.06,Cy = 11,y = 2, z = 1. Graphical representation
of one-soliton.
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a) ,

FIGURE2.a)C1 =0.5,C2 =05, K1 = —1.44, K2 = 04,81 = 14,80 =14,p1 =0=p2, A =0.75, 40 = 0.5,v =0.75,y = z = 1.
b) Ch, =01, = 02,K; =15,Ky = —0.5,51 = 1,52 = 0.1,p1 =0 = pz,)\ = 0.].,,[1, =01,v =01,y =2 = 1. Graphical
representation of two-soliton.

where v, = Ciefartsivtrz—it gnd 4, = where
Coel2etsaytraz—Qat gatisfies the following linear
conditions

U(yi,v2,73) = 2| K1m + Koye + K373
Mz = K1y,  vie = =17,
! + a12(Kq + Ka)v1y2 + ais(K1 + K3)y17y3

Y1y = S17Y1, Y1z = P171,
Y : + ag3(Ka + K3)v273

Yo = Koya, vor = =272,
+ arza13a23 (K1 + Ko + K3)v17273 |, (32)
Yoy = 8272, Y2z = P272- (30)

Inserting Eq. 29) in Eq. (28), one may find two- VOnn2,7s) =147 472 475+ aomyz + asns

soliton solutions of Eq.43). + 237273 + a12a13a23717273- (33)
In Fig. 2, the two-soliton solution for different para-
metric values are shown. One can apply the same procedure as elaborated in
) ) one-soliton solutions and two-soliton solutions to de-
3. Three-soliton Solutions rive the three-soliton solutions.
To construct three-soliton solution, the assumed solu-
tion of Eq. 23) can be written as 3.2. Application of extended shGEEM
p(z,y, 2,t) = M7 (31)  In this subsection, mathematical analysis of proposed equa-
V(71,72,73) tion is given and its solutions are constructed along with cases
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FIGURE3. @)ap = 1,b=1,c=1l,v=1,A=1L,u=1l,y=z2=1.bag=1,b=1l,c=lL,v=1,A=Lpu=1y=2z=1,t =1.
Graphical representation of E@9). a) 3D plot and b) 2D plot.
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FIGURE4. a)ao = 1,b=1,c=1l,v=1 A =1L,u=1ly=z2z=1blag=1,b=1,c=1L,v=1,A=1Lpu=1Ly=2=1,t = 1.
Graphical representation of real part of E4Q) a) 3D plot and b) 2D plot.

arising in Subsec. 2.2. The traveling wave transformation isind
taken, as
h(¢) = £by csc h(¢) £ aq coth(¢) + ao, 37
p(z,y,2,t) =h((), (=z+by+cz— at, (34) ©) ' © ' © ’ @7
whereag, a; andb; are constants needed to be specified.
Applying extended shGEEM, the following values of the un-
knowns are obtained as,

whereaq is wave velocity and andc are random unknowns.
By applying the transformation Eg34) into Eq. 23), an
ODE is obtained, as

Set I
bh"" 4+ 6bh'h" + (A + b+ cv —a) B = 0. (35)
ag=-2, by=0, a=4b+cv+ A+ bpu.
Case 1: In this casew’ = sinh(w). According to the ex-
tended shGEEM, Eq3E) has solutions of the form Set 2
h(C)::I:Lbl sech(():l:al tanh(C)+ao, (36) ar=-1, by=1, a=b+cv+ A+ bpu.
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FIGURES. a)ap = 1,b=1,c=1l,v=1,A=1Lu=1l,y=z2z=1.b)ag=1,b=1,c=Lv=1,A=Lpu=1y=2z=1,t =1.
Graphical representation of imaginary part of E40)( a) 3D plot and b) 2D plot.

a) w
FIGUREG. a)ap = 1,b=1,c=1l,v=1, A =1Lpu=1lLy=z=1blas=1,b=1,c=1lL,v=1,A=1L,u=1Ly=2=1,t=1.
Graphical representation of E@5). a) 3D plot and b) 2D plot.

Putting the values frorBet linto Eq. 36) and Eq.[87),  whereq is an arbitrary constant and the traveling wave vari-
the hyperbolic solutions for the proposed equation are obable( is defined ag = « + by + cz — (b+ cv + A + bu)t.
tained, as

p(z.y,2,t) = F2tanh(C) + ag (3 21 Casez
and In this particular instance’ = cosh(w). According to the
extended shGEEM, Eg38) has solutions of the form
p(z,y,z,t) = F2 coth(¢) + ao, (39)

. . . . = + 42
whereq is an arbitrary constant and the traveling wave vari- p(@,y, 2,1) = by tan(()Fa see(C) + ao (42)

able¢ isdefined ag = = + by + ¢z — (db+ cv + A + bu)t.

Putting the values fror®et 2into Eq. 36) and Eq. 87),
the hyperbolic solutions for the proposed equation are ob-
tained, as

and

p(l?, Y, z, t) = 7b1 COt(C) = a1 CSC(C) + agp. (43)
(2,9, 2,1) = trsech(C) T tanh(C) +ap  (40) APPlying extended ShGEEM, the following values of the un-
knowns are obtained as

and Set 3

p($7y7 Z7t) = +csc h(C) -+ COth(C) + o, (41) a] = 0, bl = —27 a = 4b + cv + A + b/,(,

Rev. Mex. Fis70031305
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a) 120 b) 6

FIGURE7.a)ap = 1,b=1.1,c=1.1,v=1,A =12, u=1l,y=z=1blaoc=1,b=11,c=11L,v=1,A=12,u =1,y =2z =
1,t = 1. Graphical representation of E@6). a) 3D plot and b) 2D plot.

Set 4 4. Results and discussion

a=1, b=-1, a=btcev+Ai+obu This work provides one, two and three soliton solutions and
Putting the values fronSet 3into Eq. 42) and Eq. 43), tra\:jelllngit \;]vav% solut|otr)s gfthnetvrh negatl\r/:_e—oqultlar-lfd;(—CBS ;
the trigonometric solutions for the proposed equation are ob10dEL. as been noticed that the graphical tflustrations o

tained the obtained solutions highly depend on the selection of spe-
’ cific values for arbitrary parameters. Due to their ability to
p(z,y, 2,t) = —2tan(¢) + ao. (44)  describe numerous new wave features, the ensuing travelling
wave solutions can be fruitful in theoretical examinations of
and the system under discussion.
p(z,y,2,t) = 2cot(¢) + ao, (45)

whereag is an arbitrary constant and the traveling wave vari-5.  Conclusion
able( isdefined ag = = + by + cz — (4b+ cv + A + bu)t.

Putting the results froret 4into Eq. 42) and Eq.43),  we analyze the behavior of the novel KdV-CBS model with
the trigonometric solutions for the proposed equation are obnegative order. We used the multiple exp-function technique
tained, and extended sinh-Gordon equation expansion procedure to
construct one, two and three soliton solutions and traveling

p(@,y,2,t) = — tan(¢)+ sec(C) + ao, (46)  \vave solutions of the considered model. Then, for some of

and the discovered solutions, 3D and 2D graphs with unrestricted

parameters were provided. To the best of our knowledge,

p(x,y, z,t) = cot(¢) %+ esc(C) + ao, (47)  thefindings could aid in deciphering the phenomena that the

equation depicted. The discovery of more soliton solutions

whereqg is an arbitrary constant and the traveling wave vari-for this model using comparable integration methods is an-
able( isdefined ag = = + by + cz — (b + cv + A + bu)t. other future objective.
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