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Vibration control of FGM plate using optimally placed piezoelectric patches
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The aim of this study is to propose a methodology to actively control the vibration of functionally graded plates, with the help of piezoelectric
actuators and sensors. The study relays on the classical plate theory to analytically formulate the governing equation of motion, which is
then expanded to derive a space state equation of the model. The material properties of the FG plate are assumed to vary along the thickness
direction. In order to improve the damping effectiveness, the location of the piezoelectric sensors and actuators is optimally determined using
the H2 norm. The necessary control voltage was determined based on optimal LQR and LQG controllers.

Keywords: Functionally graded material; piezoelectric; actuator; sensor; LQR controller.

DOI: https://doi.org/10.31349/RevMexFis.70.011002

1. Introduction

Active vibration control (AVC) has become an important area
of research in recent years, with applications in various engi-
neering fields, such as aerospace, automotive, civil, and me-
chanical engineering. AVC involves the use of sensors, actu-
ators, and control systems to mitigate unwanted vibrations in
structures. The use of smart materials, such as piezoelectric
materials, has proven to be an effective approach to imple-
ment AVC systems.

Active vibration control of composite and functionally
graded plates using piezoelectric patches has been a topic
of extensive research due to their potential in mitigating
unwanted vibrations and improving structural performance.
Several studies have been conducted to investigate the vibra-
tion behavior and control of such plates under different load-
ing conditions. These studies have explored various aspects
of the problem such as the optimal placement of piezoelec-
tric patches, the use of higher order shear deformation theory,
the dispersion of waves and characteristic wave surfaces, and
the bending and free vibration analysis of functionally graded
plates.

Numerous studies have been conducted to investigate the
use of piezoelectric materials for AVC. Authors in Refs. [1]
and [2] proposed an optimal placement method for piezo-
electric patches on composite plates and functionally graded
beams, respectively. In Refs.[3] and [4] are studied surface
waves and dispersion of waves in functionally graded piezo-
electric plates. In Ref. [5] is proposed a first-order shear
deformation theory for the analysis of functionally graded
plates. In [6] is investigated nonlinear vibration of function-
ally graded plates under random excitation. Ref. [7] presents
an exact solution for the free vibration of thin functionally
graded rectangular plates.

Several researchers have also investigated the control
strategies for piezoelectric-based AVC systems. Reference
[8] provides a comprehensive review of vibration control of

active structures. In [9] it is proposed an active robust control
approach for the geometrically nonlinear vibration of FGM
plates. Authors in Ref. [10] employed fuzzy logic con-
trollers for the active vibration control of an FGM rectangu-
lar plate. In [11] were used genetic algorithms for the optimal
shape control of functionally graded smart plates. In [12] was
studied the vibration control of functionally graded material
plates patched with piezoelectric actuators and sensors under
constant electric charge. In Ref. [13] were investigated the
nonlinear dynamic response and active vibration control of
piezoelectric functionally graded plates.

In addition to the above research, various optimization
techniques have been used to determine the optimal place-
ment of piezoelectric patches for AVC. In Ref. [14] the au-
thors proposed a computational scheme based on spatial H2
measures for optimal sensor/actuator placement of flexible
structures. In Ref. [15] were used genetic algorithms to op-
timize the piezoelectric actuator configuration on a flexible
fin for vibration control. Authors in Ref. [16] employed an
optimization approach to determine the optimal placement of
collocated piezoelectric actuators and sensors on a thin plate.

Numerous studies have investigated the use of piezoelec-
tric materials for this purpose, with many focusing on opti-
mal placement and control strategies. Notable contributions
to the field include the the work in Ref. [17], where active
vibration damping of smart composite beams was achieved
through a system identification technique. The researchers
utilized piezoelectric sensors and actuators to monitor and
control the structural response of the beam, resulting in im-
proved damping and reduced vibration levels. In another
study presented in Ref. [18], the authors investigated the op-
timal placement and active vibration control of piezoelec-
tric smart flexible cantilever plates. The study proposed an
optimization algorithm to determine the optimal location of
piezoelectric patches for active control of plate vibration.
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The aforementioned studies demonstrate the potential of
piezoelectric materials for AVC systems. However, there is
still room for further research to improve the effectiveness
and efficiency of these systems. The objective of this study is
to investigate the use of piezoelectric materials for the active
vibration control of structures and to determine the optimal
placement of piezoelectric patches using optimization tech-
niques.

In this paper, we review the state-of-the-art in
piezoelectric-based AVC systems and present our approach
to optimizing the placement of piezoelectric patches. The rest
of the paper is organized as follows: Section 2 presents the
mathematical models and control strategies for piezoelectric-
based AVC systems. Section 3 describes the optimization
techniques used to determine the optimal placement of piezo-
electric patches. In Sec. 4, we present numerical results and
discussions. Finally, conclusions are drawn in Sec. 5.

Overall, this study aims to contribute to the development
of effective and efficient piezoelectric-based AVC systems
for various engineering applications.

2. Fundamental equations
2.1. Functionally graded material equations

This work utilizes the simple power law function to describe
the material properties of FG materials, which has been found
to meet all the necessary criteria for this application. The
material properties can be expressed using this function as
follows:

Efgm(z) = (Ec − Em)V Rn
c + Em,

ρfgm(z) = (ρc − ρm) V Rn
c + ρm,

Vc =
(

2z + h

2h

)Rn

. (1)

The material properties in question are Young’s modulus
(Efgm(z)), mass density (ρfgm(z)), and the power law in-
dex (Rn). The subscripts “m” and “c” denote the metallic
and ceramic constituents, respectively, whileV c represents
the volume fraction of the ceramic. In Fig. 2, the relation-
ship between the Young’s modulus of the plate FGM and its
non-dimensional thickness is plotted for various values ofn.

FIGURE 1. Model of the FGM plate and coordinate system.

FIGURE 2. Variation of Young’s modulus versus the plate thickness
for different value of the index.

2.2. FGM plate equations

Based on the classical plate theory (CPT), the displacement
components are assumed to be [19]:

u = u0 − z
∂w0

∂x
, v = v0 − z

∂w0

∂y
, w = w0, (2)

whereu0 andv0: denote the displacement of mid-plane in
x andy directions, respectively;w0, the transverse displace-
ment in thez direction. Using the strain-displacement rela-
tions, the strain components are defined as:

εxx =
∂u0

∂x
− z

∂2w0

∂x2
, εyy =

∂v0

∂y
− z

∂2w0

∂y2
,

γxy =
∂u0

∂y
+

∂v0

∂x
− 2z

∂2w0

∂x∂y
. (3)

Based on the Hooke’s law for FG rectangular plates in
plane stress state, the stress-strain relations are expressed as:




σx

σy

σxy


 =




c11 c12 0
c21 c22 0
0 0 c66







εx

εy

εxy


 , (4)

where c11 = c22 = (E(z)/1− v2
fgm), c12 = c21 =

v2
fgmc11, c66 = E(z)/2 (1 + vfgm) σij are the stress com-

ponents, andεij are the corresponding strains.

2.3. Piezoelectric constitutive equations

The coupling between the elastic field and the electric field
may be described by the constitutive equations for the or-
thotropic piezoelectric material by the following Eqs. (5) and
(6) [20].
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



σxx
pe

σyy
pe

σxy
pe



 =




Qpe Qpe 0
Qpe Qpe 0
0 0 Qpe







εx

εy

εxy


−




0 0 e31

0 0 e32

0 0 0







Ex

Ey

Ez


 , (5)





Dx
pe

Dy
pe

Dz
pe



 =




0 0 0
0 0 0

e31 e32 0







εx

εy

εxy


−




ε11 0 0
0 ε22 0
0 0 ε33







Ex

Ey

Ez


 , (6)

whereD represents the electric displacement components,E denotes the electric field component,Q, e andε are the elastic,
the piezoelectric coupling and the dielectric permittivity constants

2.4. Dynamic equations

According to the Hamilton principle, the dynamic, Eqs. (7a), (7b), and (7c), is given by

(Mxx
sp,Myy

sp,Mxy
sp) =

h/2∫

−h/2

(σxxsp, σyy
sp, σxy

sp) dz, (7a)





Nxx
sp

Nyy
sp

Nxysp



 =

h/2∫

−h/2





σxx
p

σyy
p

σxy
p



 dz +

h
2 +ha∫

0





σa
xx

σa
yy

σa
xy



Rdz +

−h
2−hs∫

0





σxx
s

σyy
s

σxy
s



Rzdz, (7b)





Mxx
sp

Myy
sp

Mxy
sp



 =

−h/2∫

h/2





σxx
p

σyy
p

σxy
p



 zdz +

h
2 +ha∫

0





σa
xx

σa
yy

σxy
a



Rdz +

−h
2 hs∫

0





σxx
s

σyy
s

σxy
s



Rzdz, (7c)

where the subscriptsp, a ands, represent the plate, actuator and sensor constituents respectively;R, represents the location
function defined as:

R = [H (x− x1i)−H (x− x2i)] [H (y − y1i)−H (y − y2i)] , (8)

whereH the Heaviside step function;(x1i, y1i) and(x2i, y2i), are the ith piezoelectric actuator coordinate.
Then, substituting Eq. (7) into Eq. (5), and by further simplification done by [12,18], the equation of motion is obtained as:

Di

(
∂4w

∂x4
+ 2

∂4w

∂x2∂y2
+

∂4w

∂y4

)
+ ρ̄h

∂2w

∂t2
=

Na∑

i=1

{
Ci

0ε
i
pe [δ′(x− x1i)− δ′ (x− x2i)] [H (y − y1i)−H (y − y2i)]

+ Ci
0ε

i
pe

[
δ′(y − y1i)− δ′ (y − y2i)

]
[H (x− x1i)−H (x− x2i)]

+ 2Ci
0ε

i
pe6

[
δ (x− x1i)− δ (x− x2i)

][
δ (y − y1i)− δ(y − y2i)

]}
, (9)

where

εi
pe =

d31i

han
Vi, εi

pe6 =
d36i

han
Vi, Di =

h/2∫

−h/2

−z2E(z)
1− v2

fgm

dz, Ci
0 =

Di(1 + v)pn

han
,

Pn =
12Ephan(han + h)

24Di(1− V 2
p ) + Ep[(h + 2han)3 − h3]

,

with Na the actuators number,(x1i, x2i) and(y1i, y2i) are the locations of the ith piezoelectric actuator,Ep, vp, hp, han, d31i,
are the Young’s modulus, the Poisson’s ratio of the piezoelectric actuator, the half thickness of the plate, the piezoelectric
actuator thickness, and the piezoelectric charge constant, respectively. plate, the piezoelectric actuator thickness, and the
piezoelectric charge constant, respectively. the case of simply supported plate the solution of Eq. (9) is considered as:

W (x, y, t) =
α∑

i=1

φi(x, y)q(t), (10)
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with φi(x, y) =
∑

m

∑
n wmn sin(mΠ/Lx) sin(nΠ/Ly)

the mode shape of the simply supported plate;q(t) the gener-
alized coordinates for force function;Lx, Ly the length and
width of the plate, respectively.

By introducing Eq. (10) in Eq. (9) and using the orthog-
onality properties of the FGM plate, the piezoelectric control
equation can be written as a space state equation as follow:

Ẋ(t) = AX(t) + BU(t),

Y (t) = Cx(t), (11)

with X the state at time (t), Y the output at time (t), A the
state matrix,B the input matrix, andC the output matrix.

They are written as follows

A =
[

0 1
Ω2 −2ζΩ

]
, B = Ci

0

[
0

ψmnr

]
,

C =
[

0 ϕ
]
, (12)

with Ω = diag(ωmn), ζ = diag(ξmn), whereωmn and
ξmn, are the natural frequency and damping ratio of then, m
mode, respectively.

ψmnr =
[
mLa

mLa
+

mLb

mLb

] [
cos

(
nπyx1i

Lb

)
− cos

(
nπx2i

Lb

)]

×
[
cos

(
nπy1i

Lb

)
− cos

(
nπy2i

Lb

)]
.

The indexi represent the number of actuator.

2.5. Sensor equations

A piezoelectric (PZT) sensor is laminated on the FGM plate,
the piezoelectric sensor generate an electric charge while the
plate has some external stimulus. From Eq. (2) and Eq. (3),
the output voltage of the ith piezoelectric sensor can be ob-
tained as follows:

V S(t) = α

m=2∑
m=1

n=2∑
n=1

ψmnrq(t), (13)

whereα = (k2
31/g31)([h + han]/Cr). ψmnr, is the charac-

teristic function,g31, k31, Cr. represent the voltage constant,
the electromechanical coupling factor, and the PZT capaci-
tance, respectively.

3. Control law

3.1. LQR optimal control

The idea beyond the LQR is to minimize a cost function given
as [21]:

J =

α∫

0

(XtQX + U tRU)dt = min, (14)

where the matricesQ andR, are weighting matrices. It as-
sumed that the desired state isx = 0, but the initial condi-
tion is non-zero, so theQ matrix penalizes the state error in
a mean-square sense. Similarly, theR matrix penalizes the
control effort,i.e., limits the control signals magnitude. We
design the optimal feedback control forceU by the applica-
tion of classical LQR control method,

U = K ∗ x(t). (15)

The gain matrixK = R−1BT P which minimizesJ can
be found by solving a matrix Riccati equation given by:

PA + AT P + Q− PBR−1BT P = 0. (16)

3.2. LQG optimal control

In the previous equation it was assumed that all the states
were completely observable and there could be directly re-
lated to the output and used by the control system. How-
ever, that is not always the case and a more realistic approach
would consider that only the outputs can be known and mea-
sured, hence it will be necessary to estimate the states from a
model of the system, usually that estimate is made by a state
estimator or observer. Here we use Kalman-Bucy filter;.

X(t) = AX(t) + BU(t) + BwW (t),

Y (t) = CX(t) + V (t), (17)

whereW (t) andV (t) are modeled as white noise, featuring
Gaussian stochastic processes with zero mean. It is consid-
ered thatW (t) andV (t) are not correlated. The output vector
are the system states, and the output matrix is an identity ma-
trix.

W (t) = E[W (t)WT (t)] = Rf ≥ 0, (18)

V (t) = E[V (t)V T (t)] = Qf > 0, (19)

whereE denotes the expectation operator. The estimator
states would thus be governed by the equation,

̂̇
X(t) = AX(t) + BU(t)

+ Ke(t)[CX(t) + V (t)− CX̂(t)], (20)

whereKe(t) is known as Kalman-Bucy filter given by:

Ke(t) = PfCT V −1. (21)

Defining the error between the true and estimated states
ase(t) = Xt)− X̂(t), we obtain

e(t) = [A−Ke(t)C]e(t)

+ BU(t) + W (t)−Ke(t)V (t), (22)

wherePf satisfies the algebraic Riccati equation:

PfAT + APf − PfCT V −1CPf + Qf = 0. (23)
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3.3. Optimal placement of the piezoelectric patches

The actuators and sensors location have a major influence on
the performance of the control system. Hence the placement
of sensors and actuators must take in consideration of the ob-
servability and controllability. For this reason finding the best
position of piezoelectric sensors and actuators has been the
task of large number of researches [14,16].In this section the
optimal location of sensors and actuators are computed. The
H2 norm developed by [18] is used to get the performance
indices.

The H2 norm of the space state system Eq. (11) is define
as:

‖G‖2 =

√(
1
2π

∫ +∞

−∞
tr (G∗(ω)G(ω)) dω

)
, (24)

whereG(ω) = Gi(jωl−Ai)−1Bi, is the transfer function of
the ith modes of the control system,i.e. can be also expressed
as:

‖Gi‖2 ∼= ‖Bi‖2‖Ci‖2
2
√

ζiωi

(25)

Because the number of actuators is equal to that of the
sensors, the modal H2 norm of jth input to the jth output is:

‖Gijj‖2 ∼= ‖Bij‖2‖Cij‖2
2
√

ζiωi
, (26)

whereBij , andCij , are the no-zero input and no-zero out-
put matrices defined previously, for n inputs and outputs. By
utilizing Eq. (26), the matrix norm is obtained. The place-
ment indexτ2ij that evaluates the input and output for the ith
modes is defined as:

τ2ij = ∀j
i‖Gijj‖2, i = 1, ..., (m× n), j = 1, ..., Na, (27)

where,∀j
i ≥ 0 is the weight assigned to the jth actuator and

the ith mode;Na is the number of actuators,

∃2 =




τ2(11)1 · · · τ2(11)Na

...
.. .

...
τ2(mn)1 · · · τ2(mn)Na


 ith modes, (28)

where thejth column consists of indices of thejth actuator
for every mode, and the ith row is a set of the indices of the ith
mode for all actuators. Now, the H2 norm optimal placement
index for the actuator can be expressed as:

Max : µ2aj =

√√√√
mXn∑

i=1X1

τ2
2ij . (29)

Subject to:

lp
2
≤ x ≤ Lx − lp

2
,

bp

2
≤ x ≤ Ly − bp

2
,

wherelp andbp are the length and the width of the piezoelec-
tric patch, respectively;Lp andLy: are the length and the
width of the plate, respectively.

FIGURE 3. Actuator optimal placement.

4. Numerical examples and results

In this section we consider a simply supported FG plate
bonded by six piezoelectric actuator patches on upper sur-
faces made of PZT G-1195 as shown in Fig. 3. For captur-
ing the plate vibration two sensors were located in (0.3,0.2)m
for sensor 1 and (0.2,0.3) for sensor 2. Plate dimensions are
500×500×10 mm (Fig. 1). The principal material properties
of FG plate are listed in Table I. Piezoelectric patches are of
70 mm length, 25 mm wide and 0.25 mm thickness in size.
The parameters of the piezoelectric patches are also indicated
in the same Table I.

TABLE I. Material properties of smart FGM plate [2].

Properties Aluminum Zirconium PZT G-1195

Elastic modulus

E (N/m2) 70× 109 151× 109 6.3× 1010

Poisson’s ratio 0.3 0.3 0.35

Densityρ (kg/m3) 2702 7600

Piezoelectric

constantd31(m/V) - - −1.66× 10−10

The electromechanical

coupling factork31 - - 0.34

Voltage constant

g31 (Vm/N) - - −1.15× 10−2

CapacitanceC(F) - - 1.05× 10−7

TABLE II. Natural frequencies for simply supported smart FGM
plate withn = 2.

Mode(n, m) 1 2 3

1 569.9 1424.7 2849.5

2 0.3 2279.6 3704.3

3 0.3 3704.3 5129.0

Rev. Mex. Fis.70011002



6 Z. SATLA, L. BOUMIA, AND M. KHERRAB

FIGURE 4. Modes shapes of the FGM plate.

Figure 5 shows the final decision of optimal placement of
piezoelectric actuators on the FG plate. A decision of the first
mode can be controlled efficiently. Of course, this is not the
only best choice in all the cases. For example, the location of
the actuators 1, 2 and 3 is nearest to the optimal location, be-
cause of the geometry limitation they cannot be located there,
and the best choice may be taken in (0.2, 0, and 2).

Figure 6 shows the transient displacement response of the
open loop comes from natural damping, while that of the
closed loop system comes mainly from the feedback control
with LQR controller and there of LQG controller. It can be
observed that the LQG control has smaller stabilization time

FIGURE 5. Optimal placement of piezoelectric actuators on the
plate.

and oscillations amplitudes. However, the stabilization time,
around 0.08 seconds for LQR and 0.04 seconds for LQG con-
troller.

The control input driving by each actuator is presented in
Fig. 7. It can be seen that the actuators five and six provide the
maximum Input signal; however the maximum actuator volt-
age is larger in the case of LQR controller compared to that
in the case of LQG control scheme. This clearly shows that
the LQG control scheme leads to better control performance
with less input voltages of actuators. The sensors output in
close and open loop are present in Fig. 8 respectively.

The cost function as given by Eq. (14) is shown in Fig.
9 for the case of LQR controller, and in Fig. 10 for the case
of LQG controller. The cost function depends up on control
gains [20],

FIGURE 6. Vibration of the FGM plate amplitude with and without
control.

Rev. Mex. Fis.70011002
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FIGURE 7. The input voltage corresponding to actuators 1, 2, 3, 4, 5 and 6.

FIGURE 8. The output voltage corresponding to each sensor.

FIGURE 9. Cost function versus the displacement and the input
voltage for the LQR controller.

FIGURE 10. Cost function versus the displacement and the input
voltage for the LQR controller.

the energy dissipated by the control system is maximized. In
the LQG the energy is minimized much more than the case
of LQR.

5. Conclusion

This paper investigates the optimal vibration control of a
functionally graded material (FGM) plate using piezoelectric
patches. The study presents various results that shed light on

Rev. Mex. Fis.70011002
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the behavior of the plate and the effectiveness of using piezo-
electric actuators and sensors for vibration control.

To analyze the behavior of the plate, the classical plate
theory was employed. Spatial controllability and modal con-
trollability concepts were then applied to identify the opti-
mal placement of piezoelectric patches. The results obtained
from finite element simulations showed that the location of
the patches significantly affects the reduction of repair volt-
age magnitudes.

Furthermore, two optimal control strategies, namely lin-
ear quadratic regulator (LQR) and linear quadratic Gaussian
(LQG) controllers, were developed and implemented to con-
trol the vibration of the plate. The LQR and LQG controllers
were designed based on the modal controllability and system
identification techniques, respectively.

The results of the study demonstrated that both con-
trollers could stabilize the vibration of the plate, with a sta-
bilization time of approximately 0.08 seconds for LQR and
0.04 seconds for LQG, and with a maximum voltage of 250
V for LQR and 220 V for LQG. It was observed that the LQG
controller showed a better control bandwidth with lower con-
trol voltage compared to the LQR controller.

The study also investigated the maximum damping ratio,
which was found to be around 0.06 for LQR and 0.08 for
LQG. The obtained results showed the effectiveness of us-
ing piezoelectric patches for the optimal vibration control of
FGM plates, and the importance of considering the location
of patches and using appropriate control strategies.

Overall, this study provides valuable insights into the op-
timal vibration control of FGM plates, which can be benefi-
cial in various engineering applications where vibration con-
trol is crucial.
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