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In this article, we study the mass spectra, Regge trajectories and decay properties of heavy-flavour mesonsQQ̄ (Q = c, b) within a non-
relativistic quark model. The spin hyperfine interaction is used to get the prediction for the heavy-meson masses for radial and orbital
excitations. By using the radial and orbital excitations, we construct Regge trajectories for the heavy-mesons in the(J, M2) and(n, M2)

plane and find their slopes and intercepts. We have computed leptonic, photonic and gluonic decay widths of heavy flavour mesons with
and without QCD correction factor. We have compared our results of masses as well as decay widths with other theoretical and lattice QCD
predictions for each states. Moreover, the known experimental results are also reasonably close to our predicted results.
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1. Introduction

Heavy-flavour mesonsQQ̄ (Q ∈ {c, b}); the bound states of
heavy quark and it’s anti-quark are best tools for understand-
ing of the strong interactions. In 1974, theJ/ψ particle was
discovered experimentally [1,2], which is identified as bound
states of charm(c) and its anti-particle (c̄) [3]. In 1977, bot-
tomonium(bb̄) was discovered experimentally as spin-triplet
statesΥ(1S),Υ(2S) andΥ(3S). [4,5]. Since then in the past
few years remarkable experimental progress has been made
in the field of heavy quarkonium physics due to the available
experimental facilities such as LHCb, Belle, BABAR, CDF,
BESIII and CLEOc etc., which has opened up new challenges
and opportunities in the theoretical understanding of hadrons
containing heavy flavour quarks.

Large amount of data is available for masses along with
different decay modes in recent PDG [6]. In heavy flavor
spectroscopy mesons have been observed; experimentally
and studied by theoretical approaches like lattice QCD, QCD
sum rules, Non-Relativistic QCD, some relativistic and non-
relativistic potential models to explain the static and dynam-
ics properties of these states. Thus, to understand the newly
observed states in the heavy sector; study of the mass spectra
and decay properties of heavy mesons become very impor-
tant for the better understanding of quark-antiquark dynam-
ics and QCD within theQQ̄ bound states. In hadron physics
The quark-antiquark interacting potential require the under-
standing of strong interactions. Different potential models
may predicted similar mass spectra matching with experi-
mental results but it’s important to have mutual agreement
of mass spectra along with decay properties such as leptonic,
photonic and gluonic decays. Study of decay properties of
quarkonia(QQ̄) decays into leptons, photons and gluons is
very important for the identification of resonances as well as

to recognize conventional and exotic structure [7,8]. So, apart
from the successful predictions of the masses, validity and
relaiability of any potential model depends also on the suc-
cessful predictions of their decay properties.

After the brief introduction in Sec. 1, the paper is ar-
ranged as follows. In Sec. 2 we present the theoretical frame-
work for the mass spectra and decays of heavy-flavor mesons
(QQ̄) into leptons, photons and gluons. In Sec. 3, we discuss
results and draw our conclusions.

2. Theoretical framework

To study the mass spectra of heavy-flavour mesons such as
charmonium(cc̄) and bottomonium(bb̄) as a bound states
system of quark-antiquark(QQ̄), within a non-relativistic
quark model; we have considered a non-relativistic Hamil-
tonian for two body problem expressed as

H =
2∑

i=1

mi +
−~2

2mi
∇2 + V (r). (1)

In heavy-flavour quark-antiquark bound states system the ki-
netic energy of the quarks is smaller than the rest mass en-
ergy, Thus, a non-relativistic treatment with static potential
could provide an effective approximation. To solve the two
body problem within a non-relativistic framework we have
considered the time-independent Schrodinger equation;

[
1
2µ

(
− d2

dr2
+

l(l + 1)
r2

)
+ VQQ̄(r)

]
ψ(r) = Eψ(r). (2)

We have considered the quark-antiquark interaction potential
based on QCD, which is color Coulomb plus confining power
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law potential responsible for the asymptotic freedom and the
color confinement phenomenon given by [9,10]

VQQ̄(r) = VV + VS =
α

r
+ brp, (3)

whereα is couling strength, b is string tension related to
strength of confinement,p is the potential exponent that we
vary from 0.1 to 2.0. To solve the Schrodinger equation we
have used variational method with hydrogenic radial wave
function for the (n,l) states. spin dependent interaction po-
tentialVSD(r), sum of spin-spin (Vss), spin-orbit (VLS) and
tensor (VT ) iteraction potential as a perturbative correction
account for especially in excited states. All the three spin-
dependent interaction terms are driven by the Breit-Fermi
Hamiltonian for one-gluon exchange given by [11].

VSS(r) = CSS(r)S1 · S2, (4)

VLS(r) = CLS(r)L · S, (5)

VT (r) = CT (r)
(

(S1 · r)(S2 · r)
r2

− 1
3
(S1 · S2)

)
, (6)

whereS1 andS2 are the spins of particle 1 and 2 respectively,
and S is the total spin in our consideration and radial depen-
dent coefficient come from the vectorVV (r) and scalarVS(r)
part of the potential in Eq. (2);

CSS(r) =
2

3m2
∇2VV (r), (7)

CLS(r) =
1

2m2

1
r

[
3
dVV (r)

dr
− dVS(r)

dr

]
, (8)

CT (r) =
1

m2

[
1
r
3
dVV (r)

dr
− d2VV (r)

dr2

]
(9)

After solving the Schrodinger equation with quark-
antiquark interaction potential the masses of particular states
of heavy-flavour mesonsQQ̄ are computed as,

MQQ̄ = mQ + mQ̄ + EQQ̄ + 〈VSD〉QQ̄ , (10)

wheremQ andmQ̄ are the masses of quark and antiquark
respectively,EQQ̄ represent the binding energy of quark-
antiquark system.VSD is the spin dependent interactions.
The parity and charge cojugation quantum numbers ofQQ̄
states are given byP = (−1)L+1 andC = (−1)L+S respec-
tively, whereL is the relative orbital angular momentum and
S is the total spin of the bound states.

Decays of heavy-flavour mesons into leptons, photons
or gluons is very useful to study the decay properties of
mesons(QQ̄) as well as for the prediction and identification
of resonance. It can also helpful to identify conventional
and exotic structure of mesons [7]. By using the masses of
quarkonia we also computed decay rate of leptonic, photonic
and gluonic decays ofQQ̄ states.

The Leptonic decay ofn3S1 states annihilate into lepton
pair leads to decayJ/ψ → e+e− andΥ → e+e−, hence
decay rate is given by [7,12,13]

Γe+e− = Γ(n3S1 → e+e−) =
4eQ

2α2|Rnl(0)|2
M2

nS

, (11)

Γe+ e−
cf = Γcf ((n3S1 → e+e−)

=
4eQ

2α2|Rnl(0)|2
M2

nS

(
1− 16αs

3π

)
, (12)

whereMnS is mass of the decaying corresponding(QQ̄)
states. Γe+e− and Γe+ e−

cf are the decay rate without and
with radiative quantum chromo-dynamics correction factor
respectively.

The photonic decay ofn1S0 andn3S1 states annihilate
into two and three photon leads to the decaysηc → γγ
ηb → γγ, J/ψ → 3γ andυ → 3γ, hence the annihilation
decay rate of charmonium(cc̄) and bottomonium into two or
three photons with and without quantum chromo-dynamics
correction factor is given by [7,12]

Γγγ = Γ(n1S0 → γγ) =
3Q4α2|Rnl(0)|2

M2
nS

, (13)

Γγγ
cf = Γcf (n1S0 → γγ)

=
3Q4α2|Rnl(0)|2

M2
nS

(
1− 3.4αs

π

)
, (14)

Γ3γ = Γ(n3S1 → 3γ) =
4(π2 − 9)e6

Qα3|Rnl(0)|2
3πM2

nS

, (15)

Γ3γ
cf = Γcf (n3S1 → 3γ)

=
4(π2 − 9)e6

Qα3|Rnl(0)|2
3πM2

nS

(
1− 12.6αs

π

)
. (16)

The gluonic decay ofn1S0 andn3S1 states decay into
two or three gluons as well as into gluon with photon leads to
decayηc → gg, ηb → gg, J/ψ → 3g andΥ → γgg. hence
the gluonic decay rate with and without radiative quantum
chromo-dynamics correction factor is given by [7,12,14]

Γgg = Γ(n1S0 → gg) =
2α2

s|Rnl(0)|2
3M2

nS

, (17)

Γgg
cf = Γcf (n1S0 → gg)

=
2α2

s|Rnl(0)|2
3M2

nS

(
1 +

4.4αs

π

)
, (18)

Γ3g = Γ(n3S1 → 3g) =
10(π2 − 9)α3

s|Rnl(0)|2
81πM2

nS

, (19)

Γ3g
cf = Γcf (n3S1 → 3g)

=
10(π2 − 9)α3

s|Rnl(0)|2
81πM2

nS

(
1− 6.6αs

π

)
, (20)
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TABLE I. Potential-model parameters for the present work.

mQ = mQ̄ MSA αs

(GeV) (GeV) (GeV)

cc̄ 1.31 3.068 0.40

bb̄ 4.66 9.445 0.30

TABLE II. S-wave masses of pseudoscalar(ηc) and vector meson
(J/ψ).

states power Rnl(0) ηc J/ψ

index n1S0 n3S1

(p) (GeV3/2) (GeV) (GeV)

0.1 0.560 3.041 3.077

0.5 0.948 3.006 3.088

1S 1.0 1.255 2.975 3.097

1.5 1.412 2.958 3.103

2.0 1.549 2.944 3.108

[6] 2.980 3.097

[15] 2.983 3.075

[17] 2.980 3.097

0.1 0.332 3.200 3.210

0.5 0.878 3.419 3.451

2S 1.0 1.425 3.643 3.690

1.5 1.835 3.814 3.869

2.0 2.159 3.935 3.996

[6] 3.639 3.686

[15] 3.623 3.664

[17] 3.597 3.686

0.1 0.279 3.255 3.260

0.5 0.923 3.647 3.662

3S 1.0 1.645 4.107 4.129

1.5 2.291 4.495 4.524

2.0 2.803 4.800 4.835

[6] 4.039

[15] 4.046 4.073

[17] 4.014 4.095

0.1 0.256 3.287 3.290

0.5 0.947 3.814 3.822

4S 1.0 1.875 4.490 4.505

1.5 2.778 5.108 5.131

2.0 3.331 5.642 5.670

[6] 4.421

[15] 4.395 4.417

Γγgg = Γ(n3S1 → γgg)

=
8(π2 − 9)e2

Qαα2
s|Rnl(0)|2

9πM2
nS

, (21)

Γγgg
cf = Γcf (n3S1 → γgg)

=
8(π2 − 9)e2

Qαα2
s|Rnl(0)|2

9πM2
nS

(
1− 4.4αs

π

)
, (22)

where the subscripts “cf” represent the decay rate with radia-
tive quantum chromo-dynamics correction factor.

3. Results, summary and discussion

3.1. Mass Spectra

To study the mass spectra of heavy-flavour mesons in the
framework of non-relativistic quark model, we have used
color coulomb plus confining power law potential. To get the
experimental ground states centre of weight or spin average
masses ofcc̄ andbb̄ which are computed from the respective
known experimental masses (taken from recent PDG [6]) of

TABLE III. P-wave masses of charmoniumcc̄.

states power Rnl(0) n3P0 n3P1 n1P1 n3P2

index

(p) (GeV3/2) (GeV) (GeV) (GeV) (GeV)

0.1 0.079 3.500 3.508 3.512 3.518

0.5 0.315 3.459 3.495 3.508 3.534

1P 1.0 0.554 3.413 3.481 3.505 3.556

1.5 0.726 3.372 3.467 3.500 3.574

2.0 0.793 3.357 3.463 3.499 3.581

[6] 3.414 3.510 3.525 3.556

[15] 3.410 3.492 3.502 3.543

[17] 3.416 3.508 3.527 3.558

0.1 0.026 3.578 3.584 3.587 3.592

0.5 0.145 3.720 3.766 3.784 3.822

2P 1.0 0.309 3.821 3.935 3.981 4.076

1.5 0.468 3.858 4.048 4.127 4.283

2.0 0.605 3.856 4.115 4.227 4.438

[6] 3.927

[15] 3.846 3.922 3.930 3.969

[17] 3.844 3.894 3.960 3.994

0.1 0.013 3.625 3.630 3.633 3.637

0.5 0.087 3.908 3.961 3.984 4.029

3P 1.0 0.212 4.140 4.298 4.372 4.498

1.5 0.347 4.264 4.549 4.691 4.912

2.0 0.455 4.343 4.737 4.940 5.239

[15] 4.205 4.276 4.286 4.324
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TABLE IV. D-wave masses charmoniumcc̄.

states power Rnl(0) n3D1 n3D2 n1D2 n3D3

index
(p) (GeV3/2) (GeV) (GeV) (GeV) (GeV)

0.1 0.009 3.775 3.777 3.778 3.779
0.5 0.079 3.772 3.776 3.777 3.779

1D 1.0 0.186 3.772 3.778 3.777 3.779
1.5 0.286 3.768 3.778 3.776 3.780
2.0 0.365 3.763 3.777 3.775 3.783
[6] 3.773
[15] 3.778 3.792 3.791 3.797

0.1 0.003 3.834 3.835 3.836 3.837
0.5 0.034 4.002 4.012 4.014 4.023

2D 1.0 0.097 4.169 4.194 4.197 4.219
1.5 0.162 4.297 4.336 4.340 4.376
2.0 0.218 4.401 4.450 4.454 4.500

TABLE V. S-wave masses of pseudoscalar(ηb) and vector meson
Υ.

states power Rnl(0) ηb Υ

index n1S0 n3S1

(p) (GeV3/2) (GeV) (GeV)

0.1 1.986 9.421 9.453
0.5 2.642 9.405 9.458

1S 1.0 3.203 9.390 9.463
1.5 3.560 9.380 9.467
2.0 3.820 9.372 9.469
[6] 9.393 9.460

[16] 9.409 9.440
[17] 9.414 9.461

0.1 0.931 9.625 9.631
0.5 2.015 9.784 9.806

2S 1.0 3.207 9.959 9.999
1.5 4.123 10.09 10.15
2.0 4.809 10.20 10.26
[6] − 10.02

[16] 9.987 9.997
[17] 9.999 10.02

0.1 0.684 9.678 9.682
0.5 1.940 9.963 9.977

3S 1.0 3.564 10.32 10.35
1.5 5.053 10.64 10.68
2.0 6.108 10.91 10.95
[6] − 10.35

[16] 10.32 10.33
[17] 10.34 10.36

0.1 0.583 9.706 9.708
0.5 1.977 10.08 10.09

4S 1.0 3.934 10.06 10.63
1.5 5.956 11.13 11.15
2.0 7.424 11.59 11.61
[6] − 10.58

[16] 10.59 10.60

TABLE VI. P-wave masses of bottomoniumbb̄.

states power Rnl(0) n3P0 n3P1 n1P1 n3P2

index

(p) (GeV3/2) (GeV) (GeV) (GeV) (GeV)

0.1 0.428 9.891 9.894 9.897 9.899

0.5 1.335 9.876 9.889 9.896 9.906

1P 1.0 2.205 9.860 9.884 9.896 9.913

1.5 2.898 9.845 9.879 9.895 9.920

2.0 3.316 9.835 9.875 9.894 9.924

[6] 9.859 9.892 9.899 9.912

[16] 9.863 9.893 9.898 9.915

[17] 9.900 9.861 9.891 9.912

0.1 0.118 9.967 9.969 9.970 9.72

0.5 0.564 10.10 10.11 10.12 10.14

2P 1.0 1.163 10.23 10.26 10.28 10.30

1.5 1.667 10.32 10.38 10.40 10.45

2.0 2.121 10.39 10.46 10.49 10.55

[6] 10.23 10.26 - 10.27

[16] 10.21 10.23 10.24 10.26

[17] 10.26 10.23 10.25 10.27

0.1 0.052 10.00 10.01 10.01 10.02

0.5 0.322 10.26 10.28 10.29 10.30

3P 1.0 0.766 10.52 10.57 10.59 10.63

1.5 1.272 10.73 10.81 10.84 10.92

2.0 1.699 10.88 10.99 11.05 11.15

TABLE VII. D-wave masses bottomoniumbb̄.

states power Rnl(0) n3D1 n3D2 n1D2 n3D3

index

(p) (GeV3/2) (GeV) (GeV) (GeV) (GeV)

0.1 0.081 10.170 10.171 10.171 10.172

0.5 0.556 10.167 10.170 10.171 10.174

1D 1.0 1.195 10.165 10.170 10.171 10.175

1.5 1.702 10.163 10.170 10.171 10.176

2.0 2.257 10.160 10.169 10.171 10.178

[6] 10.164 - - -

[16] 10.135 10.141 10.142 10.146

0.1 0.022 10.223 10.224 10.224 10.225

0.5 0.228 10.363 10.367 10.369 10.372

2D 1.0 0.615 10.504 10.514 10.517 10.525

1.5 1.110 10.610 10.627 10.632 10.646

2.0 1.475 10.698 10.719 10.725 10.743

the pseudoscalar and vector states ofcc̄ andbb̄ for different
power index p, potential model parameter b is fitted .The po-
tential model parameters used in the present work are shown
in Table I.
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FIGURE 1. Rnl(0) (GeV3/2) → power index(p).

FIGURE 2. S-Wave〈VSD〉cc̄ → power index(p).

FIGURE 3. S-Wave〈VSD〉bb̄ → power index(P ).

FIGURE 4. P-Wave〈VSD〉cc̄ → power index(p).

FIGURE 5. P-Wave〈VSD〉bb̄ → power index(p).

FIGURE 6. D-Wave〈VSD〉cc̄ → power index(p).
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FIGURE 7. D-Wave〈VSD〉bb̄ → power index(p).

The mass spectra of the nS, nP and nD states of charmo-
nium (cc̄) and bottomonium(bb̄) are tabulated in Tables II -
VII. The consistency and reliability of our theoretical model
have been tested by comparing the mass spectra of char-
monium (cc̄) and bottomonium(bb̄) with experimental re-
sults available in recent PDG [6] as well as masses predicted
by other available theoretical model such as non-relativistic
quark model and Relativistic quark model.

In Fig. 1, we have plotted the radial wave function at
origin for the charmoniumRcc̄(0) as well as bottomonium
Rbb̄ with variation of power indexp. It can be seen that the
radial wave function at origin in both system, charmonium
Rcc̄(0) and bottomoniumRbb̄(0) increases with increase of
power indexp. In order to examine the effect of the spin-spin
(VSS), spin-orbit (VLS), and spin-tensor(VT ) interactions on
the masses and decay-widths of heavy-flavour mesons with
variation of the power index p, We have plotted the graph
that shows the behaviour of the total spin dependent potential
〈VSD〉 (the sum of the spin-spin, spin-orbit, and spin-tensor
interaction potentials) with variation of power index p for S-
wave, P-wave, and D-wave heavy flavour mesons shown in
Figs. 2-7. From the graph it can be seen that the total spin
dependent potential is gradually increases or decreases de-
pending on the respective states of heavy flavour mesons.

3.2. Regge trajectories

We have plotted the Regge trajectories for the(J,M2) and
(n,M2) planes with the help of masses estimated by our po-
tential model. The daughter trajectories are the trajectories
with sameJPC (P=parity , C= charge conjugation) value and
differ by the corresponding radial principal quantum num-
ber n. The masses of the daughter trajectories are higher
than the corresponding leading trajectories with given quan-
tum numbers. The linear nature of Regge trajectories rep-
resents a reflection of a strong interactions between quarks
[18]. The Regge trajectories in the(J,M2) plane with natu-
ral parityJPC = 1−−, 2++, 3−−, 4++ and unnatural parity
JPC = 0−+, 1+−, 2−+, 3+− for charmonium(cc̄) and bot-
tomonium(bb̄) are plotted in Fig. 8-11. The Regge trajecto-

TABLE VIII. Slopes and intercepts of the(J, M2) Regge trajecto-
ries for charmonium(cc̄) states with unnatural and natural parity.

Parity trajectory slopes(α) intercepts

(GeV−2) (α0)

Parent 0.41± 0.07 -3.03± 0.88

unnatural first daughter 0.45± 0.11 -5.20± 1.82

second daughter 0.40± 0.07 -5.98± 1.57

Parent 0.36± 0.05 -3.25± 0.67

natural first daughter 0.45± 0.04 -6.09± 0.76

second daughter 0.48± 0.02 -8.17± 0.45

TABLE IX. Slopes and intercepts of the(J, M2) Regge trajectories
for bottomonium(bb̄) states with unnatural and natural parity.

Parity trajectory slopes(α) intercepts(α0)

(GeV−2)

Parent 0.12± 0.02 -11.34± 2.01

unnatural first daughter 0.17± 0.01 -16.95± 2.01

second daughter 0.19± 0.01 -20.27± 0.91

Parent 0.14± 0.02 -11.61± 1.94

natural first daughter 0.18± 0.01 -17.46± 1.49

second daughter 0.18± 0.01 -18.67± 0.94

TABLE X. Slopes and intercepts of the(nr, M
2) Regge trajectories

for charmonium(cc̄) states.

meson Jpc slopes(β) intercepts(β0)

(GeV−2)

ηc 0−+ 0.265± 0.013 -2.422± 0.197

J/ψ 1−− 0.281± 0.009 -2.748± 0.156

χc0 0++ 0.363± 0.016 -4.258± 0.230

χc1 1++ 0.314± 0.011 -3.827± 0.168

hc 1+− 0.293± 0.007 -3.609± 0.117

χc2 2++ 0.263± 0.007 -3.345± 0.118

ψ(3D1) 1−− 0.317± 0.000 -4.513± 0.000

ψ(3D2) 2−− 0.299± 0.000 -4.271± 0.000

ψ(1D2) 2−+ 0.298± 0.000 -4.259± 0.000

ψ(3D3) 3−− 0.284± 0.000 -4.058± 0.000

ries for the(nr,M
2) plane wherenr = n − 1 with princi-

pal quantum number n for charmonium and bottomonium are
shown in Fig. 11-12. The fitted slopes(α, β) and intercepts
(α0, β0) of the Regge trajectories for(J,M2) and(n,M2)
planes are tabulated in the Tables VIII-XI are calculated by
the following definations,

J = αM2 + α0, (23)

nr = βM2 + β0. (24)

The estimated masses of the charmonium and bottomo-
nium fit well to the(J,M2) and(n, M2) planes trajectories.
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TABLE XI. Slopes and intercepts of the(nr, M
2) Regge trajecto-

ries for bottomonium(bb̄) states.

meson Jpc slopes(β) intercepts(β0)

(GeV−2)

ηb 0−+ 0.107± 0.013 -9.545± 1.228

Υ 1−− 0.126± 0.012 -11.48± 0.235

χb0 0++ 0.148± 0.009 -14.43± 0.939

χb1 1++ 0.142± 0.006 -13.91± 0.686

hb 1+− 0.140± 0.007 -13.76± 0.767

χb2 2++ 0.135± 0.004 -13.34± 0.515

Υ(3D1) 1−− 0.142± 0.000 -14.73± 0.000

Υ(3D2) 2−− 0.139± 0.000 -14.45± 0.000

Υ(1D2) 2−+ 0.139± 0.000 -14.44± 0.000

Υ(3D3) 3−− 0.138± 0.000 -14.29± 0.000

FIGURE 8. M2
cc̄ (GeV2)→ JPC (Natural parity).

FIGURE 9. M2
cc̄ (GeV2)→ JPC (Unnatural parity).

FIGURE 10. M2
bb̄ (GeV2)→ JPC (Natural parity).

FIGURE 11. M2
bb̄ (GeV2)→ JPC (Unnatural parity).

FIGURE 12. M2
cc̄ (GeV2)→ nr.
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FIGURE 13. M2
bb̄ (GeV2)→ nr.

3.3. Decay properties

We have estimated the leptonic, photonic and gluonic de-
cay widths ofcc̄ andbb̄ decays intoe+e−, two photon(γγ),
three photon(γγγ), two gluon (gg), three gluon(3g), and
γgg with and without QCD correction factor with the help of
our potential model parameters, masses and respective radial
wave function at the origin. Our results of the leptonic decay
widthsΓ(n3S1 → e+e−) of J/ψ andΥ decays into leptons
e+e− for potential indexp varying from 0.1 to 2.0 with and
without QCD correction factor compared with other available
theoretical as well as experimental results were shown in Ta-
ble XII. It can be seen that the predicted leptonic decay width
by other theoretical models are in agreement with experimen-
tal result upto 0.74-34.7% variations, while our predicted lep-
tonic decay width with radiative quantum chromo-dynamics
(QCD) correction factor at potential indexp = 1 is in agree-
ment with experimental result with 4.17-10.1% variations. In
Fig. 14, we have plotted the leptonic decay width with varia-
tion of the power indexp.From the graph it is observed that
the predicted leptonic decay widths increases monotonously
and slowly with increase of the power indexp.Our results of
the two photonic decay widthsΓ(n1S0 → γγ) of ηc andηb

decays into two photons andΓ(n3S1 → γγγ) of J/ψ andΥ
decays into three photons were shown in Table XIII and XIV
respectively. It can be seen that the predicted photonic de-
cay width by other theoretical models are in agreement with

experimental result upto 29-55% variations, while our pre-
dicted photonic decay width with radiative quantum chromo-
dynamics (QCD) correction factor at potential indexp = 1 is
in agreement with experimental result with 5.01-6.29% vari-
ations. In Fig. 15 and 16, we have plotted the photonic decay
width of charmonium and bottomonium with variation of the
power indexp repectively. From the graph it is observed that
the predicted photonic decay widths increases monotoeously
with increase of the power indexp.Our results of the two glu-
onic decay widthsΓ(n1S0 → gg) of ηc andηb decays into
two gluons,Γ(n3S1 → ggg) andΓ(n3S1 → γgg) of J/ψ
andΥ decays into three gluons andγgg were shown in Table
XV, XVI and XVII respectively. It can be seen that the pre-
dicted gluonic decay width by other theoretical models are in
agreement with experimental result upto 9.89-54.3% varia-
tions, while our predicted gluonic decay width with radiative
quantum chromo-dynamics (QCD) correction factor at poten-
tial indexp = 1 is in agreement with experimental result with
2.58-3.71% variations. In Fig. 17 and 18, we have plotted the
gluonic decay width of charmonium and bottomonium with
variation of the power indexp respectively . From the graph it
is observed that the predicted gluonic decay widths increases
monotoeously with increase of the power indexp.

We can conclude that our results of mass spectra of char-
monium and bottomonium (Table II-VII) predicted using a
color coulomb plus confinment power law potential with vari-
ation of power indexp from 0.1 to 2, are in good accordance
with the available experimental as well as predicted by other
theoretical models at power indexp = 1. We observe from
the Regge trajectories in the(J,M2) and(n,M2) plane (Fig-
ure 8-13) that the experimental masses of charmonium states
and bottomonium states are sitting nicely on the trajecto-
ries. In the mass region of the lowest excitations of char-
monium and bottomonium, the slopes as well as The curva-
ture of the trajectories decreases with increasing quarkonium
masses. The results of annihilation decay widths of leptonic,
photonic and gluonic decays of charmonium and bottomo-
nium (Table XII-XVII) with using QCD correction factor are
in good aaccordance with the available experimental results
at power indexp = 1. Hence, the overall results of the mass
spectra, Regge trajectories and decay widths of heavy-flavour
mesons predicted by our theoretical model are in good accor-
dance with the available experimental as well as predicted by
other theoretical models at power indexp = 1.

TABLE XII. Leptonic decay widthsΓ(n3S1 → e+e−) in keV.

power Γ(J/ψ → e+e−) Γ(Υ → e+e−)

index present work other work present work other work

(p) Γe+e− Γe+e−
cf Γe+e−

th Γe+e−
exp Γe+e− Γe+e−

cf Γe+e−
th Γe+e−

exp

0.1 3.137 1.006 4.280 [17] 5.55 [6] 1.047 0.547 0.710 [12] 1.340 [6]

0.5 8.926 2.864 3.623 [18] 1.897 0.991 1.330 [17]

1.0 15.55 4.992 2.711 1.396

1.5 19.61 6.294 3.455 1.805

2.0 23.52 7.356 3.896 2.036
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TABLE XIII. Two-Photonic decay widthsΓ(n1S0 → γγ) in keV.

Γ(ηc → γγ) Γ(ηb → γγ)

Power present work other work present work other work

index(p) Γγγ Γγγ
cf Γγγ

th Γγγ
exp Γγγ Γγγ

cf Γγγ
th Γγγ

exp

0.1 1.070 0.923 6.62 [18] 5.1 [6] 0.359 0.225 0.690 [12] -

0.5 3.140 2.707 7.91 [19] 0.651 0.409 0.730 [19]

1.0 5.618 4.844 0.932 0.585

1.5 7.194 6.202 1.188 0.746

2.0 8.740 7.536 1.341 0.842

TABLE XIV. Three-photonic decay widthsΓ(n3S1 → γγγ) in eV.

Γ(J/ψ → γγγ) Γ(Υ → γγγ)

Power present work other work present work other work

index(p) Γγγγ Γγγγ
cf Γγγγ

th Γγγγ
exp Γγγγ Γγγγ

cf Γγγγ
th Γγγγ

exp

0.1 0.417 0.204 3.94 [18] 1.08 [6] 0.871 0.563 3.440 [12] -

0.5 1.187 0.581 1.577 1.020

1.0 2.069 1.012 2.254 1.457

1.5 2.609 1.276 2.872 1.857

2.0 3.129 1.531 3.240 2.095

TABLE XV. Two-Gluonic decay widthsΓ(n1S0 → gg) in MeV.

Γ(ηc → gg) Γ(ηb → gg)

Power present work other work present work other work

index(p) Γgg Γgg
cf Γgg

th Γgg
exp Γgg Γgg

cf Γgg
th Γgg

exp

0.1 3.617 5.643 36.58 [18] 28.6 [6] 10.93 13.37 20.18 [12] -

0.5 10.60 16.55 13.07 [19] 19.81 11.48 10.86 [19]

1.0 18.98 29.61 28.34 16.43

1.5 24.30 37.92 36.15 20.96

2.0 29.52 46.07 40.78 23.65

TABLE XVI. Three-Gluonic decay widthsΓ(n3S1 → ggg) in KeV.

Γ(J/ψ → ggg) Γ(Υ → ggg)

Power present work other work present work other work

index(p) Γggg Γggg
cf Γggg

th Γggg
exp Γggg Γggg

cf Γggg
th Γggg

exp

0.1 72.44 11.56 269.1 [18] 59.55 [6] 40.82 21.72 - -

0.5 206.1 32.91 73.93 39.33

1.0 359.1 57.34 105.6 56.20

1.5 452.8 72.30 134.6 71.63

2.0 543.2 86.73 151.8 80.79
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TABLE XVII. Decay widths ofΓ(n3S1 → γgg) in keV.

Γ(J/ψ → γgg Γ(Υ → γgg)

power present work other work present work other work

index (p) Γγgg Γγgg
cf Γγgg

th Γγgg
exp Γγgg Γγgg

cf Γγgg
th Γγgg

exp

0.1 4.230 1.860 8.1 [18] 8.99 [6] 0.794 0.506 - -

0.5 12.03 5.293 1.439 0.917

1.0 20.97 9.222 2.056 1.310

1.5 26.44 11.62 2.621 1.669

2.0 31.72 13.95 2.955 1.883

FIGURE 14. Leptonic decay width→ power index(p).

FIGURE 15. Photonic decay width (charmonium)→ power index
(p).

FIGURE 16. Photonic decay width (bottomonium)→ power index
(p).

FIGURE 17. Gluonic decay width (charmonium)→ power index
(p).
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FIGURE 18. Gluonic decay width (bottomonium)→ power index
(p).
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