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A theoretical study of the effects of uniaxial stress and spatial
dielectric functions on the density of states of shallow donor
impurities in a GaAs quantum well dot of circular geometry
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In the present work, we have carried out a comparative study of the effects of uniaxial stress and spatial dielectric functions on the density
of impurity states (DOIS) of shallow donor impurities ina GaAs quantum well dot of circular cross-section. Using a trial wave function
in the effective mass approximation, we carried out calculations for a range of binding energies of hydrogenic (dielectric constant) and
non-hydrogenic (spatial dielectric functions) donors for various applied uniaxial stress and for different uniaxial lengths of the quantum
dot. Our results show that, for a constant axial length of the quantum dot and constant uniaxial stress, the DOIS for the donor impurity is
markedly enhanced for the non-hydrogenic donor impurity over that for purely hydrogenic donor impurity. At constant axial length, the
applied uniaxial stress enhances the DOIS in both cases. The density of impurity states has also been studied for a constant applied uniaxial
stress for different axial lengths of the quantum dot. Here, again, the DOIS increases with increasing axial length of the quantum dot. In fact,
the enhanced DOIS is observed throughout the range of binding energies considered. These results show that not only does the DOIS vary
with the applied uniaxial stress and spatial dielectric functions they are also different for various axial lengths of the quantum dot. These
findings indicate that it is important to take into account the effect of applied uniaxial stress and spatial dielectric functions when performing
experimental studies of electronic, optical and transport properties of such nanostructures as quantum dots.
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1. Introduction

When impurities such as hydrogenic and non-hydrogenic
donors are introduced into semiconductors, they affect carrier
transport and optical properties of such semiconductors. This
is because they introduce bound states in the forbidden gap
of such materials [1]. For more than three decades, a number
of theoretical and experimental studies have been carried out
on various effects of these donor impurities in semiconductor
nanostructures such as quantum wells (QWs), quantum well
wires (QWWs) and quantum dots (QDs) [2-9]. These stud-
ies have considered the donor and acceptor impurity bind-
ing energies and density of impurity states (DOIS) in various
geometries of the above-mentioned nanostructures. The hy-
drostatic pressure, uniaxial stress, and electric field effects, in
the low temperature regime (close to 4 K), have been reported
for donor impurities in single QWs [10-12], symmetrical and
asymmetrical double quantum wells (DQW) [13,14], QWWs
[15,16] and GaAs QDs [17-19]. As a general feature, the
studies show that the binding energy of a donor electron is
enhanced by increasing the hydrostatic pressure and the uni-
axial stress. H. Oyoko [20] used a variational technique to
calculate the binding energy of a hydrogenic donor impurity
using a dielectric constant and that of a non-hydrogenic donor
impurity using the Hermanson’s spatial dielectric function in
the Coulomb potential. The donor impurity, in this case, was

embedded in a GaAs QWW of circular cross-section. The
author found that the effect of the Hermanson’s spatial di-
electric function is to increase the donor impurity binding
energy with decreasing QWW radius over that of the hydro-
genic donor impurity.

In the present work, we have carried out a comparative
theoretical study of the effect of Thomas- Fermi and Herman-
son’s spatial dielectric functions and applied uniaxial stress
on the density of impurity states of a donor impurity ina GaAs
quantum dot of cylindrical cross section. In the study, we
calculated the donor impurity binding energies as functions
three different dielectric functions and applied uniaxial stress.
We then computed the DOIS of the donor impurity as a func-
tion of the binding energies. In our calculations we have used
a variational technique in the effective mass and dipole ap-
proximation [21-24]. We have assumed that Ga1−xAlxAs
matrix surrounding the GaAs quantum dot (QD) provides an
infinite potential barrier due to the large band gap between
the two [6].

Our work is organized as follows: In Sec. 2, we present
the theoretical framework, while in Sec. 3, we present the
results and discussions. Finally, in Sec. 4, we give our con-
clusions.
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2. Theoretical model

2.1. Hydrogenic donor impurity

The Hamiltonian for a 1s hydrogenic donor impurity which
is located at the center of a cylindrical QD is given by

Hh = − }2

2md,b
∗(P )

(
1
ρ

∂

∂ρ

[
ρ

∂

∂ρ

]
+

∂2

∂z2

)

− e2

4πεd,b(P )r
+ VB(r, P ), (1)

wherem∗(P ) andεd,b(P ) are the uniaxial stress dependent
effective mass of the donor impurity in the QD and uniax-
ial stress dependent dielectric function of the GaAs, respec-
tively. The two subscriptsd andb refer to the quantum well
dot and the barrier layer materials, respectively whiler, rep-
resents the position of the donor impurity and is expressed as
r = [ρ2 + z2]1/2.

In Eq. (1), the stress dependent effective mass for the
donor impurity in the quantum dot material is determined
from the expression [25-27],

m∗
d(T ) =

(
1 + EΓ

P (P )

[
2

EΓ
g (P )

+ {EΓ
g (P ) + ∆0}−1

])−1

me, (2)

whereme, is the free electron mass,EΓ
g (P ) = 7.51 eV is

the energy related to the momentum matrix element,∆0 =
0.341 eV is the spin-orbit splitting.EΓ

g (P ) is the stress de-
pendent energy gap for the GaAs QD semiconductor at the
Γ-point in units of eV [28],

EΓ
g (P ) = a + bP + cP 2, (3)

where a = 1.425 eV, b = 1.26 × 10−2 eV/kbar, c =
−3.77 × 10−5 eV/(kbar)2 andEΓ

g (0) = 1.519 eV is the en-
ergy gap for GaAs quantum dot at theΓ-point when the uni-
axial stress isP = 0 kbar. The expression for determining
the barrier material’s parabolic conduction effective mass as
a function of uniaxial stress is [25-27]:

m∗
b(P ) = m∗

d(P ) + 0.083x, (4)

wherex = 0.3 is the mole fraction of Aluminum in the
Ga1−xAlxAs layer. In the GaAs quantum dot region the
stress dependent dielectric function,εd(P ) is given by [25-
27]

εd(P ) = εd(0) exp(δP ), (5)

whereεd(0) = 12.56 [6] is the static dielectric constant for
GaAs andδ = −1.73× 10−3 kbar−1.

The static dielectric constant of the barrier material, ob-
tained from a linear interpolation of the dielectric constants
of GaAs and Ga1−xAlxAs is given by

εb(P ) = εd(P )− 3.12x. (6)

In Eq. (1)

VB(z, P ) =





0, for |z| ≤ Lz(P )
2

V0(P ), for |z| ≥ Lz(P )
2

, (7)

is the barrier potential which confines the donor impurity
within the quantum dot. In this equation,Lz(P ) is the stress-
dependent length of the QD andV0(P ) is the barrier height
expressed as a function of the uniaxial stressP . These are
given by,

Lz(P ) = Lz(0)[1− {S11 + 2S12}P ], (8)

and

V0(P ) = Qc∆EΓ
g (x, P ), (9)

where in Eq. (7),S11 = 1.16 × 10−3 kbar−1 and S12 =
−3.7 × 104 kbar−1 and Lz(0) is the unstrained length of
the QD. In Eq. (9),Qc = 0.658 is the band offset param-
eter, while∆EΓ

g (x, P ) is the band gap difference between
the quantum dot material and the barrier layer material as a
function of the stress and aluminum concentrationx, and is
expressed as

∆EΓ
g (x, P ) = ∆EΓ

g (x) + PD(x). (10)

The quantity∆EΓ
g (x) is the stress-independent variation

of the energy gap difference and is given by∆EΓ
g (x) =

(1.155x + 0.37x2) eV. The quantityD(x) is defined as the
uniaxial stress coefficient of the band gap difference and is
given by

D(x) =
(−[1.3× 10−3]x

)
eV/kbar. (11)

Our trial wave function for the hydrogenic donor impurity in
its ground state is given by

Ψ1S(ρ,z) = N1SJ0(k10ρ) cos(βz)

× exp
(
−λ

[
ρ2 + z2

]1/2
)

. (12)

The normalization constant,N1S , is given by

N1S =

(
2π

d∫

0

ρJ2
0 (k10ρ)dρ

×
Lz/2∫

0

cos2(βz) exp
[
−2λ{ρ2 + z2}1/2

]
dz

)−1/2

.

The kinetic energy is determined as follows:
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HT Ψ1S(ρ, z) = − }2
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(
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]
+

∂2

∂z2

)
Ψ1S(ρ, z) = − ~2

2m∗(P )

(
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ρ

∂

∂ρ

]
+

∂2

∂z2

)

×N1SJ0(k10ρ) cos(βz) exp
(
−λ

[
ρ2 + z2

]1/2
)

=
~2N1S

2m∗(P )
(α2 + β2 − λ2)J0(k10ρ) cos(βz) exp

(
−λ[ρ2 + z2]1/2

)
+

λ~2N1S

m∗(P )

×
J0(k10ρ) cos(βz) exp

(
−λ

[
ρ2 + z2

]1/2
)

(ρ2 + z2)1/2
− λρα~2N1S

m∗(P )

J1(k10ρ) cos(βz) exp
(
−λ

[
ρ2 + z2

]1/2
)

(ρ2 + z2)1/2

− λzβ~2N1S

m∗(P )

J0(k10ρ) sin(βz) exp
(
−λ

[
ρ2 + z2

]1/2
)

(ρ2 + z2)1/2
, (13)

whereHT is the kinetic energy part of the Hamiltonian given in Eq. (1). The kinetic energy of the donor impurity is thus
obtained as,

Th =
∫

Ψ1S
∗(ρ, z)[HT Ψ1S(ρ, z)]dV =

~2N2
1S(α2 + β2 − λ2)

2m∗(P )
+

λ~2N2
1S

m∗(P )

d∫

0

ρJ2
0 (k10ρ)dρ

×
Lz(P )/2∫

0

cos2(βz) exp(−2λ[ρ2 + z2]1/2)
[ρ2 + z2]1/2

dz − λα~2N2
1S

m∗(P )

d∫

0

ρ2J1(k10ρ)J0(k10ρ)dρ

×
Lz(P )/2∫

0

cos2(βz) exp(−2λ[ρ2 + z2]1/2)
[ρ2 + z2]

dz − βλ~2N2
1S

m∗(P )

d∫

0

ρJ2
0 (k10ρ)dρ

×
Lz(P )/2∫

0

z
cos(βz) sin(βz) exp(−2λ[ρ2 + z2]1/2)

[ρ2 + z2]1/2
dz. (14)

The potential energy for the hydrogenic donor impurity is given by

V~(ρ, z) = − e2

4πε(0)

∫
Ψ∗1S(ρ, z)

(
1

(ρ2 + z2)1/2
Ψ1S(ρ, z)

)
dV = − e2N2

1S

4πε(0)

2π∫

0

dϕ

d∫

0

ρJ2
0 (k10ρ)dρ

×
Lz/2∫

0

cos2(βz) exp(−2λ[ρ2 + z2]1/2)dz

[ρ2 + z2]1/2
= −e2N2

1S

2ε(0)

×
d∫

0

ρJ2
0 (k10ρ)dρ

Lz/2∫

0

cos2(βz) exp(−2λ[ρ2 + z2]1/2)dz

[ρ2 + z2]1/2
. (15)

Thus, the total ground state energy of the donor impurity
is given by

Eh,total(P ) = Th + Vh. (16)

2.2. Total energy of the donor in the excited state

The Hamiltonian of the hydrogenic donor impurity in the fi-
nal state to which it is excited is given by

Hf = − ~2

2m∗(P )

(
1
ρ

∂

∂ρ

[
ρ

∂

∂ρ

]
+

∂2

∂z2

)

+ VB(ρ, z, P ). (17)
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The wave function for the donor impurity in this state is given
by

Ψf (ρ, z) = NfJ0(k10ρ) cos(βz) exp(ikz), (18)

wherek = 0 in this state. Hence, the total energy of the
donor impurity in this state is

Ef (P ) =
−~2

2m∗(P )

∫
Ψ∗f [HfΨf ]dV∫

Ψ∗fΨdV
, (19)

where
∫

Ψ∗fΨfdV = 1,

is the normalization condition. This yields the normalization
constant as,

N2
f =

( 2π∫

0

dφ

d∫

0

ρJ2
0 (k10ρ)

Lz/2∫

0

cos2(βz)dz

)−1

=

(
2π

d∫

0

ρJ2
0 (k10ρ)dρ

Lz/2∫

0

cos2(βz)dz

)−1

. (20)

From Eqs. (17) and (18), the total energy of the excited
state is found to be

Ef (P ) =
~2(α2 + β2)

m∗(P )
. (21)

The minimum ground state energy,Emin, of the donor
impurity is obtained from the expression in Eq. (16), subject
to the minimization condition

∂Eh,total(P )
∂λ

= 0. (22)

The binding energy of the donor impurity is then obtained
from the Eqs. (15) and (20), thus,

Eb(P ) = Ef (P )− Emin(P ). (23)

2.3. A case of Linearized Thomas-Fermi and Herman-
sons’ spatial dielectric functions

In this sub-section, the Hamiltonian for the donor impurity is
given by

H ′ = − ~2

2m∗(P )

(
1
ρ

∂

∂ρ

[
ρ

∂

∂ρ

]
+

∂2

∂z2

)

− e2

4πεd(ρ,z, P )
1

(ρ2 + z2)1/2
+ VB(ρ, z, P ), (24)

with the stress-dependent spatial dielectric function given by

εd(ρ,z, P ) = εd(ρ, z) exp(δP ), (25)

whereδ = −1.73 × 10−3 kbar−1. εd(ρ, z) is expressed as
ε1(ρ,z) in the first instance, and in the second instance, as
ε2(ρ,z). Hereε1(ρ, z), given by

ε1(ρ,z) = ε(0) exp
(
−µ

[
ρ2 + z2

]1/2
)

, (26a)

is the linearized form of Thomas-Fermi screening function
while ε2(ρ,z) is Hermanson’s spatial dielectric function,

1
ε2(ρ, z)

=
1

ε(0)
+

(
1− 1

ε(0)

)

× exp
(
−η

[
ρ2 + z2

]1/2
)

. (26b)

The static dielectric constant,ε(0) = 12.56 [6]. µ and η
in Eqs. (26a) and (26b) respectively, are constants given as
µ = 6.61× 10−2 nm whileη = 1.86× 102 nm.

In the linearized Thomas-Fermi dielectric screening
regime the expectation value of the potential energy opera-
tor in the Hamiltonian now becomes

〈V1(ρ, z)〉 = − e2

4π

∫
Ψ∗1S(ρ, z)

×
(

1
ε1(ρ, z)

1
(ρ + z)1/2

Ψ1S(ρ, z)
)

dV

= −e2N2
1S

4π

2π∫

0

dϕ

d∫

0

ρJ2
o (k10ρ)dρ

×
Lz/2∫

0

1
ε1(ρ, z)

cos2(βz)

×
exp

(
−[2λ + µ]

[
ρ2 + z2

]1/2
)

(ρ2 + z2)1/2
dz

= −e2N2
1S

2

d∫

0

ρJ2
o (k10ρ)dρ

Lz/2∫

0

cos2(βz)

×
exp

(
−[2λ + µ]

[
ρ2 + z2

]1/2
)

(ρ2 + z2)1/2
dz, (27)

while in the Hermanson’s dielectric function regime the
Hamiltonian for the donor impurity now has an additional
term,∆V , in the potential energy operator due to the spatial
dielectric functionε2(ρ, z). We have used here also, the same
trial wave function as for the Thomas-Fermi case. Thus,

V2(ρ, z) = Vh + ∆V, (28)
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whereVh, is given by Eq. (15) and∆V is a perturbative term
due the spatial dielectric function and is given by

∆V = − e2

4π

(
1− 1

ε(0)

)
N2

h

2π∫

0

dφ

d∫

0

ρJ2
0 (k10ρ)dρ

Lz/2∫

0

× cos2(βz) exp
(−[η + 2λ][ρ2 + z2]1/2

)

(ρ2 + z2)1/2
dz,

or,

∆V = −e2N2
h

2

(
1− 1

ε(0)

) d∫

0

ρJ2
0 (k10ρ)dρ

Lz/2∫

0

× cos2(βz) exp
(−[η + 2λ][ρ2 + z2]1/2

)

(ρ2 + z2)1/2
dz. (29)

The total energy of the donor impurity is thus given by

Etotal,2 = Th + Vh + ∆V. (30)

2.4. Binding energy and density of impurity states

In all the above cases, the binding energy is obtained by sub-
tracting the respective minimum energy from the correspond-
ing free energy. The binding energy is then used to obtain the
density of impurity states from [8].

g[Eb(P )] =
1

πR2Lz(P )

∫

Lz [Eb−Const]

dLz(P )
|∆Eb(P )| . (31)

FIGURE 1. Density of impurity states (DOIS) of donor impurity
in a cylindrical GaAs quantum well dot as a function of the donor
binding energy at zero applied uniaxial stress,P = 0 kbar for the
dot’s width Lz = 10 nm. ε0, represents DOIS when dielectric
constant is used,ε1(r) represents DOIS with Linearized Thomas-
Fermi dielectric function, whileε2(r) represents DOIS with the
Hermanson’s spatial dielectric function.

3. Results and discussion

In this section we present our results and discuss their impli-
cations. In Fig. 1, we show the variation of the density of
impurity states (DOIS) of an on-center donor impurity in a
cylindrical quantum well dot of axial length,Lz = 10 nm
with binding energy for two different spatial dielectric func-
tions when no uniaxial stress is applied. We observe that, for
all spatial dielectric functions at a constant uniaxial length of
the QD, the DOIS increases from some minimum and peaks
in the low binding energy regime. There is then an almost
exponential drop in DOIS to some minimum after which the
DOIS then sharply rises almost exponentially to peak again
in the high binding energy regime. The results for the DOIS
for all the cases clearly show an important feature that is a
peak at lower binding energies, which is the signature for QD
structures. This is as a result of the contribution of impurities
near the axial edge of the quantum well dot [29]. This effect
becomes more pronounced as the dimensionality of the active
layer is reduced making injected charge carriers to concen-
trate in an increasingly narrower energy range near the band
edge.

Furthermore, it is quite noticeable that DOIS is higher
when Hermanson’s and linearized Thomas-Fermi spatial di-
electric functions are applied than when a dielectric constant
is used right from the onset of DOIS through their peaks. It
has been observed in other works [29,30] that the dielectric
function enhances donor binding energy. This means that the
donor impurity becomes more tightly bound to its parent ion
and, therefore, presents a larger DOIS profile than when the
dielectric constant is used.

FIGURE 2. Density of impurity states (DOIS) of donor impurity
in a cylindrical GaAs quantum well dot as a function of the donor
binding energy at an applied uniaxial stress,P = 20 kbar for the
dot’s width Lz = 10 nm. ε0, represents DOIS when dielectric
constant is used,ε1(r) represents DOIS with Linearized Thomas-
Fermi dielectric function, whileε2(r) represents DOIS with the
Hermanson’s spatial dielectric function.
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FIGURE 3. Density of impurity states (DOIS) of donor impurity
in a cylindrical GaAs quantum well dot as a function of the donor
binding energy at an applied uniaxial stress,P = 30 kbar for the
dot’s width Lz = 10 nm. ε0 represents DOIS when dielectric
constant is used,ε1(r) represents DOIS with Linearized Thomas-
Fermi dielectric function, whileε2(r) represents DOIS with the
Hermanson’s spatial dielectric function.

In Fig. 2, we show the variation of the DOIS of an on-
center donor impurity in the quantum well dot of axial length,
Lz = 10 nm with binding energy for the various spatial di-
electric functions when a uniaxial stress ofP = 20 kbar is
applied. We have also observed, just like in Fig. 1, that all
the peaks of the DOIS cluster around some range of binding
energies. Thereafter, the DOIS decreases steeply at first and
then gradually rises to a second peak at some higher values
of binding energy. Essentially, we observe that the applica-
tion of the uniaxial stress enhances the DOIS. The position
of the first peak defines the minimum energy value of the
laser required for the absorption in an experimental setup.
The second peak in the DOIS, in the high-energy regime and
with finite intensity, defines the resolution of the measure-
ment system that identifies the structures in the spectra when
the donor impurity is located away from the center of a QD
[31]. In this sense, in the case of non-intentional doping, an
almost defined structure should appear in the donor-related
absorption spectra, located in the high energy range and as-
sociated to on-edge impurities.

In Fig. 3 shows variation of the DOIS of an on-center
donor impurity in the QD with binding energy when the ap-
plied uniaxial stress is increased toP = 30 kbar. We have
observed that a further increment in uniaxial stress displaces
the DOIS towards higher energies. This is due to the incre-
ment of the dot effective masses as well as to the decreasing
effect of dielectric screening and the barrier height with the
stress [32,33]. On the other hand, the decrease of the dot
size with increasing the uniaxial stress [32,33] results in a
decrease of the effective electron-impurity distance leading
to an increase in the DOIS profiles.

FIGURE 4. Density of impurity states (DOIS) of donor impurity
in a cylindrical GaAs quantum well dot as a function of the donor
binding energy at constant uniaxial stress,P = 30 kbar and for
various quantum dot’s lengthsLz = 10 nm, 20 nm, 40 nm, 60 nm
and 100 nm when dielectric constant,ε0 is used.

Finally in Fig. 4, we show the variation of the DOIS of
an on-center donor impurity with binding energy in the QD
for five various axial lengths,Lz = 10 nm, Lz = 20 nm,
Lz = 40 nm, Lz = 60 nm andLz = 100 nm, when the
uniaxial stress is kept constant atP = 30 kbar. We have ob-
served that the DOIS profiles for longer dots are larger and
peak at lower binding energies than those for shorter ones. It
would be interesting to check the results of the present study
in an experimental work [34-36].

4. Conclusion

In the present work, we have performed a theoretical study of
the effects of spatial dielectric functions and applied uniax-
ial stress on the density of impurity states (DOIS) of a donor
impurity located at the center of a GaAs QD of circular cross-
section. We have used a variational procedure within the ef-
fective mass approximation. We have found that the DOIS
starts at particular value and sharply increases to a peak at low
binding energy. This is then followed by a sharp and almost
exponential drop in DOIS to some minimum after which the
DOIS steeply rises to a second peak value in the high bind-
ing energy regime. The present work shows that, for constant
axial length of the quantum dot and constant uniaxial stress,
the DOIS for the non-hydrogenic donor impurity is markedly
enhanced over that for purely hydrogenic donor impurity in
which a dielectric constant is employed in the potential. Fur-
thermore, we have seen that the uniaxial stress shifts the onset
the DOIS to higher binding energy. The effect of the uniax-
ial stress seems to be the displacement of the DOIS towards
higher energies. The present study indicates that the effects
of spatial dielectric functions and uniaxial stress are impor-
tant in the study of low-dimensional semiconductor systems
such as QDs. Therefore, they should be considered in the
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experimental studies of the electronic, optical and transport
properties of such systems in order to improve device fabri-
cation involving such nanostructures. It is expected that the
results of the present work will stimulate the experimental
study of the simultaneous effects of spatial dielectric func-
tions and uniaxial stress on the donor impurity related optical
absorption associated with shallow donor impurities in quan-
tum well dots.
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