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Are neutrino oscillation mixings linked to the smallness of solar neutrino scale?
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Observed reactor and atmospheric neutrino oscillation mixing values appear to be related to the neutrino sgal&eljp/ A% ., in

a way that suggest that the neutrino mass matrix can be expanded as a power series by using this ratio as the smallness parameter. T}
approach provides a simple and natural way to expose the inner hierarchies among neutrino mass terms, which amounts to also explain th
solar oscillation mixing as well as solar oscillation scale. We explore a class of mass matrix textures that realize this scenario, for both normal
and inverted neutrino mass hierarchies, as well as CP violation and their stability under renormalization scaling.
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1. Introduction sin? 0,0, = 0.30470°912) for the solar neutrino oscillations,
_ _ sin® O3 = sin? Oy = 0.45070912(0.57079515) for at-
The flavor problem, meaning, the understanding of the Obfnospheric ones, andn? ;5 = 0.02246<1)+0.00062(74)

i i ; —0.00062 » COr~
served pattern of fermion masses and flavor mixings in th‘?esponding to reactor oscillation mixings. It is worth noticing

Standard Model (SM) of particles at a fundamental level, "®that the most recent fit from Ref. [2] changed drastically the

mains so far as an open question whose answer might shegho it oint on the atmospheric mixing for normal hierar-

light on possible new physics. This question is particularly ., \hich lays now on the first octant, as compared to the
more puzzling in the case of neutrinos which are predicted t revious fit in Ref. [7], where it appeared on the second oc-
be massless on the basis of the SM, and yet the abundant daia., | ith the valuesin? Oarar = 0.573(5)F0016 Yet

collected along the last decades by several oscillation neu; 1 .ce sigma level, on both fits the méggﬁ?(éé) .mixing re-

trino experiments [1] undoubtedly indicates that neutrinos arey g il overlaps on basically the same area that extends
rather light and mix. Most of such data is well described with g, ot the octants. Neutrino oscillations are also sensible

i 2 +0.21 -5

mdde pen2d ent mass sigl(%gn sol 1(3&)%%’0‘20 5310\/2 eV?  pe aboutiop — 230735 (278722) and within the interval
andAmry = 2.51070657(2.4907g ga5) x 1077 V7, cor- 144°,350°] ([194°,345°]) at three sigma level. All above
responding to the ones that determine solar and atmosphefg, \H (IH). Ongoing and next generation oscillation neu-

neutrino oscillation lengths, respectively, for the normal (in-{.q experiments will focus on increasing the precision on
verted) hierarchy of masses. As a remainder for the readefj,o qetermination of this phase

hierarchy refers to the relative ordering of the mass eigen-
values,m; for i = 1,2,3, such that ifm3 > m? the mass
pattern is said to be in a normal hierarchy (NH), otherwise i
is known as an inverted hierarchy (IH). Theoreticallyy? ,

is identified as the squared mass differedee3,, where
AmZ; =m7 —m3, whereasAm? 1), corresponds td\m3,

By looking up on these measured parameters it is un-
avoidable to notice some peculiarities that are very suggestive
Wwhen they are put down together. First of all, the hierarchy
among solar and atmospheric scales are so that their ratio, in
central fit values, can be expressed as

=

(|Am3,|), for NH (IH). Note that the sign af\m3, is already m2,

known due the MSW effect [3, 4] that takes place within the A=A w2 o = 0.1719(26). (1)
sun, however the sign akm?Z, and therefore the hierarchy ATM

of masses is still unknown. On the other hand, for the reactor mixing one has

With massive neutrinos, mixings arise from the fact that
neutrino mass terms are non diagonal in the flavor state ba-
sis which differs from the mass eigenstate basis. Both thgurthermore, the deviation of the atmospheric mixing from
basis are connected by a unitary matiiy,;, that in the  maximal turns out to be
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) [5, 6] parame-
terization is written ad/,,,, = VK, where K is a di- |tan a7 — 1| = 0.0955 (0.1513)
agonal matrix containing two Majorana phases, ands ~ O(\/2) [O(N)]. ?)
given in terms of two real and a complex rotations Vas-

Ro3(623)R13(613,0cp)R12(012). Same global fit analysis As stressed by above expressions, it is striking to note that all
determines the three neutrino mixing angles tainé 6, = of those parameters are about the same order of magnitude
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(this peculiar numerical coincidences were early suggestetb Taylor expand the general neutrino mass matrix, in order
in Ref. [8]). This raises the question of whether they couldto explore the hierarchies among the neutrino mass terms, as
have a common source and exploring this possibility is thalictated by atmospheric and reactor mixings. Thus, we write
main goal of the present work. As it is clear, if the answerthe most general Majorana mass matrix as

to such a question were on the positive, the next issue would

be to understand why solar mixing, being rather large but far M, = Mo+ 6M(}), (4)

from maximal, is not in evident connection with the same pa- ) )
rameter. As we shall argue here, the solution to the wholdn€reMo stands f?r the zero order matrix of the expansion
riddle could indeed lay on the smallness of the solar scal@nd(0M)e, for £, " = e, ji, 7, are all smooth complex func-
expressed through a simple neutrino mass matrix structurtcjzpns of A, at least of order one on it. Of course, a Ieagllng
that emerges when one assumes that mass terms are fu&kqher power or for some of these terms COUI_d be possible,
tions that can be (Taylor) series expanded usirg the only but that should be reflected along the calculations. Hence the

smallness parameter. This comes out natural when one cofar-b0Ve aplf_roac: cahn be maklel_w',thm:]t lost O; ggnere;#ty.
siders that physical masses could be subjected to loop cor- "By tahlng. theht egre.t:jca f|m|t W er,éénw 'g null, as
rection effects from a yet unknown interaction characterized"® as't erng t, and side of expressio 3 &nd ), one.

by a coupling parameter of ord@r In such an approach, the ends with a neutrino spectrum with two degenerate neutrinos
inner hierarchy of the mass terms provides at the zero order §1€"etan f2s = /4 with not further mixings. This scenario
maximalf,s with a two degenerate neutrino spectrum, Wherelmmed|ately syggest that, In the theore.t|cal limit wheres
other mixings are null. The ordex corrections would then null, the neutrino mass matrix has the simple form

be enough to predict all the mentioned mixing features, as A4 0 0
well as to provide an understanding to solar mixing through Myx| 0 1 oC (5)
the lifting of the degeneracy on the solar sector. Similar ideas 0 oC 1 ’

had been earlier discussed on the literature. In Ref. [8], fol-
lowing a similar motivation, a specific mass texture was sugwherec stands for a positive (negative) sign that should be
gested. Here we are addressing the problem in a more genetaken in the normal (inverted) hierarchy case. Héfds a
way, though. In Ref. [9] it was shown thé{, andf3 could  complex number wittRe C' > 0, and|A| = |1 — ¢C|. The
have a common origin related to the solar scale, but one afondition|A| = |1 — ¢C| is required in order to ensure a
the mixing anglesf,s, was there fixed to its maximal value null Am2,, which is needed for the zero order matfif.
to stress their interest on some specific mixing matrices. IThere are symmetry groups, like,, which supports this kind
Ref. [10], on the other hand, leptonic mixing angles were re-of matrix configuration, however, the exploration of the pos-
lated to lepton mass ratios. Nevertheless, it is desirable teible models that generates the proposed matrix is beyond
have an explanation for all three mixings, and they indeedhe scope of this work. In any case the only existing mass
could be generated by the quantityas we will show. splitting at this limit is given byAm? o 4Re C. Also, My

With this aim, this paper is organized as follows. First,does not generate any Dirac phase. SinceAhghase can
in Sec. 2 we use the condition of having null reactor and sobe freely redefined, and taken to be zero, a single Majorana
lar mixings and a maximal atmospheric mixing, with a two phaseg, arises from the phase difference of complex eigen-
neutrino degenerate spectrum, to search for explicit mass manasses] + C, which givestan ¢ = 2Im C/(1 — |C|?).
trix structures that be consistent with hierarchical neutrinos, Hereafter, to clearly exemplify the way our proposal
based on the Taylor series approach. Then, along Sec. 3, werks, we will concentrate our discussion to the case where
parametrize the ordek contributions that raise the degen- C' = 1, which means that we can takd| = (1 — o) ac-
eracy, providing aAm2, mass gap, which, at the same time, cording to the hierarchy. This would restrict our analysis to
would offer an explanation for the observed neutrino mixingstruly hierarchical neutrinos. Following E) the mass ma-
patterns. There we perform the analysis for both normal anttix should add tal/, some smooth complex functions &f
inverted hierarchies. Henceforth, in Sec. 4, we explore botlwhich by construction we assume at least proportional.to
analytically and numerically the possible predictions for CPIn this terms, the Taylor form of the neutrino mass matrix can
violation of such scenarios, emphasizing that our approache written as
can account for values within current observed bounds. The
effect of running under renormalization group effects on the
proposed mass matrix hierarchies is explored along Sec. 5.
Finally, we close with some general concluding remarks, pre-

I' e\ a)
M,=1| ex b oc mo, (6)
ax oc 1

sented in Sec. 6. where we naturally expect the real overall mass sgaje~
VAm?2,,,/2. The choice of the scal@ ~ 2.5 x 1072 eV
2. Linking neutrino mixings to solar scale is just a matter of convenience, but it is possible to adjust

the scale of the neutrino mass, which would require a slight
Based on the suggestive numerical coincidences depicted mhange in the parameters. However, the goal of the work is
Egs. @) to (3), we propose that the scale raficcan be used to show that there exist matrix textures which generate the
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ARE NEUTRINO OSCILLATION MIXINGS LINKED TO THE SMALLNESS OF SOLAR NEUTRINO SCALE? 3

initial conditions,i.e,, two degenerate neutrinos, null solar In order to estimate the mixings, we perform an approx-
and reactor mixing and maximum atmospheric mixing. Theimate diagonalization of the squared hermitian maffix=
correct observed values are obtained perturbatively. It is imdZ, M. This has the clear advantage tHatis diagonal-
portant to note that the model does not predict the mass scaliged by a unitary transformation, such thatHU = M2, o
but it does predict the correlation of the parameters. A comwhere the RHS is given by the non negative and diagonal
prehensive model with additional fields would be needed tanatrix M7, = diag(mi, m3,m3). Up to field phase redef-
assess the model’s falsifiability, which extends beyond thénitions of the neutrino basi$/* corresponds to thEp ;N s
scope of this paper. It is also worth noticing that in {he mixing matrix that diagonalizesd/, (see Refs. [13,14] for the
block, from our construction principles, generic mass tefkms precedents to this approach). Also, it is important to note that
andc can be expressed as-df ~ ¢ (1+Redf+O|df|?),  we work in a basis in which the charged lepton matrix is di-
whered f stands for the correspondidd( ) complex correc-  agonal, which means th&t ), v s also describes the strength
tion. Hence, the overall phase turns out to be small, sincef the lepton flavor mixing in weak interactions. For the
tan ~ Imdf. This already indicates that the phases onpurpose of calculation, it becomes convenient, given the ex-
the first row shall be the most relevant for the analysis belowpected smallness @f 3 and the hierarchical nature of neutri-
Furthermore, without loss of generality, upon rephasing ohos, to expres¥ = Ra3(f23, ©1)R13(613, 92)R12(612, ¢3),
the flavor neutrino wave functions, and without altering thewhere the block unitary rotations
phases relevance, we can choesendb to be real parame- 0 in 0ei®
ters. Others should, in general, stay complex numbers. R(0, ) = ( cos i smove ) ,
. : . . —sinfe™"%  cosf

According to our Taylor expansion considerations, at the
leading order, we can writ€'| = (1—o)+d\, b= 14+06,)\,  embedded into their three dimensional forms, are obtained by
and|c| = 1 — é.A. Here we should assun|, d, ¢, §,, and  consecutively diagonalizing each indicated block/n On
. to be at most order one numerical parameters to be fixethis approach, Dirac CP phase on PMNS parameterization
by the use of experimental data. Also, hereafter we denotturns outto bécp = o — 1 — 3.
the phases df, a andc as¢r , ., respectively. Therefore, within our present setuff,can be written as

Similar textures to the above, for normal hierarchy, were 0 § w
presented in Refs. [8,11]. The later was motivated within - X 2
the context of H={ o 6 »r | m ®

1, — 7 symmetry. There, however, the cor- Wty

responding corrections ta.. andm,, where proposed to
be of orderA?, but no connection with our current motiva- where,a = |T'|2 + €22 + |a|2)2, B = b? + |¢|? + €2)2,
tion was made. The former, on the other hand, was similarlyy = 1 + |c|? + [a|?A?, § = (Te + eb + cac*)\, w =
motivated by the numerical coincidences on the oscillationT'a* + oec* + a)), andp = obc* + oc + ea*\2. Itis then
parameters, nonetheless, in thetg. was assumed to be ex- easy to realize that in normal hierarchypoecomes)()\?), as
actly \* whereasn,,, ., Were taken to be exactly, which  well as the perturbative corrections that would be induced by
also exhibitg: — 7 symmetry but leaves out solar neutrino os- off-diagonal matrix termsj andw. This would explain solar
cillations. Such cases, of course, are contained in the presengutrino scale without further assumptions. Such is, however,
one since our approach is more general. Note also that a clagst the case for inverted hierarchy, whergets an order one
of models based on—7 symmetry o —7 parity can alsobe  correction on\. Here, explaining a solar scale that is of sec-
reproduced in the present context (for a recent review of botlond order would require tuning some of the parameters to an
see for instance [12]). That should be expected, since suabrder\ precision, as we will discuss below.
symmetries are known to be closely attached to the smallness After some algebra, atmospheric mixing is expressed, at
of 613 and a largeds3. Furthermore, Eql6) already shows leading order, as
some of the inner hierarchies that the observed neutrino os-

@)

cillation data suggests. tan Oy ~ 1+ 2&’(;5')\, 9)
COS Q¢
o irrespective of the hierarchy, whereas the reactor mixing be-

3. Masses and mixing comes
Next, let us proceed to show that the above expression for  tan 013
M, does predict the desired spectra of masses and mixing. It 1—0)ei®r (ed-a* —ige

v —o)e +a*)+(e+a)(l+oe
would be of particular interest to verify that the right amount ~ I ) ( JH i ) A (10)

of solar mixing could arise from the texture. Because at the VB(1+] cos 6]

zero ordermi2 are degenerated, one only needs the rightn order to fulfill the expectation of having at most order one
amount of perturbation to split these squared masses to prdaylor parametergcos ¢.| should be close to one, otherwise
vide a mass gaphm3, x A?m3. As for the large solar mix- the coefficient ofA on Eq. ©) would become too large as
ing, it should naturally arise due to the same kind of perturto account for the observable value of the mixing. More-
bations. over, since reactor mixing in normal hierarchy vanishes for
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¢. = m, we must avoid this branch of values. This is of contributions. From above expressions, it is straightforward
course consistent with our previous expectations. In the pato see that such conditions amount to fix

ticular case where we takg. ~ 0, that we assume hereafter, 1

atmospheric and reactor mixings reduce to ame—gA and  dm—o(0+20) —hA (18)

with |¢g| andh order one numbers. This express the required
level of accuracy of our approximation. It has the aside im-
le + al plication thaty, would become small (and perhaps irrelevant
2v2 1) forcp violation), since nowan ¢, ~ —Im(g/e) - \. Notice

) ) ) that no restrictions are made ¢ so far, which should then
for both the hierarchies. Furthermore, by looking up on besphecome the most relevant CP phase in this case.

fit value of the atmospheric mixing, we should notice that Using the above tuning conditions, we then get
has to be negative for NH, in order to bring down the mixing

from its zero order maximal value. The opposite should be D & V2 |edy(1 + €T) — 2(g + g*e“")| A%, (19)
the case for IH. From here it is straightforward to see that, at
best fit point,&, = —1.11(1.753) and|e + a| = 2.494(s1) ~ and
according to our initial assumptions. As an aside comment, it
is obvious that above formula for atmospheric mixing would
still work pretty well even if the resulting best fit point from
future data were to move towards values higher that, as
it was in the data fit of Ref. [7], for instance.
Next, we proceed to calculate the solar neutrino scale and AmZpay ~ (44 (08, — 20.)A) m2. (21)
the solar mixing, which after a lengthy calculation get the
general forms Sinced, has been fixed by the observed value of the at-
mospheric mixing, in Eq/9), the model is left with five free
AmZy &~ miy/ p? + D2, (12)  parameters: That isno, e, 6. anda andd for normal hi-
erarchy, buty andh for the inverted one. Hence, there is
plenty of room to accommodate the remaining four neutrino
1 (13)  observablestan 13, tan 6o, Am?2,, and Am?;,,, from
x4+ 1+ 22 Egs. A1), (12), (13) and 21). To have a feeling of the
with = = u/D and where the explicit expressions rand order of magnitude th_e model param.eter.s should havg,.we
11 do depend on neutrino hierarchy. From EXg)( itis clear ~ ©@N solve thezsystem in the non CP v!olat|pg case, by fixing
that bothy and D should be required to be O(A\2), which ™0 = v/ Amiagy/2 = 0.025 ¢V, which gives at central
in turn would imply thatd < = < O(1), just as needed to valuesa = 0.664, d = 0.61, ¢ = 1.829 andd. = 1.867
understand the large observed value of solar mixing. As 4°F normal hierarchy, and = 1.24, g = 0.437, h = 3.092
matter of fact, at best fit point data requires that 0.426. ~ anddc = 0.877 for the inverted one. Of course, taking a

The corresponding results to each hierarchy are as follows, Slightly different value form, would render a bit different
(i) For normal hierarchywe get at the lower order set of solutions, but all would be of similar order, which

validates our approximations. Note, also, that these values
e — a)(8y + 26,) + 2deir (e — a*)| A2, (14) emerge for the approximated expressions we.have derived

above. More precise results can be obtained either from ex-

tending our analysis to include higher order corrections or by

proceeding through a completely numerical calculation. We
A i (8 + 20.)% — 4d?) A% (15)  shall consider the later below.

é
tanfary ~ 1+ Eb)\, and

tan 13 =

1
S (25§+2h—|e+a2) A2 (20)

Finally, atmospheric scale is given, for both the hierar-
chies as

and

tan O =~

1
D%EK

whereas,

(ii) For inverted hierarchythe situation is more challeng- 4. CP violation
ing, since, as we have anticipated, both contributions to the

solar scaley, andD, arise at first order level, such that The amount of CP violation in any neutrino mass model can
; ; be estimated by using the Jarlskog invariant [15
D~ 2v2|e(1+ ¢97) — (a+ae¥r)| A+ O(A2), (16) y using g [15]
1
and J = g sin 2012 sin 2923 sin 2013 CcOos 013 sin 6CP, (22)
pr — (4d + 2(8, + 26.)) A+ O(N?). (17)  Wwhich can also be written in terms of the previously defined
squared hermitian matrik as (See for instance [16])
Thus, in order to warrant the right prediction for the solar
scale, some tuning conditions must be imposed on the pa- J=— Im §H21]1;32H132) ) (23)
rameters, such that they cancel each other within the order Am3, Amz, Ams,
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Using our parameterization, we can straightforwardly ex-which is now controlled by the singlér phase, as already

press the invariant in the approximated form anticipated.
m2 3 In order to explore in a more accurate way the possible
J =~ — (A20> Im[6*p*w] A72. (24)  predictions for the Dirac CP phase from our neutrino mass
Marm

matrix proposal, we have numerically scanned the parame-
It turns out that, at the leading orddmn[6*p*w] ~ O(X?),  ter space looking for value sets that reproduce the observed
which means that the model could without stress accommomixings and oscillation scales within the current level of ac-
date asindcp ~ O(A) which is well within the expected curacy. To this aim, we numerically solve for the eigensystem
experimental value range. As a matter of fact, by writingof the hermitian matrixd that is generated out of the mass
down matrix M, in Eq. 6), by randomly assigning values to the
Im[6*p W] N2 ~ ko + KIA £ ..., (25) pgrameters. Once .the ei.genvectors are'nunjerically known,
without further considerations nor approximations, we calcu-
and after some calculations, we get, for normal hierarchyjate the corresponding mixing angles and the Dirac CP phase

ro = (|a]* — €?)sin 2¢. and as given in the PMNS parameterization, as well as the corre-
Ky = [5b(\a|2 —e) + 26250] sin 26, sponding squared mass differences, and keep only those pa-
rameter sets that reproduce neutrino oscillation observables
+ 2 cos ¢, {e|a\(5b + 20.) sin ¢q within the range of one sigma deviation for the mixings, and
up to three sigma deviations for the mass scales ratio. Given
+ €(6. — d) sin(¢r + ¢c) thatm, appears in Eql6) as a global scaling, we have found
9 . more appropriate to use the scale ratio as the discriminator
+lal*dsin(¢ér + ¢c — 2‘75@)}- (26)  rather than the scales themselves since this reduces one pa-

Notice that this implies that, < O()) as a consequence of 'ameter on the analysis.

the smallness of,., just as discussed along previous sections, ~AlS0, in order to simplify the numerical computation we
Furthermore, in the limit where we do neglegt, o = 0, fixed our small parameter to the valde= 0.1719 throughout

and thus, the CP violation phase is given by the numerical analysis for both hierarchies, with the under-
) 3 standing that any possible change on it can always be com-
sindcp ~ —0.466 <4m0) K1\, 27) pensated by a scaling on the other parameters. It is also worth
AmZpay noticing that for any given matri¥/ which is diagonalized

wherer; ~ 2[e|al(dy + 20.)sin ¢, + €2(6, — d) sin g + by the unita_ry matrix/, _its comple_x conjugated?* would
|a2dsin(¢r — 26,)]. Itis not difficult to see that with order be diagonalized by’*. Since the Dirac phase #ii does cor-
one parameters we can easily get an adequate value for t@spond to the opposite phaseliri, the parameter map for

CP violating phase. d¢c p should be symmetric under reflection symmetry. We use
For inverted hierarchy we get this fact to locate additional point solutions on the parameter
. space.
Ko = 208 Pc (2[|a|2 sin(¢r + dc — 2¢q) For normal hierarchy we searched the parameter space

using the following parameter range$:| € (1,2), d €
— e*sin(¢r + ¢c)] + (laf® —62)s1n¢c+4e|a\sin¢a), (0,2), e € (0,2), & € (—1.2,—0.4), 6. € (0,2) and
and the rather complicated expression ¢acr € (0,2m). We show in Fig. 1 the solution sets for
thee-|a| ande-d, subspaces, where the allowed region is best
K1 = 20y {26|a\ sin(@e — ¢a) — |al?* sin(2¢. + ¢r — 2¢4) depicted. Notice the apparent correlation amerand |a/,
that was expected from the way they combine themselves to

+ €2 sin (,251‘} + (€%(26. — 6p) — Oplal?) sin 20, produce the reactor mixing in Eql@). Also, all the pre-
sented solutions were found to have a very small valug. of

— 2¢0S ¢ [e\a|(65c — 8y — 4d) sin ¢, as expected from our previous analytical discussions. Blue
dots correspond to the values of the parameters which gener-

+ 2ealdy sin(¢, — ¢r) + €*(d — 5.) sin(¢r + ¢e) ate aAm2,,/ Amzq, ratio within thelo range, while orange
dots correspond to those solutions with the quotient lying in

— |a*(d — 46.) sin(¢r + ¢ — 2%)] (28)  the 3o range. The same colormap is used for all the figures

In this case, the conditions imposed through E8),(and the ~ Presented in this work. As we can see from the plots, there is
implied smallness of. , amount again to consides to be not_ a clear dlstl_n(_:'qon between the and 3o regions, indi-

of order\. Indeed, by neglecting these phases in above excating the senS|b|I|Fy of the mass _texture to the values of the
pressions, they simplify inteo ~ —8eRe(g)sin ¢r A, and parameters regqrdmg the pred|ct|on.of neutrino mass scales.
K1 = €2(46, + 66.) sin ¢r. Hence, for inverted hierarchy we This may bg an |nd|cat|on that certain level of tuning would
get the approximated formula be required in the underlying theory to keep masses under the
) expected accuracy.

sindep ~ —0.4688 <4mo

3
Am?ATM) (ko + K1 A), (29)
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FIGURE 1. Allowed parameter space for the normal hierarchys shown as a function ofz| andd,. Blue (orange) dots generate a
Am?2,,/Am2 ., ratio atlo (30) accuracy.
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FIGURE 2. Allowed parameter values for the inverted hierarchy as seen ie-theh parameter subspace.
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for the values of the model parameters which generate neutrino os-
cillation parameters within the required accuracy. _

For the inverted hierarchy, we have explicitly introduced e 1
the tuning conditions given in Ed18) to focus our search.
Thus, the parameters were assigned to arbitrary values withir
the intervals:|g| € (0,2), h € (1,2),e € (1,1.5), 6, € S " o 108mZamin
(1,2), 6. € (0,1.8) and¢. 41 € (0,2m). Fig. 2 shows the | 30 Am2,/AmZy,
results on the, |g| andh subspace. Unlike the parameter
space for the NH case, which present just a slight correlation w2+
only between two of them, for the inverted hierarchy there is
a clear correlation between all parameters. For the sake of hpone ]
simplicity we only show here three plots, howevirands,. e
have shown a similar dependencéghas that fore andh. 0.0 0.5 1.0 15 2.0

In Fig. 3 we show the phas&- as a function ofg|. This lol
phase is of particular interest because our results were al§0GURE 5. dcp predictions in terms of thegy| parameter for the
found to allow only small values for the. , phases, as ex- inverted hierarchy.
pected. Therefore, itis thi phase the one that would deter- . o
mine the overall shape of the Dirac CP phase. Furthermord! case, we have fewer points within ther and 30 re-
as we can observe on Figs. 2 and 3, there are well delin@iOns, these lying approximately in the interyat (0, 0.5)U
ited regions in the parameter space, although, once again, thé-5; 2)- Thus, indeed, the numerical analysis shows that
points which generate a mass scale ratio withinand 3¢ there exist a parameter space for the proposed mass texture

ranges are mixed together. Thus, the already observed sefRnsistent with théo values of masses and mixings in both
sibility of the mass scales in NH to small variations of the CaS€s- This validates the interest on our phenomenological
parameters also appears for [H. approximation and enforces the possible link among the ob-

The predicted values of the Dirac phase that emerge fromervables that suggested it.
the found parameter sets that are consistent with oscillation
mixings and mass scales at the given level of accuracy, a®, Renormalization effects
depicted in Figs. 4 and 5 for normal and inverted hierarchy,
respectively. The blue (orange) band indicates the curremis a final note we would like to comment on the effects
1o (30) region fordcp, as reported in Ref. [2]. As we can that energy scaling would have over the mass matrix struc-
observe, the model at hand has quite enough room on the paire that has been derived above, by using the Taylor expan-
rameter space to allocate a future measuremedit: pfwell sion approximation. This issue arises as a necessary analysis
within the current expectations. Notice that in the NH casewhen one considers that any realistic flavor model of neutrino
the majority of the points lying within théo range forécp masses should rely on some new physics, either in the form
correspond approximately te € (0.2,0.8), whereas inthe of new interactions or new particles, that very likely would
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emerge at some high enerdy Therefore, to reproduce what 6. Concluding remarks and outlook
we measure at a low energl,, below electroweak scale,
the effect of running parameters of the theory frandown

to Ag ha; to _be considered. This running is governed by thﬁ'\/leasured reactor mixing and the deviation of the atmo-
renormalization group equations (RGE), which, at one—IoopEpheric mixing from maximal value, as given in EG@). nd

re_zlate the effective neutrino mass matrix with that defined a 3) respectively, are about the same order of magnitude of the
higher energy by [17-19] . . .

squared root of the ratio among neutrino oscillation scales.

M, (Ao) = I TM, (AT, (30)  This curious observation could be more than just a numerical

) _coincidence and rather be an indication of a common physical
where we assume thal/(A) has the structure given in  qrigin of those parameters. Here, we have elaborated over the

Eq. ©). I is the scaling factor idea that all these value parameters may arise from perturba-
1 InA tive corrections, to the neutrino mass matrix, that depend on
Ic =exp [_16#2 / ¢(t) dt} , (31) powers of a single small parametar,such that mass terms
In Ag can be expressed as power series on the last. Clearly, this idea

which only contributes to rescale the overall neutrino scaleould be well motivated, as well as natural, if there were hid-

but has no relevance on the renormalization of the mixden interactions in the neutrino sector, where loop corrections
ing angles. Here, with the Standard Model contgnt=  Would be the ones responsible of fixing the (bare) zero orgler
—3¢g2 + Ay + 6y2, whereg, stands for theSU(2), gauge Mass structure. Although we do not knOW yet what su_ch in-

coupling, A7 for the Higgs self coupling ang, for the top ~ teractions might be, the simplest scenario is to consider at
Yukawa coupling. On the other hand, the flavour dependerl@st @ single coupling parameter, which could be interpreted
components of the diagonal mattix = Diag{I,,I,,I,}, @S\

are given by o
In such an approximation, we have shown that the class of
7 3 A &t 32 neutrino textures that arise at the zero order, for either normal
= XD 593 g E (32) " orinverted hierarchies, are quite unique. They are required to

comply with having two degenerate neutrino states and null
with y, the lepton Yukawa couplings. Due to charged leptong, , and ¢,, but a maximald.; mixing angles, which fixes
hierarchy, from whichy. <y, < y. < 1, the scaling fac-  the initial mass structure. Furthermore, the addition of linear
tors /, would be close to unity and. shall be the dominant  corrections in\ are quite enough to generate the masses and
one. Because of this, we can safely assumefhat~ 1  mixings observed from neutrino oscillation experiments, us-
wheread, = e’ ~ 1+ r., where ing only factor coefficients that at most are of order one. The
3, Ao predicted CP phase is also compatible with the current ex-
3972 Yr(Ao)In <A) (33)  perimental bounds atr and3 accuracy. And, as we have
shown, the proposed mass structures are stable under the en-
As a matter of fact, by assuming = Agur ~ 10'® GeV  ergy scaling goberned by RGE with the SM particle content.
and A, the electroweak scale, one gets that ~ 107°,  Our results strongly support the validity of approaching mass
which represent a too small correction when Compared thrms with the Suggested power series approximation, in par-

A, which defines the inner hierarchy of the mass matrix —tjcular to describe the inner hierarchies of the mass matrix. It

actuallyr, ~ O(A°)~. Therefore, we would not expect RGE would be interesting to explore this idea even further.
scaling effects to substantially alter the inner structure of the

TR

mass matrix. We can verify this by explicitly writing The present modeling of the neutrino mass structure,
Tp  ep) aph however, seems to require some level of tuning on the pa-
M(Ao) = | err br  ocn mor(Ao), (34) rameters in order to prowdg precise prgd|ctlons on neutrino
mass scales, as our numerical exploration suggests. The re-
AR\ OCRr 1 . .
quired tuning should be of ordé? or so on most parameters,
where the renormalized parameters standifpr~ I'(1 —  though. Mixing predictions, on the other hand, are quite ro-

2r;), ag = a(l —r;), bg = b(1 — 2r;), cg = ¢(1 —r;),  bust. This feature of the model may suggest the existence
er ~ e(1 —2r;) andmor(Ao) = molcI?. From here it  of further correlations among the different mass terms, and
is clear that the whole effect of the RGE scaling, from SMperhaps be indicative of a non trivial interplay among the pa-

corrections, would be rather negligible as far as the size ofameters of the possible underlying theory. It would be inter-

the parameters goes. Nevertheless, it is worth noticing thadsting to explore this possibility in an extended way once a

the relative scaling onr respect to the ones di; andI'r ~ complete theoretical realization of the present idea could be
would produce a slight splitting amowngf’2 that still willbe  provided.

much smaller than the required by solar neutrino scale. This

situation is particularly most prominent for the inverted hier-  The texture suggested from our series expansion proposal
archy, although still remains under control. may be obtained in models wiflh — 7 symmetry, o — 7
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