Condensed Matter Revista Mexicana dsi€a72 020501 1-6 MARCH-APRIL 2026

Time-dependent conserved operators for Sclirdinger equation with
constant electromagnetic field and quantization of resistance

Jorge A. Lizarraga

Instituto de Ciencias Bicas, Universidad Nacional Aomoma de Mxico,
62210, Cuernavaca, &kico.
e-mail: jorgelizarraga@icf.unam.mx

Received 19 January 2024; accepted 14 March 2025

Two systems are studied: the first one involves a charged particle under the influence of a constant electric field, and the second one involve
a charged particle under the influence of a constant electromagnetic field. For both systems, it is possible to find time-dependent conserve:
operators that can be used to derive time-dependent solutions to the complédii®@ghrequation. These conserved operators are employed

to define the symmetries of the system. An argument of invariance of the wave function under the action of a unitary operator leads to the
guantization of resistance and resistivity, in integer multiples of the von Klitzing’s constant, for the first and second case respectively.

Keywords: Time-dependent operators; resistance quantization; Klitzing’s constant.

DOI: https://doi.org/10.31349/RevMexFis.72.020501

1. Introduction imental measurements reported by@ter [6-8]. It should
be noted that current hypotheses attempting to explain this
henomenon generally rely on a quasi-particle approach [9,

Conserved operators in dynamical systems have proven to %]_ However, our findings suggest that it could also be un-

valuable toqls in quantum mechanic_s for identifying SyStemderstood as a single-particle effect.
bases. In this context, the approach involves constructing and

solving an eigenvalue equation using these conserved opera- )

tors. For example, in the central force problem, angular mo2. About time-dependent conserved operators
mentum is conserved and is used to determine the eigenfunc- o ) o , , .
tions associated with azimuthal and polar angles [1]. Anothef N€ Hamiltonian we are interested in is written in CGS units

illustrative case is that of a constant magnetic field, where2S

depending on the chosen norm, the conservation of linear = RS (p _ 2A>2 +qU 1)
momentum is used to find the system bases, known as the 2m c ’

Landau ansatz [2]. There are autonomous systems in whiolkherem is the mass of the particlg, is the charge of the
conserved operators may depend on time. In these scenavarticle, c is the speed of lightP = (Pws Dy, Pz) = —ihV

ios, a similar approach can be applied: one forms and solvig the momentum operato = (4., 4,, A.) is the mag-

an eigenvalue equation with these time-dependent operatoretic vector potential such that the magnetic field is given
and uses the solutions to identify the system’s bases. Interedy its curl, that isB = V x A andU = U(x,y, z) is the
ingly, although if the spatial coordinates can be formally sepelectric potential such that the electric field is given by the
arated from the temporal coordinate in the $clinger equa- negative of its gradient? = —VU. Given our interest in
tion, the solutions obtained with these operators have mixefHientifying time-dependent conserved operators, it is impor-
space-time variables, preventing a separation of the temporgnt to demonstrate that they can be used to find solutions to
part. This temporal dependence of the wave function has afhe Schidinger equation. The total variation of an operator,
additional implication: when applying the energy operator, f, is given by the Heisenberg equation

instead of obtaining an eigenvalue relation, one finds a new R R

wave function that satisfies the full Séidinger equation, im- af - l[f H] + of 2)
plying that the energy operator defines the system’s degener- at b’
acy. In this work, we analyze two systems exhibiting time-When the above expression is equals to zero, one can say that
dependent conserved operators. The first system involvesthe operator is conserved, that is

particle under the influence of a constant electric field, while A

the second is subjected to a constant electromagnetic field. .l[f, H + of _ 0. )
Moreover, the wave functions obtained for these cases have ih ot

the characteristic that, it remains invariant under a unitaryHere, f is a time-dependent operator which can be used to
transformation if the resistance (in the first case) and resistivwrite down an eigenvalue equation

ity (in the second case) are quantized in integer multiples of R

the Klitzing's constant [3-5]. This result aligns with exper- Y=, (4)
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where) is a scalar. Then, applying Eq. (3)#owe can write  having the following solution

< L _of 2 02
f(HY) — H(f¢) + maf{w =0, 5) C(t) = exp (fén‘f; (t— 5t)3> , (15)

using Eq. (4) and, (f)y = 8,(fv) — fo,4 the above ex-
pression can be rewritten as follows

and the solution can be written as

R ) . a’(/J _ ,q252 3
(f =N <H¢ - ’hat> =0. (6) ¥(z,t) = Nexp ( — i (= 0t)
The above equality can be satisfied for the following reasons: q&
1) becausefy) — ihdyy is an element of the kernel of the + Zf(t —dt)z |, (16)
operatorf — X defined as the set of all squareintegrable func-

ions inR* that satisfies the previous expression, where N is a normalization constant. At this point, one can

Ker(F— N = dd e I2RH [ (F—Nd =0l (7 search for a simplest form of the solution, in a sense that the
(f ) { € LR [ (f ) } ) above wave function is just a unitary transform of the new

2) Because) satisfies the Schdinger equation function. The conserved operators in Eq. (10) and Eq. (11)
can be used to define a couple of unitary operators

Hy = maaif. (8) 5

3. One-dimensional constant electric field 5t
U, = —E 18
The simplest example where this approach can be used is tT P (Z h ) ’ (18)

when we work with a constant force in one dimension. In
this case, the force is produced by the electric field, and th&heredz is a constant. These operators define the symme-
electric potential is given by (z) = —q&x where& is a t.ries of thg system such that the f:omplete ﬁdhrge_r equa-
constant representing the electric field intensity. The timelion remains invariant under a unitary transformatica,
dependent Scbdinger equation is

Y = L2y qsuy, © - |

m Note that the wave function in Eq. (16) can be written as

for this case, it is known that the solutions for the stationary

H—-E=Ul(H-EU,=U/(H - EU,. (19)

equation are the Airy function [11]. However, using Eq. (2) V(1) = DN exp (_2.6126‘)2 By i‘ﬂgam) (20)
one can realize that this system has the following conserved ’ 6mh h ’
operators . o
. which satisfies
f =D —q&t, (10) X )
P Hiy(z,t) — E(x,t) =0, (21)
E= ihoe (11)

multiplying the above equality b&’tT using Eq. (19) and the
Therefore one can write down the eigenvalue equation for thgsct thattJ, is unitary, we have
operator (10),

Puth — gt = —qBOt, (12) ﬁgp(w,t) — FEp(z,t) =0, (22)
where, for simplicity, the eigenvalues were written-agsst ~ Where
such thatjt is a constant. Solving the above equation, it can o PE ., qE ‘
be found that p(z,t) =U/vp = Nexp (—z 6mht + zhtz> . (23)
W(z,t) = C(t) exp (iqﬁ(t - 5t)z> ’ (13)  And this is the simplest form of the searched wave function.

] ) ) However, there is still another important characteristic of this
whereC(t) is functions that depends only on time. To deter- g tion to be analyzed, and is its degeneracy.

gmegtms fugct_lonr,]w;—:n .lc,lubs_,ntute the.above wavefunctioninto g s the operator in Eq. (11) is conserved; ] = 0,
9. (9) to obtain the following equation the following equality is satisfied

ac 2@02
== qu (t — ot)%C, (14) E(Hy) = H(Eyp), (24)

ih
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using the fact thap satisfies Eq. (9), the previous equality Finally, an important property of this system can be de-
can be written as duced when the wave function in Eq. (32) is invariant under
a(E ) a unitary transformation of the operator Eq. (17), that is

(’9 A

ih = H(Eyp), (25) A
ot U, V(x,t) =exp (iq;jémét) U(z,t), (33)
it proves that
2E which leads to the condition that
Eo(x,t) = —q&x | o, 26
o) ( 2m 4 ) v (26) %51’& =2mn, neN. (34)

is another solution of Eg. (9). This characteristic can be gen

) ) N Pt To interpret the above quantity, we rewrite it as follows
eralized to anyj € N applications of the operatdr, since

B 1 9
[E7, H] = 0 one can prove that %é’&vﬁ — o, (35)
,hﬁ(ij) — H(E7 27 . q. .
=g = (E7 ). (27) " then we note thag?/h is the inverse of Klitzing’s constant

Hence, we have a countable set of solutions. Defining eac
one of these functions as (x,t) = E7p such thaty? = ¢,
the following commutator can be calculated

3], &ox is the voltage, and/dt is the current of a single
article. Therefore, redefining Plank’s constantas 27h
and rearranging

R:

[ E7HY = ihgé (G + 1) B (28) 2" (36)

and app|y|ng it tap we have that each one of these functionsWhereR is the resistance of the system. This means that
satisfies the following eigenvalue equation the resistance produced by the particle is quantized in integer

o ' multiples of the von Klitzing constant.
FEQ = ihg&(j +1)¢’, (29)

Itis important to note that the eigenvalues for the above equa4' Constant electromagnetic field

tion are imaginary. Despite th,e_ fact thgt .the operr]ators inI'o consider the magnetic field in Hamiltonian Eq. (1), it is
Eq. (flO) and Eq'. ,(11) are Herrmtlan on their 0‘_’;’”' the pr_Od'necessary to define a gauge to work with. In this case, Lan-
uct of two Hermitian operators is not necessarily Herm|t|an.dau,S gauge will be used to describe a positive magnetic field

Hence,f £ can have imaginary eigenvalues. of constant intensity3 alongz-direction. Such a gauge leads

The general solution of this system can be written, as 3o a vector potential of the for = B(—y, 0,0). When this

Z‘tjigﬁreﬁzit:gn of the wave function Eq. (23) and its degener@]auge is used, typically the electric potential is selected such

that it depends on the same variable as the gauge (in this case
o y), because this selection keeps the momengyrronserved
U(z,t) = chEjgo(m,t). (30)  [2,12,13]. However, in this work, an alternative selection of
j=0 electric potential is considered, thatis = —¢&z . From

wherec; are constants. Due to the degeneracy, it can be gif1oW on we are only interested in the dynamics of the particle

. . . . .. inthex — lane, therefore w = 0. Therefore, th

ficult to work with the general solution, but there is a specific €xr —y piane, therelore we st =0 eretore, the
) . . L ._Hamiltonian is written as

selection of constants in the linear combination that can sim-

plify the wave function. If the constants are written as = (Be + mwey)? + —p2 — ¢&z, (37)
‘ 2m 2m”"Y
1 6 . .
cj = 7@, (31) wherew, = ¢B/mec. This system has the following con-
2t (eh

served operators
the general solution can be written as

ﬁ.’L‘ = ﬁuL - qéaxa (38)
U(z,t) = p(z,t — 0t), (32) Fy = Py + Mwe, (39)
where(z,t —6t) = ¢ (x,t) defined by Eq. (16). Even though gng
one might assume that the general solution can be obtained P
straightforwardly by solving Eq. (12) and Eq. (14), it is im- E=ih—. (40)
portant to note that this is just a particular case of the general ot

solution. The possibility that different selections of constantsAs it can be seen, a time-dependent term added to the mo-
c; will lead to different effects of the degeneracy must not bementump,, guarantees the conservation of the operator. To
discarded. find the solutions of this system, it is necessary to begin by
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writing down the eigenvalue expression of the operators irwhere the functiorp,, is the solution of the harmonic oscil-

Eq. (38) and Eg. (39) as follows lator equation defined as follows
. 1 mwe\ 1/4
2 — qEtY = —q& 5t 41 - ¢ —£)H,
pet) — a8t = —q 5310 (41) @ == (") o=@, (6D
Dyt + mwery) = mw b, (42)

where H,, are the Hermite polynomials. Hence, the wave
wheredt andsz are constants. Solving Eq. (41), we get the function can be written as

following expression & &
P n=exp (=25 |y 2 5ty | 49 (¢ — 5t)a
hw, mwe h

E
X exp (—z’h"t> on (, /% [y+ TZi (t—ét)} ) (52)
and the functior€ = C(y;t) can be determined by substitut- ¢

ing the above function into the Sditinger equation using Once again, the wave function is time-dependent and there-

U(x,y,t) = C(y,t) exp (Zqif(t — 5t)x) , (43)

the Hamiltonian Eq. (37) fore is a solution of the complete Sélinger equation in-
5 oo ) 9 stead of the stationary one.
L OC _ h* 0°C  mwg q& To proceed to study the degeneracy, it is helpful to find a
i = 5 + Y+ (t—4at) | C. (44) B i i
ot 2m Oy 2 c simplified form of the solution. The conserved operators in

Si the inf i fth ¢ is still ded in th Eqg. (38), Eq. (39), and Eq. (40) can be used to construct a set
ince Ihe information of the spectrum 1S stlt encoded In the unitary operators that define the symmetries of the system.
above equation, one can search for solutions of the form

These unitary operators are

E .
C(yat) = exp (_th> CQ(yvt)a (45) U;r = exp <_Z(;JI7AT;C) 5 (53)
where E' is the spectrum of the system afid = Ca(y,t) yo .0y
is determined by substituting the above expression into the Uy =exp | =igmy |, (54)
equation Eq. (44). Making the change of variable by and
MW, q& . Ot ~
=== t— 6t 46 = %
3 - (y + mwc( )> ; (46) Ui = exp (z - E> ; (55)
one has that such that
2F 20 [mw. 8Cy 9Cy H—-E=U/(H-E)U, i=uzyt (56)
= =) =- . (47
(ﬁwf?“mwz.v z 65) pez TEC (D)

Then, note that Eq. (52) can be writtervas = U, $,, where
To solve this equation, one can use the Fourier transform de-

: _ B, a8 & i
fined as bn = exp< i t Zhwc [y+ met] +1 3 ta:)
1 ,
P :7/ K€ e | 48 ) &
{0} Vor Je o (48) X ( m;; [y+ :M tD : (57)

;Vh'(_:h glr\]/es _the halrmomc oscillator equation in the space A gjmjjar situation to the previous example happens here. It
aving the eigenvalues is not possible for the above wave function to share basis with
1 1 &2 all the conserved operators at the same time.
E, = hw, (n + 2> — (49) Instead, the operators in Eq. (39) and Eq. (40) are gener-
ators of solutions for the time-dependent Sxfinger equa-
Performing the inverse Fourier transform on the solution infion. This statement can be proved as follows: since the op-
the Fourier space and knowing that the Fourier transform ofrator in Eq. (39) is conserved, it follows that
a harmomc os_m_llator is anothgr h_armomc oscillator, the so- H.ﬁy% _ ﬁyﬁ% (58)
lution in the original spacéy, t) is given by

— —.
2m wz

P o Knowing that Eqg. (57) satisfies the time-dependent
Cy = exp <_Z‘ q [y 4 4 (t — &)D Schibdinger equation and that Eq. (39) does not depend on
hwe Mmwe time, the above expression can be written as

MW, q& .
W“( B [@” e “‘f”)])v (50) A ry6n) = iy (760 (59)

(&
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that is 7,¢, is another solution of the time-dependent along they-direction is calculated obtaining the expression
Schibdinger equation. This can be generalizedjte& N )
applications of the operatat, to show thatt)¢,, are solu- Jy = _eL h
tions for the system. Also, this applies for the operator in h mw,

Eq. (40) showing that’¢,, are also solutions of the time- e that the negative sign only defines the direction where

dependent eqy_ation- _Hence, the following functions can bgne particle is moving along the-axis. Therefore, the mag-
definedf; = ¢, g, = E’¢, where all of them satisfy  njtyde of the conductivity is, =| .J,, | /& and the resistivity

| P2, (69)

the complete Scladinger equation. o is defined as the inverse of this quantity, that is

Now, it is worthwhile to analyze a characteristic of the
linear combination of the wave function Eq. (57) plus its de- Py = homw, 1 (70)
generation VT2 R |

U(z,y,t) = Z Cn,j/,jEj/ﬁidm(% y,t). (60)  Then, the average of the above expression can be calculated
inside an areal = jxdy giving the following result

n7j,5.j
Once again, this expression can be simplified by a specific (W | py | W) = Emwcé 5 (71)
choice of constants, ;- ; Y @ h ’
1 ot3" (=1) &y Hence, the invariance condition in Eq. (65) implies that the
Cn,j'j = Cnﬁ (Gh)7 o Ry’ (61)  resistivity along the/-direction must be quantized in integer

multiples of the Klitzing’s constant
then

mwe

h xdy)

XY fnlw,y — Ot,t — dt). (62)

h
\Il(m,y,t) = exp (—i <\I] ‘ Py | \I/<: ?k (72)
Note that his expression is similar to the one found experi-
mentally in Ref. [6].
Continuing with the analysis, the solution of Eq. (42)
Hence, applying the unitary operatdy to the above expres- gives the expression
sion one obtains the expression

Y = PD(x,t)exp (—im;:c (x — 5x)y> , (73)

U, = exp (if&x&t) exp (z Mee 5x6y) v, (63)

h where? = 2(x,t) is a function to be determined. Substi-
tuting it into the time-dependent Sddinger equation with
the Hamiltonian Eq. (37) and rearranging, one obtains the

harmonic oscillator equation in the x-axis displaced by the

If the invariant condition/, ¥ = ¥ is proposed to be satis-
fied, this implies that the phases must be quantized

g6 quantitydz + ¢& /mw?. This equation has the following so-
?(XL& = 27Tl, (64) lutions
mwe
- dwdy = 2mk, (65) IR AT O LI P MU B e
h mw?

wherel, k € N. The first one was already obtained in the pre- . ] .
vious case, it implies the quantization of the resistance alony/here the harmonic oscillator was defined by Eq.(51) and the

thez axis, which is eigenvalues are defined as
h , 1 1 ¢?&2 _

On the other hand, the second quantization condition is reAn interesting peculiarity can be noted at this point. Com-
lated to the quantization of the magnetic flux through the arearing the energies in Eq. (49) with the above expression, we

A = dxdy, since it can be rewritten as follows note that the spectrum differs by a termadafg&’. This dis-
h crepancy is due to the fact that the solution obtained is a uni-
Béxdy = E&xéy, (67) tary transform ofJ], that is, defining the functioa,, = U ¢

one gets the following solution
in MKS units, whereh = 27h. The implications of the sec-
ond quantization condition can be seen when the electric cur- by, = exp <_7;E"t _ e JTZ/)

rent, defined as h h
igh § § ¢ " ( MW, [ . q¢ D
_ * ©n T , (76)
J= —2m(\IJV\IJ —U*VY) mCA\I/ W, (68) 7 mw,
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which has the eigenvalues defined by Eq. (49). Of course, theases, it was shown that it is possible to find time-dependent
displacement dependence of the energy in Eq. (75) representenserved operators, which were used to find solutions to the
the existence of a continuous degeneration of the spectruntime-dependent Scbdinger equation. The degeneracy of the
which could be eliminated by performing the previous uni-systems was analyzed, where the conserved operators act as
tary transformation. However, there exists a second discretgenerators of solutions of the partial differential equation.
degeneration of the system given by the operators in Eq. (38Jhese conserved operators were used to define the symme-
and Eq. (40) such that any € N applications of them will  tries of the complete Sctdinger equation, and an invariant
give a new solution of the system. These new solutions arproposition of the wave function under a unitary transforma-

denoted ag7/ = 41, G = FI,,. tion leads to the quantization of the resistance (or resistivity)
The linear combination of the Eq. (76) with its degenera-in integer multiples of the von Kilitzing’s constant. This is
tion can be written as similar to the experimental results found in Refs. [6-8]. Fi-

(v t) — G BRI, " 77 nally, it should be noted that Tao and W_u have alrea(_dy pointed
(@,9,1) Z eng' B Tz (@,y:1) (77) out that the degeneracy of the system is important in order to

. . . ) have a quantized resistance [14], which matches with the re-
Finally, the general solution for this system can be written a3 its presented in this work

a linear combiantion of the functions Eg. (60) and Eq. (77)
d = Z Cn)j/’jEA‘jlﬁién + Z En)j/’jEA‘j/ﬁga)n. (78)

n,5,J n,5",J

1,553
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