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We propose a Standard Model (SM) extension which aims to explain the most recent experimental data on neutrino oscillation. Beside
Ay, two Abelian symmetriess and Z, are supplemented to prevent some Yukawa terms to get the desired mass matrices and then give
predictions for the neutrino oscillation parameters in agreement with the most recent experimental data on neutrino oscitiatags 3

The model provide a predictive relation between the solar and reactor neutrino mixing angles and gives possible prediction on the Dirac CP
phase and two Majorana phases as well as the effective neutrino mass being in agreement with the most recent constraints.
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1. Introduction

] TABLE |. Neutrino oscillation parameters [1]. The second column
The current neutrino data (see, for example, Ref. [1], a$sfor NH and the third column is for IH.

shown in Table 1) has promoted various theoretical efforts to

understand neutrino flavor mixing and small non-degenerate_Parameters  Bestfit poit) Best-fit poin(3o)
mass. 22, [meV) 7.50 (6.94, 8.14) 7.50 (6.94, 8.14)

In the three-neutrino scheme, the neutrino oscillation % 2.55 (2.47,2.63) 2.45 (2.37,2.53)
probability is described by six parameters, including two neu- 52, 0.318(0.271,0.369)  0.318 (0.271,0.369)
trino mass squared splittinga3, and|A%, |; three neutrino 2 0.574(0.434,0.610)  0.578 (0.433,0.608)
mixing anglesd:, 615 andéss; and one Dirac CP-violation JEy ' R ' e
phases. Presently, although the absolute value of two mass 102 2.200(2.00,2.405)  2.225(2.018,2.424)
squared splittings, the solar mixing anglg and the reactor o/m 1.08(0.71,1.99) 1.58 (1.11,1.96)
mixing anglef;; have now been determined with high ac-
curacy [1], three other quantities including the signAof;,, 1, 1’ and1”, and one three-dimensional representation. We

the octant of atmospheric neutrino mixing an@le and the  will work in the T-diagonal basis, in which the tensor product
Dirac CP violation phasé are still unknown. On the other of the triplets is given by [8]:
hand, the sign 0A\3, provides two neutrino mass hierarchies,

namely, normal hierarchy (NH) withh; < ms < mg andin- X1 y1
verted hierarchy (IH) withns < m; < ms. Although some 3| x2 | X3 | y2 | = (xay1 +X2¥3 +X3y2)1
of the analysis seem favor the normal hierarchy [2—4], the X3 ys3

most recent result from KamLAND-Zen provides a clue of+(

. . . . X3ys3 +X1y2 + Xo¥y1)1r + (X2Y2 + X1Y3 + X3Y1)17
the Majorana nature of neutrinos in the inverted mass order- o+ ot

ing [5]. 1 [ 2X1y1 — X2y3 — X3 1 [ X2¥3 — X3Y2
Discrete symmetries are useful tools for explaining the +3| 2x3ys —X1y2 — X2y1 | + 5| X1y2 —Xey1 ) (1)
observed neutrino data in which, symmetry has been used 2X9y2 — X1¥3 — X3Y1 3 X3y1 —X1¥3/ 5

in different works (see for instance Refs. [6, 7] and the ref-
erences therein). However, the previous works include norl he remainder of our paper is organized as follows. Section 2
minimal scalar sectors with manyU(2), doublets or/and is the description of the model. Neutrino masses and mixings
alot of singlets and and most of them have not mentioneds Presented in Sec. 3. Section 4 is devoted for the numeri-
the mass hierarchy problem which are significant difference§al analysis as well as the effective neutrino mass parameters.
with our current work. The minimal scalar sector is an im- Some conclusions are given in Sec. 5. Appendix A provides
portant feature of the model to distinguish it from previousthe Yukawa terms prevented by the model symmetries and
works; thus, it would be necessary to constructarflavor ~ Appendix B presents the scalar potential of the model.
model with less scalar content compared to the mentioned
works. 2. The model

Ay is a group of even permutations of four objects which
is known as the tetrahedron group. It has four irreducible repin the considered model, the SM is supplemented by three
resentations including three one-dimensional representatiortiscrete symmetried,, Z; and Zy, i.e., the full symmetry



2 V. V. VIEN

singet put in3 of A4 (denoted ag) which can combine with
TABLE II. The assignment of leptons and scalars untierZ; and ~ Ho to form invariant terms includingy ; vz)s, (Ha)s and

Zy. (¥ vr)s, (Hap)s. Withthe VEV () = (v, Vo, V,), these
terms contnbute to all the entries of the Dirac neutrino mass
matrix Mp. However, due to the properties of tBex 3

Field +vr hLr l2r I3r v Hi Hx ¢ ¢ p 7

" ! /
4 3 1 17 1 3 1 1 3 3 11 tensor product ofd,, the efective neutrino matrix obtained
Z + + - - 4+ 4+ = = = = = via Type-l seesaw mechanism owns two degenerate masses
Zy i i i i 1 1 1 1 4 i i which is ruled out by experimental data [1]. Hence, two ad-

ditional scalars{ andn) are introduced to eliminate the neu-
of the model isGgy x Ay x Zy x Z4 = G. Besides, three trino mass degeneracy.
right-handed neutrinos, or/(2), doublet and four singlet Besides, there exist five-dimensional terms which are
scalars are added to the 3MUnderA, symmetry, three left-  invariant under all the considered symmetries, including
handed leptonsi(;) and three right-handed neutrinass) ~ (1/28)(¢%), 1,15 (V%VR)l/l,,/yB , (1/20) (¢*p +
are ass'lgneg ';15 l/vﬁhlledright—handtgd i:ha_trrﬁed |e€t(|)hs72731:b t ©p ) (VRVR) , (1/2/\)( o*n + <P77 ) (V%,R) ,
r igned i ndl’, r ively. rti nten 35
o the madal s gvenin Tabla I ParCie COMENE (1/28) (o), (#vm),, and (1/28)(pn"),., (Fv),,
The invariant Yukawa terms, up to five-dimension, is asWh'Ch contribute to the Majorana neutrino mass matrix.
follows: ’ ’ However, the couplings corresponding(t;vz),, are van-
' ished due to the antisymmetry ofz andv;r undbr3 asa
consequence of the tensor product3ok 3 of A4 symme-
try. Moreover, the other terms contributes to the Majorana
_ _ neutrino mass matrix which corresponding v,/A),
+ E(%@l” (Hilsr)r + Sil (Vrvr)s.(H29)s w,0,/A and(v,v,/A) which are very small corgggrgé fgf
o since (v, /A) ~ (v,/A) ~ (v,/A) ~ 107% =+ 1072; thus,
+ —Z(wLuR) (Ha)s + 4 (wLuR) (Hap): their contributions were ignored. The additional symmetries
Iy Ay, Z5 and Z4 play crucial roles in forbidding some Yukawa
Y2 (o), 22 e terms to get the desired form of the mass matrices which are
- A vl (Ham + 2 Wrve)+he (2) listed in Appendix A, respectively.
As presented in Appendix B, the vacuum expectation
value (VEV) of the scalars, which comes from the minimum
condition of scalar potential, are given as follows:

—Lelep = @@L@l(HzllR)l + %@L@l'(f{llm)l”

where the terms; » 3, 12 andy; » are Yukawa-like cou-
plings, M is the Majorana bare mass term of the right-
handed neutrino and is the cut-off scale. The factors
“3" and “2” in the numerators of the terms in the sec-
ond row of Eq. R) is just for convenience. It is noted
that o does not contribute to the charged lepton mass ma-
trix while ¢ does not contribute to the neutrino mass ma-
trices. Namely, the charged-lepton masses can be gener-
ated from the couplings QiLng,gR to scalars in which, un-
der the considered symmetriagyliz ~ (2,—1/2,3,+,1)
andyplasr ~ (2,-1/2,3,—,1), i.e,, the scalar doublets
which respectively transform &8,1/2,3,+,1) = Hs¢ and
(2,1/2,3,—,1) = Hy¢ are needed to construct invariant
terms which generate the charged-lepton mass matrix.
the other hand, the Majorana neutrino masse s can be pr
duced by the couplings aff,vr to scalars where§,vg ~
(1,0,1+1"+1"+3, +3,,+,1), i.e, 1 as one of results
of the tensor product of twol, triplets corresponding to
(74vr)1 ~ (1,0,1,4+,1) is invariant under all the consid-

<H1> = (O Ul)T, <H2> = (0 ’UQ)T,
¢> = (U¢’ 0, 0)7 <¥7> = ('Utpv Ve, Uga)7
p) = Ups (n) = Un- ©))

In 2HDM, the electroweak symmetry breaking is performed
by both two SU(2),, scalar doubletdd; and H, via their
non-zero VEVsv; andv,. On the other hand, the scalar
with the VEV (¢) = (vg,0,0) breaksA, down toZ, sym-
metry while ¢ with the VEV owns equal value for all three
80mp0nents<<p> (Vg V4, vy, ), breaksA, down toZ3 sym-
?netry

The fact that the electroweak scale is lgyw? + v2 =
v = 246 GeV, and the cut-off scalé\ is unknown and it
is assumed to be a very high scalec (10'3, 10'5) GeV

; . ) o ea s [12]. However, in a recent work [11] it is demonstrated that
ered symmetries which contributes to the entries “11”, “23 A ~ 3.8 x 1013 GeV in electroweak theory. Therefore, in

and “32" of the 'Majorana_ neutrino mass matiiXz. Fur- this study, we us@ ~ 10'* GeV for its scale:
thermore, the Dirac neutrino masses arise from the coupling
of Y vk to scalars where v ~ (2,1/2,1+1 +1 + v =246 GeV,  A=~10' GeV. )

3, + 3,,+, —1), i.e, the scalar doublets which transform as

(2,—1/2, 141 +1" +3,+3,,+,—1). Forthe given scalar On the other hand, to solve the hierarchy problem of charged-
fields H,, Hy and¢, all Yukawa terms up to five-dimensions lepton masses and the implementation of the type | see-
are prevented by one (or some) of the considered symmetriesaw mechanism that generates the smallness of the neutrino
(see Table Ill). We thus additionally introduce of& (2), masses, the VEVs of scalar fields are required as follows:

o~ T~
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As will see in Sec. 4, there exist possible regions,cinduvy
10 10 such that the quantitigs, , ho andhg are just different from
Uy =V =5 x 1070 GeV, v, =20, =2x 107 GeV, each other by one order of magnitude. Thus, the charged
v = 2.458 x 102 GeV, vy =10 GeV. (5) lepton mass hierarchy problem is naturally achievable in the
model.

Similarity from the Yukawa terms in the second and third
lines in Eq. @), after the scalardis, ¢, p andn get their

Using the multiplication rules of the, [8], from the Yukawa ~ YEVS @s in Eq. ), we obtain the Dirac and Majorana neu-

terms in the first line in Eq.2), after the scalar#l; , and¢ trino mass matrices as follows:
get their VEVs as in Eq.3), the charged-lepton mass matrix

3. Lepton masses and mixings

get the diagonal form, u 2‘;+ % ;;icll) f;t ; lg jrrccl
D= —a — — ,
M = %diag (h1vz, havi, havi) = (me, my, mr).  (6) —atbt+d —a—b+c 2a
Therefore, the diagonalization matrices of charged-lepton Mo — M (1) 8 (1) @
mass matrix\/; areUr = UL = I3x3 and the lepton mix- R= 01 0/

ing matrix depends on only that of the neutrinbg,, = U,.

From Eq. |6) we get the relation: where the parametél is related to the Majorana mass term

e Am, b Amy, of the right-handed neutrino in Ec2)(which can be in the
L A o range of very high scale [13], and
Am, T1V2V ToU2V
hy = ————. 7 = £ b= £,
’ v/ V2 — V3 % “ A A
| R el e ©)

The effective neutrino mass matrix is obtained via the type-1 seesaw mechamsmMDMglMg, as follows:

2004+ v+ 20 —a+k—pf—0 —a+f—-0c+T
m,=| —a+k—pF—-—0 —a+pf+20+7 2a0+vy—o0 , (10)
—a+fB—-0+T 20+v—o0 —a—pFB+K+20
where
a_3a2—b2 5_@ _ﬁ K_(ﬁ _ 2ac—ad+bd _ 2cd (11)
R Y e 7 e VA v VAR

Since the Yukawa-like couplings, » andy, o are complex parameters, E®) {(mplies that the parametets 3, v, x, o andr
are complex. As a consequence, the neutrino matgixn Eq. (L0) is complex. Therefore, in order to get the real and positive
neutrino masses, we define a Hermitian malig = mJm, whose entries take the following form:

B+2H —A-F—-H+iK —-A+F—-H-iK
M?=| -A-F—-H—iK B+F-H —~A+2H +iK , (12)
—A+F-H+iK —-A+42H—iK B—-F—-H
whereA, B, F, H and K are defined in Appendix A.
Diagonalizing the matrix\/2 in Eq. (12) we obtain:
m? = A+ B —/3X,, m3 = B — 2A,
m3 = A+ B+ V3X(NH), a3
m? = A+ B +/3X,, m3 = B — 2A,
m3 = A+ B — /3X(IH).
1 H L__ (NH),
2 _ 3 + V33X, (NH)’ 2 _ 1_% ( ) 14
513 1 _H (lH) t12 1 (IH) ( )
3 V34X, ’ 1+‘/);i0H ’
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Y (NH),

(F —3H)2 + 4K?

t33
TF?2 +9H? + 4K?

—43F X,

(F —3H)? + 4K?
K

o 2
6v/3¢12C35Ca3512513523X0
K

2
6v/3c12C35C03512513523 X0

2 .
812612813013823023 Sin (5

(IH),

(NH),

(IH).

arctan (Ret arctan (Betu
Tl sin (2(111191)> —3KQl cos (2(11“91)
arctan NH),
arctan (felL) arctan (Bef) (NH)
3KQl sin | ——MmM8M 1~ +T1 cos | ———201 7
aiM = 2 2
3K Qs cos( arg( Qis)) + T3 sjn( arg( Q%;))
arctan (IH),
3K 3 sin (% arg ( Q%,)) — T3 cos (% ( Q%,))
3K cos (l arg( i)) + T3 sin (% arg( é))
arctan (NH),
3KQ3 sin( arg ( Q%)) — Y3 cos (% arg ( i))
= arctan (Rl arctan (Bei
asM T sin (;Imﬂl)> — 3K cos ( (I )
arctan IH),
arctan (?megl arctan Eﬁgl (IH)
3K sin 5 1 + T cos 1

where

(15)

(16)

(17)

(18)

= VF? + 3H? + K2,

e = \/22{0 + \/)gO(F Y H) (19)
s = VB(F + H) + 22,
Y13 =V3(3H? +5F? +2K?)
£ 3X(3F — H), (20)

with A, B, F, H, K are given in Appendix C.
Equations/15) and 20) provide the following relations:

A= %(Agl —2A%)) (NH and IH),
A2
H= % (3573 — 1) (NHand IH) (21)

A2, 2. (12, — 1
F— M(NH and IH),
2(t33+1)
A2
K= ;%%(NH and IH),
2(t3;+1)
2
2, = R, (NH and IH),
o= Rz
6c12¢t5c3512513523 (55 + 1)
x (NH and IH),
3Voce + [(5 — 6s33)t35 — 1]se (NH)
3Vose — [(5 — 6s15)t35 — 1ce ,
tim = Y
0
IH
B 01
Yo
NH
(252, — 1)t2, + T (N,
tam = 2 42
3Voce + [(5 — 6s73)t53 — 1]se (IH),

3Vose — [(5 — 6513)’%3 1ce

Rev. Mex. Fis70060801
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with allows us to expresB in terms of three parametess?;, s,
andmg,

2
yO:\/45%3 (t%3+1) *45313 (t%3+t%3+1) - (t§371) , (25)

1 2(t3; + 1) — 3c?
O = — arctan (F3s + 2) 313 . (26)
2 3¢t

1
B=A2 (3 — s%3> +m3 (NHand IH)  (29)

Furthermore, one can express the effective neutrino mass

Itis noted that the determination of the octant of atmospherigoverning the neutrinoless double beta decay..) =
mixing angle ¢3) is still an open problem experimentally, | Y7, UZm;|, in terms of five parameters},, s3;, A3,
i.e., it either in the first octanffs < 45°, i.e., s3; < 0.5) A3, andmg as follows
or the second octand{; > 45°, i.e, s3; > 0.5). The data
in Ref. [1] as shown in Table | implieg}; € (0.434, 0.610) Z0VT
for NH ands3; € (0.433, 0.608) for IH. On the other hand, 2\/§{[(23§3—1)t§3+5%3]2 +y§}
the neutrino mass hierarchy depends the signof,, i.e,,
Am3; > 0 (or mi < mo < mg) for normal hierarchy x (NH and IH), (30)
andAm2, < 0 (orms < m; < my) for inverted hierar-
chy. Furthermore, expressior23f and £5) yield the rela- where
tions between lepton mixing angles and Dirac CP-violating
phase, expressiongl)-(22) and 25) tell us that four model Zy=14/3B — A3 — A%,
parametersi, F, H and K are expressed in terms of four ob- )
servable quantities?;, s2;, Am32, andAm2, that have now r— [2 (25 — 52,225, +1))° + yg} Y (3D
been quite well measured [1]. Namel,depends od\m3;
andAm3,; H depends om\m3; andst,; F andK depend  with ), is defined in Eq.25).
on Am3y, si; ands3s; sind depends onf; ands3;, i.e., A Expressions25), (27)-(28) and 29) tell us thatB de-
andH depend on the neutrino mass hierareiydepends on  pends on three parametérs, A2, andm,; three active neu-
the octant 0923, andF and K depend on both the neutrino trino masseml72)3 and their SunE depend on four param-
mass hierarchy and the octantteg which will be presented  etersg, 5, A2, A2, andm; wheref, 3, A2,, A2, are observ-
in Sec. 4. able parameters that have now been quite well measured [1]

Now, we calculate the effective neutrino mass parametelandms has been constrained by experiments [16,25]. On the
From Eg. ((3) we can rewrite three neutrino masses in termsother hand, expressiori25), (30) and B1) imply that (m..)

(Mee) =

of two neutrino mass-squared differences #@hd depends on five parameter§,, s3;, A%, A2, andmg, i.e,
(m..) depends on the neutrino mass hierarchy and the oc-
Y P A3+ A%, tant of9»3. Therefore, we will consideredf,, s3;, A2,, A%
! 3 ’ andmg as input parameters to determine the possible range
ST A2 of B,ml’zyq,z gnd (Mee) as ngl as Dirac and Majorana
me =1/B+ —2L__3L phases which will be presented in Sec. 4.
3 For the quark sector, undeG symmetry quark
A2 —2A2, fields transforms asQyr, ~ (2,1/6,1,+,1), uig ~
ms = \/B— — 3 (NHandIh) @7 (1,2/3,1,+, 1), dir ~ (1,-1/3,L+ —i); Qo ~
2,1/6,1, ,1), ~ (1,2 3,1',—,1), dop ~
M [ fOLost), v [l e
Zi B 3 + + 3 1a_]—/3alv—v]—); QBL ~ (2a1/67l ,_al)v Usr -~

1,2/3,;”,+,1), dsp ~ (1,—1/3,1",+,1). The up
quarks masses arise from the couplingsgof u;r (i,j =

) o 1,2,3) to scalars and the down quarks masses arise from the
It should be noted that the analytic expression in 2@) s ¢ouplings ofQid;r (i,j = 1,2,3) to scalars. With the

saQtisfied for both NH and IH, however, the range of valuesscgjar fields of the model in Table II, the SM quark masses
A3, are different from each other with respect to NH and 4. generated by the following Yukawa terms:

IH [1].
Next, the effective neutrino mass governing the neutrino-
less beta decay,

2 2
+ \/B — % (NH and IH). (28)

hu o ~ _ _
—Lg = Xl(QlLMR);(Hw);*' hy(Qaruzr)1Ho

_ ~ hd _
3 1/2 + hY(Qsrusr) 1 Hy + —2(Q1rd1r)1(Hap)1
2 9 A
mpg = ‘U5’7| m; y

+ h(Qardar) 1 Hy + h4(Qsrdsr) 1 Hi +h.c. (32)

=1
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After symmetry breaking, from Eq3P), we obtain the quark s?; € (2.018, 2.424)10~2 for IH, we find the following pos-
masses as follows sible ranges ofA and H:

My = hivs (%) . Me =Y va,  my = hiuvy, Ae { (384.500,415.200) meV?  (NH)
" (—448.800, —418.100) meV2 (IH)
mg = h‘livg (Kp) , Mg = hgvg, my = hgvl. (33)
(—412.000, —382.000) meV? (NH)
With the aid of Eqs./4) and §), the obtained quark masses in H e (366.500, 396.400) mev2  (IH) (37)

Eq. (33) can accommodate the quark mass heirarchy [16],

m, = 2.16 MeV, m, = 1.27 GeV, m; = 172.76 GeV, At present, the constrain on the effective electron anti-
mq = 4.67MeV, m, = 93.0 MeV, m;, = 4.18 GeV provided  neutrino massng has been implemented by experiments.
thathy ~ hYy ~ hY ~ h{ ~ 1, hg ~ 107, h§ ~ 1072 The  Namely, the constraint om is given in Ref. [16] with
unitary matrices which couple the left-handed up-and down8.5 meV < mg < 1100 meV for NH and48 meV < mg <
quarks are unit matrices, and as a consequence, the quarko0 meV for IH [16]. Another improved bound om:g
mixing matrix is unity. A detailed study of quark mixing is is [25] ms < 800 meV. Therefore, we will considens as
out of scope of this work. an input parameter with

4. Numerical analysis and discussion (38)

(9.508, 100.00) meV  (NH),
770 (50.061, 200.00) meV (IH).
o For the charged lepton sectausing the observed values of
the charged lepton masses [16], = 0.51099 MeV,m, = At 30 range of the best-fit point @5, Am3,, Am3, taken
105.65837 MeV,m, = 1776.86MeV, andv and A in  from Ref. [1] andms given in Eq. B8), with the aid of
Eq. @), three Yukawa-like couplings;, h» andhs inEq. (7)  Eds. €7, (28) and @9), we find the possible ranges of
depend on two parameters andv,. We find the possible B,m1.2,3 and}_ as follows

ranges fow, andv, with
g 2 dfit0e my € (0.131,99.640) meV,

vs € (5% 105,109 eV, my € (8.568,100.024) meV,
ms € (49.740,112.046) meV (NH), 39
vy € (8 x10'°,10') GeV, (34) my € (50.270,200.100) meV, (39)
ma € (50.990,200.300) meV,
so that ms € (0.161,194.100) meV  (IH).
hi € (0.051,0.128), hy € (0.043,0.054), . {(60.9407331.600) meV  (NH), (40)
(117.500, 594.400) meV (IH).
hs € (0.722,0.903), (35)
Be {(8.543 x 102,1.082 x 10*) meV?2 (NH), 1)
which are just different from each other by one order of mag- (1.714 x 10%,3.927 x 10*) meV? (IH).

nitude, i.e., the charged-lepton mass hierarchy is naturally
satisfied. The followings are some comments:
e Now, we analyze the neutrino sect@xpression|23)
shows the relation betweén, andd, 5. Since the experimen-
tal result forf, 5 is more accurate than that &f; [1], we will
determine the possible region#df, based on the experimen-
tal region ofs?;. At 3o range [1]s?5 € (2.000,2.405)102
for NH andsi; € (2.018, 2.424)107* for IH, from Eq.23) (2) For NH, in the case afi; < 9.508 meV the minimum
we find the possible ranges &, as follows: value of the lightest neutrino mass:{) being com-
(0.515,0.519) (NH) plex number which is ruled out. For IH, in the case
2 Rt of < 50.061 meV the minimum value of the light-
tp € {(0.516,0.519) (H) ° me g
Lo 01y € {E35.68 ,35.76°) (NH)

(1) The obtained values d@f;5 in Eq. (36) belongs tR2 o
range of the best-fit value taken from Ref. [1]. This
proves that the relation between ands; 3 in Eq. (23)
is predictive.

ruled out. In the case ofz > 230 meV, the maximum
value of the sum of neutrino masses, for both NH and
IH, is relatively large and can go beyond the limit taken

est neutrino massi(s) being complex number which is
35.68°,35.77°) (IH)

(36)

Expression(21) implies that A depends om\%, and A%,
and H depends onA3, and s?;. At 30 range [1],
A3, € (69.40,81.40) meV?, A2, € (2.47,2.63)10° meV?
and s?; € (2.000,2.405)1072 for NH while A3, €
(69.40,81.40) meV?, A3, € (—2.53,-2.37)10° meV~ and

from Refs. [1,19-21]; thus, it is not preferred in this
study. Furthermore, in the casesaf; > 100 meV, the
maximum value of the effective neutrino mgss..) is
relatively large and can go beyond the limit taken from
Refs. [22-24].
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(3) The obtained result on the sum of neutrino masseg.2.
as in Eq. l40) is consistent with the current experi-

mental constraints, such a3, m, < 0.13eV for
NH, >, m, < 0.15eV for IH [1] and >~ m, <
0.12 = 0.69eV [19-21].

4.1. Higher octant of atmospheric mixing anglefss

For the higer octant of atmospheric mixing angle, 623 >
45° i.e, s3; > 0.50; thus, experimental range ef; is

s34 € (0.500, 0.610) [1]. However, from the real condition
24), we find the

of ¢1n for IH and of ¢33y for NH in Eq.
possible ranges of3, for higher octant as follow¥

(0.513, 0.600) (NH),
533 € { (0.505, 0.600) (IH),
( )
(

ien O E{ 45.74, 50.77)° (NH),

45.29, 50.77)° (IH). (42)

Expressions22)- (23) and 25) show thatF" and K depend

on three parameters3,, s, ands3,, ands; depends or?,

ands3,. At 30 range ofA2; ands?, taken from Ref. [1], and

with the aid of Eq. 42), we find the possible ranges 6f K
andss as follows

p e { (31:340,257.700) meV?  (NH),
(—247.900, —11.560) meV? (IH),
(24.200,281.200) meV?  (NH),

K 6{ (—273.100, —32.160) meV2 (IH), D)

¢ | (=0.993,-0.102) (NH),

5 (—0.999, —0.140) (IH),

: o (276.60, 354.20) (NH),
e, 0(%) € { (270.50, 352.00) (IH). (44)

Furthermore, expression24)-(26) imply thatty; andtsy
depend on two parametes$, ands3,. At 3o range ofs?,

and s3, taken from Ref. [1], we find the possible ranges of

tim andtsy as follows

tim € {

i.e, am(®) € {

t3m € {

i.e., asm(®) € {

—0.320, —0.023) (NH),
—0.331, -0.033) (IH),

342.30,358.70) (NH),
341.70,358.10) (IH),

—161.400, —0.110) (NH),
—0.067, 6.478)  (IH),

270.40, 353.60) (NH),
81.22,356.20) (IH).

(45)

(46)

NN NN NN/~

Finally, at 3 range of the best-fit point of;3, A%,, A%,
taken from Ref. [1], with the aid of Eqs38) and @42), we
find the possible range dfn..) for the higher octant,

(mes) (2.607,141.200) meV  (NH), (
ce (46.850,199.800) meV (IH).

Lower octant of atmospheric mixing angle.s

For the lower octant ofa3, fa3 < 45°, i.e, s35 < 0.50;
thus, at 3 ranges3; € (0.434, 0.500) for NH and s3; €
(0.433, 0.500) for IH [1]. At 30 range ofA3;, s3; ands3,
taken from Ref. [1], we find the possible rangestof< and
ss as follows

ref

—170.100, 0.00) meV? (NH),
0.00,163.600) meV?  (IH),

(
(
(183.500, 283.200) meV?  (NH),

K G{ (—273.400, —177.400) meV? (H). )
(—1.00, —0.761) (NH)

%€\ (=1.00,-0.763) (IH)
(270.00,310.50) (NH),

1€, 0(%) € (270.00,310.20) (IH). (49)

Furthermore, at@ range ofs?, ands3; for the lower octant
of 6,3 taken from Ref. [1], we find the possible rangesaf
andtsy; as follows

. (—0.356, —0.287) (NH),
M€ {0 (-0.331,-0.290) (IH),
‘ (340.40, 344.00) (NH),
v, am(®) € { (341.70, 343.80) (IH), 0)
. (0.995,9.849)  (NH),
M€ (=1.00, 0. 102) (H),
, (44.840,84.200) (NH),
e azu (") € { (315.00, 354.20) (IH). 1)

Similar to the higher octant, ab3ange of the best-fit point
of 525,53, Am3,; and Am3, taken from Ref. [1], with the
help of Eq. [88), we find the possible range 6fz..) for the
lower octant as follows

(2.606,141.200) meV  (NH),

(Mee) € { (46.520, 184.600) meV (IH). (52)

The followings are some comments:
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8 V. V. VIEN

e The predicted ranges of the Dirac CP violating phase
in Egs. @4) and @9) are in consistent witB ¢ range of
the best-fit value taken from Ref. [1] witt28 < §° <

(

(
358 for NH and200 < §° < 353 provided thats2; € (me.

(

(0.513, 0.600) for NH ands3; € (0.505, 0.600) for
IH in the higher octant o3 ands3; € (0.434, 0.500)
for NH and s, € (0.433, 0.500) for IH in the lower
octant off,3 while s?; belongs to3 o range of the
best-fit value taken from Ref. [1]. Thus, the consideredA
model gives predictions for the neutrino mixing angles
and the Dirac CP violating phase in agreement with thd ™
data on neutrino oscillation taken from Ref. [1] i 3

Appendix

The effective Majorana mass is also predicted to be
Mee) € (5.044,141.200)meV (NH) and (m..) €
46.850,199.800) meV (IH) for higher octant whereas
)y € (5.030,141.200)meV (NH) and (m..) €
46.520,184.600) meV (IH) for lower octant.

Yukawa terms prevented by the model sym-
etries

range.

TABLE Ill. Forbidden interactions.

e The predicted Majorana phases in E@5){(46) and

Yukawwa couplings

Prevented by

(50)-(51) are acceptable because these phases have not

yet been experimentally determined but are assumed to

be in[0, 360°] [16]. The model thus provides possible
predictions on two Majorana phases.

e The obtained effective neutrino mass in E@7)(and

(52) are in consistent with the most recent upper lim-
its on (m..), such as, CUORE [22]m..) < (75 +
350) meV, Majorana Collaboration [23](me.) <
(113 + 269) meV and KamLAND-Zen [24)(m.) <
(36+156) meV. Hence, the model provides a possible
prediction for the effective neutrino mass.

(1 l1r)s(Hap)s, (¥ lar)s(Hig)s U1y

(@le)gfh Ay
(Yrhir)s(H18)3, (Ypl2r)s(H20)s,
(Prlsr)s(Ha9)s; (¥ pvr)s(Hip)s, Z2
(Vvr)1(Hip)1, (¥ ve)1r (Hin)y
(Vrhir)3(H29)3, (Y lir)s(Hap®)a,
($rlar)s(Hip)s, (P rl2r)s(Hip")s,
($rlsr)3(Hip)s, (¥ plar)s(Hip")s; Za
(¥ vRr)s(Hap")s, @LVR)L(EW*)L

5. Conclusions

symmetry

We have proposed a SM extension that can accommodate t
most recent experimental data on neutrino oscillation. Besid
Ay, two Abelian symmetriegs andZ, are supplemented to
prevent some Yukawa terms to get the desired mass matrlces
and then give predictions for the neutrino oscillation param-
eters in agreement with the most recent experimental data on
neutrino oscillation in 3 range.

The model provides a relation between the solar neutrino
mixing anglef,, and the reactor neutrino mixing angle;
with (2 — 3s%5)t2, = 1 with predictsf;, € (35.68,35.76)°
provided thats?, belongs to3 o range of the best-fit value
taken from Ref. [1].

For the higher octant of,3, the considered model

B. Higgs potential invariant under the model’s

%%e total scalar potential invariant under the model’s symme-
try is given byv:

=V (Hy) +V(Hy) +V(é)+V(e)+ Vip)

+V(
+V(
+V(
Vi(o,

+ V:cri + unarta

n)+ V(Hy, Hs) + V(Hy, ) + V(H1, )
Hy,p)+V(Hi,n)+V(H2, ¢)+ V(Hs, @)
Hy, p) + V(H2,n) + V(¢,0) + V(,p)

n) +Vie,p) +Vie.n) +Vip,n)

(B.1)

predicts the Dirac CP phase to be approximately range&vhere
d € (270.50,352.00)° and two Majorana phases to be
approximately rangenini(®) € (342.30,358.70) (NH)  V(H;) =
and a;v(°) € (341.70,358.10) (IH) while aszm(®) €
(270.40,353.60) (NH) andasy (°) € (81.22,356.20) (H). V(T2
For the lower octant off,3, the considered model V(
predicts the Dirac CP phase to be approximately range
§ € (270.00,310.00)° and two Majorana phases to be V(¢
approximately rangenini(°) € (340.40,344.00) (NH) Vip
and a;m(°) € (341.70,343.80) (IH) while aszyv(®) €

(
(44.840,84.200) (NH) andasy (°) € (315.00, 354.20) (IH). Vn) =

Rev. Mex. Fis70060801
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V(Hy, Hy) = Miop [(H{ Hy) 1 (HI Ho)y + (H{ Ho)y (HIHy )],
V(Hi,9) = Aty [(H{H1)1(676)1 + (H{$)3(6" H1)s),
V(Hz,¢) =V (H1 — Ha,¢), V(Hi, ) =V(H1,¢ — ¢),
V(Hz, ) = V(Hy — Ha,¢), V(Hi,p) =V (Hi, ¢ — p),
V(Hz,p) =V (H1 — Hz,p),

V(H1,m) = Nty [(H{HOL (7 n)1 + (H{n)1 (0" Hy) ]
V(Hs,n) = V(Hy — Ha,n),
)

©) = Ao [(6°0)1(0*0)1 + (0% 0)1 (" d)1 + (0¥ )1 (9" )1 + (6% 0) 1 (9" d)1 + (60)3 (0" ¢)3,
+ (9" 0)3 (97 )3, + (679)3, (9" )3, + (0" 9)3, (¥ D)3, ],

V(9. 0) = Agp[(0°0)1(p"p)1 + (6" p)3(p"B)3],
V(g,n) =V(g,p—n),
V(

Viri = Agpn [(©* @)1 (0™ )1 + (@)1 (0" 1],
unart - )\H1H2¢Lpp [(HIH2)L(¢()0*)Lp + (HIHQ)l(¢<P)Lp* + (Hng)l((ﬁ@*)lp + (H;th((b(p);p*}
+ Aty tagon [(H] Ha)1 (60" )10 + (H{ Ha)1(¢0) 10" + (HSH1)1(d9™)vm + (HSH)1(d0)vm™]. ()

All the other terms, up to five-dimension, of three or four or five distinct scalars are vanished due to the violations under
one or some of the symmetries of the model. Now, we can show that the VEVs iiB)Egptisfy the minimization condition
of Vs by supposing that all the VEVs are real. The minimization conditiohgfoVs/0ve = 0, 83 ~ 8?Vs/dv3 > 0 with
Ve = V1,2, Ug, Uy, Up, Uy, has the form

M%Hvl + 20 ()\1]-11}% + )\12va + )\Hﬂ,v% + /\H1d>v¢2> + )\Hlpvi)
+ 20208V, (A, HagonUn + My HagopUp) + A, 00105 = 0, 3
ugva + 2v9 ()\gva + )\12va + )\vag + /\H2¢vi + )\H2PU§)

+ 20104V (A, HygpnVn + )‘H1H2¢<vaﬂ) + 6)‘H2wv2vg29 =0, (4)
26
1igvs + 208 (N VT + A, 03 + g/\aﬁvi + Aty + Agpvp)

62
+ f)\@p’l)dfl}i =0, (5)

+ 2010904 (M, Hadon Uy + NHy Hagop¥p) 9

2010204

3

U?p”so + 20,05 (Appp + Agpnty) + (>\H1H2¢son“n + )‘Hledwp”p)

+ 20, <)‘H1«>U% + )\vag + %)‘Wv; + 6)‘¢UZ + )‘SWIU?I) =0, (6)
/Livp + 2v, ()\Hlpvf + )\H2PU§ + )\¢pvi + )\pvi)

+ 2B, Hyp0pU102U6 U + 3(2Ag 0, + /\an,,)vi> =0, @)
u%vn + 2”71()‘771)72; + )\Hmvf + /\Hznvg + )\d,nvi)

+ 2XH, Hypon V102000 + 3(2A vy + )‘wmz“p)”?p =0, (8)
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10 V. V. VIEN

M?H + 2(3)\1va + )\12HU% + )\Hmvi + )\Hld,’l}i + /\Hlpvg + 3)‘H1WU520) > 0,
U%H + 2(3)\2}11}% + /\12va —+ )\Hznvg + )\H2¢U(215 + /\Hw?}i + 3)‘H2WUt2p) > 0,

62A¢¢Ui
9

6A¢U§

2
113 4 2X 1, 0T + 2X 005 + + 2Xgnvs + 2Xpp00 + > 0,

62A¢¢Ui
27
15+ 2(Am, pU7 + Ao pU3 + Appv + 3A000 + BApv2) > 0,

ui + 20 i, 03 + 2X 1,005 + + 36&,1}3 + 2/\an,2, + 20, (Appvp + Appntn) > 0,

/1,727 + 2(3)\771)727 + )\Hmvf + )\Hznv% + )‘dm”i + 3)\%1)3,) > 0,
Equations/8)-(8) yield the following solution:

209V40, A
s = ~2(0s? -+ Do+ M+ i i1 o) — 220
2 = —2(\rarr? + DarrE + byt + By 0%+ Nty + Apry) — —r06%eben
Hog = 12HV] 2HUZ HaUg HapUs Hap¥) HanVp o 7
13 31 201020, A
2 2 2 2 2 2 2 102
He = 72(/\1‘114501 + )‘H2¢v2 =+ 5)\¢U¢ + j/\@pvw + /\¢pvp + )\qmvn) — %’
31 Aoyg VU2V A
2= 7 2 L 2 2 2 1V2V¢
fp = —2 <>‘H1¢”1 + A3 + 5 T 6oV + AppVy + Aon¥y + AppnVptn + 3%”">,
Ay
H = =200} + Artapo + Nyt 3Ny + M) — 222,
Ay
by = =2\ + Nt N + B + o) = =222,
where
Apy = AH, HypopUp + AHy Haon Vs Apon = Up(3ApopnUnVep + 2AH, HydppV1U2V6 ),

Apop = Vp(BAppnVpVp + 2NH, Hyhion V1020

With the aid of Eq.20), expressions<9)-(14) become

Mg > VoV Vp Ny gy > V10UV Ay, \ s Y120, A
23 203 77 2603
A s nv2Velon oy Aen y Aspy
@ 3603 e 4v3 ro 4v}

C. Explicit expressions ofA, B, F, H and K
The elements of the Hermitian matri{ 2 in Eq. (12) are
A= 3a% + ﬁg + 303 + 2070 €0s Ay — agko €08 Aq e — 0gTo €08 Ay — Boko cos Agy
+ BoTo cos Agr — Yoko €08 Ay — Y070 €08 Ay — KoTp €OS Ajr,
B =608 + 265 + 75 + kg + 605 + 75 + 4o cos Mgy
— 2(040/% cos Aq + a7y cos Ay + Bokg cos Ag,, — BoTo cos AgT),
F =300(20p cos Agy — kg €os Ay + 7o COS Agr),
H = 0¢(60g cos Agry + 279 €08 Ay — Ko €08 Ay — To €08 Ayr),
K = 3ap (Zﬁo sin Aqg — ko sin Ay, + 79 sin AaT) — KoTosin Ay + Bo(kosin Agy, + Tosin Ag,
— 299sin Ag,y) — Yo(ko sSin Ay + 1o sin Ay 7).
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with

Ay, = Ty, — Tn, Tm = Arg(m),
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1.

mo = |m| (m’n: aaﬁ>’77"€7077_)-

11

(C.2)

In this study, we use the following notaiond?; = m? — m?, 7.

Sij = sin@i]-, Cij = COS@Z']', t,']' = Sij/cij with 912, 923
and6,s are respectively the solar, atmospheric and reactor an-
gles; ss = sind with ¢ is the Dirac CP phaseti sm =

tan a1,3m With ay sm being two Majorana phasesie =
sin® and ce = cos®. Further, there are three Majorana
phases of the forrdiag (e, e'*2M  ¢*%3M ) which are spec-
ified by two combinations of the form;axs — d2as instead of
Sinv (i = 1,2,3), i.e., diag (€10, e%2M ¢¥311) is reduced

to diag (ewlM, 1, ei“31\1). 9.

The considered model contains twd/(2) ;, doublets. See, for
instance [9, 10], for a review of the 2HDM.

In the case ok32; < 0.513 or s33 > 0.600 for NH tan asm
becomes complex function and in the case®f < 0.505 or
535 > 0.600 for IH tan o1 becomes complex function.

Here,V(a—x,b—y,---)=V(a,b, - J{a=x,b=y, }-

It is noted that, with the VEV aligments in EB)( (¢*¢)
(d)*d))l” = 07 (¢*¢>)ia = 07 (90*90)& = ((p*<p)§n
(" p)rr (e )1 = (P @) (9" p)1-

’
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