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In contrast with the Lorenz model for 2-dimensional Rayleigh - Bénard system, the model proposed by Howard - Krishnamurti (HK) allows
the possibility of a large scale horizontally shear flow making feasible the study of particles transport. However, this model lacks conservation
of energy and vorticity in the absence of forcing and dissipation. A model that incorporates conservation of energy and vorticity was proposed
by A. Gluhovskyet al (GTA). We perform the linear stability analysis of this later model and study the transport process on this velocity
field background and make a comparison with the features of the former model. We found that the basic bifurcation structure is retained by
the GTA model and discuss the differences that they indeed have. In regard to the transport processes, the basic features found using the HK
velocity field background are also kept by the GTA model. We determine the size of the rather small gap in the Rayleigh number where the
transport process shift from being shear flow dominated to a Brownian diffusion process.
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1. Introduction

The study of convection is a long standing field in fluid dy-
namics [1–4], it certainly plays a central role in a number of
important physical processes that occur in our planet, such
as the circulation in the atmosphere, which has implications
in the climate behavior, in plate tectonics which induce con-
tinental motion, the circulation in the oceans, among others.
In the astrophysical arena, convection is rather important in
the transfer of heat and matter in stars, which in turn signifi-
cantly affects their activity. Convection also has many indus-
trial applications as in the design of ovens and batteries. It is
remarkable that the very basic dynamics of these large con-
vective flows can be experimentally studied with a set-up of
much smaller dimensions or studied in a computer. The clas-
sical Rayleigh - B́enard (RB) [5, 6] convection is a relatively
simple system that has been studied to model some phenom-
ena observed in nature. One of the first attempts to use the
RB-system to study climate dynamics was the work by the
meteorologist Edward Lorenz [7] in the 1960s, he faced the
insurmountable challenge in those years to solve the whole
system of equations with the computational limitations of his
time. As an alternative, he constructed a dynamical system
model from the 2-dimensional RB-system, which consists of
an infinite fluid layer of thicknessd in a container that is
heated from below at temperatureT1 and cooled from above
at temperatureT2 < T1, the flat boundaries are perpendicular
to gravity~g.

For a 2-dimensional system, it is convenient to in-
troduce the stream functionψ(x, z, t), defined as~v =
(∂ψ/∂z, 0,−∂ψ/∂x), where~v is the velocity field of the
fluid, in this way, the continuity equation is automatically
fulfilled and one is left with only the Navier-Stokes and the
diffusion equation. These two equations in the Boussinesq
approximation in their non-dimensional form are

∂

∂t
∇2ψ = J(ψ,∇2ψ) + σ∇4ψ + σ

∂θ

∂x
, (1)

∂θ

∂t
= J(ψ, θ) +

∂ψ

∂x
R +∇2θ, (2)

where θ(x, z, t) is the departure of the linear temperature
profile of the conductive state of the fluid layer; hence, it
vanishes at the bottom an top of the container. Lorenz em-
ployed the stress free boundary conditions forψ(x, z, t) and
θ(x, z, t) and periodicity in the horizontal direction. The pa-
rametersR andσ are the Rayleigh and Prandt numbers de-
fined as

R ≡ gd3α

κν
∆T , σ =

ν

σ
, (3)

whereg is the acceleration due to gravity,d is the layer depth,
α is the thermal expansion coefficient,ν the kinematic vis-
cosity and∆T the temperature gradient between the top and
bottom boundaries of the fluid layer. The Lorenz model be-
longs to the so called low - order models (LOMs), which are
commonly constructed by using the Galerkin method where
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the fluid dynamical fields,ψ(x, z, t) and θ(x, z, t), are ex-
panded in a finite series of an orthonormal function set that
satisfies the boundary conditions. A set of ordinary differen-
tial equations that governs how the coefficients in this expan-
sion evolves in time is then derived. LOMs contributes to the
understanding of the essential dynamics of a system keep-
ing a minimum of modes. Lorenz kept solely three Fourier
modes in his model, which has become the iconic example
to introduce the concept of chaos in quite a few nonlinear
dynamics textbooks. Notwithstanding the attractive features
of LOMs, the Galerkin method does not provide a criteria to
determine which modes should be retained nor provide the
parameter range under which a model closely reflects the be-
havior of the original system. In this regard, the Howard -
Krishnamurti (HK) model [8], provided a model that exhibits
the experimentally observed tilting cells of convection, ab-
sent in the Lorenz model, this HK model feature allows the
possibility of a large scale shear independent of the horizon-
tal coordinatex making feasible the study of passive particle
transport, as seen in Binson (1998) [9]. Nevertheless, as other
LOMs, the HK model lacks conservation of energy in the ab-
sence of forcing and dissipation which in turn may result in
trajectories going to infinity as well as may inadequately rep-
resent the heat flux. In order to remedy this LOMs deficiency,
Thiffeault and Horton [10] added a mode to the temperature
expansion. Hermiz [11] had noted that HK model lacked vor-
ticity conservation whose remedy was to add a mode in the
stream function expansion. Later on, a model that incorpo-
rates conservation of energy and vorticity was proposed by
A. Gluhovskyet al [12].

Nowadays, numerical algorithms have improved a great
deal and parallel computing resources are more available;
nonetheless, analysing basic science phenomena and prac-
tical engineering systems is still computationally rather ex-
pensive, and researchers still find very attractive using LOMs
that retain essential features of the original complete equa-
tions of motion, thereby reducing notably computational cost
in applications that may require a much faster decision mak-
ing.

The study of kinematics and transport of particles in the
fluid system can be performed once the velocity field is ob-
tained. With these LOMs one is able to attain the velocity
field ~v(~x, t) in a relatively simple way. Nonetheless, even
for simple velocity fields, the trajectories of passive parti-
cles may behave randomly, this phenomenon is known as
chaotic advection [13]. In this work, we will use the eight
mode model that conserves energy and vorticity proposed by
A. Gluhovskyet al (henceforth we will call it GTA model)
to carry out a study of transport of passive particles, that is
to say, particles for which~vparticle = ~vfluid. Once the stream
function is known, the trajectories of the passive particles are
found by solving the equations

dx

dt
=

∂ψ

∂z
,

dz

dt
= −∂ψ

∂x
. (4)

This set of equations resembles the equations of a Hamilto-

nian system with one degree of freedom, beingψ(x, z, t) the
corresponding Hamiltonian. Ifψ does not depend on time,
particles will simply follow contours withψ equal to a con-
stant. If ψ is periodic in time, the particles may move in
space chaotically. This work will shed light on the differ-
ences of using the HK and the GTA models in the study of
chaotic advection in large - scale Rayleigh - Bénard convec-
tion. We also carry out a bifurcation analysis of the GTA
model and compare it with that of the HK model. With this
two folded purpose in mind, a brief review of the GTA model
is presented in Sec. 2, where we also study its main bifurca-
tion features. The methodology to do the analysis of passive
particles transport is exposed in Sec. 3, in this section we also
show our numerical results. We end up summarizing our re-
sults and making some final remarks in Sec. 5.

2. GTA-model, bifurcation analysis

A. Gluhovsky et al modified the HK model of convection
with shear in such a way that conserves total energy and total
vorticity. They employed the following Galerkin expansion

Ψ(x, z, t) = A(t) sin(ax) sin(z) + B(t) sin(z)

+ C(t) cos(ax) sin(2z) + G(t) sin(3z)

θ(x, z, t) = D(t) cos(ax) sin(z) + E(t) sin(2z)

+ F (t) sin(ax) sin(2z) + H(t) sin(4z), (5)

which satisfies the above mentioned boundary conditions.a
is the wave number. The coordinatez was re-scaled so that
0 ≤ z ≤ π. Inserting this ansatz into the Eqs. (1) y (2)
and projecting the resulting equations on the eight modes em-
ployed in Eq. (5) the GTA model is readily found

Ȧ = −σ(1 + a2)A +
σa

1 + a2
D

+
a

2
3 + a2

1 + a2
BC +

3a

2
5− a2

1 + a2
CG, (6)

Ḃ = −σB − 3
4
aAC, (7)

Ċ = −σ(4 + a2)C − aσ

4 + a2
F

− a3

2(4 + a2)
AB − 3a

2
8− a2

4 + a2
AG, (8)

Ḋ = −(1 + a2)D + RaA− aAE

− a

2
BF +

3a

2
FG, (9)

Ė = −4E +
a

2
AD, (10)
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Ḟ = −(4 + a2)F −RaC +
a

2
BD

− 3a

2
DG + 2aCH, (11)

Ġ = −9σG +
a

4
AC, (12)

Ḣ = −16H − aCF. (13)

It has been proven that this dynamical system model~̇X =
~f( ~X) with ~X = (A, B,C, D,E, F,G, H) conserves energy
and vorticity (see Ref. [12]). The original HK model is recov-
ered by omitting the last two Eqs. (12) and (13) and setting
G = 0 = H in the remaining Eqs. (6) - (11). The Lorenz
model is recovered by settingB = C = G = F = H = 0 in
the above system. The horizontal an vertical components of
the fluid velocity field are given by

vx(x, z, t) =
∂ψ

∂z
= A(t) sin ax cos z + B(t) cos z

+ 2C(t) cos ax cos 2z + 3G(t) cos 3z, (14)

vz(x, z, t) = −∂ψ

∂x
= −aA(t) cos ax sin z

+ aC(t) sin ax sin 2z. (15)

The Fourier modes with the coefficientsB(t) andG(t)
appearing in Eq. (14), are the ones that allow long scale flow
since they do not depend on the spatial coordinatex. The
term with the coefficientB(t) is responsible for the large
scale shear flow one has in the lower and upper half of the
layer in opposing directions. For the term with the coeffi-
cientG(t), the long scale flow is asymmetrical with respect
to the planez = π/2.

The linearized GTA model around the conductive state
represented by the fixed point̃~X = ~0 tells us that the com-
ponentsB, E,G andH will definitely decay to zero in time.
The other not decaying linearized equations are decoupled in
two sets

(
Ȧ

Ḋ

)
=

(−σ(1 + a2) σa
1+a2

Ra −(1 + a2)

) (
A
D

)
,

and
(

Ċ

Ḟ

)
=

(−σ(4 + a2) − σa
4+a2

−Ra −(4 + a2)

) (
C
F

)
.

The first set has its two eigenvalues negative if and only
if R < Rc = (1 + a2)3/a2. The second set has its eigenval-
ues negative if and only ifR < Rc2 = (4 + a2)3/a2. The
conductive state~X = ~0 is globally stable if0 < R < Rc.
Rc2 is the critical Rayleigh number for the modes whose co-
efficients areC andF . For the caseR > Rc2, in this GTA
model, we did not find trajectories going to infinity as it oc-
curs in the HK model which does not conserve energy nor

vorticity. As pointed out in Ref. [8], this nonphysical behav-
ior is an artifact of the HK truncation, it does not seem to be
present in the GTA model. At any rate,Rc2 is much larger
than the critical Rayleigh number for the onset of steady sym-
metric cells as well as for the onset of periodic oscillatory
motion, and it will not be considered in our study.

As mentioned, forB̃ = C̃ = G̃ = F̃ = H̃ = 0 the
Lorenz model is recovered and there are two fixed points
~̃X± = (Ã, B̃, C̃, D̃, Ẽ, F̃ , G̃, H̃), where the non vanishing
components are given by

Ã = ± 2
√

2
1 + a2

√
R−Rc,

D̃ = ±2
√

2(1 + a2)
a

√
R−Rc,

Ẽ = R−Rc. (16)

These are usually labelled asL+ andL−, they constitute
symmetric convective cells. By adding a perturbation~η to

these fixed points̃~X±, one carries out linear stability analy-
sis of GTA model and the system splits in two parts. The first
part is for the Lorenz variablesA,D, E




η̇A

η̇D

η̇E


 =



−σ(1 + a2) − σa

1+a2 0
−Rca −(1 + a2) −aÃ

a
2 D̃ a

2 Ã −4




×



ηA

ηD

ηE


 ≡ JL ~ηL,

whose corresponding polynomialdet (JL − I3×3λ) = 0 is a
cubicλ3 + c2λ

2 + c1λ + c0 = 0. One hasλ = 0 provided
thatc0 = 0 which impliesR = Rc. One encounters the case
λ = ±iω0 (a Hopf bifurcation) whenc1c2 = c0 which leads
us to

RH = Rc

σ
(
σ + 3 + 4

1+a2

)

σ − 1− 4
1+a2

, (17)

exactly as in the HK model.σ must be larger than1 +
(4/[1 + a2]) in order that linear instability takes place in the
Lorenz coordinates. The second part of the split system for
the variables~η2 = (B,C, F,G) readsd~ηT

2 /dt = J2~η
T
2 (~ηT

2

stands for transpose of the row vector~η2). The matrixJ2

reads

J2=




−σ − 3
4aÃ 0 0

−a3

2
Ã

4+a2 −σ(4 + a2) − σa
4+a2 − 3a(8−a2)Ã

4+a2

a
2 D̃ −aR −(4 + a2) − 3aD̃

2

0 aÃ
2 0 −9σ




The linearized equation for the perturbationηH turned out to
be η̇H = −16ηH , it decays and it was simply disregarded.
One finds a real eigenvalue ofJ2 that changes from being
negative to positive at
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FIGURE 1. Stream lines of steady tilted convective cells are shown
in this plot for R = 44.6, σ = 1 anda = 1.36. This value is
just before the onset of the Hopf bifurcation which takes place at
R̃ = 44.600433.

R∗

RC
=

3 (4+a2)3

(1+a2)3 σ2+11σ−2 (8−a2)(4+a2)
(1+a2)2 +9a2 (4+a2)

(1+a2)2

3σ2+11σ−2 (8−a2)(4+a2)
(1+a2)2 +9a2 (4+a2)

(1+a2)2

. (18)

Linear instability occurs on the condition thatR∗ remains
positive, but it might not always be the case. For instance,
with σ = 1 and for alla > ac ≈ 0.827045 one getsR∗ > 0
and the Lorenz fixed point̃~XL becomes unstable atR = R∗.
For R > R∗, tilted convection cells (TC) appear. These
tilted cells bifurcate from the Lorenz branchesL+ andL−
and there are two possible angles of tilt of a cell, they are de-
noted byTC++, TC+−, T−+ andTC−−, the first sign refers
to the Lorenz branches and the second to the two angles of
tilt. Figure 1 shows tilted convective cells forR = 37.0,
σ = 1 anda = 1.36. The upper panel presents counter plot
for the current functionψ and the lower panel the velocity
plot for the same parameters. This bifurcation to steady tilted
cells are present in the HK model but not in the Lorenz model.
They are stable in the rangeR∗ < R < R̃.

The R̃ marks the onset of a supercritical Hopf bifurca-
tion as the real part of a complex eigenvalue goes from be-
ing negative to being positive. Figure 2 presentsR̃ = R̃(a)
for σ = 1. The first wave number that becomes unstable is
located at the minimum of that curve and it turns out to be
ac = 1.36 and R̃(ac) = 44.6004. The curve was attained
numerically as follows: given a value ofa, we solved the
GTA dynamical system for a long time, if the system (6)-
(13) ended up in a fixed point, we kept increasing in very
short steps the value ofR until oscillations were observed,
and then decreased the value ofR and observed whether the
system went to a fixed point or oscillated, we followed a kind
of a bisection method until a established tolerance was ful-
filled; thena was increased by a small quantity and the pro-
cess was repeated.

At R = R̃ a stable limit cycle grows out from each of the
four tilted branchesTC just as in the HK model. Yet the

FIGURE 2. Stability diagram for oscillatory flow atσ = 1.0 for the
GTA model (upper curve), the minimum value of the wave num-
ber is approximatelya = 1.36 andR(1.36) ≡ R̃ ≈ 44.600435.
The lower curve represents the onset of oscillatory flow for the HK
model.

wave numbers values move to the right fromaHK = 1.2 to
aGTA = 1.36 and the Rayleigh number of this Hopf bifurca-
tion fromR̃HK = 38.802 (HK - model) toR̃GTA = 44.6004
(GTA - model). In the upper panel of Fig. 3, we shows an ex-
ample of these four limit cycles (one in each quadrant) with
σ = 1 and in the variable(A,C) for the Rayleigh number
R = 48 > R̃ = 44.6004. As R grows, the cycles in the first
and third quadrant widen and then collapse to create just one
larger cycle, the same fate follow the cycles in the second and
fourth quadrant. This is shown in the lower panel of Fig. 3.

The GTA models which conserve energy and vorticity,
preserves basically the same bifurcation structure as the HK
model, although the bifurcation points for the tilted cellsR∗

and the limit cycles̃R change as discussed in this section. In
the next section, we shall carry out a study of the transport
process of passive particles in the GTA model and compare it
with the one performed by Bison using the HK model.

3. Transport processes of passive particles

We are interested in velocity fields that are periodic in time
in order to perform a study of transport of passive parti-
cles. Therefore, we are concerned with the current function
ψ(x, z, t) for R > R̃, we work with σ = 1.0. We solve
the dynamical system (6)-(13) using the Runge Kutta method
of order 4 for oscillatory flows together with (4), that is to
say, we deal with a 10-dimensional system, eight for the GTA
model plus two for the particle coordinates(x(t), z(t)). Ow-
ing to that we consider the system to be infinite in the hor-
izontal direction, the diffusion of passive particles might be
regarded as a 1-dimensional process which is usually charac-
terized by the mean square displacement∆X2(t) (which is
time dependent) of a cloud of passive particles released in the
convective flow.∆X2(t) is defined as

∆X2(t) = lim
t→∞

< (x− x0)2 >, (19)
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FIGURE 3. We show four limit cycles forR = 48 > R̃ com-
ing out from the branchesTC++, TC+−, TC−+ andTC−−. For
R = 52 > R̃, the four limit cycles disappear, merging in pairs in
two larger cycles (black solid curve and the diamond curve).

wherex0 stands for the initial position of the particle and the
brackets< > mean the average of all the particles of a given
cloud. It is inferred a relationship of the form

∆X2(t) ∝ tm t →∞, (20)

wherem is known as the diffusion exponent. The corre-
sponding diffusion coefficient is defined as

D(t) =
∆X2(t)

2t
. (21)

This expression was employed in the first studies of Brown-
ian motion [14,15] for a detailed manner to derived it. For an
exponentm = 1 the process is referred as Brownian move-
ment whereD(t) is actually time independent. Form = 2,
the diffusion coefficient is proportional tot and the trans-
port process is known as shear flow dominated. There are
cases with diffusion exponents between one and two. For
m < 1 the transport eventually stops. Of course, numerically
we work with a finite particles cloud as well as a finite time.
In practice, the first step is to run the GTA model for a long
transient time to reach the limit cycle. Then, one has to pro-
vide a particles cloud, that is to say, a set of initial positions

{(xi, zi)}N
i=1 and run the GTA 8-dimensional dynamical sys-

tem to findψ(x, z, t) together with (4), namely

dx

dt
=

∂ψ

∂z
,

dz

dt
= −∂ψ

∂x
,

for all theN−particles. One computes the average∆X2(tj)
for t1 < t2 < ... < tF beingt1 andtF large enough. Since
∆X2(t) ∝ tm, by employing the least square method, we fit
the data for each given Rayleigh numberR to a straight line
and the slope would be the diffusion exponentm. We com-
putem with N = 5000, 10000 and20000; the largerN is,
the longer takes our numerical code to finish a computation.
The typical difference betweenN = 10000 andN = 20000
was typically of order10−3 so we performed most of our cal-
culations withN = 10000 andtF = 4000.

Figure 1 constructed withR = 44.6, just before the onset
of the the Hopf instability, suggests the existence of a pair of
saddle points connected by heteroclinic orbits (not shown, but
must be rather close to the red trajectories) that separate some
core regions of cycles (green and blue closed orbits). As men-
tioned earlier, there are in the upper and lower sections of the
fluid layer large scale shear flows, located between the red
curve and the small blue cycles. For this specific example
of Fig. 1 (R = 44.6), in the upper part (z > π/2) pas-
sive particles move from left to right, and in the lower part
(z < π/2) from right to left. Owing to this large scale flow,
with N = 10000 passive particles cloud filling a convective
cell, for instance, randomly distributed in the spatial domain
Dπ ≡ [−π/2, π/2] × [0, π] it is found a diffusion exponent
m = 2.0. With an initial condition domain located at the
middle of the cellDc ≡ [−0.2, 0.2] × [1.37, 1.57] inside a
limit cycle, where there had not been inter-cell transport, cer-
tainly m → 0 ast → 0. For R = 44.334 < R̃, we found
the same diffusion exponentsm = 2 or m = 0 depending
whether the domainDπ orDc was used respectively.

We carry out our computations using the domainDπ

of N -initial conditions, usually withN = 10000, and at-
tain m = m(R). In Fig. 4, we show the behaviour of
the diffusion exponent as a function of the relative distance
ε = (R− R̃)/R̃, relative to the onset of the Hopf bifurcation
R̃ = 44.600433, for σ = 1 anda = 1.36. Just before the
onset of the Hopf bifurcation (R < R̃ or equivalentlyε < 0)
m = 2.0.

We found that the value ofm continues to be equal to two
(shear-flow dominated transport process) forR > R̃ (ε > 0)
before coming across a small gap of Rayleigh numbers that
yield intermediate values1 < m < 2 before becoming a
Brownian diffusion processm = 1. In the upper graph of
Fig. 4, we observe a steep variation ofm in a very narrow
gap inε = ε(R), the lower graph is a zoom of this narrow
gap. This behaviour is also present when the HK model is
employed (see [9]). Our theoretical points closely approx-
imate the curve shown in Fig. 4, which was determined by
fitting our numerical points to a function of the hyperbolic-
tangent, namelyf(x) = 1 + (1 − tanh(3000x − 1.77))/2,
with an RMS deviation of0.11.

Rev. Mex. Fis.70060601



6 R. BECERRIL AND M. MAYA

FIGURE 4. Diffusion exponentm as a function of the relative dis-
tanceε = ε(R) = (R − R̃)/R̃ between a given Rayleigh number
R and the onset of Hopf bifurcation located atR̃ = 44.600433,
for σ = 1 anda = 1.36. Before the onset of the Hopf bifurcation
(ε < 0), the exponentm = 2. After R̃ (ε > 0), there is a narrow
gap wherem decreases rapidly to reach unity (Brownian diffusion
process).

4. Conclusions and final remarks

We carried out linear stability analysis of the GTA - model
which preserves energy and vorticity. The structure of the
bifurcation remains fundamentally as the one reported by
Ref. [8], with some differences. We enumerate these features
next:

• 0 < R ≤ Rc the conductive state, characterized
by A = B = . . .H = 0, is globally stable, any
disturbance from this fixed point eventually decays.
Rc = (1 + a2)3/a2, this expression is the same as in
the HK model, as expected.

• Rc < R ≤ R∗ In this interval, steady symmetric con-
vection cells appear.R∗ is given by the Eq. (18) and
differs from the expression of the onset of tilted cells
for the HK model, the value ofac where the minimum
of the curveR∗(a) is located for the GTA model is
slightly higher than the corresponding one for the HK
model. Nevertheless for the GTA modelR∗ is positive
only for a > ac ≈ 0.827045, which could be an effect
of the truncation of this model, for HK,R∗ is always
positive regardless the value ofa.

• R∗ < R ≤ R̃ In this interval, tilted convection cells
appear, but not predicted by the Lorenz model. Given
a value of the Prandtl number, the curvẽR = R̃(a)
can be obtained numerically, this was done for the case
whereσ = 1 and is shown in the Fig. 2. As in the case
of R∗, the curve ofR̃ moves slightly to the right.

• It seems that the nonphysical trajectories going to in-
finity are not present in the GTA model.

• In relation to the transport process, the diffusion ex-
ponent in the region of the periodic behavior of the
velocity field, is monotonically decreasing inR, start-
ing with a shear flow behavior passing through expo-
nents of intermediate value between 1 and 2 to arrive
at a behavior of a Brownian process, a behavior shared
with the HK model, but shifted to a higher value of
R. The gap inR where the system exhibits exponents
m ∈ (1, 2) is rather small as we can see in Fig. 4.

The accuracy of any hydrodynamic model, such as the
HK or the GTA, can be determined by analysing the veloc-
ity field steaming from the model being studied and com-
paring it with the one determined by the whole hydrody-
namic equations; in our case, also by studying the bifurcation
structure and transport processes using the complete hydro-
dynamic Eqs. (1) and (2), which is certainly computationally
much more expensive. This is the subject of another study to
be presented somewhere else. Passive particles are an ideal-
ized approach, including solute particles that have different
mass densities than the mass density of the convective fluid
(see [16]) would allow us to see inertia influence on transport
processes. This is a study that would be very interesting to
carry out in the near future with the velocity field computed
from the GTA model.
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