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1. Introduction

The nonlinear Schrödinger equation (NLSE) is a very classi-
cal physical model, which plays an important role in physics
and other related fields. It is also considered as the pulse
propagation equation in optical communication [1–6]. Under
certain conditions, optical solitons can be transmitted in op-
tical fibers over long distances, which completely gets rid of
the limitation of optical fiber dispersion on transmission rate
and communication capacity [7–9]. And it can achieve all-
optical communication, without the conversion between light
and electricity, playing a huge role in the new generation of
research communication technology [10,11]. With the devel-
opment of research, a growing number of researchers begin
to research optical solitons. In order to extract these optical
solitons, the unified solver method [12], F-expansion method
[13, 14], and extended hyperbolic function method [15] are
applied to obtain dark, bright, periodic singular and periodic
soliton solutions, which enrich the understanding of optical
solitons.

In the NLSE, the chirped soliton is a special solitary wave
solution. A soliton is a wave packet that propagates through
a medium and maintains its shape and velocity without atten-
uation. Then the chirp describes the frequency modulation
of the soliton in time [16–18]. Specifically, the frequency of
solitons can vary with time. This frequency change can be
linear or non-linear. Chirped solitons are formed when the
frequency change is nonlinear and very fast [19,20]. Chirped
solitons have important applications in nonlinear optics and
ultrafast optics. For example, in the optical communication
and optical storage, chirped solitons can enable information
transmission and processing. At the same time, there are
many other nonlinear effects and interactions in nonlinear
media [21–23]. However, it is difficult to obtain the chirped
solution in mathematics.

In this paper, we research the nonlinear Schrödinger
equation with anti-cubic law nonlinearity [24]

i(−δφx + φt) + α1φxx + β1φxt

+ λF [(|φ|)2]φ +
γ|φ|xtφ

|φ| = 0, (1)

whereφ is a complex-valued function and represents the pro-
file of a complex wave;λ andγ are the coefficients of non-
linear terms;δ is the coefficient of inter-modal dispersion;α1

andβ1 denote the group velocity dispersion coefficient and
the spatio-temporal dispersion coefficient;F is a real func-
tion. And F (|φ|) has a lot of laws, such as anti-cubic law
nonlinearity, kerr law nonlinearity and parabolic law nonlin-
earitya. Here, we only discuss the anti-cubic law nonlinearity,

F (|φ|) =
b1

|φ| + b2|φ|+ b3|φ|2, (2)

whereb1 b2 andb3 are constants.
The nonlinear Schrödinger equation with anti-cubic law

nonlinearity is a commonly used mathematical model in the
field of nonlinear optics. In quantum optics, it can be used to
study the dynamics of optical pulse propagation in nonlinear
media such as optical fibers or waveguides [25, 26]. The use
of optical fiber as a nonlinear medium began in 1970, when
Kapronet al. [27] found that the loss of optical fiber could be
reduced to less than 20 dB/km. In 1972, Stolenet al. [28]
observed stimulated Raman radiation of visible optical in
glass fiber waveguides, and subsequently investigated other
nonlinear effects. The anti-cubic nonlinearity in the equa-
tion explains the interaction between the optical pulse and its
propagating medium, and this nonlinearity can lead to inter-
esting phenomena such as soliton formation, self-focusing,
and self-phase modulation [29–31]. In fiber and laser com-
munications, optical signals can be disturbed by randomness
and noise, and the nonlinear Schrodinger equation with in-
verse cubic law nonlinearity can help us build mathemati-
cal models to reduce the influence of interference [32–34].
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The exact solution of this equation can simulate and ana-
lyze the behavior of quantum systems under the influence of
randomness, and plays an important role in explaining com-
plex dynamic phenomena [35–39]. In addition, there are a
lot of useful methods and theories to solve exact solutions,
including Riemann-Hilbert formulation [40], Exp-function
method [41–43], semi-inverse variational principle [44] and
Kudryashov’s method [45] and so on.

Akram et al. [24] used traveling wave transforation and
the proposed method [46, 47] to extract many soliton solu-
tions of Eq. (1), including periodic soliton, bell shaped soli-
ton, dark soliton, and singular soliton solutions. Compared
with them, we use the more general complex envelope trav-
eling wave transformation, namely the chirped wave trans-
formation, and the trial equation method advanced by Liu
[48–58] to study Eq. (1). Then, we obtain a variety of solu-
tions including periodic solutions, elliptic function solutions,
rational solutions, and trigonometric function solutions. In
this paper, we use the trial equation method to analyze the
equation qualitatively, give the dynamical properties of the
NLSE, and prove the existence of soliton solutions and peri-
odic solutions. We can use the complete discrimination sys-
tem for polynomial method to judge the type of solution in
advance according to the measured physical parameters. We
also show the chaotic behaviors of the NLSE by adjusting its
disturbance term [59–64].

In this paper, the general structure is as follows. In Sec. 2,
we obtained the standard form of the equation by mathemati-
cal method. In Sec. 3, we predict the solution of the equation
by qualitative analysis. In Sec. 4, we obtain the exact solu-
tions and chirps of the NLSE, and analyze the stability of the
parameters. In Sec. 5, we obtain the exact chirped solutions
with specific parameters. In Sec. 6, we use three perturbation
terms to represent chaotic motion. In Sec. 7, a summary of
the article is given.

2. Mathematical analysis of Eq. (1)

We choose the chirp wave transformation [18] to solve Eq.(1)

φ(x, t) = ρ(ξ)ei(χ(ξ)−kx), ξ = t− µx, (3)

whereρ(ξ) andχ(ξ) are real functions, andµ = 1/v is the
inverse velocity. The chirp is as follows [23]

δω(t, x) = − ∂

∂t
(χ(ξ)− kx) = −χ′(ξ). (4)

Substituting Eq. (2) and Eq. (3) into Eq. (1) to separate the
real and imaginary part, we get

(−1− δµ− 2α1µk + β1k)χ′ρ− (δk + α1k
2)ρ

+ (α1µ
2 − µβ1 − µλ)ρ′′ + (µβ1 − α1µ

2)(χ′)2ρ

+ λb1ρ
−1 + λb2ρ

3 + λb3ρ
5 = 0, (5)

and

(µδ + 1 + 2µα1k − kβ1)ρ′ + (2µ2α1 − 2µβ1)χ′ρ′

+ (µ2α1 − µβ1)χ′′ρ = 0. (6)

Multiplying both sides of Eq.(6) byρ and then integrate
ρ to get

χ′ =
s0

µ2α1 − µβ1
ρ−2 − µδ + 1 + 2µα1k − kβ1

2µ2α1 − 2µβ1
. (7)

Thus, the chirp takes the following form

δω = − s0

µ2α1 − µβ1
ρ−2 +

µδ + 1 + 2µα1k − kβ1

2µ2α1 − 2µβ1
. (8)

Denote

A =
s0

µ2α1 − µβ1
, B =

µδ + 1 + 2µα1k − kβ1

2µ2α1 − 2µβ1
. (9)

Substituting Eq. (7) into Eq. (5), we get

(α1µ
2 − µβ1 − µλ)ρ3ρ′′ + (µβ1A

2 − α1µ
2A2)

+ (−A− δµA− 2α1µkA + β1kA + 2α1µ
2AB

− 2µβ1AB + λb1)ρ2 + (B + δµB + 2α1µkB

− β1kB + δk − α1k
2 − α1µ

2B2 + µβ1B
2)ρ4

+ λb2ρ
6 + λb3ρ

8 = 0. (10)

We adopt the trial equation method [55] to solve Eq.(10)

(ρ′)2=anρn+an−1ρ
n−1+ · · ·+a2ρ

2+a1ρ + a0, (11)

ρ′′ =
1
2
[nanρn−1 + (n− 1)an−1ρ

n−2

+ · · ·+ 2a2ρ + a1]. (12)

Inserting Eq. (12) into Eq. (10), we noticen = 6 in the light
of the balance algorithm. And Eq. (11) becomes

(ρ′)2 = a6ρ
6 + a4ρ

4 + a2ρ
2 + a0, (13)

wherea0 is constant and

a6 = − λb3

3α1µ2 − 3β1µ− 3γµ
,

a4 = − λb2

2α1µ2 − 2β1µ− 2γµ
,

a2 =
(µδ + 1 + 2α1µk − kβ1)2

4(α1µ2 − β1µ)(α1µ2 − β1µ− γµ)

− α1k
2 + δk

α1µ2 − β1µ− γµ
. (14)

Replacingρ2 with y, we get

(y′)2 = c4y
4 + c3y

3 + c2y
2 + c1y, (15)

where

c4 = 4a6, c3 = 4a4, c2 = 4a2, c1 = 4a0. (16)
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Taking the transformation

z = y +
c3

4c4
, (17)

we get

(z′)2 = F (z) = c4z
4 + h2z

2 + h1z + h0, (18)

where

h2 = c2 − 3c2
3

8c4
, h1 = c1 +

c3
3

8c2
4

− c2c3

2c4
,

h0 = − 3c4
3

256c3
4

+
c2c

2
3

16c2
4

− c1c3

4c4
. (19)

We only consider the case ofc4 > 0 in the Eq. (18),
and the case ofc4 < 0 is similar and not be discussed
here. Eq. (18) can be written as the following dynamical sys-
tem [62]





z′ = Y,

Y ′ = 2c4z
3 + h2z +

1
2
h1,

(20)

the Hamiltonian is

H(z, Y ) =
Y 2

2
− 1

2
(c4z

4 + h2z
2 + h1z + h0). (21)

Thus, the potential energy is

U(Y ) = −1
2
(c4z

4 + h2z
2 + h1z + h0). (22)

3. Qualitative analysis

We analyze the dynamical the system Eq.(20), and need to
compute the zeros ofU ′(Y )

U ′(Y ) = −2c4(z3 + pz + q), (23)

wherep = h2/2c4, q = h1/4c4, we apply the complete dis-
crimination system for the third degree polynomial [52]

∆ = −
(

q2

4
+

p3

27

)
. (24)

Case 1. ∆ = 0, p < 0, we have

U ′(Y ) = −2c4(z − α)2(z − β)(2α + β = 0). (25)

Thus,(α, 0) and(β, 0) are the two equilibrium points of
the dynamical system. For instance, ifc4 = 1, p = −48 and
q = −128, thenα = −4, β = 8, we can know that(−4, 0) is
a cuspidal point and(8, 0) is a saddle point. The global phase
of system Eq. (20) as shown in Fig. 1.

From the figure above, we can see that Eq. (20) has
twisted wave solutions and lone wave solutions.
Case 2. ∆ = 0, p = 0, we have

U ′(Y ) = −2c4z
3. (26)

FIGURE 1. c4 = 1, p = −48, q = −128.

FIGURE 2. c4 = 1, p = 0, q = 0.

We find that the dynamical system has only one cuspidal
point (0, 0). And whenc4 = 1, p = 0 andq = 0, we give the
global phase of system Eq. (20) as shown in Fig. 2.

From the figure above, we can see that Eq. (20) has tor-
sional wave solutions.
Case 3. ∆ > 0, p < 0, we have

U ′(Y ) = −2c4(z − f1)(z − f2)(z − f3),

(f1 + f2 + f3 = 0), (27)

wheref1 > f2 > f3, (f1, 0), (f2, 0) and(f3, 0) are the three
equilibrium points of the dynamical system. For instance, if
c4 = 1, p = −9 and q = 0, thenf1 = 3, f2 = 0 and
f3 = −3, we can know that(f1, 0) and(f3, 0) are two saddle
points, and(f2, 0) is the center point. The global phase of
system Eq. (20) as shown in Fig. 3.

From the figure above, we can see that Eq. (20) has kink,
periodic and anti-kink solutions. We find that the figure
above is symmetric, so let’s discuss the asymmetric case. For
instance, whenc4 = 1, p = −28 and q = −48, we have
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FIGURE 3. c4 = 1, p = −9, q = 0.

FIGURE 4. c4 = 1, p = −28, q = −48.

f1 = 6, f2 = −2 andf3 = −4, and the global phase of
system Eq. (20) as shown in Fig. 4.

From the figure above, we can that the existence of soli-
tary wave solutions.
Case 4. ∆ < 0, we have

U ′(Y ) = −2c4(z − f1)[(z − f2)2 + f2
3 ]

.(2f2 + f1 = 0). (28)

We find that the dynamical system has only one saddle
point (f1, 0). This case is similar to case 2, which we not
discuss here.

4. Classification and parameter stability anal-
ysis of exact chirped solutions

When we setc4 = 1, Eq. (18) can be written as

±(ξ − ξ0) =
∫

dz√
(z4 + h2z2 + h1z + h0)

. (29)

We can obtain a classification of all roots conforming to the
equality by the complete discrimination system for the fourth
order polynomial [51]

M1 = 1, M2 = −h2, M3 = −2h2
3 + 8h2h0 − 9h1

2,

M4 = −h2
3h1

2 + 4h2
4h0 + 36h2h1

2h0

− 32h2
2h0

2 − 27
4

h1
4 + 64h0

3,

E2 = −32h2h0 + 9h1
2. (30)

Then, we discuss the topological stability in nine differ-
ent modes of light waves. We according to the change of
parameters to study the stability of topology. The form of the
solution does not change when the parameters are disturbed,
it is stable. Or else, it is unstable or semi-stable [58].

Case 1. M2 = M3 = M4 = 0, thenF (z) = z4.
We obtain

±(ξ − ξ0) =
∫

dz

z2
. (31)

The exact solution and chirp are

ρ1 =
[
±(ξ − ξ0)−1 − 3b2

8b3

] 1
2

, (32)

δω1 =
s0

α1µ2 − β1µ

[
±(ξ − ξ0)−1 − 3b2

8b3

]−1

− µδ + 1 + 2α1µk − β1k

2α1µ2 − 2β1µ
. (33)

This singular rational solution has an unstable topology.
Case 2. M2 < 0, M3 = M4 = 0, thenF (z) = ((z − α)2 + β2)2, whereα = 0, β > 0.

We obtain

±(ξ − ξ0) =
∫

dz√
(z − α)2 + β2

. (34)
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The exact solution and chirp are

ρ2 =
(

β tan[β(ξ − ξ0)] + α− 3b2

8b3

) 1
2

, (35)

δω2 =
s0

α1µ2 − β1µ

[
β tan[β(ξ − ξ0)] + α− 3b2

8b3

]−1

− µδ + 1 + 2α1µk − β1k

2α1µ2 − 2β1µ
. (36)

This singular periodic solution has a semis-table topology.
Case 3. M2 > 0, M3 = M4 = 0, E2 > 0, thenF (z) = (z − f1)2(z − f2)2, wheref1 > f2, f1 + f2 = 0.

We obtain

±(ξ − ξ0) =
∫

dz

(z − f1)(z − f2)
. (37)

If z > f1, z < f2, we have

ρ3 =
(

f2 − f1

2

[
coth

(f1 − f2)(ξ − ξ0)
2

− 1
]

+ f2 − 3b2

8b3

) 1
2

, (38)

δω3 =
s0

α1µ2 − β1µ

(
f2 − f1

2

[
coth

(f1 − f2)(ξ − ξ0)
2

− 1
]

+ f2 − 3b2

8b3

)−1

− µδ + 1 + 2α1µk − β1k

2α1µ2 − 2β1µ
, (39)

If f2 < z < f1, the exact solution and chirp are

ρ4 =
(

f2 − f1

2

[
tanh

(f1 − f2)(ξ − ξ0)
2

− 1
]

+ f2 − 3b2

8b3

) 1
2

, (40)

δω4 =
s0

α1µ2 − β1µ

(
f2−f1

2

[
tanh

(f1−f2)(ξ−ξ0)
2

−1
]

+ f2 − 3b2

8b3

)−1

− µδ + 1 + 2α1µk − β1k

2α1µ2 − 2β1µ
. (41)

These two solitary wave solutions have the semi-stable topology.
Case 4. M2 > 0, M3 = 0, M4 = 0, E2 = 0, thenF (z) = (z − α)3(z − β), where3α + β = 0.

We obtain

±(ξ − ξ0) =
∫

dz

(z − α)
√

(z − α)(z − β)
. (42)

The exact solution and corresponding chirp are

ρ5 =
(

4(α− β)
(β − α)2(ξ − ξ0)2 − 4

+ α− 3b2

8b3

) 1
2

, (43)

δω5 =
s0

α1µ2 − β1µ

(
4(α− β)

(β − α)2(ξ − ξ0)2 − 4
+ α− 3b2

8b3

)−1

− µδ + 1 + 2α1µk − β1k

2α1µ2 − 2β1µ
. (44)

This singular rational solution has a semis-table topology.
Case 5. M2 > 0, M3 > 0, M4 = 0, thenF (z) = (z − f1)2(z − f2)(z − f3), wheref2 > f3, 2f1 + f2 + f3 = 0.

We obtain

±(ξ − ξ0) =
∫

dz

(z − f1)
√

(z − f2)(z − f3)
. (45)

For (f2 − f1)(f3 − f1) > 0,

ρ6 =
(

f3 +
f2 − f3

1 + f2−f1
f3−f1

tan2[
√

(f2 − f1)(f3 − f1)(ξ − ξ0)]
− 3b2

8b3

) 1
2

, (46)

δω6 =
s0

α1µ2 − β1µ

(
f3 +

f2 − f3

1 + f2−f1
f3−f1

tan2[
√

(f2 − f1)(f3 − f1)(ξ − ξ0)]
− 3b2

8b3

)−1

− µδ + 1 + 2α1µk − β1k

2α1µ2 − 2β1µ
. (47)
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This singular periodic solution has a semi-stable topology.

For (f2 − f1)(f3 − f1) < 0,

ρ7=
(

f3+
f2 − f3

1 + f2−f1
f1−f3

tanh2[
√

(f2 − f1)(f1 − f3)(ξ − ξ0)]
− 3b2

8b3

) 1
2

, (48)

δω7 =
s0

α1µ2 − β1µ

(
f3 +

f2 − f3

1 + f2−f1
f1−f3

tanh2[
√

(f2 − f1)(f1 − f3)(ξ − ξ0)]
− 3b2

8b3

)−1

− µδ + 1 + 2α1µk − β1k

2α1µ2 − 2β1µ
, (49)

ρ8 =
(

f3 +
f2 − f3

1 + f2−f1
f1−f3

coth2[
√

(f2 − f1)(f1 − f3)(ξ − ξ0)]
− 3b2

8b3

) 1
2

, (50)

δω8 =
s0

α1µ2 − β1µ

(
f3 +

f2 − f3

1 + f2−f1
f1−f3

coth2[
√

(f2 − f1)(f1 − f3)(ξ − ξ0)]
− 3b2

8b3

)−1

− µδ + 1 + 2α1µk − β1k

2α1µ2 − 2β1µ
. (51)

These two solitary wave solutions have the semi-stable topology.

Case 6. M2M3 < 0, M4 = 0, thenF (z) = (z − f1)2((z − f2)2 + f3
2), wheref1 + f2 = 0.

We obtain

±(ξ − ξ0) =
∫

dz

(z − f1)
√

(z − f2)2 + f3
2
. (52)

The exact solution and corresponding chirp are written as

ρ9 =
(e±

√
(f1−f2)2+f3

2(ξ−ξ0) −N +
√

(f1 − f2)2 + f3
2(2−N)

(e±
√

(f1−f2)2+f3
2(ξ−ξ0) −N)2 − 1

− 3b2

8b3

) 1
2

, (53)

δω9 =
s0

α1µ2 − β1µ

(e±
√

(f1−f2)2+f3
2(ξ−ξ0) −N +

√
(f1 − f2)2 + f3

2(2−N)

(e±
√

(f1−f2)2+f3
2(ξ−ξ0) −N)2 − 1

− 3b2

8b3

)−1

− µδ + 1 + 2α1µk − β1k

2α1µ2 − 2β1µ
, (54)

where

N =
f1 − 2f2√

(f1 − f2)2 + f3
2
. (55)

This exponential solution has a semi-stable topology.

Case 7. M2 > 0, M3 > 0, M4 > 0, thenF (z) = (z − f1)(z − f2)(z − f3)(z − f4), wheref1 + f2 + f3 + f4 = 0,
f1 > f2 > f3 > f4.

We obtain

±(ξ − ξ0) =
∫

dz√
(z − f1)(z − f2)(z − f3)(z − f4)

. (56)
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The exact solution and corresponding chirp are given by

ρ10 =




f2(f1 − f4)sn2
[√

(f1−f3)(f2−f4)

2 (ξ − ξ0), N1

]
− f1(f2 − f4)

(f1 − f4)sn2
[√

(f1−f3)(f2−f4)

2 (ξ − ξ0), N1

]
− (f2 − f4)

− 3b2

8b3




1
2

, (57)

δω10 =
s0

α1µ2 − β1µ




f2(f1 − f4)sn2
[√

(f1−f3)(f2−f4)

2 (ξ − ξ0), N1

]
− f1(f2 − f4)

(f1 − f4)sn2
[√

(f1−f3)(f2−f4)

2 (ξ − ξ0), N1

]
− (f2 − f4)

− 3b2

8b3




−1

− µδ + 1 + 2α1µk − β1k

2α1µ2 − 2β1µ
, (58)

ρ11 =




f4(f2 − f3)sn2
[√

(f1−f3)(f2−f4)

2 (ξ − ξ0), N1

]
− f3(f2 − f4)

(f2 − f3)sn2
[√

(f1−f3)(f2−f4)

2 (ξ − ξ0), N1

]
− (f2 − f4)

− 3b2

8b3




1
2

, (59)

δω11 =
s0

α1µ2 − β1µ




f4(f2 − f3)sn2
[√

(f1−f3)(f2−f4)

2 (ξ − ξ0), N1

]
− f3(f2 − f4)

(f2 − f3)sn2
[√

(f1−f3)(f2−f4)

2 (ξ − ξ0), N1

]
− (f2 − f4)

− 3b2

8b3




−1

− µδ + 1 + 2α1µk − β1k

2α1µ2 − 2β1µ
, (60)

where

N1
2 =

(f2 − f3)(f1 − f4)
(f1 − f3)(f2 − f4)

. (61)

These two elliptic function double periodic solutions have the stable topology.
Case 8. There are three different situations, namely (8.1) M2 > 0, M4 < 0 (8.2) M2 < 0, M3 < 0, M4 < 0, and (8.3)
M2 = 0, M3 ≤ 0, M4 < 0 thenF (z) = (z − f1)(z − f2)((z − f3)2 + f4

2), wheref1 > f2, f4 > 0 f1 + f2 + 2f3 = 0.
We obtain

±(ξ − ξ0) =
∫

dz√
(z − f1)(z − f2)((z − f3)2 + f4

2)
. (62)

The exact solution and corresponding chirp are given by

ρ12 =




g1cn

[√
±2f4d1(f1−f2)

2dd1
(ξ − ξ0), d

]
+ g2

g3cn

[√
±2f4d1(f1−f2)

2dd1
(ξ − ξ0), d

]
+ g4

− 3b2

8b3




1
2

, (63)

δω12 =
s0

α1µ2 − β1µ




g1cn

[√
±2f4d1(f1−f2)

2dd1
(ξ − ξ0), d

]
+ g2

g3cn

[√
±2f4d1(f1−f2)

2dd1
(ξ − ξ0), d

]
+ g4

− 3b2

8b3




−1

− µδ + 1 + 2α1µk − β1k

2α1µ2 − 2β1µ
, (64)

where

g1 =
1
2
(f1 + f2)g3 − 1

2
(f1 − f2)g4, g2 =

1
2
(f1 + f2)g4 − 1

2
(f1 − f2)g3, g3 = f1 − f3 − f4

d− 1
,

g4 = f1 − f3 − f4d1, D =
f2
4 + (f1 − f3)(f2 − f3)

f4(f1 − f2)
, d1 = D ±

√
D2 + 1, d2 =

1
1 + d2

1

.

(65)
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This elliptic function double periodic solution has the stable topology at case 8.1 and 8.2, and the semi-stable at case 8.3.
Case 9. There are two situations, namely (9.1) M2 ≤ 0, M4 > 0, and (9.2) M2 > 0, M3 ≤ 0, M4 > 0, thenF (z) =
((z − f1)2 + f2

2)((z − f3)2 + f4
2), wheref2 ≥ f4 > 0, f1 + f3 = 0.

We obtain

±(ξ − ξ0) =
∫

dz√
((z − f1)2 + f2

2)((z − f3)2 + f4
2)

. (66)

The exact solution and corresponding chirp are presented by

ρ13 =
(

g1sn(d2(ξ − ξ0), d) + g2cn(d2(ξ − ξ0), d)
g3sn(d2(ξ − ξ0), d) + g4cn(d2(ξ − ξ0), d)

− 3b2

8b3

) 1
2

, (67)

δω13 =
s0

α1µ2 − β1µ

(
g1sn(d2(ξ − ξ0), d) + g2cn(d2(ξ − ξ0), d)
g3sn(d2(ξ − ξ0), d) + g4cn(d2(ξ − ξ0), d)

− 3b2

8b3

)−1

− µδ + 1 + 2α1µk − β1k

2α1µ2 − 2β1µ
, (68)

where

g1 = f1g3 + f2g4, g2 = f1g4 − f2g3, g3 = −f2 − f4

d
, g4 = f1 − f3, D =

(f1 − f3)2 + f2
2 + f2

4

2f2f4
,

d1 = D +
√

D2 − 1, d =
d2
1 − 1
d2
1

, d2 =
f4

√
(g2

3 + g2
4)(d2

1g
2
3 + g2

4)
g2
3 + g2

4

. (69)

This elliptic function double periodic solution has the semi-stable topology.
Analyzing the above nine cases, we get thirteen different optical wave patterns. Case 7, Case 8.1 and Case 8.2 have stable

topologies, Case 1 has unstable topology and all others have semi-stable topologies. In fact, when parameters are perturbed,
the equationM2 = M3 = M4 = 0 becomes an inequality, and the instability becomes stable. Such as, we compare Case 1
with Case 7, when some parameters change, Case 1 can become Case 7, so there is no stability becomes stable.

5. Typical solutions and their graphs

Example 1. Triangular function solutions.
Takings0 = f2 = 1, f1 = 2, b2 = − 8

3 , δ = k = 0, ξ0 = −4, x = 0 we get

ρ3 =
(
−1

2
coth

[
1
2
ξ + 2

]
+

5
2

) 1
2

, (70)

δω3 =
2

5− coth( 1
2 t + 2)

− 1
2
. (71)

The 2D graphics ofρ3 andδω3 are presented in Fig. 5 and 6.

FIGURE 5. ρ3. FIGURE 6. δω3.
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FIGURE 7. ρ5. FIGURE 8. δω5.

Example 2. Rational solutions.
Takingα = s0 = ξ0 = 1, β = −3, b2 = 8

3 , δ = 2, k = −1, x = 0 we have

ρ5 =
(

16
16(ξ − 1)2 − 4

) 1
2

, (72)

δω5 = (t− 1)2 − 1
4
. (73)

The 2D illustrations ofρ5 andδω5 are shown in Fig. 7 and 8.
Example 3. Solitary wave solutions:

Takingf3 = s0 = 1, f1 = −2, f2 = 3, b2 = − 16
3 , δ = 2, k = −4, ξ0 = −√15/15, x = 0 we obtain

ρ6 =


 2

1 + 5
3 tan2

[√
15ξ −

√
15

15

] + 3




1
2

, (74)

δω6 =


 2

1 + 5
3 tan2

[√
15t−

√
15

15

] + 3



−1

+
9
2
. (75)

The 2D diagrams ofρ6 andδω6 are separately portrayed in Fig. 9 and Fig. 10.

FIGURE 9. ρ6. FIGURE 10. δω6.
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FIGURE 11. ρ10. FIGURE 12. δω10.

Example 4. Jacobi elliptic function double periodic solutions.
Takingf2 = 1, s0 = −1/4, f1 = 2, f3 = −1, f4 = −2, b2 = 8/3, δ = 1/2, k = −1/2, N1 = 2

√
2/3, ξ0 = −2/3, x = 0

we have

ρ10 =


4sn2

[
3
2ξ + 1, 2

√
2

3

]
− 6

4sn2
[

3
2ξ + 1, 2

√
2

3

]
− 3

− 1




1
2

, (76)

δω10 =
−2sn2

(
3
2 t + 1, 2

√
2

3

)
− 3

6
. (77)

The 2D drawings ofρ10 andδω10 are displayed in Fig.11 and 12.

FIGURE 13. System (78): a)LLEs fora; b) LLEs for b; c) LLEs for c; Two-dimensional phase portrait, whena = −1, b = −2 and
c = −0.1, G(ξ) = cos(6ξ).

Rev. Mex. Fis.71011303



EXACT CHIRPED SOLUTIONS, STABILITY ANALYSIS, CHAOTIC BEHAVIORS AND DYNAMICAL PROPERTIES OF THE NONLINEAR. . .11

FIGURE 14. System(78): a)LLEs fora; b)LLEs for b; c)LLEs for c; Two-dimensional phase portrait, whena = −1.5, b = −1.0 and
c = −0.1, G(ξ) = cosh(0.12ξ).

FIGURE 15. System(78): a)LLEs fora; b)LLEs for b; c)LLEs for c; Two-dimensional phase portrait, whena = −0.8, b = −0.5 and
c = −1.8, G(ξ) = e0.02ξ.
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6. Chaotic behaviors

According to the previous analysis, power system does not
exist the chaotic behaviors. However, if we increase the per-
turbation termG(ξ), we obtain the following perturbation
system [62–64]





z′ = Y,

Y ′ = 2c4z
3 + h2z +

1
2
h1 + G(ξ),

(78)

wherea = 2c4, b = h2 andc = (1/2)h1.
We choose three types of perturbed terms here, namely

G(ξ) = cos(6ξ), cosh(0.12ξ) and e0.02ξ. In addition, we
give the largest Lyapunov exponents for each case. Specific
examples are shown in Fig. 13-15.

From Fig. 13-15, We can find that Eq. (78) has the chaotic
behaviors. The largest Lyapunov exponent of parametera is
largest. We conclude that parametera is more influential than
parameterb and parameterc. Moreover, parametera, param-
eterb and parameterc are all greater than zero, so they all
affect the chaotic behaviors of Eq. (78). By changing the
perturbation terms, we obtain different the largest Lyapunov
exponents and phase diagrams, which prove the existence of
different chaotic behaviors.

7. Conclusion

In this paper, we obtain the phase diagram and equilibrium
point of the equation by qualitative analysis. Therefore, we
prove the existence of soliton solutions and periodic solu-
tions. We use the complete discrimination system for the
fourth order polynomial to generate a series of chirped so-
lutions, and analyze the parameter stability of various modes.
We find that NLSE has the chaotic behaviors for somes dis-
turbance terms. We choose three types of perturbation terms
and draw the largest Lyapunov exponents and the correspond-
ing global phase diagrams. Compared with the existing re-
search, our method is more comprehensive and concise. The
results of this study are helpful to complement the relevant
physical systems and provide a new direction for the study of
the equation.

Acknowledgment

Thanks to the reviewers for their help and detailed com-
ments. This project is supported by the Special Programm for
the Ability Promotion of the Basic and Scientific Research
(No.2023JCYJ-01).

1. I. Onderet al., Stochastic optical solitons of the perturbed non-
linear Schr̈odinger equation with Kerr law via Ito calculus,Eur.
Phys. J. Plus.138(2023) 872.

2. H. E. Ibarra-Villalon, O. Pottiez, A. Ǵomez-Vieyra, J.P.
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