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Soliton solutions to the 3-dimensional KdV
and modified 3-dimensional KdV equations
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In this study, we successfully employed the Tanh-Coth method alongside the Riccati equation transformation to derive exact soliton solutions
for both the three-dimensional Korteweg-de Vries (3D KdV) equation and its modified variant. This analytical approach enabled the sys-
tematic reduction of the complex nonlinear partial differential equations to solvable ordinary differential equations. By assuming a traveling
wave transformation and expressing the solution in terms of hyperbolic tangent and hyperbolic cotangent functions, solutions of the Riccati
equation, we obtained a variety of solitary wave profiles, including kink, anti-kink, and localized pulse solutions. Graphical representation
for some of the obtained solutions is portrayed to show the nature of the kink, anti-kink and localized pulse solution in 3D, contours and 2D
respectively, by choosing suitable values of parameters.
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1. Introduction class of KdV equations, sine-Gordon (SG) equation, class of
nonlinear Schrodinger equations [13]. Bright and dark soli-

Nonli luti i NLEE . . ton are also called the non-topologically and the topologically
onlinear evolution equations ( $) occur in many SC soliton solution in the case or situation of nonlinearity of op-

ences, engineering and industrialized applications which infics [4].
clude physics of plasma, diffusion process, chemical reac- . .
tions, condensed matter, electro/magnetic, physics of solid Recently, there are so many approaches which were orig-
state, neural state, optical fibers and so on [15]. The propdhated for getting the exact solution of NLEESs, which in-
gation of wave in fluid like dispersive fluids, are mathemat-clude the approach of inverse scattering [7], sine/cosine ap-
ically modelled with the aid of nonlinear hyperbolic PDEs, Proach [15], the simple equation approach [10], 1st integral
whose soliton solution can be bright or dark or whose solu@PProach [20], method of extended-tanh [16,17], approach of
tions can be bright-dark soliton in nature [12]. NLEEs give Adomian decomposition [1], method of F-expansion [8, 22],
a far great challenge in an effort to obtain exact solution. In(G'/G)-expansion approach [2], Darboux/Backlund trans-
recent years, the need for soliton solution in higher dimenformations [19], Miura transformation approach [9], method
sional fluid flow media has grown exponentially. KdV-like Of Jacobi elliptic function [21] and many more. Recently,
equations are NLPDES that possesses dispersion and nonlfWell-organized generation of weak nonlinear long wave in
earity phenomena which are crucial in NLE models. With thePubbly flow of fluid which was described by 3-dimensional
presence of solitons in bubbly inviscid fluid flow, was initially KdV equation only if there is a neglect of viscosity [11]. The
taken theoretically by Van-Wijngarden in the late 60’s [18], 3-dimensional KdV is integrable [11].

which stands for the idea that there must exist a delicate sym- While the Tanh-Coth method has been applied to lower-
metrical balance between dispersion and nonlinearity [14]dimensional or simpler nonlinear equations in the past, its
Solitons are classes of solutions of some NLEEs such as thegpplication to 3D KdV and modified 3D KdV equations rep-
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resents a novel approach. The Tanh-Coth method is an effeetherea, b, ¢, r are constants.

tive technique for finding soliton solutions of nonlinear dif- Equation (3) can be transformed or reduced into an ODE
ferential equations, but its application to higher-dimensional . , , ,

problems, especially involving complex nonlinearities, is less —rv' =E(v (&), av’ (§),bv" (§),cv' (§),

common [24] 0}21}// (5) ,b2UN (5) 7021}// (5) , ) (5)

The Tanh-Coth method uses hyperbolic functions (tan-
gent and cotangent) to transform and solve nonlinear equavhere the independent variable consists of new variables
tions. While its utility is established for 1D and 2D problems, ¢ = ax + by + cz — rt, wherea, b, ¢ are constants and
using it for 3D KdV equations and their modified versions isis the speed of the wave, y, z andt are respectively the
a new application. The systematic approach this method praspatial coordinates and time. The ODE (5) is then integrated
vides could make it easier to obtain exact soliton solutions ino reduce the derivatives involved and where integration have
3D, which would otherwise be very challenging to find. Thebeen done, constants are always considered to be zero. The
study might explore new ways to handle the nonlinear term®©DE is therefore simplified and solved by the tanh-coth ap-
and higher-dimensional complexities that have been difficulproach [23], which admits the usage of the following finite

to approach using previous methods [24]. expansions

This study is arranged in the manner as follows: in sec- N N
tion two, we provide a brief background of the 3-dimensional () = ap + Z wY'(€) + Z bY€), (6)
KdV and the modified 3-dimensional KdV equations. In = =

Sec. 3, we give a brief description of Tanh-Coth approach. In ] ] ] )
Sec. 4, we apply the tanh-coth approach to the 3-dimension&pgether with the Riccati equation
KdV and the modified 3-Dimensional KdV equations. In e 2
Sec. 5, we give a graphical display of some of the obtained YO = RYS() + QY () + P, (7)
solutions. In Sec. 6, we give a discussion for the portrayegsy the use of variable change
figures. In Sec. 7, we give a concluding remark of the study.

Y'(§) = RY*(§) + QY (§) + P,

2. The Three-Dimensional KdV and Modified dv oy dv

. : . — = (P+QY +RY?) ——,

Three-Dimensional KdV Equations U3 dy
2

In recent years, the 3-dimensional KdV equation in bubbly LZ = (Q +2RY) (p + QY + Ry2) w
fluid have received huge attention. It was utilized and ana- dg ay
lyzed qualitatively [5]. Its t-dependent variable coefficients o2 d?v
was considered in which the exact soliton solution and its +(P+QY + RY?) e ®)

auto-Backlund transformation were provided [6]. The 3-

dimensional KdV equation is given as [24] where P, Q, and R are to be provided, and;, b; (0 =

0,1,...,n) are constants that are to be obtained. The pos-
(vt 4+ VU3 + Vpga), + Vyy + V22 =0, (1) itive integern can be obtained by considering the homoge-

_ _ _ neous balancing between the derivatives of higher order and
wherez, y, z, and¢ are vanaples Wh'(_zh are md(_apendent. the highly nonlinear term that appears in Eq. (5). Plugging
Also, z, y, z, stand for the spatial coordinate anid time. (6) into (5) and making use of (7) and (8) gives an equation in

The modifigd 3-djmensiona| Kd\( is the cubic.r}onlinear terms ofY(¢). Equating the coefficient of the same powers
type of the 3-dimensional KdV equation. The modified three-of Yi(€) to zero, we obtain a system of algebraic equations
dimensional KdV equation is given as [24] in P, Q, R, a;, b;, a, b, ¢, andr-.

(ve + 020, + Urzz)w + vyy + 0., =0, ) For this study, we shall consider using the following so-

lution of Riccati equation: IfP = Q = 1 andR = 0, then
where the direction of propagation of the wave is taken to bey(g) =ef —1,andifQ =0, R = —1/2, andP = 1/2, then

in the z, y and z directions and for the measurement of they(g) = coth(€) & csch(€). The reason being, using Ric-

time of the propagation of the wave, we use cati conditions, the solution is better constrained, reducing
the degrees of freedom in finding the right form of the solu-
3. Description of the Approach tion. This leads to faster and more stable convergence, par-
ticularly in cases where the nonlinear dynamics of the system
Here, let’s take a 3-dimensional NLPDE of the form align well with the Riccati framework [24].
V= E (0,0 5,0,V 2, Uz, Uy, Uy ooe) 3)

4. Application of the approach
now, upon employing the transformations
Here, we shall apply the approach to the three-dimensional
v(z,y,2,t) =v(f), E=ar+by+cz—rt, (4 Kdv and the modified three-dimensional KdV equations.
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4.1. The 3-Dimensional KdV Equation Now, for P = @ = 1 andR = 0, we have
The three-dimensional KdV is given as in Eq. (1) above. By ( A 12¢>  124° (13)
applying the transformation (4), (1) is transformed into an YIE Y, 50 = (—1+€)2  —1+4et’
ODE, as seen below
, and whenP =1/2,Q =0, R = —1/2, we have
a(=r/ +an/ +a®") + 02"+ =0, (9)
. . . )
. Integrgtmg (9) two times and alsp by setting the constant va(, 5 2 ) = 34 — 3a . (14)
of integration equal to zero, we obtain e (coth[€] 4 csch¢])?
2
(b + ¢ —ar)y + %VQ +a*" = 0. (10) Casetwo
Balancing between’” andv? in Eq. (10), yieldsh = 2, 9 o )
which enables us to get from (6), the equation ap = —2(a°Q +2a°PR), a1 =0, a2 =0,
b b by = —12a°PQ, by = —12a*P?,
v(€) = a0+ a1y +aY? + o + 5. (11)
Y Y _b2+02—a4Q2+4a4PR 15
Plugging (11) into (10) and then making use of Egs. (7) "= a : (15)
and (8), we obtain the following system of equations
Now, for P = @ = 1 andR = 0, we have
1
6a* P?by + §a2b% =0, 1242 1242
UB(xvyvzat) = _20’2_ £)2 - £ (16)
2a*P2b; + 10a* PQby + a2biby = 0, (~1+e€)? —1+e
1 and whenP =1/2,Q =0, R = —1/2, we have
3a*PQb; + §a2b§ + b%by + by + 4a* Q%D /2.4 /
3a?
—arby + 8a*PRby + a*agby = 0 va(@,9,2,8) = a* — (coth[¢] + csch[€])? an
b%b1 + ?by 4+ a*Q?by — arby + 2a* PRb; Case three
+a’agby + 6a*QRby + a®aiby =0
1 _ 2 _ 2
bag + Cag — arag + §a2a(2) + a*PQay ay = —12a*PR, a1 = —12a°QR,
as = —12a°’R?, by =0,by =0,
+2a*P%ay + a4QRl)1 +aa1by ? ! 2
b2 4 + a*Q? — 4a*PR
+2a* R?by + a*agby = 0 r= f : (18)
2 2 412 4
b ar + cCay +a"Qay — aray + 24" PRay Now, for P = Q = 1 andR = 0, the solution is zero.

+a2agay + 6a*PQas + a2ash, = 0 ButwhenP =1/2,Q =0, R = —1/2, we have

1 _ 9.2 9.2 2
3a*QRay + §a2a%+b2a2 + 2y + 40 Q%ay vs(x,y, 2,t) = 3a® — 3a°(coth[€] + csch[¢])®.  (19)

—aray + 8a*PRay + a*agas = 0 Case four

26*R%a; + 10a*QRas + a*ajas = 0,
! ! ap = —2(a*Q* + 2a*PR), a; = —12¢’°QR,  (20)

1
4 p2 2.2
ba’ Faz + 5aa =0 ay = —12a°R?, b =0, by =0, (21)

Solving the above system, we obtain the following cases: b + ¢ — a*Q? + 4a*PR
r= .

(22)
a
Case one
Now, for P = @@ = 1 andR = 0, we have
ag = 712(12PR7 ay = 0, as = O7 'U(j(x,y72,t) — —2CL27 (23)
— 1942 _ _19,2p2
b= —12a°PQ, b 12a°27, and whenP = 1/2,Q =0, R = —1/2, we have
b2 + 2 + a*Q? — 4a* PR

"= a ‘ (12) vr(x,y, 2,t) = a® — 3a*(coth[¢] 4 csch[¢])2. (24)
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4.2. The 3-Dimensional modified KdV equation

Case two

The three-dimensional modified KdV equation is given as in
(2) above. By use of (4), (2) is transformed into an ODE, as ag = —i\/gaQ, a1 =0, b =—iv6aP, (32)

seen below

a (77’1/ +av?V + a21/"’)/ + 030+ =0, (25)

20% +2¢% — a*Q? + 4a* PR
r= .

g (33)

Integrating (23) two times and also by setting the integra-  Now for P — O = 1andR = 0, we have

tion constant zero, we obtain

2
(b 4+ —ar)v + %VS +a*v" =0. (26)

Balancing between”” andv? in Eq. (24), yields» = 1,
which enables us to get from (6), the equation

l/(g) :ao—|—a1Y+b?1 (27)

3 AVA)
’Ul()(xa y,th) = :tl\/;a + ﬂ (34)

—1+et’
and whenP =1/2,Q =0, R = —1/2, we have

7 §a
vi1(z,y,2,t) = im. (35)

Plugging (25) into (24) and then making the use of cgse three
Egs. (7) and (8), the following system of equations is real-

ized
2a* P%b; + %aQbf =0
3a4PQb1 + aQaOb% =0
b2y + by 4+ a*Q%by — arb;
+2a*PRb, + a2agb1 + aQalbf =0

1
b2ag + Cag — arag + §a2a8

—|—a4PQa1 + a4QRb1 +2a%aga1by =0

b2a, + Far + a*Q%ay — aray
+2a*PRay + aQa(Q)al + aQa%bl =0
3a4QRa1 + azaoaf =0

1
2a*R%a; + gazaf =0

agp = i\/gaQ, a1 = iv6aR, by =0, (36)

20 +2¢% — a*Q? + 4a* PR
T = % .
Now, for P = @ = 1 andR = 0, we have

012($ay727t> = i\/ga, (38)

and whenP = 1/2,Q =0, R = —1/2, we have

(37)

viz(z,y,2,t) = —i\/ga(coth[f] + csch[€]). (39)

5. Graphical representation for some of the
obtained results

In this section, we represent the 3D contour and 2D graphical

Solving the above system, we obtain the following casesrepresentation for some of the obtained results with physical

Case one

ag = —i\/gaQ, a; = —iv6aR, by =0, (28)

20 +2¢% —a*Q* + 4a* PR
= 5 .
Now, for P = @ = 1 andR = 0, we have

vg(z,y,z,t) = i\/gaa (30)

and whenP = 1/2,Q =0, R = —1/2, we have

r

(29)

vg(x,y,2,t) = i\/ga(coth[g] + csch[€]). (31)

description by choosing suitable values for the parameters in-
volved.

6. Discussion and physical description graphs

In Fig. 1, we have the surface of bell-shaped soliton in 3D,
contour and 2D absolute plot of exact solutieriz, y, z, t)
for the 3-dimensional KdV equation which is given by
Eq. (13). The values of the parameters involved are taken
asfollows:a =1,b=1,c=1,r=0.5,y=1,z=1. The
range of values af-axis in all the plots is taken ds-10, 10],
while the range of time is taken &5 2]. The 2D plot is drawn
att = 0, 2,4 as shown in the figure.

In Fig. 2, we have the surface of bell-shaped soli-
ton in 3D, contour and 2D absolute plot of exact solution
va(z,y, 2, t) for the 3-dimensional KdV equation which is

Rev. Mex. Fis72031302
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FIGURE 4. The 3D, contour and 2D imaginary plotsofy— (z, y, z, t).

given by Eq. (14). The values of the parameters involved argolved are taken as followsi = 1,6 = 1,c = 1,r = 0.5,

taken as followsia = 1,b = 1,¢ = 1,7 = 0.5,y = 1, y =1,z = 1. Therange of values af-axis in all the plots is

z = 1. The range of values af-axis in all the plots is taken taken a§—10, 10], while the range of time is taken & 2.

as[—10, 10], while the range of time is taken &% 2]. The  The 2D plotis drawn at = 0, 2,4 as shown in the figure.

2D plotis drawn at = 0, 2, 4 as shown in the figure. In Fig. 4, we have the surface of kink-shaped soliton
In Fig. 3, we have the surface of kink-shaped solitonin 3D, contour and 2D imaginary plot of exact solution

in 3D, contour and 2D imaginary plot of exact solution vio_(z,y, z, t) for the modified 3-dimensional KdV equation

vg(z, vy, 2,t) for the modified 3-dimensional KdV equation which is given by Eg. (30). The values of the parameters in-

which is given by Eq. (28). The values of the parameters involved are taken as followse =1,b=1,c=1, r = 0.5,

Rev. Mex. Fis72031302
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FIGURE 6. The 3D, contour and 2D imaginary plotsof, — (z, y, z, t).
y = 1, z = 1. The range of values af-axis in all the plots is In conclusion, the Tanh—Coth method with Riccati frame-
taken ag§—10, 10], while the range of time is taken & 2].  work proves to be a powerful and efficient analytical tool for
The 2D plot is drawn at = 0, 2,4 as shown in the figure. constructing soliton solutions to multidimensional nonlinear

In Figs. 5 and 6, we have the surface of kink-shaped solievolution equations. The results obtained here provide deeper
ton in 3D, contour and 2D imaginary plot of exact solution insight into the rich structure of nonlinear wave phenomena
vy (2,9, 2, t) andvy 1 (z,y, 2, t) respectively, for the mod- and offer a strong theoretical foundation for future studies in
ified 3-dimensional KdV equation which is given by Eq. (31). both mathematics and applied physics.

The values of the parameters involved are taken as follows: The identification and classification of bell and kink soli-
a=1,b=1,¢c=1,7r=05,y=1,2=1. Therange of ton solutions enrich our understanding of nonlinear systems
values ofz-axis in all the plots is taken gs-10, 10], while by revealing how different solution types correspond to dif-
the range of time is taken 48, 2]. The 2D plot is drawn at ferent physical mechanisms and boundary behaviors. The
t =0,2,4 as shown in the figure. Tanh—Coth method, when applied to equations like the 3D
or modified 3D KdV equations, often uncovers both bell and
) kink profiles depending on the nature of the transformation
7. Conclusion and parameter conditions. These structures not only offer an-

. alytical insight but also serve as building blocks in the mod-
In this study, we succgssfglly employed the Ta.nh_comeling of complex physical, biological, and engineering sys-
method alongside the Riccati equation transformation to defems.
rive exact soliton solutions for both the three-dimensional
Korteweg—de Vries (3D KdV) equation and its modified vari- peclarations
ant. This analytical approach enabled the systematic reduc-
tion of the complex nonlinear partial differential equations Ethical approval
to solvable ordinary differential equations. By assuming a
traveling wave transformation and expressing the solution irf he authors state that they did not conduct any experiments
terms of hyperbo”c tangent and hyperbo”c Cotangent funcj.nVOIVing animals throughout the duration of this research.
tions, solutions of the Riccati equation, we obtained a variety i
of solitary wave profiles, including kink, anti-kink, and local- Funding

ized pulse solutions. The authors confirm that they did not receive any financial as-

These explicit solutions highlight the inherent non"nearsistance, grants, or any other form of support while preparing
dispersive balance present in 3D KdV-type systems, extenc{hiS manuscript

ing the traditional soliton theory to higher-dimensional set-

tings. The method's flexibility and simplicity confirm its util- - pata availability

ity in handling complex nonlinear structures in multidimen-

sional frameworks. This study did not make use of any data sets.
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