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1. Introduction

The investigation the examination of the impact of gravita-
tional fields on the dynamics of quantum mechanical sys-
tems is a topic of significant interest. General Relativity
(GR) posits that gravity is a geometric characteristic of space-
time. The classical gravitational field arises from the curva-
ture of space-time and accounts for phenomena such as black
holes and gravitational waves. Conversely, quantum mechan-
ics (QM) offers a framework for comprehending particle be-
haviour at the microscopic level and elucidating interactions
among fundamental forces. However, the integration of Gen-
eral Relativity and Quantum Mechanics into a unified the-
ory of quantum gravity remains challenging due to numerous
unresolved technical and philosophical issues.To investigate
the influence of gravitational fields on relativistic quantum
systems, it is customary to transition the particles’ relativis-
tic dynamics from a flat Minkowski space to a curved back-
ground. This approach is applicable to various curvature-
based models and facilitates theoretical predictions for large-
scale observables that may be empirically evaluated in cos-
mology and astrophysics. We can enhance our understand-

ing of the quantum dimensions of gravity by examining the
thermodynamic behaviour of relativistic particles in gravita-
tional contexts and the associated statistical properties. This
aids in comprehending the peculiar phenomena occurring in
space [1–12].

Topological defects such as domain walls, cosmic strings,
monopoles, and textures have been a significant focus of
research in cosmology, particle physics, condensed matter
physics, and astrophysics for many years. These struc-
tures are thought to arise from the Kibble process during
the symmetry-breaking phase transitions of the early uni-
verse. Cosmic strings have garnered significant interest for
their potential contributions to galaxy formation and gravita-
tional lensing. We can enhance our understanding of high-
energy particle physics by examining their characteristics.
The proposition that cosmic strings could function as super-
conducting wires has significant implications for contempo-
rary physics [13–18].

The quantum harmonic oscillator (HO) is an essential in-
strument in theoretical physics, offering understanding of in-
tricate quantum mechanical systems. Its relativistic equiva-
lent is crucial for simulating the interactions of molecules,
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atoms, and nuclei. It provides precise analytical solutions
that facilitate the comprehension of many mathematical and
physical events from diverse perspectives [19,20].

The Dirac oscillator (DO) is crucial for comprehending
the behaviours of diverse relativistic quantum systems. This
system affects the dynamics of spin-1/2 particles exhibiting
linear paths, as proven by Itô et al [20]. In its non-relativistic
limit, the Dirac operator resembles a conventional harmonic
oscillator with significant spin-orbit coupling. Moshinsky
and Szczepaniak identified the Dirac operator by incorpo-
rating an external linear potential into the free Dirac equa-
tion [21]. This altered the radial momentum operator into
a configuration that is not minimally linked. This transfor-
mation can be extended to a position-dependent mass (PDM)
formulation by utilising the PDM-Schrödinger [23–25] and
PDM-Klein-Gordon equations [26–30].

The Klein-Gordon oscillator (KGO) was constructed
using a framework analogous to that of Moshinsky and
Szczepaniak’s work on Dirac oscillators, specifically for
bosonic particles [31, 32]. Recent research have investigated
its covariant formulation in several curved spacetime settings.
Research has examined the KGO’s interaction with topolog-
ical defects in Kaluza-Klein theory, its behaviour in spinning
cosmic string spacetime under Coulomb-type potentials, and
the influences of rotation, non-commutativity, and magnetic
quantum flux.Numerous research have examined the tempo-
ral evolution and wave functions of spin-0 bosons, spin-1
bosons, and spin-1/2 fermions within a relativistic framework
utilising Hamiltonian equations, including the Schrödinger
equation and the Feshbach-Villars (FV) equation. The FV
formalism was developed to provide a relativistic interpre-
tation of the second-order Klein-Gordon equation for an in-
dividual particle. It decomposes the wave function into two
components, resulting in an equation featuring a first-order
temporal derivative. Recent investigations have examined the
dynamical characteristics of individual particles in relativistic
contexts utilising the FV technique [33–58].

This article is organised as follows: Initially, we exam-
ine the FV representation of the Feshbach-Villars formalism
for spin-0 particles in Minkowski spacetime. Subsequently,
we discuss the FV formulation inside Gürses space-time and
examine the position-dependent mass (PDM) FVO in this
framework. Subsequently, we obtain solutions for the free
equation and the oscillator in G̈urses space-time [59]. We
further examine the interaction with a Coulomb-type poten-
tial for both the free and oscillator scenarios within this con-
text. We now offer concluding observations. In this article,
we utilise natural units(~ = c = 1) and adopt the metric
convention(+,−,−,−).

2. The FV Representation of Feshbach-Villars
(Spin-0) in Minkowski Space-time

2.1. An Overview of the Feshbach-Villars Approxima-
tion

This section explores the relativistic quantum formulation of
a spin-0 particle propagating in Minkowski space-time, em-
ploying the metric tensorηµν = diag(1,−1,−1,−1). The
covariant Klein-Gordon equation governing a massive scalar
particleΦ with massm > 0 is expressed as [60–62]:

(
ηµνDµDν + m2

)
Φ(x, t) = 0, (1)

where the minimally coupled covariant derivative is given
by Dµ = ∂µ − ieAµ. In this context, the classical four-
momentum is defined aspµ = (E,−pi), while the elec-
tromagnetic four-potential takes the formAµ = (A0,−Ai),
with e denoting the absolute value of the particle’s charge.

This equation can be recast into Hamiltonian form, re-
sembling a Schr̈odinger-type equation:

HΦ(x, t) = i
∂

∂t
Φ(x, t). (2)

The HamiltonianH is formulated using the Feshbach-Villars
(FV) linearization procedure, which converts the equation
into a first-order time differential equation. To achieve this, a
two-component wave function is introduced [40–48,63] :

Φ(x, t) =
(

φ1(x, t)
φ2(x, t)

)
=

1√
2

(
1 + i

mD
1− i

mD
)

ψ(x, t), (3)

whereψ(x, t) satisfies the Klein-Gordon wave equation, and
D is given by:

D =
∂

∂t
+ ieA0(x). (4)

This transformation results in wave functions satisfying the
relations:

ψ = φ1 + φ2, iDψ = m(φ1 − φ2). (5)

For convenience, the componentsφ1 andφ2 can be expressed
as:

φ1 =
1

2m

[
m + i

∂

∂t
− eA0

]
ψ, (6)

φ2 =
1

2m

[
m− i

∂

∂t
+ eA0

]
ψ. (7)

Substituting these expressions into the governing equation
yields:

[
i
∂

∂t
− eA0

]
(φ1 + φ2) = m(φ1 − φ2), (8)

[
i
∂

∂t
− eA0

]
(φ1 − φ2) =

[
(pi − eAi)2

m
+ m

]

× (φ1 + φ2). (9)
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By adding and subtracting these equations, we obtain a sys-
tem of first-order coupled differential equations:

(pi − eAi)2

2m
(φ1 + φ2) + (m + eA0)φ1 = i

∂φ1

∂t
, (10)

−(pi − eAi)2

2m
(φ1 + φ2)− (m− eA0)φ2 = i

∂φ2

∂t
. (11)

The Feshbach-Villars Hamiltonian describing a scalar parti-
cle interacting with an electromagnetic field is given by:

HK−G = (τ3 + iτ2)
(pi − eAi)2

2m
+ mτ3 + eA0(x), (12)

whereτi(i = 1, 2, 3) are the standard2× 2 Pauli matrices:

τ1 =
(

0 1
1 0

)
, τ2 =

(
0 −i
i 0

)
,

τ3 =
(

1 0
0 −1

)
. (13)

The HamiltonianHK-G satisfies the generalized hermiticity
condition. Specifically, if there exists a Hermitian linear op-
eratorβ such that:

H† = βHβ−1, (14)

then the Hamiltonian is pseudo-Hermitian [70–74], which
can be rewritten as:

HK-G = τ3H†K−Gτ3, H†K-G = τ3HK-Gτ3. (15)

For the case of free particle propagation, assuming no exter-
nal interaction(Aµ = 0), the one-dimensional FV Hamilto-
nian simplifies to:

H0 = (τ3 + iτ2)
p2

x

2m
+ mτ3. (16)

The solutions to the time-independent free Hamiltonian cor-
respond to stationary states.

Assuming a solution of the form:

Φ(x, t) = Φ(x)e−iEt =
(

φ1(x)
φ2(x)

)
e−iEt, (17)

whereE represents the system’s energy, the equation can be
rewritten as:

H0Φ(x) = EΦ(x). (18)

This formulation represents the one-dimensional FV equa-
tion for a free relativistic spin-0 particle, providing an alterna-
tive Schr̈odinger-type equation to the Klein-Gordon equation.
This approach will be utilized to derive the Gürses solutions
for wave equations in curved space-time.

3. The FV representation of spin-0 particle in
Gürses space-time

The objective of this section is to analyze the Klein-Gordon
oscillator (KGO) within the G̈urses space-time framework
using the Feshbach-Villars (FV) approach. It is well estab-
lished that the general ly covariant form of the relativistic
wave equation for a scalar particle in a Riemannian space-
time, defined by the metric tensorgµν , can be obtained by
reformulating the Klein-Gordon equation as [5,6,8,9]:

(
¤ + m2 − ξR

)
Φ(x, t) = 0, (19)

where¤ represents the Laplace-Beltrami operator, given by:

¤ = gµνDµDν =
1√−g

∂µ

(√−ggµν∂ν

)
. (20)

Here,ξ is a real, dimensionless coupling constant that gov-
erns the non-minimal interaction between the scalar field and
spacetime curvature. It plays a pivotal role in mediating in-
teractions between the scalar field and spacetime curvature
within general relativity. Whenξ = 0, the coupling is min-
imal, meaning the field interacts solely through the geome-
try of the metric. The specific caseξ = 1/6 corresponds
to conformal coupling in a four-dimensional spacetime, en-
suring the equation remains invariant under conformal trans-
formations. In G̈urses spacetime, whereR = −2Ω2, this
coupling introduces an effective mass term given bym2

eff =
m2 − 2ξΩ2. The second parameter,R, represents the Ricci
scalar curvature, defined asR = gµνRµν , whereRµν is the
Ricci curvature tensor. Here,gµν denotes the inverse metric
tensor, andg = det(gµν) represents the determinant of the
metric tensor.

In the subsequent sections, we focus on investigating
the quantum dynamics of spin-0 particles within a (1+2)-
dimensional space-time and formulating the corresponding
Feshbach-Villars (FV) framework for this context.

3.1. Feshbach-Villars oscillators in G̈urses space-time

This section closely follows the work of Silenko [69], adopt-
ing the metric signatureηµν = diag(1,−1,−1). The
determinant-related term

√−g is expressed as:

Y =
1
2

{
∂i,
√−g

g0i

g00

}
. (21)

The Hamiltonian governing the transformation is given
by [69]:

HGFVT = τz

(N 2 + T ′
2N

)

+ iτy

(−N 2 + T ′
2N

)
− iY, (22)
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where

T ′ = ∂i
Gij

g00
∂j +

m2 − ξR

g00
+

1
F∇i

(√−gGij
)∇j

(
1
F

)

+

√√−g

g00
Gij∇i∇j

(
1
F

)
+

1
4F4

[∇i

(U i
)]2 − 1

2F2
∇i

(
g0i

g00

)
∇j

(U i
)− g0i

2g00F2
∇i∇j

(Uj
)
, (23)

where the relevant quantities are defined as:

Gij = gij − g0ig0j

g00
, F =

√
g00
√−g, U i =

√−gg0i. (24)

ForN = m, the initial Feshbach-Villars transformations hold.
Following the approach in Refs. [69–74], we introduce a nonunitary transformation:

Ψ′ = FΨ, (25)

to obtain a pseudo-Hermitian Hamiltonian, specifically aρ3-pseudo-Hermitian one, given by:

H′ = FHF−1, (26)

which satisfies the relation:

H′ = ρ3H′†ρ3. (27)

It is noteworthy that pseudo-Hermiticity [70] and/or non-Hermitian PT-symmetric Hamiltonians [70–72](and related references
cited therein) generalizes the concept of Hermiticity in quantum mechanics, allowing certain non-Hermitian Hamiltonians
to retain real eigenvalues under specific conditions. This property is particularly relevant in scenarios where conventional
Hermiticity is relaxed while ensuring the physical consistency of observables.

The G̈urses metric in (1+2)-dimensions with circular stationary and rotational symmetry is [59]:

ds2 = gµνdxµdxν = dt2 − dr2 + 2Ωr2dtdϕ− r2
(
1− Ω2r2

)
dϕ2, (28)

with a0 = b0 = e0 = 1, b1 = c0 = λ0 = 0, and the vorticityΩ = −µ/3, in the G̈urses metric

ds2 = −φdt2 + 2qdtdϕ +
h2ψ − q2

a0

dϕ2 +
1
ψ

dr2, (29)

(i.e., as in Eq.(5) of [59]), where

φ = a0 , ψ = b0 +
b1

r2
+

3λ0

4
r2, q = c0 +

e0µ

3
r2, h = e0r, λ0 = λ +

µ2

27
. (30)

Here,Ω = ±|Ω| represents the vorticities of the rotating space-time. The metric tensor and its inverse are:

gµν =




1 0 Ωr2

0 −1 0
Ωr2 0 −r2

(
1− Ω2r2

)


 , gµν =




(
1− Ω2r2

)
0 Ω

0 −1 0
Ω 0 −1/r2


 , (31)

with det (gµν) = −r2.
Following the procedure in Ref. [52], we obtain

T ′ =
1

g00
√−g

∂i

(√−ggij∂j

)
+

m2 − ξR

g00
− Y2, (32)

with i = 1, 2

Y =
1

g00
√−g

{
∂i,
√−gg0i

}
=

g02

g00
∂2. (33)
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Thus,

T ′ =
1

g00
√−g

[
∂1

(√−gg11∂1 + ∂2

(√−gg22∂2

)]
+

m2 − ξR

g00
− Y2 , (34)

leading to

T ′ =
1

g00r

[
−∂rr∂r − ∂ϕ

( r

r2
∂ϕ

)]
+

m2 − ξR

g00
− Y2. (35)

The HamiltonianHGFVT is:

HGFVT = τ3

(N 2 + T ′
2N

)
+ iτ2

(−N + T ′
2N

)
− iY, (36)

where

HGFVT

(
φ1

φ2

)
e−iEt = i∂t

(
φ1

φ2

)
e−iEt. (37)

This yields

(T ′ +N 2
)
φ1 +

(T ′ −N 2
)
φ2 = (2iNY + 2NE)φ1, (38)

and

− (T ′ +N 2
)
φ2 −

(T ′ −N 2
)
φ1 = (2iNY + 2NE)φ2. (39)

These equations lead to:

N (φ1 − φ2) = (E + iY) (φ1 + φ2) , (40)

T ′ (φ1 + φ2) = N (E + iY) (φ1 − φ2) . (41)

Equation (40) suggests:

ψ̃ = φ1 − φ2 =
1
N (E + iY)ψ,

where
ψ = φ1 + φ2,

leads to

T ′ψ = (E + iY)2ψ =
(
E2 + 2iEY − Y2

)
ψ. (42)

SubstitutingT ′ from (35) into (42) gives:
[
−1

r
∂rr∂r − 1

r2
∂2

ϕ + Ω̃2r2

]
R(r) = λR(r), (43)

where
λ = E2 − 2`ΩE −m2 − 2ξΩ2, Ω̃2 = Ω2E2,

andR is the Ricci scalar curvature for the Gürses space-time,R = gµνRµν = −2Ω2.

3.2. PDM FV-oscillators in Gürses space-time

In this subsection, we generalize FV-oscillators to include PDM FV-oscillators. Using the nonminimal coupling form of the
radial momentum operator(p̂r → p̂r − iMr), Eq. (43) accommodates such generalization as:

[
−1

r
(∂r +Mr) r (∂r −Mr)− 1

r2
∂2

ϕ +
(
m2 − ξR

)]
ψ =

[
g00E2 + 2iEg02∂ϕ

]
ψ. (44)
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This allows us to write:
[
−∂2

r +

(
`2 − 1/4

)

r2
+ Ω̃2r2 + VPDM (r)

]
R(r) = λR(r), (45)

where

VPDM (r) =
Mr

r
+M′

r +M2
r;Mr =

f(r)′

4f(r)
. (46)

For f(r) = 1, our PDM FV-oscillators retrieve FV-oscillators in [52]. Withf(r) = e2ηr2 ⇒Mr = ηr, VPDM = η2r2 + 2η,
and hence:

[
−∂2

r +

(
`2 − 1/4

)

r2
+ γ̃2r2

]
R(r) = λ̃R(r), (47)

whereγ̃2 = Ω2E2 + η2 and

λ̃ = E2 − 2`ΩE −m2 − 2ξΩ2 − 2η. (48)

This is in the form of the two-dimensional radial Schrödinger oscillator. The solutions are:

λ̃ = 2|γ̃| (2nr + |`|+ 1) = 2|ΩE|
√

1 +
η2

Ω2E2
(2nr + |`|+ 1) , (49)

and

R(r) ∼ r|`|+1/2 exp
(
−|γ̃|r

2

2

)
L|`|nn

(|γ̃|r2
)
. (50)

Consequently,

ψ(r) ∼ r|`| exp
(
−|γ̃|r

2

2

)
L|`|nn

(|γ̃|r2
)
. (51)

Comparing (48) with (49), we obtain:

E2 − 2`ΩE − 2|ΩE|
√

1 +
η2

Ω2E2
(2nr + |`|+ 1)− m̃ = 0, (52)

wherem̃ = m2 + 2ξΩ2 + 2η.
This must be solved with care since|ΩE| = +Ω±E±or |ΩE| = −Ω∓E±, whereΩ± = ±|Ω| andE± = ±|E|. This

yields:

E2
± − 2Ω±E±

(√
1 +

η2

Ω2E2
[2nr + |`|+ 1] + `

)
− m̃ = 0, (53)

for |ΩE| = +Ω±E±, and

E2
± + 2Ω∓E±

(√
1 +

η2

Ω2E2
[2nr + |`|+ 1]− `

)
− m̃ = 0. (54)

Equation (53) results in:

E± = Ω±k1 ±
√

Ω2k2
1 + m̃, k1 =

√
1 +

η2

Ω2E2
[2nr + |`|+ 1] + `, (55)

and Eq. (54) gives:

E± = −Ω∓k2 ±
√

Ω2k2
2 + m̃, k2 =

√
1 +

η2

Ω2E2
[2nr + |`|+ 1]− `. (56)
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It is more convenient to report the energies in terms of positiveE
(+)
± and negativeE(−)

± velocities so that forΩ = +|Ω|, we
have:

E
(+)
± = ±|Ω|k± ±

√
Ω2k2± + m̃, (57)

and

E
(−)
± = ±|Ω|k∓ ±

√
Ω2k2∓ + m̃, (58)

where

k± =

√
1 +

η2

Ω2E2
[2nr + |`|+ 1]± `. (59)

To derive the FV formulation of the Klein-Gordon wave equation in curved manifolds, we adopt the approach outlined in
Refs. [63,69], utilizing the Generalized Feshbach-Villars Transformation (GFVT).

In the GFVT framework, the components of the wave functionΦ are expressed as:

ψ = φ1 + φ2, iD̃ψ = N (φ1 − φ2) , (60)

whereN is an arbitrary nonzero real parameter and

D̃ =
∂

∂t
+ Y, (61)

with

Y =
1
2

{
∂i,
√−g

g0i

g00

}
. (62)

A simple computation yields:

Y =
(√−g

g00

∂

∂ϕ

)
. (63)

Hence, the operatorT ′ becomes

T ′ = F−1

(
∂

∂r
(−√−g)

∂

∂r

)
F−1 +

((
`2

r2

√−g

)
+

m2 − 2ξΩ2

g00
−

(
Ω`

g00

√−g

)2

− E2

)
F−2. (64)

Using these techniques to obtain the Hamiltonian (22), we suppose a solution of the type:

Φ(t, r, ϕ) = Φ(r)e−i(Et−`ϕ), (65)

where` = 0,±1,±2, . . .
Now, the KG equation can be written equivalently as two coupled equations:

(N 2 + T )
φ1 +

(−N 2 + T ′)φ2 = 2NEφ1,

− (N 2 + T )
φ2 −

(−N 2 + T ′)φ1 = 2NEφ2. (66)

Adding and subtracting these equations yields a second-order differential equation for the fieldψ′ = Fψ :
[

d2

dr2
+

1
r

d

dr
− ζ2

r2
+ κ

]
ψ(r) = 0, (67)

where

ζ = `, κ =
√

E2 −m2 + 2ξΩ2. (68)

Equation (68) is a Bessel equation, and its general solution is [75,78]:

ψ(r) = AJ|ζ|(κr) + BY|ζ|(κr), (69)
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whereJ|ζ|(κr) andY|ζ|(κr) are Bessel functions of orderζ of the first and second kind, respectively. HereA andB are
arbitrary constants.J|ζ|(κr) 6= 0 at the origin whenζ = 0. However,Y|ζ|(κr) is divergent at the origin. Thus, we consider
only J|ζ|(κr) whenζ 6= 0.

The solution to Eq. (67) is:

ψ(r) = AJ|`|
(√

E2 −m2 + 2ξΩ2r
)

. (70)

Using this, the two-component wave function of the spinless heavy KG particle in Gürses space-time is:

Ψ(r) = |A1|
(

1 + E
N

1− E
N

)
e−i(Et−`ϕ)J|`|

(√
E2 −m2 + 2ξΩ2r

)
. (71)

The constant|A1| can be obtained by applying the normalization condition to the KG equation, but the failure to determine
normalization constants throughout this manuscript does not affect the final results.

For the case of KGO, we replace the momentum operator in Eq. (15). Thus, Eq. (64) can be rewritten as:

T ′ = F−1

(
∂

∂r
−mωr

)
(−√−g)

(
∂

∂r
+ mωr

)
F−1 +

((
`2

r2

√−g

)
+

m2 − 2ξΩ2

g00
−

(
Ω`

g00

√−g

)2
)
F−2. (72)

Using similar steps, we obtain the radial equation:
[

d2

dr2
+

1
r

d

dr
−m2ω2r2 − σ2

r2
+ δ

]
ψ(r) = 0, (73)

where

σ = `, δ = E2 −m2 + 2iΩ2 + (Ω`)2 + 2mω. (74)

Forγ = mωr2, Eq. (73) becomes:
[

d2

dγ2
+

1
γ

d

dγ
− σ

4γ2
+

δ

4mωγ
− 1

4

]
ψ(γ) = 0. (75)

Assuming a solution of the type:
ψ(γ) = γ|σ|/2e−γ/2F (γ). (65)

Substituting this into Eq. (75), we get:

γ
d2F (γ)

dγ2
+ (|σ|+ 1− γ)

dF (γ)
dγ

−
( |σ|

2
− δ

4mω
+

1
2

)
F (γ) = 0. (76)

This is the confluent hypergeometric equation [64], with solutions given in terms of the confluent hypergeometric function:

F (γ) = 1F1

( |σ|
2
− δ

4mω
+

1
2
, |σ|+ 1, γ

)
. (77)

The solution (77) must be a polynomial of degreen :

|σ|
2
− δ

4mω
+

1
2

= −n n = 0, 1, 2, . . . (78)

The quantized energy spectrum of KGO in Gürses space-time is:

E±(n) = ±
√

4mωn + 2mω|`|+ m2 − 2ξΩ2 − (Ω`)2. (79)

The corresponding wave function is:

Ψ(r) = |A2|
(
mωr2

)|`|/2
e−

mωr2
2 1F1

( |`|
2
− δ

4mω
+

1
2
, |`|+ 1,mωr2

)
. (80)

The general eigenfunctions are:

Ψ(r) = |A2|
(

1 + E
N

1− E
N

) (
mωr2

)|`|/2
e−

mωr2
2 e−i(Et−`ϕ)

1F1

( |`|
2
− δ

4mω
+

1
2
, |`|+ 1,mωr2

)
, (81)

where|A2| is the normalization constant.
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4. THe Feshbach-Villars oscillator under potentials in G̈urses Space-Time

We now study the KGO within G̈urses space-time under a Coulomb-type potential. This section examines the behavior of a
heavy, relativistic spin-0 particle whose wave functionΨ satisfies the KG equation (15) in the space-time created by a(2 + 1)-
dimensional G̈urses with Coulomb-type potentials

(
S(r) = λ

r

)
.

[
d2

dr2
+

1
r

d

dr
− `2

r2
+ (E − S(r))2 −m2 + 2ξΩ2 + (Ω`)2

]
ϕ(r) = 0, (82)

where
[

d2

dr2
+

1
r

d

dr
− `2

r2
+

(
E − λ

r

)2

−m2 + 2ξΩ2 + (Ω`)2
]

ϕ(r) = 0. (83)

After simple algebraic manipulations, we obtain:

[
d2

dr2
+

1
r

d

dr
−

(
`2 − λ2

)

r2
− 2

Eλ

r
+ E2 −m2 + 2ξΩ2 + (Ω`)2

]
ϕ(r) = 0. (84)

Solving this yields the radial functionϕ(r) :

ϕ(r) = |A3| r− 1
2 WhittakerM

[
− Eλ√

m2 − 2ξΩ2 − Ω2`2 − E2
,
√

`2 − λ2, 2r
(√

m2 − 2ξΩ2 − Ω2`2 − E2
)]

. (85)

By simplifying the relationship between Whittaker and confluent hypergeometric functions 61], we obtain:

ϕ(r) = |A3| r− 1
2 e−

(√
−Ω2`2−E2+m2−2ξΩ2

)
r
(
2
√
−Ω2`2 − E2 + m2 − 2ξΩ2r

) 1
2+
√

`2−λ2

g(r), (86)

where

g(r) =1 F1

(
2
√

`2 − λ2
(√

−Ω2`2 − E2 + m2 − 2ξΩ2 + 1
)

+ 2Eλ

2
√
−Ω2`2 − E2 + m2 − 2ξΩ2

,

1 + 2
√

`2 − λ2, 2r
(√

−Ω2`2 − E2 + m2 − 2ξΩ2
) )

. (87)

The solution must be a polynomial of degreen. However, takingn → ∞ imposes a divergence issue. We have a finite
polynomial only if:

2
√

`2 − λ2
(√

−Ω2`2 − E2 + m2 − 2ξΩ2 + 1
)

+ 2Eλ

2
√
−Ω2`2 − E2 + m2 − 2ξΩ2

= −n n = 0, 1, 2, . . . (88)

The quantized energy spectrum of KGO in Gürses space-time is:

E±(n) = ±

(
2
√

`2 − λ2 + 2n + 1
) [√(

8n
√

`2 − λ2 + 4
√

`2 − λ2 + 4
(
`2 + n2 + n + 1

4

))
(m2 − 2ξΩ2 − Ω2`2)

]

(8n + 4)
√

`2 − λ2 + 4
(
`2 + n2 + n + 1

4

) . (89)

The complete eigenstates are

Ψ(r) = |A3|
(

1 + E
N

1− E
N

)
e−i(Et−`ϕ)r−

1
2 e−

(√
−Ω2`2−E2+m2−2ξΩ2

)
r

×
(
2
√
−Ω2`2 − E2 + m2 − 2ξΩ2r

) 1
2+
√

`2−λ2

g(r). (90)

Rev. Mex. Fis.72020801



10 A. BOUZENADA, A. BOUMALI, O. MUSTAFA AND H. HASSANABADI

Appendix

A. Feshbach-Villars Oscillator in Gürses Space-time under Coulomb-type Potential

To study the Feshbach-Villars Oscillator in Gürses space-time, we replace the momentum operator∂r −→ ∂r + mωr. Thus,
we obtain:

[
d2

dr2
+

1
r

d

dr
−m2ω2r2 − `2 − λ2

r2
− 2λE

r
+ E2 −m2 − 2ξΩ2 + (Ω`)2 + 2mω

]
ϕ(r) = 0. (A.1)

Applying GFVT, we obtain:
[

∂2

∂r2
+

1
r

∂

∂r
−m2ω2r2 − ϑ2

r2
− 2λE

r
+ δ

]
ϕ(r) = 0, (A.2)

where

ϑ2 = `2 − λ2, β2 = E2 −m2 + 2ξΩ2 + 2mω + (Ω`)2. (A.3)

UsingP =
√

mωr, we rewrite the radial Eq. (A.1) as:
[

d2

dP2
+

1
P

d

dP − ϑ2

P2
− δ

P − P2 +
β2

mω

]
ϕ(P) = 0, (A.4)

where

δ = 2λ
(
mω−1

) 1
2 . (A.5)

Assuming a solution of the form:

ϕ(P) = P |γ|e−P
2

2 O(P), (A.6)

we get:

d2O(P)
dP2

+
[
(2|γ|+ 1)

P − 2P
]

dO(P)
dP +

[
β2

mω
− 2(2|γ|+ 1)− δ

P
]
O(P) = 0. (A.7)

The solutionO(P) is the Heun biconfluent function [75,78] :

O(P) = HeunB
(

2|γ|, 0,
β2

mω
, 2δ,P

)
. (A.8)

To obtain bound state solutions, we expressO(P) as a power series expansion around the origin:

O(P) =
∞∑

s=0

asPs. (A.9)

Substituting this series into yields the recurrence relation:

as+2 =
δ

(s + 2)(s + 1 + ζ)
as+1 − (Θ− 2s)

(s + 2)(s + 1 + ζ)
as, (A.10)

whereζ = 2|γ|+ 1 andΘ = (β2/mω)− 2(|γ|+ 1).
Starting witha0 = 1, we get:

a1 =
δ

ζ
= 2

√
m

ω
λ

(
1

2|γ|+ 1

)
(A.11)

a2 =
δ2

2ζ(1 + ζ)
− Θ

2(1 + ζ)
=

(m

ω

)
λ2 1

(2|γ|+ 1)(|γ|+ 1)
− Θ

4(|γ|+ 1)
. (A.12)
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The wave function must be normalizable. We suppose thatO(P) vanishes atP → 0 andP → ∞. Thus, bound state solutions
can be obtained by ensuring that the power series expansion (88) or the Heun biconfluent series becomes a polynomial of
degreen :

Θ = 2n, and an+1 = 0, (A.13)

wheren = 1, 2, 3, . . . The quantized energy spectrum of KGO in Gürses space-time is:

E±(n) = ±
√

2m(n + |γ|) + m2 − 2ξΩ2 − 2ξΩ2. (A.14)

The corresponding wave function is:

ϕ(r) = |A4| P |γ|e−P
2

2 HeunB

(
2|γ|, 0,

β2

mω
, 2δ,P

)
. (A.15)

The final expression for the wave function of the spinless FVO propagating in the Gürses background is:

Ψ(r) = |A4|
(

1 + E
N

1− E
N

)
e−i(Et−`ϕ)P |γ|e−P

2
2 HeunB

(
2|γ|, 0,

β2

mω
, 2δ,P

)
, (A.16)

where the parametersϑ andδ are defined in (A.3).

5. Conclusion

This research investigates the relativistic behavior of spinless quantum particles using the Feshbach-Villars approach in two
models: one involving the interaction between KGO and the gravitational field generated by the background geometry of
Gürses space-time, and the other involving Gürses space-time with a Coulomb-like potential. The FV formulation of scalar
fields in Minkowski space-time is adapted for these models. The study provides exact solutions for both systems and presents
energy spectra that depend on the parameters defining the space-time topology. The wave-functions of the quantum system are
expressed as confluent hypergeometric functions for the free Feshbach-Villars equation in Gürses space-time, consistent with
the underlying geometry.
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