Optics Revista Mexicana dégtca71 051301 1-8 SEPTEMBER-OCTOBER 2025

Impact of atomic initial conditions on nonclassicality of the
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We explore the interaction between a three-level ladder-type atom and a single-mode quantized cavity, described by a symmetric three-
level ladder-type Jaynes-Cummings model in resonance. By employing the exact solution of thairgemrequation, we investigate

how the initial conditions of the atom influence the occupation probabilities of the atomic energy levels, average photon number, and the
nonclassicality of light, assessed through the Mar@ig) parameter and the Wigner function. Our findings are rigorously validated through
comprehensive numerical simulations, ensuring robust and consistent outcomes.
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1. Introduction of atomic transitions have already been experimentally ob-
served [22-24].

The Jaynes-Cummings model (JCM) has been widely recog- However, it has been demonstrated that three-level atoms
nized and studied as a fundamental cornerstone in the fielgffer a more complex framework for understanding and an-
of quantum optics. This essential theoretical framework proalyzing quantum phenomena compared to two-level atoms,
vides a detailed description of the interaction between a twothereby allowing for the exploration of a wider variety of ef-
level atom and a single-mode electromagnetic field in a lossfects and physical processes [24,25]. The multifaceted na-
less cavity [1]. Constructed under the dipole and rotatingture of three-level atoms provides an ideal platform for in-
wave approximations, this model is considered the most funyestigating phenomena such as quantum coherence, decoher-
damental for studying the interaction between matter and thence [26,27], and the effects of interaction with external elec-
field in the realm of quantum optics, due to its exactly in-tromagnetic fields [28]. From an experimental standpoint,
tegrable solutions, making it a powerful tool for exploring the study of three-level atoms is essential for understanding
quantum dynamics without resorting to perturbative approxand developing technologies based on quantum systems, such
imations [2-4]. as quantum devices and quantum information systems. For
Over the years, numerous extensions and generalizaéastance, in the context of the maser (microwave amplifica-
tions of the original JCM have been investigated to addrestion by stimulated emission of radiation), the three-level atom
more complex and realistic aspects of the radiation-matteplays a crucial role in signal amplification, enabling the gen-
interaction. The mathematical description of these moderation of coherent and high-intensity microwaves [24,29].
els becomes more complex, making solving the 8dimger In this study, we are interested in investigating the non-
equation associated with them an even more challengingjassical properties of light in the JCM associated with a
task [5-8]. These extensions include atoms with multi-three-level atom interacting in a lossless single-mode cav-
ple energy levels [9,10], multiple modes of the electromagity, known as the ladder-type three-level JCM. Specifically,
netic field [13,14], losses [13,14], interaction with external\ye analyze how different initial conditions in the atom influ-
fields [22-24], to name just a few. ence the system dynamics and its statistical behavior, while
Furthermore, the JCM exhibits significant non-classicalthe cavity is initially prepared in a coherent state. The struc-
properties and sub-Poissonian and super-Poissonian photture of this work is as follows: in Sec. 2, we apply a time-
statistics under different conditions of the electromagnetialependent unitary transformation and, using the traditional
field cavity [5,8]. Furthermore, it has been shown that atomianethod to solve the dynamics of the JCM, we find the ex-
transitions between the two levels of the atom differ dependact solution of the Sclkdinger equation associated with the
ing on whether the atom is initially in its excited state or Hamiltonian that models the system. Then, in Sec. 3, we
its ground state [18-21]. Notably, the collapses and revival@nalyze how different initial conditions of the atom influ-
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ence its occupation probabilities across different energy levthe convention of setting = 1 (reduced Planck constant)
els, as well as the variation in the expected photon number. Ithroughout this study. With this convention, the timased
Sec. 4, we explore the nonclassical properties of light assadn this work is dimensionless. To restore physical units, one
ciated with this model through the study of the Mandgt) must multiply the dimensionless tintdby the inverse cavity
parameter and the Wigner distribution. Finally, in Sec. 5, wefrequencyw_ *. Thus, the corresponding physical timescale

present our conclusions. is set byw; !, related to the period of the electromagnetic
field, T = 27 /w,.
2. The ladder-type three-level model To tackle the Sclirdinger equation for this system,

we employ a time-dependent unitary transformatibn=

Let us consider an atom with three energy levels: rep-  exp |iw.t(7 + 1I.)|, leading to the interaction representation,
resenting the lowest energy levél) the intermediate level, \here the Hamiltonian is given by
and|3) the highest level. The transition frequency between
adjacent levels is constant and denoted.gsmeaning that
the energy differences between transitiohs < |2) and
|2) < |3) are both equal tdw,, as assumed in the symmet- ] . ]
ric ladder-type configuration. This atom is situated within aWith A = wo —w, representing the detuning between the uni-
cavity formed by perfectly reflecting mirrors, which main- modal field frequency and the atomic transition frequency.
tain a single quantized mode of electromagnetic field with a  To solve the Schidinger equation in the interaction pic-
frequency ofu.. This configuration is illustrated in Fig. 1. ture, we follow the traditional approach of expanding the

From Fig. 1, we can observe that this system, known iratom-field state vector at tinteas a linear combination or su-
the literature as a ladder-type three-level syst&f) {s char-  perposition of Fock statef§n)} [5,27,30]. Since the model
acterized by allowing only transitions of the forfh) —  only allows atomic transitions of the forfh) < [2) < [3),
|2) < |3). To describe these transitions mathematically, wethis superposition can be written as
employ the special unitary group SU(2); tlislimensional

H=THT" —iT8,7" = Al +g (f+a n i_af) )

Lie group consists of unitary x 3 matrices with determinant B >

1, known asGell-Mann matrices These matrices generalize B (t)) = Z [C3(t) I, 3) + Ca(t) In + 1,2)

the Pauli matrices used for two-level systems. For this par- =0

ticular model, the atomic part of the system can be described + Ci(t) In +2,1)], ©))

by the operators, = [3) (2|+2) (1], I = [2) (3| +1) (2],
and, = [3) (3] — [1) (1], which satisfy the commutation which reduces the problem to solving the following system

relations[/,,I_] = I, and[l,,I.] = +1.. From these ma- of coupled ordinary differential equations
trices, the Hamiltonian describing the system can be written
as [27,30] d Cs(t) A gvn+1 0

N . . . i— |Ca(t) | = | gvn+1 0 gvn+2

_ At A ot ! 2

H =wyl, +w.a a-i-g(Lra—&-I,a), Q) dt Ci(t) 0 N _A
whereyg is the coupling constant between the three-level sys- Cs(t)
tem and the cavity field under the dipolar approximation. We x [Cy(t)] . (4)
assumey is consistent across all levels. As usual, the cre- Ci1(t)

ation and annihilation operatoré! anda, describe the cav-

ity field mode, satisfying the bosonic commutation relation e general solution to these differential equations can
[, a'] = 1. Additionally, for convenience, we have adopted ¢ quite laborious, but it simplifies significantly when we
consider that the atomic transition frequencies and the cav-
ity field frequency are in resonance, i.e., whkn= 0. In this
case, the solution can be expressed as

Cs(t) My (t)  Mia(t) Mis(t)| [C3(0)
Co(t)| = | Mar(t) Maa(t) Mas(t)| |C2(0)|, (5)
Ci(t) Msi(t) Maa(t) Mas(t)| |C1(0)

where the quantitiesC3(0)|2, |C2(0)|?, and|C1(0)|? de-
termine the initial distribution of photons in the field at the
FIGURE 1. Scheme of a lossless cavity formed by perfectly reflect- UPP€T, intermediate, and lower levels of the atom, respec-
ing mirrors. Inside the region bounded by these mirrors, a three-tively. Meanwhile, 3, = g+/2n + 3 represents the gener-
level atom, characterized by a transition frequengy interacts  alized Rabi frequency. Additionally, the functiodd;;(t),

with a cavity field having a frequenay.. with i, j = 1,2, 3, are determined by
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TABLE |. Occupation probabilities of the atomic energy levels.

Atom initially in the upper state

Atom initially in the intermediate state

Atom initially in the lower state

Pi(t) = Yoo 1C3(0) [ M (1)) Yoo [C2(0) [ Myz2(t)]? Yoo [C1(0) [ Mas(t) |2
P(t) = 020 [Cs(O)P Mo (1) 020 [Co ()P (Mo (1) S0 [ ()P [Mas (1)
Pi(t) = D om0 [C3(0) [ M1 (1) Do [C2(0) [ Msa(t)? Dm0 |C1(0)*[ M3 (1) |2
(]1)), the intermediate statg2)), and the upper statg3)).
g> The occupation probabilities for each level can be determined
M (t) = 7 [(n + 1) cos(Bnt) + (n +2)], by calculating the expected value of the projection operators
" corresponding to each initial atomic condition. These results
Mas(t) = —i 2" +1 sin(G,t) are summarized in Table I.
Bn e Here, Pi(t) = |C;(t)|? for j = 1,2,3. Additionally,
@/ (n+1)(n+2) C(0)]* = Poy [C2(0)* = Poya, @nd|C1(0)[2 = Py,
Mis(t) = 5 [cos(B,t) — 1], whereP, representing the photon probability distribution as-
P sociated with the coherent state [5,8]
gvn+1 . n
My (t) = _1% sin(Bnt), P o— ool -
n " n!
Moa(t) = cos(fnt), (6) The assignments dt’,(0)|> and |C1(0)|? have signifi-
gVn+2 . cant physical meaning. A detailed analysis of E3), (vhich
Mas(t) = —i B sin(f3,1), describes the wave function of the complete system, clarifies
) our initial assumption of one additional energy quantum in
Moy (1) = ¢ (n+1)(n+2) fcos(Bt) — 1] the intermediate level and two additional energy quanta in
32 " ’ the lower level compared to the upper level. Therefore, if the
N atom is in the intermediate or ground state, the probability of
Mso(t) = —igT sin(fBpt), having zero photons in any of these levels within the field is
n zero.
5 . . . -
g In Fig. 2, we show the atomic occupation probabilities
Mzs(t) = B2 [(n +2) cos(fat) + (n +1)]. when the cavity field is initially prepared in a coherent state,

using parameter values. = wy = 0.3, g = 1.0, anda = 4.

The subfigures illustrate the probability of occupation of the
atom in the upper state a), intermediate state b), and lower
Leveraging the results obtained from EB),(the solution to  state c), based on its initial condition.

the Schodinger equation proposed in E®) (s fully deter- The subfigures corresponding to the initial condition of
mined. This solution empowers us to calculate and analyzéhe atom in the upper and lower states (left and right, re-
any observable or dynamical variable of the system, as will bepectively) reveal that the atomic occupation probabilities for
demonstrated subsequently. The only requirement is to speell three states (upper, intermediate, and lower) exhibit very
ify the initial conditions for both the atom and the cavity field, similar population dynamics [see dashed red lines], owing to
represented byl (0)) = | (0)) ® |¥4(0)). For simplicity,  the initially large average number of photons. Examining the
we assume that the cavity field is initially in a coherent statecentral subfigure, where the atom starts in the intermediate
|}, wherea is an arbitrary complex number, while the atom state, one might expect equivalent probabilities of transition-
can reside in any of its three energy levels. ing to the upper and lower states. However, a closer inspec-
tion [see dashed blue lines] shows a slight difference in pop-
ulation dynamics. This distinction primarily arises because
o . . the lower state initially contains two more photons than the
In scientific literature, the study of the interaction betwee”upperstate. This difference becomes more pronounced as the

the atom and the cavity field often emphasizes the occupayerage number of photons decreases and diminishes as this
tion probabilities of the energy levels of the atom. This focus, mper increases.

is crucial for understanding the dynamics of the system, as
occupation probability indicates the number of atoms preseni 2 Average photon number
in a specific energy state at any given time [5,27].
Within the framework of the analyzed model, the atomAnother important observable to analyze is the expectation
can exist in one of three distinct energy levels: the lower statealue of the number operatér which indicates how the av-

3. Dynamics

3.1. Atomic occupation probabilities
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FIGURE 2. Atomic occupation probabilities corresponding to the initial condition of the cavity field prepared in a coherent state, using the
following parameter valuesv. = wo = 0.3, g = 1.0, anda = 4. Subfigures depict the occupation of the atom in the upper state (left),
intermediate state (center), and lower state (right), based on the initial condition of the atom being in the upper, intermediate, or lower state,
respectively. The black lines represent the analytical results, while the green lines depict the numerical solutions obtained using QuTiP [31].

erage number of photons evolves over time. This is crucial Case Il: Atom initially in the intermediate state

because it provides a better understanding of the statistical oo
properties of the system, including the photon distribution () =7+ Z 02(0)|2{ cos?(Bnt)
and its relation to the dynamics of the atom-field interaction. =0
In the context of the three-level model, the expectation value 9
of the number operatot is expressed as +2 (9> (n+2) sin2(6nt)}. (10)
ﬂ’n,
() = (W (t)|n[P(t)) Case IIl: Atom initially in the lower state
00 o 2
=n+ Y [ICa(t) +21Ci(t)* ] (8) () =7 — > |C1(0)[? (5) {(n—l—Z) sin?(B,t)
n=0 n=0 n
. 2
From this result, we observe that the average number of pho- g 2
tons over time{7(¢)), will remain around the initial average +2 (ﬁn) [(n +2) cos(fnt) + (n +1)] } (11)

photon numbeT:, except for transitions related to the second
term in B). Specifically, the following results are obtained
for the different initial atomic conditions:

In Fig. 3, the expected value of the photon number opera-
tor n is shown for the same parameters as in Fig. 2, under dif-
ferent initial atomic conditions. Firstly, in Fig. 3a), it can be
observed that the average number of photons centers around
17, one photon more than its initial state, because the upper
0o 9 level |3) has one more photon than the middle le| and
(A) = T+ Z |C5(0)? <9) (n+ 1){ sin?(B,t) two more photons than the lower levél)). In Fig. 3b), we

P depict the case when the atom is initially in its intermediate

9 state, as per Eq10). It is evident that due to the absence of
X 42 (9) (n+2) [cos(Bnt)—1]? } (9) transitions between the upper and lower levels, the average
B number of photons remains unchanged at the initial average

Case I Atom initially in the upper state

n=0

Rev. Mex. Fis71051301
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FIGURE 3. The average photon numbgi(t)) corresponds to the  iguRe 4. The MandelQ(t) parameter for the same initial condi-
same initial conditions and parameters as those used in Fig. 2. 1figns and parameters as those used in Fig. 2. In a), the Mah(dg!

a), the average photon number is shown with the atom initially in yarameter is shown with the atom initially in the upper level; in b),
the upper level; in b), with the atom in the intermediate level; and \yith the atom in the intermediate level; and in c), with the atom
in ), with the atom in the lower level, respectively. The black lines j, the lower level, respectively. As in previous figures, the black
represent the analytical results, while the green lines depict the nujines depict the analytical results, while the green lines depict the
merical results. numerical results.

a2 . -
Hiarats the scenario wher the atom st n 1 lowor said 181 Q. = 0 it ndicates a Poissorian distibuton, wil
or values—1 < Q < 0 (Q > 0), the field exhibits sub-

given by Eq.L1); in this case, we observe a very similar be- _ . ; . . o
. ) oissonian (super-Poissonian) photon statistics. Importantly,
havior to case (a), but now the average centers around 1 L . o h

e negativity ofQ is not a necessary criterion to differen-

r1r;ehgzo;?1rélzrs1§tt:r?r|]e§ Itnr:gil fyfzt?ﬁizzfeaﬁ;thaenlgv@glev%ate qqantum states into_ glassical gr_1d nonclassicall regimes;
photons less than the upper le{a rather, it serves as a sufﬂqent condlyon. ThereT are instances
' where a state may exhibit nonclassical behavior even when
Q is positive [7].
4. Nonclassical properties In Fig. 4, Mandel'sQ parameter is shown for different
atomic initial conditions, with the cavity field initially in a
In this section, we derive criteria to detect the nonclassicalitygherent state and using the same parameter values as in the
in the considered quantum state, exploring how the atomigrevious figures. From this figure, it is observed that Man-
initial conditions impaCt the nOﬂClaSSica”ty of ||ght in the del'sQ parameter exhibits Osci”atory behavior with Varying
ladder-type three-level JCM. This analysis will allow us to gmplitudes. The negativity of confirms the nonclassical
better understand how different atomic initial states affect thgyature of the considered cavity field state. Specifically, in
nonclassical properties of the coupled light field. Fig. 4, it is evident that when the atom is initially in the upper
state, greater nonclassicality is observed compared to cases
where the atom starts in the intermediate or lower states. It
is important to note that for the intermediate case, the sys-
To analyze the photon statistics of a single-mode radiatioem consistently exhibits classical behavior, albeit closely ap-
field, we consider Mandel'® parameter, defined as [32] proaching the nonclassical limit. Finally, when the atom is in
its lower level, the behavior is predominantly classical, ex-
0= — _1 (12)  cept for minor negative contributions; this can be attributed
(7) to the two additional photons in the lower level compared to

4.1. Mandel Q parameter

Rev. Mex. Fis71051301
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the upper level, as nonclassicality decreases with increasing The presence of negativity in the Wigner function indi-

« [5,28]. cates that the associated state is non-classical. However, ob-
serving positive values throughout the Wigner function is not
4.2. Wigner distribution sufficient to conclude that the state is classical. Therefore, a

state that exhibits a negative region in its phase-space distri-
A way to analyze the nonclassical properties of a state is b¥ution is inherently nonclassical [28].
examining its distribution in phase space using the Wigner |n Fig. 5, we show the Wigner functioi (3, 3*) corre-
function. This function establishes a direct connection besponding to the same parameter values used in the previous
tween the density operator of a quantum system and a distrfigures, for different atomic conditions: when the atom starts
bution in phase space, providing a comprehensive represefk the upper level3), the intermediate levé2), and the lower
tation of the state of the quantum system [5,7]. The Wignefevel|1). The subscripts a), b), and c) represent the cases cor-
function can be expressed in series form as follows [33] responding tod = 0, ¢ = 18, and¢ = 45, respectively. In
. Figs. 5a) { = 0), the Wigner function is well-localized and
Z(’l)k (8,k|p|B, k) , (13) shiftgd 4 units to the Ieft,_as expecteq since the initial condi-
—o tion is a coherent state with = 4. In Figs. 5b) { = 18) (see

the red line in Fig. 4), a significant localized contribution can
where|3, k) = D(3) |k) is the displaced number state [34], be observed in both the uppg and lower|1) levels, ac-
andp = |¥(¢)) (¥(¢)| represents the density operator. companied by a compressed region and small spots indicat-

ENEN

W(3,5%) =

0.l

-0.1
-7 0 4 7 -7 0 4 7

Re () Re () Re(6)

FIGURE 5. The Wigner functioriV (3, 5*) corresponding to the same initial conditions given in the previous figures. In (&)}dr, in (b)
for ¢ = 18, and in (c) fort = 45, corresponding to the different atomic level8) upper level,|2) intermediate level, antl) lower level,
respectively.

Rev. Mex. Fis71051301



IMPACT OF ATOMIC INITIAL CONDITIONS ON NONCLASSICALITY OF THE LIGHT IN THE LADDER-TYPE THREE-LEVEL... 7

ing the nonclassicality of the light. In the intermediate level Specifically, we assume that the field resonates with the tran-
|2), mostly classical light is observed. Finally, in Figs. 5c) sition frequency between the atom levels.
(t = 45), a greater contribution of non-classical light is ob- Based on these premises, we have developed criteria to
served, especially in the upper lev8}, thus corroborating detect quantum nonclassicality, exploring how atomic ini-
the results obtained from the analysis of Mand€l'param-  tial conditions impact these properties in the coupled light
eter. field. We observed that Mandel@ parameter exhibits sig-

To conclude this article, it is crucial to reiterate key Nificant oscillatory behaviors over time and atomic initial

findings regarding the classical and nonclassical behavior citates, reflecting varying degrees of nonclassicality in the sys-
quantum states. For instance,tat 18 for the lower level teém. Specifically, we noted higher nonclassicality when the
1), Mandel'sQ parameter suggests classical behavior. Howatom starts in the upper stg8;, while predominantly classi-
ever, an analysis of the Wigner function reveals that nonclasé@l behavior was observed when the atom starts in the lower
sical behavior is also present. It is essential to clarify that thétate|1).

negativity of theQ parameter is not a necessary criterion for ~ Furthermore, we utilized the Wigner function to examine
distinguishing between classical and nonclassical regimes; Rhase-space distributions of quantum states. The presence of
is merely a sufficient condition. In other words, while a neg-negativity in the Wigner function was identified as a defini-
ative Q parameter confirms nonclassical behavior, its posi_’[ive indicator of nonclassicality, complementing the results
tivity does not conclusively indicate classical behavior. Onobtained from Mandel'® parameter. Visual representations
the other hand, the Wigner function provides a more definiof the Wigner function at different time points and atomic
tive criterion. The presence of negative regions in the Wigneponditions provided visual confirmation of the observed non-
function unequivocally indicates that the associated state iglassical behavior in our study.

nonclassical. Conversely, observing only positive values in In summary, our study underscores the importance of
the Wigner function does not guarantee that the state is clagfomic initial conditions in the manifestation of light non-
sical. Hence, the negativity of the Wigner function is a neces¢lassicality in the ladder-type three-level Jaynes-Cummings
sary condition for nonclassicality. Therefore, for a quantummodel ). The combination of Mandel'® parameter and
state to be considered nonclassical, it must exhibit negativé® Wigner function offers a powerful tool for characterizing
regions in its phase-space distribution. A state with such neg?onclassical quantum states, highlighting the complexity and
ative regions is inherently nonclassical [5,28]. richness of quantum phenomena in light-matter systems.
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