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In this work we propose a combined interaction, nuclear and electromagnetic in origin, to treat the charged hadronic systems by considering
the same range of both the potentials under consideration. Since the effect due to charges becomes screened at a certain distance, we believe
it desirable to include the effect of very short-range electromagnetic interaction. It is worthwhile to mention that in such situations the effect
of the combined potential is often examined within the nuclear domain. Keeping this in view we consider nuclear Manning-Rosen plus the
atomic Hulth́en potential of equal range parameter for simplicity of calculation. The validity of our conjecture is examined through some
model calculations with respect to their on- and off-shell effects.
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1. Introduction

The interaction between two-nucleons is basic for all of nu-
clear physics. The primary aim of nuclear physics is to un-
derstand the properties of atomic nuclei in terms of the ex-
posed interaction between pairs of nucleons. With the dis-
covery of quantum chromo dynamics (QCD), it became clear
that the nucleon-nucleon (NN) interaction is not fundamen-
tal. Nevertheless, even today one assumes the nucleons to
be elementary particles for nuclear structure problems. The
nucleon-nucleon interaction has been investigated by a large
number of researchers all over the world for the past few
decades. Even though, the meson theory is not supposed
to be the fundamental anymore in the light of QCD model,
the meson exchange concept continues to symbolize the best
working model for a quantitative nucleon-nucleon potential.
The nuclear scattering of two charged particles usually oc-
curs under the combined influence of additive interactions,
one is electromagnetic in nature, and the other is nuclear in
origin. In general, for a short-range local nuclear plus the
electromagnetic potential the Schrödinger equation does not
admit an exact analytical solution. In the recent past, one
of us [1,2] treated the problems containing nuclear Hulthén
plus the atomic Hulth́en potential to treat the alpha-proton
and alpha-alpha systems by calculating approximate analyti-
cal solutions of the concerned Schrödinger equations and the
formalism of super-symmetric algebra. However, to obtain
exact analytical solutions of the Schrödinger equation people
usually replace the short-range local nuclear potential by a
non-local separable one. This is no loss of generality. The
results for such problems have been advocated by a num-

ber of researchers [3-10]. Unlike the approaches adapted in
our previous articles [1,2], here we take recourse to a differ-
ent point of view. The electromagnetic potential is in prin-
ciple well known and is the longest-range part (infinite) of
the interaction. But, in reality, it is not the case. The infi-
nite long-range part of the interaction becomes screened at
some distance and thus short-range electromagnetic poten-
tials are applied to observe the effect of screening in real
situation. Relatively recently, we considered an interaction
model with equal range of both the nuclear and electromag-
netic parts and obtained good results with respect to binding
energies and scattering phase shifts for nucleon-nucleus and
nucleus-nucleus systems [11]. In physical processes which
involve charged hadrons, the scattering generally takes place
under the combined influence of electromagnetic and nuclear
interactions. In such a situation the effect of the combined
potential is examined within the nuclear domain. Since we
found that the electromagnetic terms reproduced significant
effect within few KeV and beyond that they became insignif-
icant, we deem it desirable to include the effect of very short-
range electromagnetic terms rigorously. The major goal of
the present work is to construct a non-relativistic potential
that can be used easily in nuclear many-body calculations.
The description of the multi-particle systems requires knowl-
edge of the two-body interaction off the energy shell which is
encountered in atomic and nuclear physics [12-21]. We study
the off-shell Jost functions as well as half-off shellT -matrix
within the nuclear Manning-Rosen plus the Hulthén poten-
tial model of interaction in all partial waves by adapting pure
quantum mechanical approach to the problem.
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Here we consider a differential equation approach to
the problem by using nuclear Manning-Rosen plus atomic
Hulthén potential and construct the irregular solution and in
turn the off-shell Jost function, half-shellT -matrix and off-
shell extension function. TheT -matrices with different off-
shell behaviours are indispensible because the on-shell one
does not specify the potential uniquely. The half-shellT -
matrix, which is very much sensitive to the many-body cal-
culations, has emerged as a fundamental quantity as the fully
off-shell transition matrix can be calculated from it. Informa-
tion regarding the wave function along with the phase param-
eters are inbuilt in the half-shell transition matrix and hence
may be parameterized in terms of the short-range character
of the wave function of the concerned system. In this report
we compute the half-off-shell transition matrix and scatter-
ing phase shifts for the (α−3H) and (α−3He) systems with
the potential model under consideration to examine the fea-
sibility of our methodology. The organization of the text is
as follows. Section 2 is devoted to construct the off-shell Jost
solution, the half-shellT -matrix and the off-shell extension
function. In Sec. 3 we discuss our results and finally we con-
clude in Sec. 4.

2. Methods for the off-shell Jost solution

In this section we adapt two different approaches to the prob-
lem, with judicious applications of boundary conditions, in-
teracting Green’s functions and their integral transforms to-
gether with certain properties of special functions of mathe-
matical physics for construction of exact analytical expres-
sion for the off-shell Jost solution for motion in Manning
Rosen plus Hulth́en potential by exploiting the theory of ordi-
nary differential equations. The off-shell physical wave func-
tion which is connected to the off-shellT -matrix, can be sim-
ply described in terms of the off-shell Jost/irregular solution
f`(ξ, q, s) and the Jost functionf`(ξ, q) [22,23]. The Jost
functionf`(ξ, q) is determined by the behaviour of the irregu-
lar solutionf`(ξ, q, s) of the radial Schr̈odinger equation near
the origin, and it plays a significant role in investigating the
analytic characteristics of partial wave scattering amplitude.
The Jost function has been developed for the off-energy-shell
by Fuda and Whiting [24]. In the same manner that the on-
shell Jost function is generated from its on-shell solution, the
off-shell Jost function is derived from the irregular solution
of an inhomogeneous Schrödinger equation. The Jost func-
tions f`(ξ, q) can also be used to express the half-shellT -
matrix. For the computation of transition matrices, knowl-
edge of off-shell Jost functions and Jost solutions is neces-
sary. The off-shell Jost functions can also be derived directly
from the expression of off-shell Jost solutions. Therefore,
it is of some importance to have explicit expressions in the
literature for the off-shell Jost solutions relating to Manning
Rosen plus Hulth́en interaction which are encountered in the
charged particle scattering [23,25].

The significance of the Jost functionf`(ξ, q) in scatter-
ing theory may be viewed on two levels. On one hand it
has been useful in helping establish a relativistic theory of

theS-matrix by allowing the conjectured analyticity proper-
ties of theS-matrix to be tested in potential scattering; there
the Schr̈odinger theory provides an alternate reliable standard
against which the plausibility of the arguments of the new
theory are to be measured. On the other hand it has become
an invaluable tool strictly in the domain of potential scatter-
ing where it has been instrumental in the study of bound and
resonant states, and in the general analysis of low energy scat-
tering data. In particular, the Jost solution is holomorphic in
the upper complexξ-plane, where Imξ > 0. For our ap-
proach, the most important quantity is the Jost function and
the roots of the Jost function in the upper complexξ-plane.
Those correspond to the bound state energies of the related
system. In general, the Jost functionf`(ξ) = f`(ξ, q = ξ) is
a complex quantity and the phase of the Jost function is the
negative of the scattering phase shift. Therefore, it provides a
convenient expression for computing scattering phase shifts.

2.1. Differential equation approach

The nuclear Manning-Rosen potential is defined by [26-31]

VN (s) =
1
a2

[
µ(µ− 1)

exp (−2s/a)
[1− exp (−s/a)]2

− E
exp (−s/a)

[1− exp (−s/a)]

]
, (1)

with

µ =
1
2

[
1±

√
1 + 4

{
β(β − 1) + `(` + 1)

}]
, (2)

and` takes the values0, 1, 2, 3, . . .. Here the centrifugal bar-
rier term is considered as

1
a2

`(` + 1) exp (−2s/a)
[1− exp (−s/a)]2

.

The parametersE, β are dimensionless quantities anda is
the screening radius for nuclear potential having dimension
of length. As an electromagnetic interaction we adapt the
screened atomic Hulthén potential [32]

VA(s) = E0
exp (−s/b)

1− exp (−s/b)
, (3)

with E0, the strength andb, the screening radius of the poten-
tial. For our present analysis we have considered the situation
whereb = a. Thus, the effective potential is given as

Veff (s) =
1
a2

{
µ(µ− 1)

exp(−2s/a)
[1− exp (−s/a)]2

− (E − E0a2)
exp (−s/a)

[1− exp (−s/a)]

}
. (4)

At a centre of mass energyECM = ξ2 + iε the off-shell Jost
solutionf`(ξ, q, s) for the above effective potential satisfies
an inhomogeneous Schrödinger-like equation, written as
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[
d2

ds2
+ ξ2 − Veff (s)

]
f`(ξ, q, s) = (ξ2 − q2) ĥ

(+)
` (qs). (5)

The quantity

ĥ
(+)
` (qs) =

∑̀

L=0

(i)2L−`(` + L)!
(2iqs)LL!(`− L)!

eiqs,

is the Riccati Hankel function.
Introducing the following transformation

f`(ξ, q, s) = aµ [1− exp (−s/a)]µ exp (iξs)Θ`(ξ, q, s), (6)

Eq. (5) takes the form

exp(s/a)a2(1− exp (−s/a))Θ
′′
` (ξ, q, s) +

{
2µa + 2iξa2 exp(s/a)(1− exp (−s/a))

}
Θ
′
`(ξ, q, s)

+
{

2iξaµ− µ + (E− E0a2)
}

Θ`(ξ, q, s) = (ξ2 − q2)
∑̀

L=0

(i)2L−`(` + L)!
(2iqs)LL!(`− L)!

exp(i(q− ξ)s) exp(s/a)

× (1− exp (−s/a))1−µa2−µ, (7)

whereΘ`(ξ, q, s) is a newly defined function of momenta and position. If we rewrite Eq. (7) by changing a new variable of
the form(1 − exp (−s/a)) = r and substituting the approximationsL ≈ aL(1 − e−s/a)L in the expansion of̂h(+)

` (qs) with
µ = η + 1, it yields

r(1− r)
d2Θ`

dr2
+ {2η + 2− (3 + 2η − 2iξa)r}dΘ`

dr
− (1 + η − E + E0a2 − 2ηiξa− 2iξa)Θ`

=
∑̀

L=0

(i)2L−`(` + L)!
(2iq)LL!(`− L)!

a1−η−L(ξ2 − q2)r−η−L(1− r)ia(ξ−q)−1. (8)

On comparing Eq. (8) with the following standard differential equation for Gaussian hypergeometric function [33-36]

r(1− r)
d2Θ`

dr2
+ {R− (1 + M + N)r} dΘ`

dr
−MNΘ` = rσ−1(1− ρr)τ−1, (9)

we obtain

M = 1 + η − iξa +
√

η2 + η + E− E0a2 − ξ2a2, (10)

N = 1 + η − iξa−
√

η2 + η + E− E0a2 − ξ2a2, (11)

R = 2 + 2η, ρ = 1, σ = 1− η − L, (12)

and

τ = ia(ξ − q). (13)

Two linearly independent solutions of the homogeneous part of Eq. (9) namelyv1(r) andv2(r) are given by [33,34]

v1(r) = 2F1(M,N ; R; r) =
Γ(R)

Γ(M)Γ(N)

∞∑
n=0

Γ(M + n)Γ(N + n)
Γ(R + n)

rn

n!
; R > 0, (14)

and

v2(r) = 2F1(M,N ;M + N −R + 1; 1− r); M + N −R + 1 6= 0,−1, . . . (15)
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With the following transformation [33,34] onv2(r),

2F1(M, N ; R; r) = (1− r)R−N−M
2F1(R−M, R−N ;R; r), (16)

one gets the expression forv2(r) as

v2(r) = (1− e−s/a)−2η−1
2F1(N −R + 1, M −R + 1; M + N −R + 1; e−s/a). (17)

The particular solution [36] of Eq. (9) is written as

FP (r) = (ξ2 − q2)
∑̀

L=0

(i)2L−`(` + L)!
(2iq)LL!(`− L)!

a1−η−L
∞∑

n=0

Γ(n + 1− ia(ξ − q))
Γ(1− ia(ξ − q))n!

fn+1−η−L(M, N;R; r), (18)

with

fn(a, b; c; r) =
rn

n(n + c− 1) 3F2(1, n + a, n + b, n + 1, n + c; r). (19)

The complete primitive off`(ξ, q, s) is obtained from Eq. (6) in conjunction with Eqs. (10)-(19) as

f`(ξ, q, s) = aη+1 [1− exp (−s/a)]η+1 exp (iξs)
[
A12F1(M, N;R; 1− exp (−s/a)) + A2(1− exp (−s/a))−2η−1

× 2F1(1−M∗, 1−N∗, 1− 2iξa; exp (−s/a)) + (ξ2 − q2)
∑̀

L=0

(i)2L−`(` + L)!
(2iq)LL!(`− L)!

a1−η−L

×
∞∑

n=0

Γ(n + 1− ia(ξ − q))
Γ(1− ia(ξ − q))n!

fn+1−η−L(M, N ; R; 1− exp (−s/a))
]
. (20)

To determine the unknown constantsA1 andA2 we shall apply the boundary conditions judiciously ats = 0 ands →∞. One
gets the off-shell Jost functionf`(ξ, q) [5] by considering the limiting behaviour of the off-shell Jost solutionf`(ξ, q, s) at the
origin. Thus, fors → 0 one gets

A2 =
f`(ξ, q)

aη+1J`(ξ)
, (21)

where the on-shell Jost functionJ`(ξ) [37] is

J`(ξ) = aη Γ(2 + 2η)Γ(1− 2iξa)
Γ(M)Γ(N)

. (22)

To obtain the other constantA1 we use the limit whens → ∞. The quantityFP (s) in Eq. (20) is related to the regular
Manning-Rosen plus Hulth́en Green’s functionG(R)

` (s, s′) as

(ξ2 − q2)
∑̀

L=0

(i)2L−`(` + L)!
(2iq)LL!(`− L)!

a2−L exp (iξs) [1− exp (−s/a)]η+1
∞∑

n=0

Γ(n + 1− ia(ξ − q))
Γ(1− ia(ξ − q))n!

fn+1−η−L

× (M, N ; R; 1− exp (−s/a)) = (ξ2 − q2)
∫ s

0

G
(R)
` (s, s′) ĥ

(+)
` (qs′)ds′, (23)

with

G
(R)
` (s, s′) =

1
J`(ξ)

[
φ`(ξ, s)f`(ξ, s′)− φ`(ξ, s′)f`(ξ, s)

]
. (24)

Hereφ`(ξ, s) andf`(ξ, s) are the regular and irregular solutions of the Manning-Rosen plus Hulthén potential [11],

φ`(ξ, s) = aη+1 [1− exp (−s/a)]η+1 exp (iξs)2F1(M, N;R; 1− exp (−s/a)), (25)

and

f`(ξ, s) = [1− exp (−s/a)]−η exp (iξs)2F1(1−M∗, 1−N∗; 1− 2iξa; exp (−s/a)). (26)
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Fuda and Whiting [24] and, Laha and Bhoi [38] were able to prove that only the particular solution of Eq. (5) gives the off-shell
Jost solution as

f`(ξ, q, s) = (ξ2 − q2)
∫ ∞

s

G
(I)
` (s, s′) ĥ

(+)
` (qs′)ds′, (27)

with the irregular Green’s Function [23] for Manning-Rosen plus Hulthén potential

G
(I)
` (s, s′) =

1
J`(ξ)

[
φ`(ξ, s′)f`(ξ, s)− φ`(ξ, s)f`(ξ, s′)

]
. (28)

Under the limits →∞ Eq. (20) together with Eqs. (23)-(28) yields

A1 =
i(q− ξ)
J`(ξ)

∑̀

L=0

(i)2L−`(` + L)!
(2iq)LL!(`− L)!

a−L Γ(1− η − L)Γ(1− i(ξ + q)a)
Γ(1− η − L− i(ξ + q)a)

× 3F2(M − 1− 2η, N − 1− 2η,−i(ξ + q)a, 1− 2iξa, 1− η − L− i(ξ + q)a; 1). (29)

In evaluating the above constant we have applied the following standard integral [33,34,39]
∫ s

0

zρ−1(s− z)σ−1
2F1(α, β; γ; cz)dz =

Γ(ρ)Γ(σ)
Γ(ρ + σ)

sρ+σ−1
3F2(α, β, ρ; γ, ρ + σ; cs), (30)

with Reσ > 0, Reρ > 0, Re(γ + σ − α− β) > 0.
Having the constantsA1 andA2 one obtains the compact expression forf`(ξ, q, s) as

f`(ξ, q, s) = aη+1 [1− exp (−s/a)]η+1 exp (iξs)
[
i(q− ξ)
J`(ξ)

∑̀

L=0

(i)2L−`(` + L)!
(2iq)LL!(`− L)!

a−L Γ(1− η − L)Γ(1− i(ξ + q)a)
Γ(1− η − L− i(ξ + q)a)

× 3F2(M − 1− 2η, N − 1− 2η,−i(ξ + q)a, 1− 2iξa, 1− η − i(ξ + q)a; 1)2F1(M, N;R; 1− exp (−s/a))

+
f`(ξ, q)

aη+1J`(ξ)
(1− exp (−s/a))−2η−1

2F1(1−M∗, 1−N∗; 1− 2iξa; exp (−s/a))

+(ξ2−q2)
∑̀

L=0

(i)2L−`(` + L)!
(2iq)LL!(`− L)!

a1−η−L
∞∑

n=0

Γ(n + 1− ia(ξ − q))
Γ(1− ia(ξ − q))n!

fn+1−η−L(M,N; R; 1− exp (−s/a))
]
. (31)

2.2. Integral transform method

For physical boundary condition Eq. (5) takes the form [40,41]
[

d2

ds2
+ ξ2 − Veff (s)

]
ψ

(+)
` (ξ, q, s) = (ξ2 − q2) ĵ

(+)
` (qs), (32)

whereĵ
(+)
` (qs) = (ĥ(+)

` (qs)− ĥ
(−)
` (qs))/2i andĥ

(−)
` (qs) = (ĥ(+)

` (qs))∗. According to Refs. [24,38] the particular solution
of the above equation also represents the off-shell physical solutionsψ

(+)
` (ξ, q, s) written as

ψ
(+)
` (ξ, q, s) =

(ξ2 − q2)
2i

[
Ḡ

(+)
` (s, q)− Ḡ

(+)
` (s,−q)

]
, (33)

where

Ḡ
(+)
` (s, q) =

∫ ∞

0

G
(+)
` (s, s′) ĥ

(+)
` (qs′)ds′. (34)

The quantityḠ(+)
` (s,−q) andḠ

(+)
` (s, q) is related by

Ḡ
(+)
` (s,−q) =

[
Ḡ

(+)
` (s, q)

]

q→−q

. (35)
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To evaluateḠ(+)
` (s, q) in Eq. (34) we follow the ordinary differential equation approach. The inhomogeneous differential

equation [23,42] satisfied byG(+)
` (s, s′) is

[
d2

ds2
+ ξ2 − Veff (s)

]
G

(+)
` (s, s′) = δ(s− s′). (36)

We use the same kind of transformation as in Eq. (6) reads

G
(+)
` (s, s′) = aµ [1− exp (−s/a)]µ exp (iξs)Ω`(s, s′), (37)

in the above equation to have

exp(s/a)a2(1− exp (−s/a))Ω
′′
` +

{
2µa + 2iξa2 exp(s/a)(1− exp (−s/a))

}
Ω
′
`

+
{

2iξaµ− µ + (E− E0a2)
}

Ω` = exp(−iξs) exp(s/a)(1− exp (−s/a))1−µa2−µδ(s− s′). (38)

Taking the integral transform ofΩ`(s, s′) with respect tos′ in Eq. (38) and changing the independent variable byy =
(1− exp (−s/a)) and substitutingµ = η + 1, we get

y(1− y)
d2Ω̄`

dy2
+ {2η + 2− (3 + 2η − 2iξa)y}dΩ̄`

dy
− (1 + η − E + E0a2 − 2ηiξa− 2iξa)Ω̄`

=
∑̀

L=0

(i)2L−`(` + L)!
(2iq)LL!(`− L)!

a2−η−Ly1−η−L(1− y)iδ(ξ−q)−1, (39)

with

Ω̄`(s, q) = H

{
Ω`(s, s′); s′ → q

}
. (40)

Comparison of Eqs. (9) and (39) yields

Ω̄`(s, q) =
[
B1 2F1(M,N ;R; 1− exp (−s/a)) + B2 (1− exp (−s/a))−2η−1

2F1(1−M∗, 1−N∗; 1− 2iξa; exp (−s/a))

+
∑̀

L=0

(i)2L−`(` + L)!
(2iq)LL!(`− L)!

a1−η−L
∞∑

n=0

Γ(n + 1− ia(ξ − q))
Γ(1− ia(ξ − q))n!

fn+1−η−L(M,N; R; 1− exp (−s/a))
]
. (41)

In Eq. (41) B1 andB2 are two unknown constants and will be determined from the boundary conditions ats = 0 ands = ∞.
At s = 0, Ḡ

(+)
` (s, q) = 0 and we obtainB2 = 0. The all partial-wave physical Green’s function for Manning-Rosen plus

Hulthén potential is written as [23]

G
(+)
` (s, s′) = −φ`(ξ, s<)f`(ξ, s>)

J`(ξ)
. (42)

The quantitiess> ands< have usual meaning. For the limit s→ ∞ we combine Eqs. (37), (41) and (42) with the judicious
application of Eq. (30) to obtain

B1 =
1

i(ξ + q)J`(ξ)

∑̀

L=0

(i)2L−`(` + L)!
(2iq)LL!(`− L)!

Γ(1− η − L)Γ(1− i(ξ + q)a)
Γ(1− η − L− i(ξ + q)a)

a−L

× 3F2(M − 1− 2η, N − 1− 2η,−i(ξ + q)a; 1− 2iξa, 1− η − L− i(ξ + q)a; 1). (43)

From Eqs. (37), (41) and (43) with B2 = 0, we have

Ḡ
(+)
` (s, q) = aη+1 [1− exp (−s/a)]η+1 exp (iξs)

[
1

i(ξ + q)J`(ξ)

∑̀

L=0

(i)2L−`(` + L)!
(2iq)LL!(`− L)!

Γ(1− η − L)Γ(1− i(ξ + q)a)
Γ(1− η − L− i(ξ + q)a)

× 3F2(M − 1− 2η, N − 1− 2η,−i(ξ + q)a; 1− 2iξa, 1− η − L− i(ξ + q)a; 1)2F1(M, N;R; 1− exp (−s/a))

+
∑̀

L=0

(i)2L−`(` + L)!
(2iq)LL!(`− L)!

a1−η−L
∞∑

n=0

Γ(n + 1− ia(ξ − q))
Γ(1− ia(ξ − q))n!

fn+1−η−L(M, N;R; 1− exp (−s/a))
]
. (44)
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The expression for̄G(+)
` (s,−q) is obtained by replacing q by−q in the Eq. (44). Therefore, by utilizing the Eqs. (33) and

(44) one is able to write an expression for the off-shell physical solution for motion in Manning-Rosen plus Hulthén potential.
There exists a relation between the off-shell physical and Jost solutions [18,43] expressed as

ψ
(+)
` (ξ, q, s) =

πq
2

T`h(ξ, q, ξ2)f`(ξ, s) +
1
2i

[
f`(ξ, q, s)− f`(ξ,−q, s)

]
, (45)

whereT`h(ξ, q, ξ2) stands for the half off-shellT -matrix written as

T`h(ξ, q, ξ2) =
f`(ξ, q)− f`(ξ,−q)

iπqf`(ξ)
. (46)

The quantityf`(ξ, q) represents the off-shell Jost function for Manning-Rosen plus Hulthén potential. The off-shell Jost
functionf`(ξ, q) is obtained fromf`(ξ, q, s) as

f`(ξ, q) = lim
s→0

f`(ξ, q, s) = (ξ2 − q2)
∑̀

L=0

(i)2L−`(` + L)!
(2iq)LL!(`− L)!

aη+2−L Γ(η + 2− L)Γ(−i(ξ + q)a)
Γ(η + 2− L− i(ξ + q)a)

× 3F2(M,N, η + 2− L; R, η + 2− L− i(ξ + q)a; 1). (47)

Exploiting two times the following transformation [44]

3F2(a1, a2, a3; b1, b2; 1) =
Γ(b2)Γ(b1 + b2 − a1 − a2 − a3)
Γ(b2 − a3)Γ(b1 + b2 − a1 − a2)

3F2(b1 − a1, b1 − a2, a3, b1, b1 + b2 − a1 − a2; 1). (48)

Equation (47) reads as

f`(ξ, q) =
∑̀

L=0

(i)2L−`(` + L)!
(2iq)LL!(`− L)!

aη−L Γ(1 + i(ξ − q)a)Γ(1− i(ξ + q)a)
Γ(i(ξ − q)a− η − L + M)

× Γ(η + 2)
Γ(2η + 2− i(ξ + q)a)−M)

× 3F2(2η + 2−M,N, η + L, 2η + 2, 2η + 2− i(ξ + q)a−M; 1). (49)

Equations (47) and (49) are equivalent. However, Eq. (49) is the most suitable one for checking limiting values and numerical
treatment. In the on-shell limit i.eq → ξ, f`(ξ, q) = f`(ξ).

2.3. Off-shell extension function

The half-shellT -matrix may be rewritten as

T`h(ξ, q, ξ2) =
(

ξ

q

)` |f`(ξ, q)|2 sin ∆`(ξ, q)eiδ`(ξ)

πq|f`(ξ)| , (50)

where ∆`(ξ, q) is the quasi phase and the quantityδ`(ξ)
stands for the scattering phase shift. After some algebric ma-
nipulation one can get

T`h(ξ, q, ξ2) = T`h(ξ, ξ, ξ2)H`(ξ, q), (51)

whereT`h(ξ, ξ, ξ2) is on-shellT -matrix and is expressed as

T`h(ξ, ξ, ξ2) = − 2
πξ

sin δ`(ξ)eiδ`(ξ). (52)

The off-shell extension functionH`(ξ, q) reads as

H`(ξ, q) =
(

ξ

q

)`−1 |f`(ξ, q)|
|f`(ξ)|

sin∆`(ξ, q)
sin δ`(ξ)

. (53)

Forq → ξ, ∆`(ξ, ξ) = δ`(ξ) andH`(ξ, ξ) = 1. The off-shell
quantities are used in many particle systems. In this connec-
tion one may consider the off-shellT -matrix as an important

quantity for the study of scattering theory because its on-
shell limit is directly related to the scattering amplitude. The
half off-shell T -matrix related to the scattering phase shifts
can be expressed in terms of the on- and off-shell Jost func-
tion as already mentioned in Eq. (46). Thus, having the com-
pact analytical expressions for the on- and off-shell Jost func-
tions one will be in a position to calculate half-off-shellT -
matrix. In the next section we will compute scattering phase
shifts, half-shellT -matrices and quasi phases for theα−3H
andα−3He systems.

TABLE I. Parameters for the (α−3H) and (α−3He) systems.

States
(α−3H)

States
(α−3He)

β E
a

(in fm)
β E

a

(in fm)

1/2+ 0.005 1.954 0.57 1/2+ 0.05 1.89 0.671

1/2− -20.005 53.839 0.43 1/2− -65.05 155.892 0.384

3/2− -1.985 6.456 0.2523/2− -16.05 34.622 0.289

3/2+ 0.005 1.554 0.2073/2+ 0.055 1.05 0.341

5/2+ 1.055 0.955 0.2275/2+ 0.55 1.02 0.430
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8 P. SAHOO, B. SWAIN, D. NAIK AND U. LAHA

FIGURE 1. T`h(ξ, q, ξ2) for 1/2+ state ofα−3H system.

FIGURE 2. T`h(ξ, q, ξ2) for 1/2− state ofα−3H system.

FIGURE 3. T`h(ξ, q, ξ2) for 3/2− state ofα−3H system.

FIGURE 4. T`h(ξ, q, ξ2) for 3/2+ state ofα−3H system.

FIGURE 5. T`h(ξ, q, ξ2) for 5/2+ state ofα−3H system.

FIGURE 6. T`h(ξ, q, ξ2) for 1/2+ state ofα−3He system.
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FIGURE 7. T`h(ξ, q, ξ2) for 1/2− state ofα−3He system.

FIGURE 8. T`h(ξ, q, ξ2) for 3/2− state ofα−3He system.

FIGURE 9. T`h(ξ, q, ξ2) for 3/2+ state ofα−3He system.

FIGURE 10. T`h(ξ, q, ξ2) for 5/2+ state ofα−3He system.

FIGURE 11. Phase shifts forα−3H system as a function ofELab.

FIGURE 12. Phase shifts forα−3He system as a function ofELab.
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TABLE II. Quasi-elastic phase shifts∆`(ξ, q) for 1/2+ state of
α−3H system atELab = 5.285 MeV.

q(fm−1)

Imf`(ξ, q) Ref`(ξ, q) ∆`(ξ, q) δ`(ξ), q = ξ

(degree) (degree)

Ref. [48]

0.1 -0.035089 -0.179929 -11.035 —

0.2 -0.070508 -0.178718 -21.530 —

0.3 -0.106524 -0.176443 -31.120 —

0.4 -0.143291 -0.172761 -39.672 —

0.45 -0.161964 -0.170266 -43.568 —

0.46 -0.165721 -0.169708 -44.318 —

0.47 -0.169485 -0.169130 -45.060 —

0.48 -0.173255 -0.168530 -45.792 —

0.49 -0.177032 -0.167909 -46.515 -46.21

0.5 -0.180816 -0.167266 -47.229 —

0.6 -0.218948 -0.159553 -53.918 —

1.0 -0.370196 -0.101080 -74.727 —

2.0 -0.610239 0.187300 72.937 —

3.0 -0.638436 0.458157 54.335 —

4.0 -0.588290 0.634321 42.843 —

5.0 -0.524985 0.743770 35.216 —

TABLE III. Quasi-elastic phase shifts∆`(ξ, q) for 1/2+ state of
α−3H system atELab = 11.865 MeV.

q(fm−1)

Imf`(ξ, q) Ref`(ξ, q) ∆`(ξ, q) δ`(ξ), q = ξ

(degree) (degree)

Ref. [48]

0.1 -0.031095 -0.145959 -12.026 —

0.2 -0.062560 -0.145511 -23.264 —

0.3 -0.094718 -0.144529 -33.239 —

0.4 -0.127803 -0.142690 -41.849 —

0.5 -0.161924 -0.139588 -49.236 —

0.6 -0.197049 -0.134786 -55.626 —

0.7 -0.233002 -0.127858 -61.244 —

0.72 -0.240267 -0.126183 -62.292 —

0.73 -0.243906 -0.125307 -62.808 —

0.74 -0.247549 -0.124406 -63.318 —

0.75 -0.251196 -0.123478 -63.823 -63.73

0.8 -0.269472 -0.118436 -66.274 —

1.0 -0.342236 -0.091157 -75.085 —

2.0 -0.598183 0.176555 73.555 —

3.0 -0.636993 0.450663 54.721 —

4.0 -0.589052 0.630498 43.053 —

5.0 -0.525934 0.741785 35.337 —

TABLE IV. Quasi-elastic phase shifts∆`(ξ, q) for 1/2− state of
α−3H system atELab = 11.865 MeV.

q(fm−1)

Imf`(ξ, q) Ref`(ξ, q) ∆`(ξ, q) δ`(ξ), q = ξ

(degree) (degree)

Ref. [48]

0.1 -9.126×10−8 -1.012×10−5 179.483 —

0.2 -4.703×10−7 -6.225×10−6 175.679 —

0.3 -1.081×10−6 -5.303×10−6 168.472 —

0.35 -1.465×10−6 -5.111×10−6 164.006 —

0.38 -1.717×10−6 -5.027×10−6 161.143 —

0.39 -1.804×10−6 -5.002×10−6 160.165 —

0.40 -1.893×10−6 -4.978×10−6 159.176 —

0.41 -1.983×10−6 -4.954×10−6 158.177 158.98

0.42 -2.076×10−6 -4.931×10−6 157.168 —

0.5 -2.859×10−6 -4.731×10−6 148.854 —

1.0 -7.590×10−6 -5.953×10−7 94.484 —

2.0 1.368×10−6 9.854×10−6 -7.905 —

3.0 8.611×10−6 -1.203×10−6 -82.042 —

4.0 2.372×10−7 -6.241×10−6 2.176 —

5.0 -3.774×10−6 -1.399×10−6 110.338 —

TABLE V. Quasi-elastic phase shifts∆`(ξ, q) for 3/2− state of
α−3H system atELab = 10.815 MeV.

q(fm−1)

Imf`(ξ, q) Ref`(ξ, q) ∆`(ξ, q) δ`(ξ), q = ξ

(degree) (degree)

Ref. [48]

0.1 -0.030225 -0.249785 173.100 —

0.2 -0.030518 -0.126647 166.451 —

0.3 -0.031001 -0.086328 160.246 —

0.4 -0.031668 -0.066656 154.587 —

0.5 -0.032509 -0.055180 149.495 —

0.6 -0.033512 -0.047735 144.929 —

0.65 -0.034069 -0.044920 142.821 —

0.68 -0.034420 -0.043440 141.607 —

0.70 -0.034661 -0.042526 140.817 —

0.71 -0.034783 -0.042089 140.428 139.54

0.72 -0.034907 -0.041664 140.043 —

0.8 -0.035940 -0.038649 137.080 —

1.0 -0.038806 -0.033061 130.429 —

2.0 -0.053570 -0.012909 103.547 —

3.0 -0.057712 0.010000 80.169 —

4.0 -0.049670 0.028943 59.769 —

5.0 -0.035992 0.039600 42.267 —
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TABLE VI. Quasi-elastic phase shifts∆`(ξ, q) for 3/2+ state of
α−3H system atELab = 4.11 MeV.

q(fm−1)

Imf`(ξ, q) Ref`(ξ, q) ∆`(ξ, q) δ`(ξ), q = ξ

(degree) (degree)

Ref. [48]

0.1 -3.213799 131.819992 1.396 —

0.2 -1.607243 32.949940 2.792 —

0.3 -1.071876 14.640685 4.187 —

0.40 -0.804307 8.232463 5.580 —

0.42 -0.766095 7.466468 5.858 —

0.44 -0.731362 6.802535 6.136 —

0.45 -0.715154 6.503268 6.275 6.00

0.46 -0.699652 6.223305 6.414 —

0.5 -0.643855 5.266390 6.970 —

0.6 -0.536961 3.655210 8.357 —

0.7 -0.460672 2.683739 9.740 —

0.8 -0.403509 2.053238 11.118 —

1.0 -0.323609 1.311827 13.857 —

2.0 -0.164953 0.324030 26.979 —

3.0 -0.113019 0.142278 38.462 —

4.0 -0.087390 0.079786 47.604 —

5.0 -0.072006 0.051793 54.272 —

TABLE VII. Quasi-elastic phase shifts∆`(ξ, q) for 5/2+ state of
α−3 H system atELab = 12.3725 MeV.

q(fm−1)

Imf`(ξ, q) Ref`(ξ, q) ∆`(ξ, q) δ`(ξ), q = ξ

(degree) (degree)

Ref. [48]

0.1 -0.005597 -1.772713 -0.180 —

0.2 -0.002799 -0.443274 -0.361 —

0.3 -0.001867 -0.197081 -0.542 —

0.4 -0.001401 -0.110914 -0.723 —

0.5 -0.001122 -0.071031 -0.905 —

0.6 -0.000936 -0.049366 -1.086 —

0.70 -0.000804 -0.036303 -1.268 —

0.72 -0.000782 -0.034321 -1.304 —

0.74 -0.000761 -0.032497 -1.340 —

0.76 -0.000741 -0.030816 -1.377 -1.17

0.78 -0.000722 -0.029263 -1.413 —

0.80 -0.000704 -0.027824 -1.450 —

1.0 -0.000566 -0.017853 -1.814 —

2.0 -0.000292 -0.004558 -3.663 —

3.0 -0.000204 -0.002095 -5.575 —

4.0 -0.000164 -0.001231 -7.568 —

5.0 -0.000141 -0.000830 -9.648 —

TABLE VIII. Quasi-elastic phase shifts∆`(ξ, q) for 1/2+ state of
α−3He system atELab = 8.48 MeV.

q(fm−1)

Imf`(ξ, q) Ref`(ξ, q) ∆`(ξ, q) δ`(ξ), q = ξ

(degree) (degree)

Ref. [48]

0.1 -0.042960 -0.128407 -18.498 —

0.2 -0.086270 -0.126091 -34.379 —

0.3 -0.130192 -0.121888 -46.886 —

0.4 -0.174817 -0.115348 -56.582 —

0.5 -0.220024 -0.105958 -64.285 —

0.60 -0.265469 -0.093233 -70.648 —

0.62 -0.274542 -0.090253 -71.802 —

0.63 -0.279072 -0.088707 -72.366 -69.65

0.64 -0.283597 -0.087122 -72.922 —

0.70 -0.310609 -0.076808 -76.110 —

0.8 -0.354766 -0.056498 -80.951 —

0.9 -0.397209 -0.032342 -85.345 —

1.0 -0.437237 -0.004593 -89.398 —

2.0 -0.646305 0.350216 61.547 —

3.0 -0.629879 0.615456 45.663 —

4.0 -0.566081 0.768876 36.362 —

5.0 -0.504826 0.860927 30.386 —

TABLE IX. Quasi-elastic phase shifts∆`(ξ, q) for 1/2+ state of
α−3He system atELab = 13.475 MeV.

q(fm−1)

Imf`(ξ, q) Ref`(ξ, q) ∆`(ξ, q) δ`(ξ), q = ξ

(degree) (degree)

Ref. [48]

0.1 -0.038365 -0.094383 -22.120 —

0.2 -0.077150 -0.093078 -39.654 —

0.3 -0.116705 -0.090585 -52.181 —

0.4 -0.157249 -0.086467 -61.194 —

0.5 -0.198815 -0.080192 -68.033 —

0.6 -0.241229 -0.071201 -73.555 —

0.7 -0.284106 -0.058986 -78.270 —

0.75 -0.305547 -0.051545 -80.424 —

0.78 -0.318366 -0.046633 -81.666 —

0.79 -0.322626 -0.044921 -82.073 —

0.80 -0.326880 -0.043170 -82.476 -83.57

0.82 -0.335363 -0.039553 -83.273 —

1.0 -0.409310 -0.000165 -89.976 —

2.0 -0.639238 0.339399 62.034 —

3.0 -0.630046 0.610069 45.922 —

4.0 -0.566990 0.766445 36.492 —

5.0 -0.505577 0.859718 30.458 —
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TABLE X. Quasi-elastic phase shifts∆`(ξ, q) for 1/2− state of
α−3He system atELab = 5.6 MeV.

q(fm−1)

Imf`(ξ, q) Ref`(ξ, q) ∆`(ξ, q) δ`(ξ), q = ξ

(degree) (degree)

Ref. [48]

0.1 - 7.970×10−23 -5.136×10−22 171.179 —

0.2 - 8.424×10−23 -2.612×10−22 162.123 —

0.3 - 9.131×10−23 -1.767×10−22 152.678 —

0.4 - 1.001×10−22 -1.320×10−22 142.802 —

0.45 - 1.050×10−22 -1.154×10−22 137.712 —

0.50 - 1.099×10−22 -1.008×10−22 132.535 —

0.51 - 1.109×10−22 -9.808×10−23 131.490 131.09

0.52 - 1.118×10−22 -9.536×10−23 130.442 —

0.6 - 1.194×10−22 -7.454×10−23 121.960 —

0.8 - 1.336×10−22 -2.412×10−23 100.235 —

1.0 - 1.346×10−22 2.815×10−23 78.185 —

2.0 7.923×10−23 1.331×10−22 -30.752 —

3.0 1.114×10−22 -9.453×10−23 49.695 —

4.0 - 8.319×10−23 -8.528×10−23 -44.288 —

5.0 - 6.466×10−23 5.988×10−23 47.195 —

TABLE XI. Quasi-elastic phase shifts∆`(ξ, q) for 3/2− state of
α−3He system atELab = 14.56 MeV.

q(fm−1)

Imf`(ξ, q) Ref`(ξ, q) ∆`(ξ, q) δ`(ξ), q = ξ

(degree) (degree)

Ref. [48]

0.1 6.403×10−20 4.063×10−19 171.045 —

0.2 6.395×10−20 2.003×10−19 162.293 —

0.3 6.382×10−20 1.303×10−19 153.909 —

0.4 6.364×10−20 9.439×10−20 146.012 —

0.5 6.341×10−20 7.207×10−20 138.658 —

0.6 6.312×10−20 5.656×10−20 131.859 —

0.7 6.279×10−20 4.494×10−20 125.592 —

0.80 6.240×10−20 3.576×10−20 119.817 —

0.82 6.232×10−20 3.414×10−20 118.717 118.21

0.83 6.228×10−20 3.335×10−20 118.173 —

1.0 6.148×10−20 2.182×10−20 109.539 —

2.0 5.394×10−20 -1.628×10−20 73.199 —

3.0 4.191×10−20 -3.822×10−20 47.634 —

4.0 2.619×10−20 -5.310×10−20 26.255 —

5.0 7.868×10−21 -6.213×10−20 7.217 —

3. Results and discussion

In this section, we turn our attention to compute the half-shell
transition matrices for the (α−3H) and (α−3He) systems

TABLE XII. Quasi-elastic phase shifts∆`(ξ, q) for 3/2+ state of
α−3He system atELab = 5.425 MeV.

q(fm−1)

Imf`(ξ, q) Ref`(ξ, q) ∆`(ξ, q) δ`(ξ), q = ξ

(degree) (degree)

Ref. [48]

0.1 -0.135601 -28.217365 -0.275 —

0.2 -0.067846 -7.058501 -0.550 —

0.3 -0.045281 -3.140192 -0.826 —

0.4 -0.034014 -1.768783 -1.101 —

0.45 -0.030263 -1.398720 -1.239 —

0.49 -0.027816 -1.180546 -1.349 —

0.50 -0.027265 -1.134015 -1.377 —

0.51 -0.026737 -1.090195 -1.404 -1.71

0.52 -0.026229 -1.048879 -1.432 —

0.6 -0.022777 -0.789203 -1.653 —

0.7 -0.019579 -0.581290 -1.929 —

0.8 -0.017188 -0.446346 -2.205 —

1.0 -0.013859 -0.287649 -2.758 —

2.0 -0.007377 -0.076014 -5.542 —

3.0 -0.005404 -0.036755 -8.363 —

4.0 -0.004546 -0.022938 -11.210 —

5.0 -0.004123 -0.016465 -14.057 —

TABLE XIII. Quasi-elastic phase shifts∆`(ξ, q) for 5/2+ state of
α−3He system atELab = 11.6725 MeV.

q(fm−1)

Imf`(ξ, q) Ref`(ξ, q) ∆`(ξ, q) δ`(ξ), q = ξ

(degree) (degree)

Ref. [48]

0.1 -0.707934 -46.629939 -0.869 —

0.2 -0.353973 -11.658231 -1.739 —

0.3 -0.235989 -5.181989 -2.607 —

0.4 -0.176999 -2.915304 -3.474 —

0.5 -0.141606 -1.866153 -4.339 —

0.6 -0.118012 -1.296244 -5.201 —

0.70 -0.101161 -0.952606 -6.061 —

0.72 -0.098353 -0.900473 -6.233 —

0.73 -0.097006 -0.875999 -6.319 -4.85

0.74 -0.095696 -0.852510 -6.404 —

0.75 -0.094421 -0.829954 -6.490 —

0.80 -0.088523 -0.729572 -6.918 —

1.0 -0.070833 -0.467284 -8.619 —

2.0 -0.035477 -0.117563 -16.792 —

3.0 -0.023718 -0.052795 -24.191 —

4.0 -0.017857 -0.030121 -30.662 —

5.0 -0.014356 -0.019619 -36.194 —
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TABLE XIV. Scattering phase shifts for1/2+ and1/2− states ofα−3H system.

ELab(MeV)

Phase shift Phase shift ELab(MeV) Phase shift Phase shift

1/2+ state 1/2+ state 1/2− state 1/2− state

(degree) (degree) (degree) (degree)

(present work) Ref. [48] (present work) Ref. [48]

3.657 -40.50 -34.80 3.675 157.56 158.98

3.797 -41.15 -32.9 3.815 157.00 156.85

3.885 -41.55 -36.36 3.937 156.51 147.85

3.9725 -41.94 -35.76 4.0075 156.23 155.02

4.06 -42.332 -35.15 4.1125 155.81 149.56

4.235 -43.02 -36.73 4.235 155.33 153.56

4.41 -43.81 -39.41 4.375 154.79 154.89

4.585 -44.52 -38.21 4.55 154.11 149.77

4.725 -45.08 -39.81 4.76 153.31 145.96

5.075 -46.41 -41.28 5.04 152.26 152.35

5.285 -47.18 -46.21 5.25 151.48 147.34

5.3725 -47.49 -43.37 5.32 151.22 145.58

5.46 -47.80 -44.97 5.425 150.84 143.58

5.7225 -48.70 -45.36 5.687 149.88 143.67

6.0375 -49.75 -48.55 6.037 148.64 138.25

6.30 -50.58 -48.41 6.3 147.71 137.22

6.51 -51.23 -50.51 6.527 146.92 133.47

6.7725 -52.02 -51.49 6.772 146.08 129.97

7.2625 -53.42 -52.89 7.315 144.26 134.2

7.525 -54.15 -54.99 7.595 143.33 134.45

8.05 -55.53 -56.94 8.032 141.91 141.37

8.575 -56.84 -58.88 8.575 140.18 139.21

9.1 -58.08 -58.07 9.135 138.43 139.57

9.5725 -59.14 -60.58 9.625 136.94 136.8

10.0625 -60.20 -60.87 10.01 135.79 135.65

10.36 -60.82 -61.28 10.36 134.75 134.69

10.85 -61.80 -63.24 10.885 133.22 129.87

11.1125 -62.32 -62.56 11.112 132.57 126.35

11.585 -63.21 -66.15 11.55 131.33 119.68

11.6725 -63.37 -63.94 11.6375 131.09 118.75

11.76 -63.53 -61.68 11.76 130.74 118.78

12.075 -64.11 -71.50 11.935 130.26 118.25

12.32 -64.54 -75.24 12.215 129.48 118.37

12.8625 -65.47 -74.40 12.46 128.81 110.89

using the parameters in Table I, which are illustrated in
Figs. 1-10 respectively. For our calculation we use~2/2µ =
12.0954 MeV fm2, E0a = 0.2381 fm−1 andE0a = 0.4762
fm−1 for (α−3H) and (α−3He) systems respectively. We

compute the numerical values of the half-shellT -matrices as
a function of off-shell momentaq for the systems under con-
sideration through MATLAB and present these results in Fig-
ures 1-10 for different laboratory energies. These numbers
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TABLE XV. Scattering phase shifts for5/2+ state ofα−3He system.

ELab(MeV)

Phase shift Phase shift ELab(MeV) Phase shift Phase shift

5/2+ state 5/2+ state 5/2+ state 5/2+ state

(degree) (degree) (degree) (degree)

(present work) Ref. [48] (present work) Ref. [48]

4.6375 -2.77 -3.78 8.1725 -4.77 -0.81

4.725 -2.82 -3.48 8.435 -4.92 -0.19

4.8475 -2.89 -3.89 8.6975 -5.06 -7.66

4.9 -2.92 -2.46 8.995 -5.23 -5.59

4.987 -2.97 -4.34 9.2225 -5.35 -3.5

5.215 -3.09 -3.70 9.45 -5.48 -2.53

5.25 -3.11 -2.99 9.7125 -5.62 -2.29

5.3725 -3.18 0.61 9.975 -5.77 -4.61

5.6875 -3.36 -3.95 10.185 -5.88 -4.74

5.915 -3.49 -4.43 10.43 -6.02 -5.97

6.16 -3.63 -5.29 10.71 -6.17 -4.99

6.44 -3.79 -5.42 10.99 -6.32 -5.12

6.685 -3.93 -5.92 11.235 -6.45 -3.41

6.9125 -4.06 -4.20 11.4625 -6.58 -3.89

7.175 -4.21 -4.70 11.6725 -6.69 -4.38

7.4375 -4.36 -4.09 12.215 -6.98 -2.43

7.7 -4.50 -3.49 13.475 -7.64 -4.58

7.9625 -4.65 -3.24 14.49 -8.16 -4.09

TABLE XVI. Scattering phase shifts for5/2+ state ofα−3H system.

ELab(MeV)

Phase shift Phase shift ELab(MeV) Phase shift Phase shift

5/2+ state 5/2+ state 5/2+ state 5/2+ state

(degree) (degree) (degree) (degree)

(present work) Ref. [48] (present work) Ref. [48]

3.71 -0.34 -4.39 7.035 -0.73 -2.26

3.9375 -0.37 0.09 7.315 -0.76 -1.32

4.06 -0.38 4.08 7.5075 -0.79 -0.87

4.34 -0.41 -1.02 7.7875 -0.82 -0.44

4.41 -0.42 1.98 8.085 -0.86 -1.02

4.6725 -0.45 0.41 8.3475 -0.89 -1.6

4.8475 -0.47 -0.16 9.0475 -0.98 0.72

4.9525 -0.48 -2.7 9.625 -1.06 -1.43

5.04 -0.49 -4.74 10.0975 -1.13 1.45

5.25 -0.51 -2.76 10.36 -1.16 3.41

5.3725 -0.53 1.72 10.5875 -1.19 6.87

5.46 -0.54 -0.31 10.85 -1.23 3.26

5.565 -0.55 1.67 11.55 -1.33 1.08

5.635 -0.56 0.64 11.9875 -1.39 1.46

6.0375 -0.60 0.32 12.11 -1.40 0.43

6.3 -0.64 -0.42 12.215 -1.42 -0.12

6.5625 -0.67 -1.11 12.3725 -1.44 -1.17

6.755 -0.69 -1.68 12.53 -1.46 2.31

Rev. Mex. Fis.71021203



PHASE SHIFT ANALYSIS WITH HALF-SHELL QUANTITIES FOR NUCLEUS-NUCLEUS SYSTEMS USING. . . 15

TABLE XVII. Scattering phase shifts for1/2+ and1/2− states ofα−3He system.

ELab(MeV)

Phase shift Phase shift ELab(MeV) Phase shift Phase shift

1/2+ state 1/2+ state 1/2− state 1/2− state

(degree) (degree) (degree) (degree)

(present work) Ref. [48] (present work) Ref. [48]

4.6375 -59.68 -36.93 4.6375 136.57 138.65

4.90 -60.84 -40.19 4.90 135.29 138.34

5.1625 -61.93 -43.05 5.1975 133.88 136.84

5.3375 -62.64 -44.68 5.425 132.82 135.28

5.6875 -63.98 -39.60 5.60 132.02 130.09

5.95 -64.94 -49.54 6.0375 130.07 134.32

6.3875 -66.46 -51.91 6.30 128.94 131.98

6.65 -67.32 -53.94 6.65 127.45 129.26

6.9125 -68.15 -56.38 6.9125 126.36 128.54

7.175 -68.94 -58.98 7.175 125.28 129.06

7.525 -69.97 -60.84 7.4725 124.09 128.34

7.7 -70.46 -62.02 7.91 122.37 126.49

8.225 -71.87 -64.83 8.05 121.83 124.54

8.4875 -72.55 -68.10 8.4 120.50 125.87

8.75 -73.20 -72.21 8.6625 119.51 126.78

8.925 -73.63 -71.73 8.8375 118.87 123.23

9.1875 -74.25 -72.51 9.1875 117.59 118.45

9.45 -74.85 -72.86 9.45 116.64 115.31

9.7125 -75.44 -73.64 9.7125 115.71 114.60

9.975 -76.01 -73.88 9.8875 115.10 112.67

10.2375 -76.56 -69.35 10.15 114.18 115.19

10.5 -77.10 -73.46 10.4125 113.28 117.32

10.675 -77.46 -74.24 10.675 112.39 115.79

10.9375 -77.97 -75.84 10.9375 111.51 117.10

11.20 -78.48 -77.86 11.20 110.63 116.39

12.5125 -80.83 -80.48 12.425 106.69 107.53

12.95 -81.55 -81.61 12.95 105.05 102.05

13.475 -82.39 -83.57 13.475 103.45 99.40

13.7375 -82.79 -84.35 13.7375 102.66 99.09

14.2625 -83.58 -86.73 14.175 101.36 98.07

14.875 -84.46 -87.83 14.875 99.32 97.09

15.4 -85.18 -89.79 15.4 97.82 97.7

show that both ReT`h(ξ, q, ξ2) and ImT`h(ξ, q, ξ2) oscillate
but approach zero asq becomes large. The functionf`(ξ, q)
also tends to zero asq increases. Interestingly, for low values
of laboratory energies our potential shows large off-shell ef-
fects which is in conformity with the observations of earlier
works [45-47] related to various kinds of potentials. These
indicate that the off-shell behaviour of the potential in Eq. (4)

is quite acceptable. This means that the action of the po-
tential in producing a half-off-shellT -matrix T`h(ξ, q, ξ2)
depends also onq. It is well known that the phase of the
half-shell transition matrix is the scattering phase shift. The
set of curves for ReT`h(ξ, q, ξ2) and ImT`h(ξ, q, ξ2) satisfy
this criterion. The phase parameters calculated from the half-
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TABLE XVIII. Scattering phase shifts for3/2− and3/2+ states ofα−3He system.

ELab(MeV)

Phase shift Phase shift ELab(MeV) Phase shift Phase shift

3/2− state 3/2− state 3/2+ state 3/2+ state

(degree) (degree) (degree) (degree)

(present work) Ref. [48] (present work) Ref. [48]

4.6375 144.27 148.97 4.6375 -1.18 -2.3

4.725 143.94 148.91 4.725 -1.21 -2.27

4.8125 143.62 146.70 4.8475 -1.24 -2.25

4.9 143.30 146.82 4.9875 -1.29 -2.22

5.075 142.66 150.07 5.075 -1.31 -0.18

5.3375 141.73 142.98 5.3375 -1.40 -3.78

5.6 140.82 142.46 5.425 -1.42 -1.71

5.8625 139.94 144.16 5.6875 -1.51 -3.27

6.0375 139.36 142.95 5.95 -1.59 -2.4

6.3 138.51 141.04 6.23 -1.68 -2.34

6.65 137.41 139.37 6.475 -1.76 -2.28

6.9125 136.60 137.04 6.737 -1.85 -2.63

7.175 135.81 136.13 6.9475 -1.92 -2.98

7.4375 135.03 135.18 7.21 -2.00 -2.92

7.7 134.27 134.23 7.4725 -2.09 -2.86

7.9625 133.53 133.75 7.77 -2.19 -4.03

8.4 132.31 132.56 8.4875 -2.43 -10.79

8.6625 131.60 132.85 8.75 -2.52 -4.2

8.925 130.90 130.56 9.03 -2.61 -3.33

9.1875 130.21 131.71 9.2225 -2.68 -2.86

9.45 129.53 126.41 9.485 -2.77 1.27

9.7125 128.86 125.98 9.7475 -2.86 3.37

10.2375 127.56 127.65 10.2375 -3.02 2.26

11.4625 124.65 120.68 11.4625 -3.44 -2.74

11.725 124.05 118.15 11.76 -3.55 -2.27

12.25 122.87 114.38 12.25 -3.71 -1.75

13.0375 121.16 111.01 12.95 -3.95 -3.62

13.3 120.60 111.21 13.2475 -4.06 -3.55

13.475 120.23 110.69 13.475 -4.13 -3.91

14.2625 118.61 114.68 14.2625 -4.40 -5.36

14.875 117.38 120.36 14.7875 -4.58 -4.02

shellT -matrix are depicted in Figs. 11 and 12 which are in
reasonable agreement with those of R. J. Spiger and T. A.
Tombrello [48].

The off-shell Jost functionf`(ξ, q) in Eq. (49) is in the
compact form and we calculate it for various laboratory en-
ergies for both the systems along with the inelastic scatter-
ing/quasi phases. It is well known that the phase of the on-
shell Jost functionf`(ξ) is the negative of the scattering phase
shift δ`(ξ). Further, we define a quantity, termed as quasi

phase/inelastic scattering phase [49]∆`(ξ, q) = − tan−1

(Imf`(ξ, q)/Ref`(ξ, q)). In Tables II-XIII we present the re-
sults off`(ξ, q) and∆`(ξ, q) as a function ofq and verify that
∆`(ξ, q) produces the correct scattering phase shiftδ`(ξ) at
q = ξ at the respective laboratory energies.

The variable phase approach (VPA) to potential scattering
is a direct numerical method for computing phase parameters
without solving the wave equation [50]. It is regarded as an
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TABLE XIX. Scattering phase shifts for5/2+ state ofα−3He system.

ELab(MeV)

Phase shift Phase shift ELab(MeV) Phase shift Phase shift

5/2+ state 5/2+ state 5/2+ state 5/2+ state

(degree) (degree) (degree) (degree)

(present work) Ref. [48] (present work) Ref. [48]

4.6375 -2.77 -3.78 8.1725 -4.77 -0.81

4.725 -2.82 -3.48 8.435 -4.92 -0.19

4.8475 -2.89 -3.89 8.6975 -5.06 -7.66

4.9 -2.92 -2.46 8.995 -5.23 -5.59

4.987 -2.97 -4.34 9.2225 -5.35 -3.5

5.215 -3.09 -3.70 9.45 -5.48 -2.53

5.25 -3.11 -2.99 9.7125 -5.62 -2.29

5.3725 -3.18 0.61 9.975 -5.77 -4.61

5.6875 -3.36 -3.95 10.185 -5.88 -4.74

5.915 -3.49 -4.43 10.43 -6.02 -5.97

6.16 -3.63 -5.29 10.71 -6.17 -4.99

6.44 -3.79 -5.42 10.99 -6.32 -5.12

6.685 -3.93 -5.92 11.235 -6.45 -3.41

6.9125 -4.06 -4.20 11.4625 -6.58 -3.89

7.175 -4.21 -4.70 11.6725 -6.69 -4.38

7.4375 -4.36 -4.09 12.215 -6.98 -2.43

7.7 -4.50 -3.49 13.475 -7.64 -4.58

7.9625 -4.65 -3.24 14.49 -8.16 -4.09

efficient tool for quantum mechanical problems. We shall
also exploit the VPA to calculate the same parameters for the
potential under consideration. Our phase parameters, com-
puted via the VPA, are also presented in Tables XIV-XIX
along with those of Ref. [48]. The phase equation [50] reads
as

δ
′
`(ξ, s) = −ξ−1Veff (s)

[
ĵ`(ξs) cos δ`(ξs)

− η̂`(ξs) sin δ`(ξs)
]2

, (54)

where ĵ`(ξs) and η̂`(ξs) are the Riccati-Bessel functions.
The reasonable agreement of our numerical values for phase
shifts, obtained from half-shell T-matrix and VPA, with the
standard ones [48] conclusively established that the con-
structed analytical expressions for off-shell Jost solution and
function are correct.

4. Conclusions

The computation of the binding energy per particle in nuclear
matter and the determination of the shell-model spectrum are
carried out in terms of the transition matrices. Also the the-
oretical investigation of the (p-p) Bremsstrahlung is closely

related to the study of the half-off-shell nucleon-nucleonT -
matrix. Therefore, the expression for theT -matrix facilitates
us to make best possible use of the available information
about the two-nucleon wave function in coordinate space.
The present text deals with three-parameter central nuclear
potential instead of several parameter interactions with the
inclusion of spin-orbit and tensor interactions. With this sim-
ple potential model our phase parameters agree quite well
with the earlier works [48,51,52] except for the1/2+ state
of α−3He system at very low energies. This may be due to
improper accountability of the electromagnetic interaction in
this energy range. The behaviours of the half-shell transition
matrices computed with the potential in Eq. (4) and those of
Laha and Talukdar [45], J. Haidenbauer and W. Plessas [46],
Sahooet al. [47,53], Beheraet al. [54] and Khirali et al.
[55] indicate that low-energy part of the two-nucleon poten-
tials appears to be nearly the same, indicating that one may
have a common the low-momentum nucleon-nucleon poten-
tial. From the foregoing discussion it is noticed that our con-
jecture works quite satisfactorily with respect to on- and off-
shell behaviour of the nucleon-nucleon potential under con-
sideration. The present method can be applicable to the case
of an arbitrary exponential type of nuclear local potential.
The charged hadronic systems are generally represented by
the screened/cut off Coulomb interaction as pure Coulomb
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potential has no existence in reality. The overall quality of
the consistency between the theory and experiment, in the
low energy region, is noteworthy. Therefore, the present ap-
proach may turn out to be interesting to theoretical and ex-
perimental physicists.
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