Thermodynamics and Statistical Physics Revista Mexicandsiead71061702 1-17 NOVEMBER-DECEMBER 2025

Physical properties of two-dimensional and quasi-two-dimensional systems

J. D. Herrandez Vehzquez and A. Gama Goicocliea

Tecnobgico Nacional de Mxico, Tecndigico de Estudios Superiores de Ecatepec,
Division de Ingenigia Quimica y Biogumica, 55210 Ecatepec de Morelos, Estado dexNo, Mexico.
*e-mail: agama@alumni.stanford.edu

Received 2 August 2024; accepted 13 June 2025

A short review of some recent works on the similarities and differences in the physics of two-dimensional (2D) and quasi-two-dimensional
(Q2D) systems by mesoscale models is presented. Three different case studies are reported: (a) two immiscible liquids, (b) a low density
classic Coulomb gas, and (c) dense polymer melts; all of which are under highly confined, Q2D geometry. Among our leading results are
the following: the line tension of Q2D systems displays the same scaling exponent as the strictly 2D case. The Q2D Coulomb gas undergoe:
a topological phase transition closely related to the 2D Kosterlitz-Thouless transition, although important differences arise. Lastly, a scaling
law for polymer melts in Q2D is proposed and tested, showing that the structure of the melt goes through fractal transitions with increasing
concentration. In addition to the novelty of the results reported here and to their agreement with established theories and experimental data
this work highlights the usefulness of Q2D models to test known and underexplored physical phenomena expected for strictly 2D systems,
which are never truly achieved in nature.
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1. Introduction particle dynamics (DPD) method [23]. In the first case, a
study is presented about a critical phenomenon occurring in
Currently, two-dimensional (2D) materials have acquired rel-Q2D immiscible, binary mixtures of monomeric liquids. The
evance in various areas of science and engineering, both bfindings of this research show that Widom’s hyperscaling re-
cause of their technological application and because theption between the interfacial (2D line) tension) @nd the
raise new challenges to understanding fundamental physicabrrelation lengthq) [24], is also fulfilled for mixtures hav-
principles. These materials are ubiquitous in branches sudhg Q2D geometry [25]. In the second case, it is shown that
as condensed matter [1], biomedicine [2,3], sensing, imaginga Q2D, low-density classical Coulomb gas with electrostatic
and computing technologies [4-6], among others. AlthoughpotentialU/(r) ~ r~!, undergoes a topological phase tran-
there is nothing in nature that is strictly 2D, there are phenomsition that resembles the 2D Kosterlitz-Thouless (KT) tran-
ena observed in experiments using low-dimensional materisition with electrostatic potentid/(r) ~ In(r) [8]. Addi-
als that can be understood thanks to theoretical approachgsnally, the influence of an applied magnetic field on struc-
developed for strictly 2D systems. Examples of these detural and dynamic properties of the Q2D charged gas is ex-
velopments are studies of critical phenomena [7], topologiplored, finding that the structure is unchanged. This is in
cal phase transitions [8], and fractality [9]. However, testingcontrast to what happens with dynamic properties such as the
these theories with experiments is not a trivial task. Hereself-diffusion coefficient, which is reduced by the increase
is where numerical simulations have proved to be a remarkof the magnetic field [26]. Lastly, a comprehensive study of
ably useful tool, since systems can be constructed in silico i2D dense polymer melts is presented. A novel fractal scal-
strictly 2D as well as in Q2D. Some examples can be found inng law for the osmotic pressure of Q2D polymer melts as
liquid mixtures [10,11], single and binary charged gases [12a function of the concentration, is proposed and tested. The
15] and polymer solutions [16-18], to name but a few. De-fractal scaling of the polymer melts in the dense regime is
spite the evident usefulness of computer simulations to coralso supported by further analyses made separately for struc-
rectly model and predict physical properties of 2D systemstural properties such as the polymers’ contour lengths and
it remains to be fully explored whether there are fundamentajheir inner monomer-monomer radial distribution functions
differences between the properties of 2D and Q2D system$27]. These results are directly compared with experimen-
No material in nature exists in strictly 2D [19-21], consid- tal or simulation data taken from the literature in each of the
ering that even a single layer of graphene has a thickness @firee cases reviewed here. The outline of this contribution
~ 0.4 nm [22]. However, Q2D materials can be synthesizeds as follows. Section 2 contains detailed information on the
and tested experimental, as well as in numerical simulationpPD method. Sections 3 and 4 present the information cor-
In this work, a brief review of three recent case studies ofresponding to the three case studies reported here. Section 5
2D and Q2D systems is presented. Each of these is carrididts the main general conclusions of the work.
out through coarse-grained simulations using the dissipative
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2. Models and methods i-th component. A detailed procedure of this parametrization
is reported elsewhere [31].

The DPD method is a coarse-grained simulation tool, where  The thermostat in DPD is built with the parameters of the

each bead or DPD particle represents a section of the fluigissipative and random forces,and« in Egs. (2) and (3),

[23]. The motion of the particles is solved through the dis-through the fluctuation-dissipation theorem, given by [29]:

crete integration of Newton’s second law, as is done for clas- )

sical molecular dynamics (MD) [28]. However, the DPD A—— @)
method has a force field that consists of three pairwise forces, 2y
which are necessary and sufficient to model simple fluidsyhere two of the three parameters are fixed to set up the ther-
[29]. They are conservativéf)), dissipative F}}) and ran-  mostat. A conventional choice of valuesjs= 4.5 and
dom [/} forces, defined as follows: o = 3, which yields internal thermal energy 67* = 1.
. The latter is referred to as the reduced unit of energy in DPD.
FC — o (1 _ ’"ij) » 1) The reduced unit of length is the cutoff radi(s’), whose
v ) value depends on the coarse-graining degrég)(and the
P 2 reduced number density), throughr. = 3.107(pN,,)"/?
|:Zf?]’. =~ ( - Zj) (rij - Vij)tis, (2) A Since the length scale in DPD is normalized with the vol-
c ume of a water molecule~( 30 A®), the reduced unit of
R i X mass in DPD isn = N,,(3 x 100 — 23) g). Given these
Fij=o (1 - 7,*) Gigfij () units of mass, length, and energy, the reduced unit of time
¢ in DPD isT = +/(mr2/kgT). Thus, for a fluid at room

where the three forces have a cutoff raditjs,such that they temperature withV,, = p* = 3, the physical unit of time is
vanish when the relative distance betweenthle andj-th 7 =3.012 x 10( — 12) s [32)].
particles is greater than or equal tp, i.e., rj; > rZ. In To model fluids that involve molecules with more com-
Egs. (1)-(3);; andf;; are the relative position vector and its plex architectures, it is necessary to include additional forces
unit vector, respectively; whereag in Eq. (2) is the relative  that represent the bonding and bending of atomic structures
velocity vector and;;; = ¢;; in Eq. (3) are random numbers in such molecules, as in surfactants and polymers. In that
with Gaussian statistics [29]. The intensity of each force iscase, the bonding force that joins two consecutive beads is
determined by the parameters, v ando (for Ff; Fg and  represented by the Kremer-Grest bead-spring model [33]:
Ff‘;ﬁ, respectively), where is interpreted as the noise ampli- S . s
tude,y as the viscosity coefficient, ang; is the conservative Fij = —ks(ri; —ro)fij, (8)
repulsion between particles. whereks andr; are the spring constant and its equilibrium
The a;; parameter in Eq. (1) has a purely repulsive na-gistance, respectively. This harmonic force is frequently used
ture and it depends on the chemical composition of the fluido model complex DPD structures such as surfactants [34,35],
grouped into the beads. Here, the interaction between paftl"rpids [36-38], and polymers [39-41], among others.
cles of the same type is defined as [30]: The physical confinement of the systems can be modeled
kT (N =L — 1) by constructing walls made up of particles with frozen loca-
= u (4) tionsin two parallel faces of the simulation box, which must
2ap* be dense enough to prevent fluid particles from penetrating

where k is Boltzmann's constant* is the temperature of the wall [40,42,43]. There is, however, an alternative ap-
the system}V,, is the so-called coarse-grained degree', is proach [25-27_,44,45] Whl(_:h consists of add|_ng an effective
the isothermal compressibility of the systemis a numerical wall fo_rce, acting perpendicularly over all particles near each
constant, ang* is the reduced numerical density of the sys-Wall, given by [46]:

tem. On the other hand, the interaction parameter between W 0\ .

particles of different species,;;, can be estimated through F*" =aw (1 T > Ziw- 9
equation [30]: ¢

aij

This is the approach used in this work. Hetg,is the
aij = ai + 3.27x45, (5)  cutoff distancez;,, is the distance to the wall of theth par-

ticle and the parameter, is the maximum repulsion that the

where the Flory-Huggins parametey;;, depends on tem- wall exerts on the-th particle. The value of the repulsion
perature and can be obtained following the Hildebrandparameter is defined as, = (nr}3a;;p,)/12, wherep?,

Scatchard approach [31]: is the reduced density of the implicit wall [46]. This latter
" expression fow,, arises from considering a solid wall with
xij (T) = RUT (0:(T) — 6, (T))?, (6) hexagonal close-packed crystal structure [47]. Although the

parametet,, emerges from solving exactly the DPD interac-
whereu;; is the partial molar volume the gas constant, and tion potential, U™ (z) = ari(1 — rf;/r5)?/2, forrj; < r}
0; (T) the temperature-dependent solubility parameters of th@47], the force law in Eq. (9) reproduces the results obtained
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with the exact force law [46]. Following Gama Goicocheaan external magnetic field is applied perpendicularly to the
and Alar®n [47] and for densities ¢ff, > 4.4anda;j = 78,  confinement directionB = B}2. The contribution o to
it is sufficient to model impenetrable walls with the effective each charged particle is calculated with the Lorentz force in

force law in Eq. (9) [25-27]. its usual form [44]:
The cutoff distance of the wall force;’, is chosen as
2 = r%,in fact, the functional form of such force is modeled FP = ¢ (vi x B). (13)

in the same fashion as the DPD conservative force [46]. It
is chosen so because the force representing the wall is madoe Simulation details
of DPD particles, whose interaction drops to zero for dis- -
tances beyond;. Choosing values of; 7 r¢, changes the | this section, the simulation and technical details for the
range of the wall force, which would yield artificial structural {hree different quasi-two-dimensional systems studied are
changes in the fluid. This aspect is accompanied by a“erprovided. To achieve strong confinement in these sys-
ations in the mechanical properties of the system, since thebéms, two parallel walls are placed perpendicularly tozhe
are related to the internal structure of confined fluids [48].qirection of the simulation box, modeled by an effective force
This type of confinement is computationally more efficientgiven by Eq. (9). Periodic boundary conditions are imposed
because it avoids the need to perform multiple interactiongong thes- andy-direction of the simulation box only. In
between fluid particles and the frozen particles in the wall. the three different case studies, the coarse-graining degree is
The electrostatic interactions between charged particlegyeg atN,, = 3; the repulsion parameter of the wall force
are modeled using the standard Ewald sums, adapted for the chosen as, = 120kpT*/r*, and the cutoff distance is
DPD method [28,49,50] using charge distributions instead ofet at,* — 1,*. All simulations are carried out under canon-

point charges. The charge distribution is given by [49,50]:  jca| ensemble conditions (NVT), namely at constant density

. G o and temperature [30]. The integration algorithm is a modi-
pen(r’) = —ge ; (10)  fied and adapted version of the Velocity-Verlet algorithm for
DPD [56].

where in this Slater-type function is the decay length of
the charge. The reduced electrostatic force betweenrthe
and j-th charge distributions with valencegg and Z;, and
separated by a distaneg, is given by [50]:

Finite size effects have been studied in the course of this
research, however they do not alter our general conclusions.
For the Q2D Coulomb gas, the translational order parame-
ter (TOP) is calculated as a function of temperature, for in-

creasing systems’ size along the transversal direction. It is
(1 - [1 —20pr{;(1+ Ber;) found that the TOP becomes progressively reduced [44], as
expected for a KT-type phase transition [8]. For Q2D poly-
. mer melts, the fractal properties tend to disappear as the sys-
X eXp(_wErij)) ’ (11) " tem becomes more three-dimensional; see the Supplementary
Information in Ref. [27]. In each case studies reported here,
wherefp = ri/\ andl’ = ¢? /kpTeoe,r7; e is the electron  the systems’ lateral dimensions are chosen large enough to
chargeg is the vacuum permittivity, and. is the relative di-  minimize finite size effects. Lastly, finite size effects have
electric permittivity of water at room temperature. This force peen shown to be minimal in DPD because of the short range
includes the contributions in real spadﬁEj(R) and Fourier  nature of its force field [57].
space Ff’K) of the entire range of the Coulomb interac-
tion; further details can be found elsewhere [51]. Although3.1. Two-dimensional and quasi-two-dimensional bi-
Eq. (11) only works for systems with three-dimensional pe- nary interfaces
riodicity, Yeh and Berkowitz [52] showed that the three-
dimensional version of the Ewald sums can still be used irin this study, simulations of two immiscible liquids are per-
confined geometries by adding a force to each charged pafermed under Q2D geometry and under a strictly 2D setup.
ticle in the confinement direction (for further details, seeThe difference between Q2D and 2D systems is that 2D flu-

7,2,
4dmrr2

ij

E_
iy =

Refs. [52,53]): ids only move on they-plane because their degrees of free-
Lot dom along the z-direction are frozen, while for Q2D fluids
F,,=— “f M.z, (12) the degrees of freedom in the three directions are fully taken

into account. In both Q2D and 2D systems, the parame-
wherelM, is the net dipole moment of the simulation box of ters of the conservative force,; [Eq. (1)], between parti-
volumeV'. cles of the same species are equakfo= 78.3kpT™/r}.
Different types of external fields can be added to the DPDThe cross-interaction parameters are chosen heuristically as

force field to reproduce stationary flows such as Couette’s ot;; = 100kgT'/r. anda;; = 140kgT™/r}, to produce dif-
Poiseuille’s flow [41,54,55]. Another example is the addi-ferent immiscibility degrees, therefore they do not represent
tion of an external magnetic field, as done in one of the casa specific pair of liquids. For this case study, the size of
studies presented in this work (see Sec. 3.2). In such casthe simulation box for all systems &, x L, x L, = 50
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re X 100 7. x 1r,, yielding V' = 5000r}3. The total num- 3.3. Quasi-two-dimensional polymer melts

ber of particles in all cases & = 1.5 x 10* to maintain a . ) . )
global reduced number density of = 3. These simulations A comprehensive study of highly confined polymer melts is
are run for 50 blocks of0* time steps each, where the first carried out to test a proposed scaling law for the osmotic pres-
30 blocks are part of the equilibration phase and the last 26Ure as a function of polymer concentration. The polymers
blocks are used for the production phase, to calculate the a@® modeled as linear chains joined by a harmonic potential,
erages of properties of interest. The time step is chosen & Stated in Eq. (8). The spring constant and the equilibrium
At = 0.017. The spatial correlation length and the 2D in- distance of all bonds are chosenkgs= 100k5T"*/r;* and
terfacial tension are reported as functions of the increasingo = 0-7r¢, respectively [54]. There is only one conserva-
temperature, where the internal temperature of the system fie force parameten;; = 78.0 kpT™/rZ, since there are
defined by the fluctuation-dissipation theorem [Eq. (7)]. InOnly polymer chains. The global density in the systefis

this case study, the particular value of the internal tempera€dual to the monomer concentratioh because there is no
ture of the systemkzT*, is chosen under the restriction that Solvent, only polymer chains. Different values of the poly-

o = 3 [see Eq. (3)], which immediately defines the constantmerization degreel) are modeled and the total number of
~, through Eq. (7). monomers changes with. For systems wher&/ = 500,

600, 800, 1000, 1500, 2000, 3000, and 4000, the total num-
ber of monomers isVt: = 1.2 x 10%; and for those where
] ) ) ) N = 2500 and 3500, the total number of monomers is
3.2. Quasi-two-dimensional classical Coulomb gas Nror = 1.25 x 10* and1.05 x 10%, respectively.
The width of the simulation cell in all systems is fixed at
Simulations of a low-density classical Coulomb gas are per{,, = 1.87r%, which is approximately the thickness of two
formed to study the effects of the application of an externalayers of fluid, under standard conditions. On the other hand,
magnetic field at different temperatures on its structural anghe lateral sizes of the simulation box,( = L,) are ad-
dynamic properties. The magnitude of the conservative forcgusted, depending on the monomer concentratith ¢f the
parameters (Eq. (1)) for the two components of the Coulomigystem, as follows:
gas areu;; = a;; = 78.3 kgT™/r}; whereas the net charge
of all particles is fixed tdg*| = 4e. The parameters used for L —[ — | Ntot (14)
the Ewald sums (Egs. (10)-(12)) are chosem@as= 3, r}, * Y cxL,’
ap = 0.9697~1, X\ = 1.076r*, andi™*> = (5,5, 5) follow-
ing Terion-Mejiaet al. [49] and Alar®n et al. [53]; whereas

wherec* varies frome¢* = 2 up toc* = 4, in increments
> - . o of 0.1 units. All simulations are run for at least 100 and up
[' = 13.87andfp = 0.929 [50]. The highest magnetic field to 1000 blocks of x 10*At each. The equilibrium phase

Eiig f?.:];hlssl Sc?r?&eﬁ?ﬁ ‘f a:ct 52 co:ngiéérlirr]] g;et?wzctf/gic?;[t)e m.consists of the first 50% of the total number of blocks, while

0 ) )
perature used in relevant experimentdok 1 K [58,59], is the last 50% are used for the production phase. The time

B ~ 619 T, which means the magnitude of the highest mag-Step chosen for these simulationsAs = 0.037. For this

netic field applied i$B| = 61.9 T. The Coulomb gas is sim- case study, the in'FernaI temperature of all sy_stem_s is fixed
ulated at reduced density = 0.03, consisting of N = 200 athkpT” = 1, setling the parameter = 3, which yields
DPD particles, except for systems used to calculate the radidl ~ 4.5, as established by the fluctuation-dissipation theo-
distribution functions, wherg x 10*DPD particles are used. rem, Eq. (7).

The dimensions of the simulation cell afg = L, = 80

r*andL, = 177, yieldingV = 6400 r}? for systems with 4. Results and discussion

N = 200, andL, = L, = 1000r; andL, = 1r}, and . )

V = 106 723 for systems withV = 3 x 10%. The time step 4-1. 2D-and Q2D binary interfaces

;rr]lgst?\g;(;rrsliu?q]oljrlZ?(I):;m()); Z?tgpst% siejls(ﬁ)tf At_ 0.037, The results on 2D and Q2D water-oil interfaces are presented
' and discussed in what follows. The correlation lengdrafd
For this case study, the translational order parameter ange |ine tension) between them are calculated as functions
the self-diffusion coefficient of the Q2D charged gas are reqf temperature and compared with predictions from critical
ported as functions of temperatuieg., as functions of the phenomena using scaling laws. From this comparison, the
coupling constant. Therefore, the internal temperature of th§caling exponents andy, corresponding tg and-y, respec-
systems kpT™, is chosen as an input parameter and it istiyely, are extracted near the critical temperatilite These

achieved by fixingr = 3 (see Eq. (3)), while the fluctuation- o properties scale with temperature as [60]
dissipation theorem (Eq. (7)) is used to set the dissipation

parametery, defined in Eq. (2), to keep the internal temper- T\ "
ature constant at the chosen input value. §T) =6 (1- T.) (15)

Rev. Mex. Fis71061702
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FIGURE 1. a), d) Schematic representation of the quasi-two-dimensional (Q2D) and two-dimensional (2D) geometries of the binary mixtures,
with L, = 1. b), e) Snapshots of the Q2D and 2D interfaces generated from the last time step of the simulations, for systems at relatively
low reduced temperaturels= 0.688 andt = 0.702, respectively. c), f) Number density profiles for Q2D and 2D systems at relatively low
reduced temperatures (wheres 1 — T /T;), showing a well-formed interface. The vertical bars indicate the correlation leggtivifich

is defined as the thickness of the interface; see main text for details. Both axes in c) and f) are in reduced DPD units. Figures adapted frorm
Ref. [25].

and the methodologies to estimate the spatial correlation length,
T\H &*, through the RDF and density profile analyses. Figure 1

Y(T) =0 (1 - —) , (16)  Shows a schematic illustration of the Q2D and 2D interface

T, models [Figs. 1a) and 1d)], along with a snapshot and a typi-

cal density profile of each system [Figs. 1b)-1c) and 1e)-1f),

whereé, and~, are the asymptotic values of the correlation respectively].

length and line tension whefi — 0, respectively. As the
temperature nears the critical point, the contribution to the The critical temperature of the system is obtained by ex-
interfacial tension of droplets of size £ of one liquid im-  trapolating to the temperature when the liquid mixture be-
mersed in another isp7/¢(d — 1), whered is the Euclidean  comes homogeneous. This procedure works because, as the
dimension [61]. Thus, the exponents in Egs. (15) and (16})emperature approachd¥, ¢* — oo, so that beyond the
are not independent from one anothet- (d — 1)v. Testing  critical point the mixture becomes a single, homogeneous
this relationship for Q2D systems is the main purpose of thiluid. Here, it is found that the critical temperature de-
case study. pends strongly on the conservative force parametey$see

The correlation length of the 2D and Q2D systems is esEq. (1)]. For systems strictly in 2D, the critical temperature is
timated from the thickness of the interfacial region, using thefound to bel = 2.5 when the conservative force parameter
averaged density profiles along the direction perpendicular tes chosen as;; = 100, while T = 6.6 whena;; = 140.
the interface [62]. The first derivative of the reduced densityThese values are to be compared with those obtained for
as a function of the coordinatg dp* (y*)/dy*, is calcu- Q2D systems, with critical temperatures Bf = 2.4 and
lated to determine the region where the slope of each densitf* = 6.2, whena;; = 100 anda;; = 140, respectively.
function drops zero [25], as indicated by the vertical bars inlt should come as no surprise to find th&t is higher for
Figs. 1c) and 1f). The correlation length can be estimatednixtures having a stronger repulsion between the two com-
also from the radial distribution functions (RDFs) betweenponents, since the nature of the DPD conservative force is
water and oil beads, although the calculation employing theurely repulsivej.e. the lower the value of;; the less re-
density profiles is more precise. That is because the RDRgulsion between théth andj-th DPD species. Therefore, a
are typically less sensitive to changes in the external tembinary mixture with larger:;; will require more thermal en-
perature. Appendix A provides detailed information aboutergy to achieve the breakdown of the interface and bring the
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system to homogeneity. Notice also that there is very littlebelong as well to the 3D Ising universality class [68-70].
difference between the critical temperature values predicted@he scaling exponents for the 2D and Q2D systems studied
for strictly 2D systems and for Q2D systems. here are estimated through power lawsTas— T, such
The obtain the interfacial tension, the components of thehat, for any variablef, f(t) ~ t*, witht = 1 — T/T¢
pressure tensor are calculated first, using the virial methodndk = lim;_olog[f(t)]/log[t] [60]. Corrections to scal-
[28,63]. Then, the interfacial tension is calculated by in-ing terms due to finite size and temperature deviation from
tegrating the difference between the normal and tangentidl-, are not pursued because all systems are made sufficiently
components of the system’s pressure tensor, as follows:  large and the analysis from which the scaling exponents are
Ly, calculated is performed neae= 0 [25]. Thus, the scaling ex-
v (y*) = / [Pn(y*) — Pr(y*)]dy”", (17) ponentsy andu can be expressed as given by Egs. (15) and
0 (16), respectively. To obtain the scaling exponents, the cor-
wherePy = (P,,) andPr = (P,,) are the normal and tan- relation length and the line tension are plotted as functions
gential components of the pressure tensor, respectively. Thef the reduced temperature. Therand: are extracted from
angular brackets refer to quantities averaged over the wholhe best fit to the power law [60]. The main panels in Figs. 2a)
time of the production phase of the simulations. In this caseand 2b) show the results obtained for the normalized correla-
the interfacial tension is called the line tension because ofion length €*/¢;) and the normalized line tension*(/~),
the low thickness of the interface that renders the fluids 2Drespectively, as functions &* /T, for both 2D and Q2D
or Q2D. Therefore, the z-component of the pressure tens@ystems withz;; = 100 anda;; = 140. Furthermore, Fig. 2
for Q2D systems is not taken into account in the calculatiorpresents a comparison between the results obtained in this
of v*. In the calculation of the components of the pressuravork with data [insets in Figs. 2a) and 2b)] from experiments
tensor,P,, and P,,, only the conservative forcéf;) con-  reported by Honerkamp-Smith and collaborators [71]. They
tributes to virial [28], since thﬂ? andFiI} contributions are  measured line tensions and correlation lengths of lipid mem-
zero when the system reaches thermal equilibrium [64]. branes near critical points, and then extracted their scaling
Although £* and~* are predicted separately, their scal- exponents. It is found that the qualitative trends of our sim-
ing exponentsy in Eq. (15) andu in Eg. (16), are found to ulation data are similar to those reported in the experiments
be related through the Widom hyperscaling relationship [24]by Honerkamp-Smitlet al. [71]. On the other hand, the scal-
= (d—1)w (18) ing exponentsy = p = 1 £ 0.2, predicted by our 2D and
' Q2D simulations are in good agreement with the results of
Equation (18) is also satisfied in studies of binary mix-biophysical experiments, where the scaling exponents for the
tures near the critical point in three-dimensional (Euclidearline tension and correlation length in Q2D are obtained [71-
dimensiond = 3) systems [62,65-67], where the scaling ex- 73]. To find the statistical average of the scaling exponents
ponents take the valugs = 2v = 1.26. These exponents v =y =1+0.2 (see Egs. (15) and (16), respectively), all

12D: 4 aF140 A 4100
102p:

% Ref. [71]

10”4 3
_____________ {2D: A aF140 A 4=100 3
10° Joowee A O 4 Jom: © aF140 @ 4100
10" 10° 10" S
a) riT, b) rIE.

FIGURE 2. Temperature dependence of the normalized correlation l€g9fly, ) a) and the normalized line tensiéfn® /~3) b), as functions

of the normalized temperatuft&™ /T¢). The main panels in a) and b) show the results from the simulations of 2D and Q2D binary systems
(triangles and circles, respectively). The insets in both panels show some experimental data by HonerkaripaB{iith The red curves

in &) are allometric functions such th&t: /&5 ~ (1 — T /T¢) ™Y, whereas for continuous lines,= 1, and for dashed lines in the main
panel,v = 1+ 0.2. For the main panel of b), the red curves are functions of the fgrfag ~ (1 — T /T¢)* with p = 1andp = 1+0.2,

for continuous and dashed curves, respectively. Our simulation data fits are madeTdr/T < 0.2, focusing on values close . For

the inset in by, = 1.2 [71]. The axes of the main panels are in reduced units, indicated by asterisks. Figures adapted from [25].
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data are plotted as single functioés/&;(t) and~*/~;5(t).  lows one to track structural changes in the Q2D Coulomb
Subsequently, the functiong*/&5(t) ~ agt™ and  gas asthe temperature increases because it undergoes a topo-
v* /75 (t) ~ byt* are fitted fort < 0.2 at temperatures close logical phase transition, as opposed to an ordinary, first or
to T¢. second order phase transition, for example. The low (be-
In summary, two major findings are notable for this casdow T) temperature phase displays short range order that re-
study: Widom’s hyperscaling relationship is fulfilled not only veals itself as peaks in the RDFs at short distance. However,
for 2D systems but also for Q2D systems. This conclusion ighe qualitatively crucial difference with ordinary condensed
important, since experiments are never carried out in strictlynatter is found in the long-range behavior of the RDFs. For
2D but in Q2D. This conclusion is supported by data ob-topological phase transitions, as the one reported here for a
tained from Q2D lipid membranes [71]. Secondly, the expo-Q2D Coulomb gas, the long range of the RDFs decays al-
nents predicted from simulations under the 2D and Q2D gegebraically in the condensed phase and exponentially in the
ometry agree with critical exponents of the 2D Ising model,disordered one [8,44]. Tracking the changes in the RDFs with
v = u = 1[24,68], thereby showing that both systems be-increasing temperature reveals how clustered dipoles uncou-

long to the same universality class. ple as a consequence of the proliferation of topological de-
fects, which start appearing in the form of unpaired charges.
4.2. Q2D classical Coulomb gas These defects are individual positive or negative charges that

progressively decouple with increasing temperature from the

In this section, the dependence on temperature and on an exendensed structure at temperatures belgw As temper-
ternal magnetic field in the structural and dynamic propertiegture increases, thermal fluctuations overcome the binding
of a classical Coulomb gas with Q2D geometry are presenteclectrostatic energy of these pairs, leading to the unbinding
The motivation for studying this problem stems from the factof dipoles into free charges, an essential feature of the topo-
that charged disks in strictly 2D are known to undergo a topotogical phase transition found in Q2D charged spheres.
logical phase transition, from a low temperature condensed It is of paramount importance to highlight that a topolog-
state to a high temperature disordered phase. This transitioital phase transition is found to take place in a Q2D Coulomb
known as the Kosterlitz-Thouless (KT) transition, occurs atgas, interacting with thé/ ~ 1/r electrostatic potential,
a given critical temperature when the electrostatic interactiomearing strong resemblance with the KT phase for disks inter-
between disks i$/(r) ~ In(r), as is required in strictly 2D  acting via thel/ ~ —In(r), 2D electrostatic potential. Here,
[8]. In Q2D, the electrostatic interaction acquires its usualthe potentiallU “ (r*) ~ 1/r* is used to model the electro-
form, U(r) ~ 1/r, thus the question arises as to whetherstatic interactions because, under this Q2D geometry, the sys-
the KT transition still takes place under Q2D conditions. Totems are made of spheres moving in a box with thin but finite
answer this question, we model a low-density gas of highlythickness. They are not disks with only two degrees of free-
confined charged spheres. The reduced value for the chargelym. Gama Goicochea and Nussinov [44] were the first to
lg*| = 4, is chosen following previous work on a low den- find a topological phase transition using the 3D Coulomb in-
sity, unmagnetized Coulomb gas in Q2D [44], as it yieldsteraction, with the critical temperature given exactly by the
a critical temperaturel(;) that is sufficiently far from zero KT prediction for disk with logarithmic interactions, namely,
(T¢ > 0) to be accurately determined by numerical simula-T}, = ¢*2/4 [8]. Moreover, for the Q2D system the spa-
tions. The magnitude of the charge can, of course, be choseial correlations in the condensed phase decay algebraically,
as|g*| < 4 but thenT, decreases towards zero, as predictedwith a temperature dependent exponent, while they decay ex-
by KT [8], where thermal fluctuations in the system are abouponentially abovel, in agreement with KT [44]. Further-
the same order of magnitude’gs. This makes it difficultto  more, a maximum in the specific heat is found’at which is
predict T accurately without resorting to the exceedingly also in agreement with the KT predictions [8]. The influence
long simulation times that systems at relatively low temperaof the magnetic field on the structure of the fluid, on its
tures require [44]. translational order parameter (TOP) and on its self-diffusion

An increasing external magnetic field B (defined in coefficientD is predicted, to compare our results with those
Sec. 2) is applied perpendicularly to the plane on which thdrom the literature for strictly 2D systems.
charged particles move, at fixed temperature, (see Figs. 3(a) Let us start with the structural analysis of the Q2D
and 3(b)). It has been shown that a Q2D Coulomb gas un€oulomb gas using the spatial correlations between oppo-
dergoes a topological phase transition at critical temperatursitely charged spheres. Figures 3(a) and 3(b) show the RDFs
T} = ¢**/4r} [44], which is invariant under changes in the g(r) of two typical Q2D charged sphere system§at< T,
magnetic field applied. The predictdd; in Q2D is found andT™* > T, respectively. For simplicity, only results with
to be in remarkable agreement with that predicted by the KTB* = 0.0 and B} = 0.1 are shown. The spatial correla-
theory [8] and confirmed by further numerical simulations fortions between opposite charges at temperatures lower than
disks in 2D [74]. The caption of Fig. 4 describes hdis T, display algebraic decay(r*) ~ r*~1! [dashed black
estimated; henceforth all temperatures are normalizejby line in Fig. 3a)]. The RDFs display sharper oscillations when

The structure of the gas is explored by means of thestronger magnetic field is applied, although the algebraic de-
RDFs between opposite charges. Calculating the RDFs atay remains unaffected, regardless of the intensity of the ex-
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FIGURE 3. a) Radial distribution functions (RDFs) between charges with opposite sign, in the absence of external magné&icfidid),
and under magnetic fiel®> = 0.1, atT* = 0.75T¢. c) Snapshot of the Q2D Coulomb gas under the external magneticHiele 0.1
atT* = 0.75 T5. b) and d) are analogous to a) and c), respectively, for a Q2D Coulomb @&s-at7.5 T¢. The black dashed curves in
a) and b) indicate the algebraic and exponential decaying trend found for systems with temperatures below ah#, abspectively. The
asterisked quantities in panels a) and b) are reported in reduced DPD units. Figures adapted from [26].

ternal magnetic field. These results are in agreement witperature ™ /T;,. Below T}, the charges are condensed into
the predictions for strictly 2D charges [8]. For temperaturesa single, Q2D cluster witW; ~ 0.9, which is unchanged
aboveT}, the charged spheres dissociate and their spatidly the increased transversal magnetic field. This is expected,
correlations exhibit exponentially decaying RDlg$y*) ~ of course, since the condensed phase is an agglomerate with
e~6-25"" [dashed black line in Fig. 3b)], as in the strictly 2D net charge equal to zero, thus a magnetic field should exert
KT transition [8]. Additionally, they are unaffected by the ap- no force on it. Abovel¢:, the condensed phase begins to
plied magnetic field. These results show that the structure ahelt and the charges become increasingly unpaired, yield-
the Q2D Coulomb gas is insensitive to the application of aring a TOP close to zero¥y ~ 0.07). The results for
external magnetic field at temperatures below and afigve the TOP reveal that once the temperature exc@@ds¥
This conclusion is consistent with the Bohr-van Leeuwen thedisplays increased sensitivity to temperature. Data in Fig.
orem [75], which states that, if the Hamiltonian of a system4(a) show that beloW¢;, the TOP standard deviation is less
in equilibrium is subject to an external magnetic field, its par-than~ 8%, with one exceptional case for the unmagnetized
tition function is unaltered by the field. These results agreesystem atl™ = 0.4547¢% showing a standard deviation of
with previous molecular dynamics simulations for strictly 2D ~ 13%. Then, neafl™ /T¢. = 1, the statistical deviations of
Coulomb gases under transversal magnetic field [76,77].  the TOP increase up te 52%. The increased uncertainty in
Additional information on the structural changes takingthe calculated values of the TOP {6t /T > 1 but close to
place in this topological transition is extracted from the cal-7¢, is due to the gradual breakdown of dipolar correlations.
culation of the translational order parameter (TOP) as a funcAs thermal fluctuations intensify just above thg, unpaired
tion of temperature. The TOP is calculated as follows [28]: charged spheres begin to proliferate, reducing the signal to
noise ratio in the calculation of the TOP, which translates into

1 al Kor larger error bars.
V= N < Z e’ > ’ (19) The dynamic behavior of the Q2D low-density, classical
=t Coulomb gas is explored through the self-diffusion coeffi-

whereN is the total number of particleds is the first-shell ~ cient,D*, which is obtained from the mean-square displace-
reciprocal lattice vector; the angular brackets indicate averment of theNV charged particles [80]:
age over time. The TOP is predicted in the temperature range N
0.375T7; < T* < 11.1407¢, whereT; is defined as the D _ B <Z Ira(t) — r4(0)2>
temperature wher@ drops abruptly [44]. This procedure 6tN P ! ¢ '
is carried out for all systems under the influence of the ex- h
ternal magnetic field, in the range0 < |B| < 0.1. In The self-diffusion coefficienD* is then calculated as a
Fig. 4(a), the TOP is shown as a function of reduced temfunction of 3* = w, /w3 andl'* = ¢*?/aT*. Here, 3* is

(20)
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FIGURE 4. a) Translational order paramete¥£) as a function of the normalized temperatdre/T¢; for increasing transverse magnetic

field B;. The vertical dashed line indicates whate/ T, = 1, with T, = ¢*?/4r}. b) Map of the self-diffusion coefficierD as a function

of the parametef™ = w./w, and the coupling constaht'; the intensity ofD is shown on logarithmic scale for clarity (see color bar in b)).

c¢) Normalized self-diffusion coefficienf{* /Dg) as a function ofs* parameter, for three valuesBf, at7T* /T > 1in all cases. The solid

black stars in d) are data from MD simulations reported by Vidal and Baalrud [78], while the empty red stars are data taken from reference
[79]; see the text for details. The solid lines in panels c) and d) are best fit to the Bohm diffusion mode Diérg = /3 + 4, with «

andé being fitting parameters. All units marked with asterisks refer to reduced units.

the ratio of the cyclotron frequendwy, = ¢* Bf/m*) and  magnetic field is provided in Fig. 4c), where the normalized
the plasma frequenciw} = p*q*?/egm*a), with m be-  diffusion coefficientD* /D vs 3* is shown.Dj is the value

ing the mass of the charged particje, the reduced den- of the self-diffusion coefficient of the unmagnetized system
sity of the gas, and, the vacuum permittivity. I'* is the —at T*/T5 = 7.5. It is found that the charges’ diffusion
plasma coupling constant, with = (47p*/3)(1/3) being  follows the so-called Bohm diffusion mode [81], whefg

the Wigner-Seitz radius. The dependenceXfon 5* and  goes asv 1/8*. This type of diffusion has also been iden-
'™ is shown in Fig. 4b) in the form of a heatmap, wheretified in several 2D and Q2D one-component plasmas (OCP)
“cold” and “warm” colors refer to low and high self-diffusion studied via MD simulations [14,78,79,82,83] and experimen-
coefficients, respectively. The diffusion of the particles istally [79].

higher, by about three orders of magnitude, when the sys- The results reported here for a low-density, Q2D
tems are under relatively high temperatures (low values o€oulomb gas modeled at the mesoscale, are compared with
I'™*). However, the high mobility of the charges found whensome results obtained by two different groups, shown in Fig.
the condensed phase melts is strongly suppressed by the ihd). Vidal and Baalrud [78], who study the self-diffusion
creasing magnetic field. This effect can be understood by thbehavior of strongly magnetized OCP via MD simulations,
fact that when charges are unpaired, they couple to the exind that the component of the diffusion coefficient that is
ternal magnetic field, which imparts circular motion in them, perpendicular to the magnetic field( ), which is a strictly
resulting in the reduction of their mean displacements oveBD property, scales aB, ~ 3~! for strongly magnetized
the plane transversal to the field direction. Further analysi©CP systems (following criteria established by Baalrud and
of the self-diffusion coefficient as a function of increasing Daligault [84]). Black stars shown in Fig. 4d) are data from
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FIGURE 5. a) Top-view snapshot and a lateral close-up (to highlight the Q2D nature of the geometry) of the polymer m¥lt=witb00
andc® = 2.1. Each chain is depicted with a different color, for clarify; = 1.87. b) Reduced density profile a typical systemcdof= 2.1
along thez-direction.

data from Fig. 5¢) in Ref. [78], corresponding to an OCPN = 500 at concentration of* = 2.4) under Q2D geome-

of N = 5 x 102 particles with coupling paramet&r= 10.  try. The structure of the fluid is additionally studied using the
On the other hand, experiments on quasi-magnetized dustgformation in panel (b), which is the density profile along
plasmas in 2D carried out by Hartmann and colleagues [79the direction of strong confinement. It shows one polymers’
have shown that fo5 ~ 1, the relative diffusion coeffi- layer near each of the confinement wallszat= 0 and at
cient (D090 / D1090) exhibits Bohm’s diffusion. Here)?%®  »* = [, = 1.87.

refers to a fixed-time coefficient such that= 1000/wp, It is well-known that some static and dynamic properties
while the D}°%° values are obtained through MD simulations of polymers can be understood through simple scaling laws
since in that particular experimemtcannot be set arbitrarily. [85]. Such is the case with the radius of gyratidiy{), which

In Fig. 4(d), red stars are data from experiments taken fronunder good solvent conditions scales with the polymerization
Fig. 6 of Ref. [79], where the valudsfor all data are in the degree V) asRs ~ N [85,86], where Flory's exponent is

range of18.3 < I" < 124.0. v = 3/5[87] in 3D andv = 3/4 [85] in 2D. Recently, we
introduced a fractal scaling law for the osmotic pressure of

4.3. Q2D polymer melts polymer melts [27]:

The last case study presented here focuses on a novel scal- IT ~ ¢*2vds/2vds -1 (21)

ing law put forward for the osmotic pressurH)(of Q2D

dense polymer melts [27]. Here, the osmotic pressure of thevhered; is the fractal dimension associated with polymers’
systems is computed as the difference between the compeontour lengthL*. This expression is obtained for polymer
nent of the pressure tensor normal to the confinement dimelts under two key conditions. The first comes from the
rection, i.e., z-direction, and the bulk pressure, such that:work of Semenov and Johner [9], who showed that the rele-
II* = (P,, — Pouk- The bulk pressurePyk, is taken as  vant length scale in dense 2D polymer melts is no longer the
the pressure of the unconfined DPD fluid, which is obtalnedadlus of gyration but the contour length. The latter scales as

from the DPD equation of stat@&,x = p*kpT"* + aa;;p*? L ~ RG ~ NV yielding a renormalization of the char-
where4a = 0.101, anday; is defined by Eq. (4) [30]. The acteristic blob size such that~ L(c/c*')ﬁ. The exponent
z-component of the pressure tensoff3.) = (>, miv;. - 3 is chosen so as to makeindependent ofV; for further

Vi +, ZDZ zi;)/V, where the first term in the right- details, see [27]. The second condition is that there exists a

hand side of the equatlon is the ideal gas contribution, and theritical concentrationd*') at which the interchain monomer
second term is the so called “excess pressure” contributiononcentration of the melt equals the intrachain monomer con-
[28]. The forcef& i; = I1s thez-component of the total conserva- centration of the 2D polymer chains, whare ~ N/LA4,

tive force between théth and;j-th particles, including non- with d = 2 being the Euclidean dimension. Thus, follow-
bonding DPD, harmonic spring between beads, and effectiviang the scaling arguments stated by des Cloizeaux [88] and
wall forces [28]. The angular brackets refer to averages ovetle Gennes [85] for semidilute polymers —where the dilute-
time. Panel (a) in Fig. 5 displays a top-view snapshot of &o-semidilute transition occurs at the critical concentration,
typical polymer melt system (with polymerization degree ofc* ~ N/RZ - one assumes thatl ~ (¢*/N) (c*/c*')m
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FIGURE 6. Correlation between the polymers’ contour lengki, and their radius of gyrationR¢,, for some chosen concentrations: a)

¢ = 2.4 and b)c* = 3.6. c) Experimental data for dense layers of bottle brush polymers in Q2D, by Gallyamov and collaborators [89]. d)
Experimental results reported by Wang and Foltz [90] for Q2D, dense diblock copolymers, where the thickness of the monolayer formed by
the copolymers ig ~ 20 nm. The different fractal dimensiafy regimes stated by the scaling relatibh ~ Rgdf, are depicted by the blue

dashed lines -taking into account that polymers’ end-to-end distance R is proportiddal tdhe axes in panels a) and b) are in reduced

DPD units.

Then, choosing the exponentas= 1/(2vd; —1so asto are shown in Fig. 6d), who find that the contour length of
makell independent oV whenc* > ¢, yields the expres- dense polybutadiene and polystyrene block copolymers in
sion in Eq. (21). films with thicknessv 20 nm scales ag& ~ (R)3/2.

Before testing Eq. (21), we start by showing that the poly-  The fractal transitions predicted from the polymers’ con-
mer melts studied here are indeed in the dense regime. Tiour length analysis above are supported by the results ob-
prove this claim, Fig. 6a) shows the polymers’ contour lengthtained for the Q2D osmotic pressure as a function of the
as a function of the radius of gyration, to test Semenov andnonomer concentration, for a wide range of polymeriza-
Johner's postulate thdt* ~ R, with d; = 5/4 being the  tion degree values -up to N=4000. The results are shown in
first fractal dimension found in the semidilute-to-melt tran- Fig. 7a), which confirm the scaling law presented in Eq. (21).
sition [9,27] However, our results reveal that transitions beFractal dimension transitions are indicated in Fig. 7a) by
tween increasing fractal dimensions take place as the cormonotonically decreasing exponents7ilc*), asc* is in-
centration increases, withy growing monotonically so that creased. They start & ~ ¢*5, with d; = 5/4 being the first
ds — 2 asc* approaches the saturation concentration. Thidractal dimension expected in the semidilute-to-melt transi-
conclusion should be expected since the voids present in thén [9,27]. This first fractal regime is followed by continuous
2D polymer melt are systematically filled asgrows, mak- increase of fractal dimensions, reaching eventuéfly= 2,
ing the contours of all polymers more irregular, or fractal. Towhich corresponds tbl ~ ¢*? at the maximum concentra-
test these findings, some experimental results of Q2D dendn, as predicted by Eq. (21). These transitions take place
polymer systems, taken from the literature, are displayed icontinuously as the concentration increases. However, for
Fig. 6¢) and 6d). Data in Fig. 6¢) are taken by Gallyarebv clarity only four of those are displayed in Fig. 7a), repre-
al. [89], who measured the contour lengths of bottle-brustsentingd; = 5/4, 4/3, 3/2 and 2i(e., Il ~ ¢*5, II ~ c¢*4,
polymers confined in films with thickness 10 nm, find- II ~ ¢*3 andIl ~ ¢*2, respectively); see the differently col-
ing that L ~ (R)*3. Results from Wang and Foltz [86] ored solid lines in Fig. 7a). Although fractal scaling was pre-
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FIGURE 7. a) Osmotic pressurdl|) of the Q2D polymer melts, as a function of the monomer concentratidor chains with different
polymerization degreesy. The solid lines indicate the different fractal regimescasgs increased; see Eq. (21). Panels b) and c) are the
RDFs between the inner monomer segment$ polymers withN = 500, for a characteristic set of concentrations belonging to the fractal
regimes withdy = 5/4 anddy = 5/3, corresponding to exponerfls = 3/4 and©, = 1/3, respectively (see Eq. (23)). The fractal regime

found herein for relatively low concentrations [black data in panel a)] agrees with results reported by Meyer and co-workers [91] [blue data
in panel a)]. The monomers at the ends of each polymer were excluded from our RDF calculations; see main text. The solid lines in b) and c)
represent the Gaussian distribution of an ideal chain in2B, exp(—z?) /. The dashed lines in b) and c) are the best fits to the function

G2 ~ 192, The asterisks refer to reduced units.

dicted scaling was predicted originally for strictly 2D systemsDuplantier [92] and des Cloizeaux [88] state that the RDFs
and only ford; = 5/4 [9], here it is shown that it also ap- of the average contacts between monomers of each chain go
pears in Q2D polymer melts under strong confinement, andsG(r) ~ r®, for self-avoiding walks. The exponent associ-
for a continuous range of values in [5/4,2]. ated with the probability of contacts between inner monomers
In a previous study of strictly 2D polymer solutions car- exclusively is denoted b§,; wherea®d, is for contacts be-
ried out by Schulmann and colleagues [18], the semidilutetween the chain’s ends and inner monomers within a single
to-melt fractal transition in the pressure was found as well, irchain, and9, applies for contacts between the chain’s ends.
agreement with our predictions [27]. They find that the presMeyer and co-workers showed that the exportgnis related
sure BP, with 8 = 1/kgT) at relatively low concentrations to the fractal dimension as follows [91]:
(p < 0.5) scales agP ~ p3, as expected for the semidilute
regime in 2D [85]. However, as they increase the polymer dy =d— Oq, (23)
concentration, their data reveal a fractal transition such that,
for p > 0.5, the pressure then scales @8 ~ p°, corre-  whered = 2 is the Euclidean dimension. Figures 7b) and
sponding tod; = 5/4; see Eq. (21) and recall = 0.5in  7c) display the RDFs{Zy(r*, s = N/2), of polymer melts
the melt. Although they did not carry out such analysis forwith N = 500 at four monomer concentrations, with two
p > 0.5 [18], the pressure data they report fit the universalof them at relatively low values af* (Fig. 7b)) and two at
fractal scaling for dense Q2D polymer melts introduced inrelatively high values of [Fig. 7c)]. Our data for low con-
the present work. centrations (black symbols) are compared with those from
An additional independent test carried out in this studyMeyer et al. [91] (blue symbols), in Fig. 7b). The same
confirms the fractal transitions that the Q2D polymer meltsg, = 3/4 exponent is found as the first fractal regime takes
undergo in the dense regime, predicted by Eq. (21). This iplace, corresponding té; = 5/4, just as Duplantier pre-
accomplished with the calculation of the RDF between thedicts [92]. Other researchers have found the same exponent
inner segments of monomers of each polymer chain ofssize through numerical simulations for strictly 2D objects [18,93].
known asG'>(r*, s). The functionG(r*, s) is calculated as  However, our findings go beyond this first fractal regime. We
the segment distribution function of size,= N/2. Since  have found that the fractal transitions predicted from the con-
r* is the characteristic distance between ikl andj-th  tours’ length and osmotic pressure analyses also emerge from
monomers forming the segment= N/2 within them-th  the inner structure of dense polymer melts. Itis observed that,
polymer,G2(r*, s) is calculated as a typicalr*) [28], with-  as¢* is increased the probability of contacts between the in-
out taking into account the end monomers of the polymers, aser monomergP ~ Gy ~ r*©2) becomes larger. This oc-
follows: curs because inner monomers are mostly surrounded by other
) o1 251 inner monomers of the same chain for increasing monomer
_ _ [ L concentration, especially when those chains possess a large
Galrs, s = N/2) <m ; ; ; 9(r+) >’ 22) polymerization degree. The structure of the polymer melt
j—i=s is continuously modified witla*, since any voids present are
where the angular brackets represent the ensemble averad@ed with more monomers as increases, which reduces the
corresponding to the production phase of the simulationsexponen®®,. Such feature is seen in Fig. 7b), where a clear
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reduction in the contact exponent®, = 1/3 is obtained, T

leading tod; = 2/3 whenc* > 3.6. 0'08'_ 0.0 Water-Oil RDF 1]
A0.06- % 0.05- 44
. % ] ]
5. Conclusions > o004 000 ]
A short review of three physical systems under quasi-two- =0 ] r ]
dimensional (Q2D) geometry that follow laws derived for 0.02+ Constantslone T
strictly 2D system is presented. The first case study, con- 0 00_' E'NR=26 p; _
cerned with the prediction of the line tension between two ) < >
immiscible fluids and their correlation length in Q2D, showed o 1 2 3 4 5
that the line tension obeys scaling laws derived for 2D r*

disks. Th_e second cas_e study rega_rds highly confmgd Charg(?:qGURE 8. Derivative of the radial distribution function between
spheres in a low density gas that displays a topological ph::xs‘ﬁ,ﬂter and oil particlesg’(
transition as the temperature changes, found to be cIoseIMOkBT*/r: at reduced temperature of= 0.702. The vertical

related to its strictly 2D counterpart, which is the well- jines indicate the position of the first maximum and the last min-
known Kosterlitz-Thouless transition. The last case focusefmum of ¢’ (r*), where the separation between them is defined as

on dense, Q2D long polymer melts whose osmotic pressurg® /2. The inset shows the water-oil RDF of the same system.
obeys a novel fractal scaling law developed by the authors,
which is backed by experiments and numerical simulation®f the functiong(r*). The water-oil RDF of a well-formed
from other groups. The results highlight the robustness of théterface shows structure at relatively short distances because
scaling concept and statistical thermodynamics models, depnly the particles within the interfacial region respond to the
veloped originally for strictly 2D systems, in the correct pre-structure due to the other phase, having an intrinsic width,
diction of physical properties of Q2D systems. This claim is{*. Furthermore, such a structure is barely noticed in their
supported by scaling laws and theories developed for strictly(r*) because the quantity of fluid forming the interface is
two dimensional systems, as is the case for Widom’'s hyconsiderably small if compared with the whole fluid mixture.
perscaling relation [24,25] and for the Kosterlitz-ThoulessIn this example, the inset in Fig. 8 shows that the fluctuations
topological phase transition [8,26,44]. It is also supportedn the water-oil RDF end at* ~ 2, although they become
with the test in Q2D materials of a fractal scaling law re- unnoticeable around this value. However, the first deriva-
cently proposed by the authors for the osmotic pressure dive of g(r*) allows one to see how the slope changes as a
dense polymer melts [27]. The work reported here is not aiunction of the characteristic distangé and to compute the
academic exercise but rather a conclusion whose importangtistance at which the fluctuations of the functigir*) end.
cannot be overstated, since all 2D materials synthesized areyond the distance at which the fluctuationsytif-*) are
probed experimentally are actually Q2D materials. These reRegligible, it is constant because the water-oil RDF increases
sults are expected to inspire further investigations in branchegroportionally with-*. The monotonous increase observed in
of nanoscience where Q2D models of single, binary, or comthe functiong(r*) is attributed to the two well-defined phases
plex fluids are of interest to gain fundamental understandingeparated by the interface. From #iér-*) in Fig. 8, the dis-
of nature. tance between the first maximum and last minimum of the
function is defined ag*/2, since the RDF gives the radial
) distances. These two points are indicated by the vertical lines
Appendix in the main panel of Fig. 8 and refer to the relative distances
) at which the water-oil spatial distribution starts showing the
A. Methodology used to calculate the spatial radial structural layering. It is found that the spatial correla-
correlation length (£*) tion length of the system (the same system shown in Fig. 1
under a Q2D geometry) & = 5.2.

r*), for a Q2D system witha,;; =

A.1 Calculation of £* using the radial distribution func-
tion A.2 Calculation of £* using the density profiles

The spatial correlation length between the two immiscibleThe spatial correlation length?, reported in Fig. 2a), is esti-
phases{*) can be estimated through the radial distributionmated from the density profileg’{((y*); see Fig. 1) averaged
function between the water and oil particles (water-oil RDF),over the production stage of the simulations. Using the first
specifically using the fist derivative of the water-oil RDF, derivative of the functiop*(y*), the thickness of the inter-
¢'(r*). To illustrate the methodology, in this Appendix the face is determined, called. The criterion used to define the
case shown in Fig. 1f) is used, which is the Q2D system withinterfacial region is based on the change in the slope of the
interaction parameter;; = 140kgT™* /r}; atthe reduced tem- density profile,p*/(y*). The edge of the interface, of width
peraturet = 0.702. Fig. 8 shows the water-oil RDF (insetin &*, delimited by the water phase is defined as the position in
Fig. 8) and its first derivative, which represents the slope  they-axis wherep* (y*) shows the first change of 0.05 units,
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at which the oil and watep*' (y*) functions take the value

|p* (y*)| = 0.05, respectively. Those positions along the

1 axis are phase boundaries and the difference between them
- is defined as the interfacial width, callé€d. If one tracks

] the functionp* (y*) of the water phase (blue solid curve in
Fig. 9) moving in the positive direction along theaxis, one
finds that beyond* = 60.8 (vertical blue line in Fig. 9) the
water phase does not exist anymore. If one moves on the op-

NS
[
n
w
(=}
[ 1

-1 — Water posite direction along the y-axis, tracking the oil phase func-
T 7 — tion p*'(y*) (yellow solid curve in Fig. 9), it is found that the
0 20 40 60 80 100 oil phase ends aj* = 55.5 (vertical yellow line in Fig. 9).
y* The spacing between these two lines indicates the average

interfacial width (sincep*(y*) is a function averaged over

FIGURE 9. Derivative of the density profiles along the y-direction
for the Q2D immiscible liquids with interaction parametgl =
140kpT™ /r; at reduced temperature = 0.702. The vertical
dashed lines determine the interfacial thicknéss, £*; using the
criterion described in the main text of Appendix A.

time), which for this particular case correspondgioe= 5.3.
Notice that in this example the two interfaces appear in the
graphic [as seen also in Fig. 1f)]; the same criterion was ap-
plied to find¢; and&;. This procedure is applied to each 2D

and Q2D system’s density profiles to estimate their interfacial

and similarly for the oil phase.
the thickness of the slab defined a priori to form the den-
sity profiles, which isAy* = 0.05; thus, an increment of
Ap*/(y*) = 0.05 corresponds to the slab width.

Figure 9 shows how to calculagé using the first deriva-

This choice is based onwidth, e.g, £*.
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