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Cluster folding analysis for 15N ions scattered by13C and 27Al targets
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Motivated by two well-known cluster structures for the15N nucleus,11B +α and13C +d, which appear at excitation energies of 10.992
and 16.159 MeV, respectively, the angular distributions (ADs) for15N nuclei elastically scattered in the field of two medium-mass targets,
namely,27Al and 13C are investigated within the cluster folding model. Reasonable agreement between the measured and calculated ADs
data for the considered nuclear systems is obtained, which validates the cluster structure description of the15N ground state, configured
as a core (11B/13C) with a valence particle (α/d) orbiting the core. We aim to quantitatively investigate the11B +α and13C +d cluster
structures of the ground state of the15N nucleus, providing new insights into fundamental nuclear interactions.
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1. Introduction

Nuclear processes initiated by15N ions [1-5] encompass a
broad spectrum of phenomena within nuclear physics. Exper-
imental studies [6-8] have provided significant insights into
the interactions of15N ions with27Al and 13C target nuclei,
shedding light on various reaction channels and their asso-
ciated cross sections. These processes include elastic scat-
tering, transfer reactions, and inelastic scattering, each of-
fering unique ways to investigate nuclear structure and dy-
namics. Notably, the collision of15N ions with target nu-
clei has demonstrated intriguing phenomena such as cluster-
ization effects and anomalous scattering patterns, prompting
theoretical investigations into their underlying mechanisms.
Furthermore, the use of15N ions as projectiles has facilitated
the study of nucleon-nucleon interactions and the spectro-
scopic properties of target nuclei, with applications ranging
from fundamental nuclear physics research to practical im-
plications in fields such as nuclear energy and astrophysics.

At energies close to the Coulomb barrier, the repulsion
caused by the Coulomb force between two nuclei is ex-
tremely strong, leading to a range of fascinating phenomena,
such as nucleon(s) transfer, that are not observed at higher
energies. The study of nuclear clustering is a crucial area of
focus in this field. Nuclear clustering involves the formation
of clusters within a nucleus, consisting of a precise number of
nucleons. These clusters usually form from stable nuclei or
their individual components. Investigating nuclear processes
involving clusterized nuclei provides new insights into the
structure, characteristics, and interactions of the nucleus. At
energies near the Coulomb barrier, the nuclei are not moving
fast enough to fully overcome the Coulomb repulsion, but
they are close enough that nuclear effects become significant.
At these energies, the interaction between nuclei can lead to
more complex nuclear phenomena. Specifically, the strong

electrostatic repulsion is counteracted by the nuclear forces,
which can promote the formation of clusters or composite
structures inside the nuclei [9].

The cornerstone concept for the description of a nu-
cleus is that independent nucleons (protons and neutrons) are
held together by the nuclear mean field potential and strong
spin-orbit effect generated by nucleon-nucleon interactions
[10,11]. This model has been very successful in describing
nuclear properties. On the other hand, “clustering” is a nat-
ural energy minimization mechanism. Thus, a question that
naturally arises is whether there is any cluster structure in nu-
clear systems. The formation of structures inside a nucleus
is an intriguing phenomenon driven in part by correlations
arising from the details of the nucleon-nucleon interaction.
With the advance of experimental techniques, recent studies
have discovered that some nuclei behave like molecules com-
posed of clusters. Among the different partitioning possi-
bilities within a given nucleus,α-clustering has always been
considered the most favorable due to the large binding en-
ergy of theα-particle and its inert character. In the present
work, we investigate the elastic scattering data for two nu-
clear systems: the15N + 27Al system at laboratory energies
Elab = 32.82, 47.91, 62.07, and 69.84 MeV [6], and the15N
+ 13C atElab = 30, 32, and 45 MeV [7,8]. Although these
data were measured many years ago, they were only investi-
gated from a phenomenological point of view using the op-
tical model potential with a Woods-Saxon (WS) parameteri-
zation. In this work, we investigate these two systems using
the Cluster folding model to probe the15N cluster structure
as a core of11B(13C) with a valenceα(d) orbiting the core.
The manuscript is structured as follows: Section 2 presents
details for the prepared cluster folding potentials for the15N
+ 27Al and 15N + 13C systems. Results and discussion are
given in Sec 3. Section 4 is devoted to the summary of the
study.
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2. The implemented cluster folding potentials

2.1. Preparing the cluster folding potential for the15N +
27Al system

The Ikeda diagram [12], proposed in the late 1960s, conveys
the idea that the cluster degrees of freedom appear in the
vicinity of the alpha emission threshold. In recent decades,
more evidence of alpha clustering formation has been found
in self-conjugate nuclei [9,13]. Alpha clustering is the key
cornerstone towards a complete understanding of the struc-
ture of nuclei and fundamental nuclear interactions [14,15].
In favor of the well-knownα + 11B cluster structure of15N,
which emerges at an excitation energy of 10.991 MeV, it is
of particular interest to construct an interaction potential be-
tween the interacting nuclei,15N and27Al, that have this un-
derlying structure. Such interaction potential is commonly
known as the cluster folding potential (CFP), which can be
generated using the cluster folding (CF) procedures described
below. The real and imaginary CFPs for the15N + 27Al sys-
tem are defined based onα + 27Al and 11B + 27Al potentials
as follows:

V CF (R) =
∫ (

V11B+27Al

[
R− 4

15
r
]

+ Vα+27Al

[
R +

11
15

r
] )

|χα+11B(r)|2dr, (1)
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∫ (
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15
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] )

|χα+11B(r)|2dr, (2)

whereV11B+27Al andVα+27Al , W11B+27Al andWα+27Al are
the real and imaginary parts of the nuclear potentials for the
11B + 27Al and α + 27Al channels, which were prepared
using the modified S̃ao Paulo potential (SPP2) [16] at en-
ergiesE(11B) ≈ 11/15E(15N), andEα ≈ 4/15 E(15N),
respectively, using the standard normalization factors for the
real (NRSPP ) and imaginary (NISPP ) São Paulo potential,
(NRSPP = 1.0 andNISPP = 0.78). The SPP is derived by
folding the densities of the projectile and target nuclei with
an effective interaction potential,νSPP2

NN , which is energy-
dependent and expressed as:

νSPP2
NN = (~R) = −U0e

−(R/a)2e−4v2/c2

, (3)

whereU0 = 735.813 MeV, a = 0.5 fm, v is the relative
velocity between the colliding nuclei, andc is the speed of
light. The nuclear densities ofα, 11B, and27Al nuclei were
calculated using the Dirac-Hartree-Bogoliubov (DHB) model
[17] with the REGINA code. The wave function, which de-
scribes the relative motion ofα and11B in the ground state
of 15N, was calculated using the standard “well-depth” pro-
cedure. This function represents a 2D2 state in a real WS

FIGURE 1. Real and imaginary CFPs for the15N + 27Al system at
Elab = 32.82, 47.91, 62.07, and 69.84 MeV.

potential with geometrical parameters fm anda = 0.65 fm),
and a depthV0 = 38.95 MeV, which was varied so that the
binding energy of the cluster could be reached. The gener-
ated real and imaginary CFPs for the15N + 27Al system at
Elab = 32.82, 47.91, 62.07, and 69.84 MeV, while energy-
dependent, do not vary appreciably over the considered en-
ergy range, as depicted in Fig. 1.

2.2. Preparing the cluster folding potential for the15N +
13C system

For investigating the15N + 13C system, the well-known d +
13C cluster structure of15N, which emerges at an excitation
energy of 16.159 MeV, was considered to generate the CFP
between the interacting15N and13C nuclei. The15N + 13C
CFP is prepared using the CF procedures described below.
The real and imaginary CFPs for the15N + 13C system are
defined based on d +13C and13C + 13C potentials as follows:

V CF (R) =
∫ (

V13C+13C

[
R− 2

15
r
]

+ Vd+13C

[
R +

13
15

r
])

|χd+13C(r)|2dr, (4)

WCF (R) =
∫ (

W13C+13C

[
R− 2

15
r
]

+ Wd+13C

[
R +

13
15

r
] )

|χd+13C(r)|2dr, (5)

where V13C+13C and Vd+13C and W13C+13C and Wd+13C

are the real and imaginary parts of nuclear potentials for
13C+ 13C andd + 13C channels, which were prepared using
the S̃ao Paulo potential (SPP2) [16] at energiesE(13C) ≈
13/15E(15N) and Ed ≈ 2/15E(15N), respectively, with
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FIGURE 2. Real and imaginary CFPs for the15N + 13C system at
Elab = 30, 32, and 45 MeV.

standard normalization factors for the real (NRSPP ) and
imaginary (NISPP ) São Paulo potential, (NRSPP = 1.0 and
NISPP = 0.78). The nuclear densities ofd and13C nuclei
were calculated using the DHB model [17] with the REGINA
code. The wave function, which describes the relative motion
of d and13N in the ground state of15N, was calculated us-
ing the standard “well-depth” procedure. This function rep-
resents a 2S1 state in a real WS potential with geometrical
parameters (R = 1.25 × [21/3 + 131/3] fm anda = 0.65
fm), and a depthV0 = 40.54 MeV, which was varied until
the reaching of the binding energy of the cluster. The gen-
erated real and imaginary CFPs for the15N + 13N system at
Elab = 30, 32, and 45 MeV are depicted in Fig. 2.

3. Results and discussions

3.1. Analysis of15N + 27Al ADs within CFM based on
the α + 11B cluster structure of15N

The 15N + 27Al elastic scattering ADs atElab = 32.82,
47.91, 62.07, and 69.84 MeV [6] are analyzed microscopi-
cally using the CFP based on theα + 11B cluster structure
for 15N using Eqs. (1) and (2). The implemented potential
has the form:

FIGURE 3. The experimental15N + 27Al ADs versus the the-
oretical calculations within the CFP framework (solid curves) at
Elab = 32.82, 47.91, 62.07, and 69.84 MeV based on theα + 11B
cluster structure for15N. Data are displaced by 0.2 for the sake of
clarity.

U(R) = Vc(R)−NRCF V CF (r)− iNICF WCF (r), (6)

whereVc(R) is the Coulomb potential, characterized by ra-
diusRC = rC(A1/3

p + A
1/3
t ), RC = 1.3 fm. The theoreti-

cal computations within the CFP framework were carried out
using two adjustable parameters,NRCF andNICF , which
are factors for renormalizing the real,V CF (R), and imagi-
nary,WCF (R), CFPs, respectively. The optimally extracted
NRCF andNICF values for the different energies involved
are listed in Table I. The theoretical computations within the
CFP framework agree reasonably well with the experimental
15N + 27Al ADs, as shown in Fig. 3. An important finding
from the investigation is the need to reduce the real and imag-
inary CFP strengths by about 48% and 25%, respectively.
The results of the current analyses were obtained within the
FRESCO and SFRESCO search codes [18].

Furthermore, the real (JV ) and imaginary (JW ) volume
integrals, which are commonly utilized within optical model
potentials to characterize the interaction between two nuclei,
were calculated. These integrals are crucial for understanding
scattering processes. The quantityJV denotes the non-

TABLE I. The optimalNRCF andNICF values extracted from the theoretical analysis for the15N + 27Al system within the normalized CFP.
Values of reaction cross section (σR) as well asJV andJW values are also listed.

E σR JV JW

(MeV) NRCF NICF χ2/N (mb) (MeV·fm3) (MeV·fm3)

32.82 0.468 0.534 1.07 849.3 195.69 113.49

47.91 0.493 0.764 0.70 1365 204.69 161.25

62.07 0.508 0.865 0.28 1599 209.53 181.38

69.84 0.598 0.839 0.64 1678 245.76 175.30
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TABLE II. The optimalNRCF andNICF values extracted from the theoretical analysis for the15N + 13C system within the normalized CFP.
The employedSA0 andSA2 values for the configuration15N→13C +d are given. TheσR, JV , andJW values are also listed.

E σR JV JW

(MeV) NRCF NICF SA0 SA2 χ2/N (mb) (MeV·fm3) (MeV·fm3)

30 CFP 1.155 2.056 7.6 1272 495.58 441.59

CFP+DWBA 1.155 2.056 0.248* 0.752 33.9 1271

32 CFP 0.677 1.163 7.4 1164 290.21 249.46

CFP+DWBA 0.677 1.163 0.248* 0.652 35.9 1162

45 CFP 1.092 0.145 35.2 1258 465.28 30.92

CFP+DWBA 1.092 0.145 0.248* 0.817 10.3 1249

absorptive aspect of the potential, whereasJW accounts for
the absorptive part, quantifying the damping or absorption
of the projectile wave function as it interacts with the target
nucleus. The real/imaginary volume integral is determined
by integrating the real/imaginary part of the potential over
the nuclear volume. The extractedJV values fall within the
range 195.69-245.76 MeV·fm3, which are comparable to pre-
viously derived values of 188.71-233.07 MeV·fm3 for the
14N + 27Al system [19]. Conversely, the extracted JW values
for the15N + 27Al system from the present analysis, ranging
from 113.49-181.38 MeV·fm3, exceed previously reported
values of 6.64-85.92 MeV·fm3 for the 14N + 27Al system
[19], indicating a higher degree of absorptivity in the15N +
27Al system compared to the14N + 27Al system. Notably, a
comparison of the15N + 27Al system with other neighboring
systems such as12C + 27Al, 14N + 27Al, 16O + 27Al [19]
reveals similar trends, where the elastic scattering ADs data
show that27Al does not exhibit a threshold anomaly like28Si
due to transfer reaction or other mechanisms, resulting in an
increase in the cross-section at backward angles [20].

3.2. Analysis of15N + 13C ADs within CFM based on
the d + 13C cluster structure of 15N

Theoretically, there has been longstanding interest in a
phenomenon termed “Anomalous Large Angles Scattering”
(ALAS), initially observed through experimental studies re-
vealing an unexpected increase in measured cross sections
at large angles, contrary to predictions based on nuclear po-
tential scattering, which anticipated a decrease [21]. Subse-
quent investigations have focused on elucidating ALAS, rec-
ognizing its pronounced sensitivity to the structural charac-
teristics of both the projectile and target nuclei. Particularly
intriguing is the exploration of elastic scattering and transfer
reactions involving clusterized nuclei at energies proximate
to the Coulomb barrier. The Spectroscopic Amplitude (SA)
[22], which delineates the overlap between many-body wave
functions of the initial and final states, facilitates the exam-
ination of nucleon removal. Experimentally, SAs are com-
monly determined by comparing measured cross sections for
nucleon(s) removal to theoretical predictions. Frequently, SA
serves to ascertain the involvement of nucleons from specific

orbitals in reaction channels during knock-out and pick-up
processes, thereby providing estimates of the number of nu-
cleons residing in particular orbitals of the target nucleus.
Consequently, the investigation of SA, which is the square of
the spectroscopic factor (SF), is crucial in exploring nucleon-
nucleon (NN) interactions.

The 15N + 13C elastic scattering ADs atElab = 30, 32,
and 45 MeV [7,8] are analyzed microscopically using the
CFP constructed based on thed + 13C cluster structure for
15N using Eqs. (4) and (5). The implemented potential has
the same form as presented in Eq. (6). The theoretical compu-
tations within the CFP framework were carried out using two
adjustable parameters, NRCF and NICF, and their optimal
extracted values are listed in Table II. The considered15N +
13C ADs showed a remarkable increase in differential cross
sections (DCs) at backward angles, due to the possible contri-
bution of d transfer between the colliding15N and13C nuclei.
To check such possibility, only forward hemisphere data (an-
gles> 90◦) were fitted, and the optimalNRCF andNICF

values were extracted. Therefore, the effects from transfer
and coupling to other reaction channels, which could affect
the potential parameters, were excluded.

To describe the15N + 13C ADs data in the full angular
range, the DWBA method was employed. The two possible
configurations for deuteron removal (L = 0 andL = 2) were
considered, resulting in two spectroscopic amplitudes,SA0

andSA2, for the configuration15N → 13C + d. Within the
SFRESCO search code [18], a simultaneous search for the
SA2 value was performed, while theSA0 value was fixed at
0.248 in accordance with Rudchicket al. [23]. The optimal
SA2 values at the different considered energies are listed in
Table II. The analysis showed that the major impact comes
from deuteron removal fromL = 2. The obtained results
within the CFP and CFP + DWBA frameworks versus the
experimental data for the15N + 13C system are depicted in
Fig. 4. Figure 5 illustrates the variation ofχ2/N with the
extractedSA2 values for the configuration15N→ 13C + d
at the different considered energies. The averaged obtained
SA2 value is 0.74, which is higher than the previously calcu-
lated value of 0.444 within the translationally-invariant shell-
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FIGURE 4. The experimental15N + 13C ADs versus the theoretical
calculations within both the CFP framework (dashed red curves)
and CFP+DWBA (solid black curves) atElab = 30, 32, and 45
MeV based on thed + 13C cluster structure for15N. Data are dis-
placed by 10-2 for clarity.

TABLE III. Cluster quantum numbers (nLJ ), binding energies
(Eb), andSAs used in the theoretical analyses.

Overlap nLJ Eb (MeV) SA

〈15N |11B + α〉 2D2 10.991 0.435 [23]

〈15N|13C + α〉 2S1 16.159 0.248 [23]

1D1 16.159 0.444 [23]

model [24]. The cluster quantum numbers for the considered
overlaps in the present study are presented in Table III and
were estimated using the following formula [25]:

2(N − 1) + L =
n∑

i=1

2(ni − 1) + li, (7)

The analysis of volume integral values extracted for the
15N + 13C system, as presented in Table II, illustrates a trend
wherein higher bombarding energies correlate with lower ab-
sorptive behavior within the system. It is notable that the
derivedJV andJW values are intricately associated with the
normalization factorsNRCF andNICF , respectively, which
were determined through the minimization of discrepancies
between experimental and calculated differential cross sec-
tions.

The analysis of volume integral values extracted for the
15N + 13C system, as presented in Table II, illustrates a trend
wherein higher bombarding energies correlate with lower ab-
sorptive behavior within the system. It is notable that the
derivedJV andJW values are intricately associated with the
normalization factorsNRCF andNICF , respectively, which
were determined through the minimization of discrepancies
between experimental and calculated differential cross sec-
tions.

FIGURE 5. Variation of χ2/N with the extractedSA2 from the
theoretical calculations within the CFP+DWBA framework for the
15N + 13C system atElab = 30, 32, and 45 MeV.

4. Summary

Studies of nuclear processes induced by clusterized nuclei
such as15N are particularly informative for probing the
single-particle structure of nuclei, revealing details about the
occupation of nuclear orbitals in both the projectile and tar-
get, as well as probing the nuclear structure and dynamics of
colliding nuclei. Which sheds light on the interplay between
single-particle and collective motions in nuclear systems. In
this context, we investigated the scattering of15N ions on
27Al and 13C targets, within the framework of the cluster
folding model, considering the probable11B +α and13C +
d cluster structures of the ground state of the15N nucleus.
Noteworthy agreement between the measured and calculated
ADs data for the considered nuclear systems was achieved,
thereby validating the cluster structure depiction of the15N
ground state, conceptualized as a core (11B/13C) with a va-
lence particle (α/d) orbiting the core. The analysis of the
15N + 27Al ADs data emphasized that27Al has no threshold
anomaly, while the15N + 13C system exhibited a pronounced
increase in cross sections at backward angles due to the con-
tribution of d transfer between the colliding nuclei. In com-
parison with the neighboring system, the15N + 27Al showed
strong absorption, which is reflected in the extracted JW val-
ues. The average SA for the15N→13C+d cluster configura-
tion was extracted and compared to the previously reported
value [23].
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