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The scattering phase shifts for quantum mechanical potential scattering by local interaction can be computed without solvitbglihge8chr
equation. This can be done by numerically solving the phase equation from the origin to the asymptotic region. Phase Function Method
(PFM) is regarded as a resourceful method for calculating scattering phase shifts in quantum mechanics. We utilize the PFM to handle the
Hellmann plus spin-orbit interaction. Our approach uses a five-parameter potential model to compute the scattering phase shift. Our result:
for nucleon-nucleon systems closely match previous findings.
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1. Introduction tion is determined solely by the relative motidghbetween
the two particles, not their absolute motion at any given time

In the early 1940s, the search was on for the needed cofluring the interaction. To first order approximationfinthe
rection in the potential to give proper magic numbers. Fi-Possible scalars that could be formed afeP), (S - F’) and
nally, success came from Mayer [1], Haxel [2], and others (7x P)- S, out of what first violates time reversal invariance.
who showed in 1949 that separation of the subshells could b contrast, the second one violates parity [3]. Therefore, for
generated by including spin-orbit potential. At first, atomic tW0-Pody interactions, the only viable spin-orbit coupling is
physicists used the idea of a spin-orbit to explain the fine/so(7)((7x P) - 5). Here,Vso(r) is the spin-orbit poten-
structure of spectral lines. This arises from the electromagti@! With the form factor of central potential with differing
netic interaction between the magnetic field generated bparameters, andis the relative inter-nucleon distance. The
electrons moving around the nucleus and the electrons’ maf—XpeCta}'OQ\’alue of the spin-orbit interaction is proportional
netic moment. Although electromagnetic spin-orbit effectst® 2 < L -5 >= J(J + 1) — L(L + 1) = 5(S + 1) where

[3] are typically minimal, of the order of one part i)° in the notatlon_sL, S and J stand for the orbital angular mo-
the spacing of atomic levels, it is not strong enough to supMentum, spin angular momentum and the total angular mo-
port adequate changes in nuclear level spacing, required {9€Ntum respectively. Although traditionally, the spin-orbit
generate the observed magic numbers. Therefore, we adopPQtential is a surface term and is proportional fe (dV'/dr)
similar form for the atomic spin-orbit concept but for nuclear [6-8], as its effect is piqued at the edge of the nucleus, and
potential. One gluon exchange (OGE) [4] can be regardeaqe spin density vam_shes _|nS|de_ the nucleu_s. _However, we
as a viable source for velocity-dependent potential like spin@dapt the Hellmann-like spin-orbit term, adding it to the cen-
orbit coupling, which is exhibited by the strong polarization fral Hellmann potential, hypothesizing that it will take care
found in the scattering of nucleons by nuclei as well as by th&f the varying effects of the interior and surface of the nu-
substantial splitting between levels of a doublet explained irfleus with suitable parameterization of f[he_pote_ntlal. !t is also
terms of a shell model. The precise dynamical origin of the/Vell known that the form of the potential in spin-orbit term
strong nuclear spin-orbit force is not fully resolved [5], but Vso(r)(L - 5) is not that vital [3], but it is thg L - 5) fac-

the atomic physics analogy of the force hints at a relativistor yvh!c_h contn.butes.S|gn|f|c_antly to rgorderlng the levels.
tic effect. Empirical data implies the dominance of static-A Significant spin-orbit coupling potential appears advanta-
type (velocity-independent) nuclear potentials at somewha@€0Us in explaining high-energy data, according to Signell &
low energies for the incident particles. However, at highefVarshak [9] and Gammel & Thaler analyses [10].

energies, forces depend on the relative nucleonic momentum The Hellmann potential, first proposed by Hellmann [11-
P = P, — P,. Here,P, and P, are the individual nucleons’ 13], is the superposition of the attractive electromagnetic
momenta, and according to Galilean invariance, the interagotential, and the Yukawa potential 18(r) = —a/r +
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b(e=¢"/r). Here, c is the screening parameter [12], and given by Eqgs.2)-(4) are solved numerically for the potential

a and b are the strength parameters of the Coulomb andinder consideration to compute the phase shifts of the scat-
Yukawa potentials. For the sake of the potential’s signif-tering in different states in line with the established data. The
icance in atomic physics, many works [14-21] have beereffective Hellmann potential [11-13,30] in all partial waves is
carried out in all the limits of quantum mechanics. Rela-written as
tively recent studies [15-17,22-24] focus on treating the Hell-

mann potential in quantum mechanics with non-relativistic Vign (r) = _% b (6; ) + ((C+1)

T ®)

r

and relativistic bound state problems. The Hellmann poten-
tial model finds many applications in physics, namely the;ng the effective spin-orbit coupling is taken as

electron-ion inner-shell ionization problem [25], the electron-

core problem [26], solid-state physics [27], alkali hydride a ) e—c'r .

molecules [28], etc. The present text addresses the study Vso(r) = (— P )(L - 5). (6)

of nucleon-nucleon phase shift analysis through the variable

phase method [29], briefly highlighted in Sec. 2. Section 3 isthe effective equivalent nuclear potential under investigation
for our results and discussion. We finally conclude in Sec. 44 yncharged hadrons is thus

2. Methodology V(r) = Vuu(r) + Vso(r). @)

The phase_function method (PFM) [29] isa powerful numer_A" the five pal‘ametera, b, C, a’ andb/ of the total pO'[ential

ical technique that works well as an alternative to the tra-V () have the unit offm~". In order to treat the charged
ditional Schidinger equation approach. Recent works byhadron systems, one needs to add an electromagnetic interac-
our group [30-32] deal with this methodology in a somewhattion with the nuclear potential

lower energy region. The methodology is based on the possi-

ble reduction of second-order linear homogeneous equations Vi(r) = Vim(r) + Vso(r) + Ve (r). ©)
to first-order nonlinear Riccati or phase equations, as 9IVelh o consider the electromagnetic potentiakr) — 2kn/r as
below. T : I
the long-range part of the effective interaction, which is theo-
&y (k,7) = —k~ YV (r)[cos 5g(k,r)j}(kr) retically extended to infinity. Herey, represents the Sommer-
) A ) feld parameter. The pure Coulomb potential, in theory, has
— sindg(k, r)ne(kr)]”, ) long-range limitless interaction. In practice, it screens out

after a certain distance, as the Coulomb potential becomes

where j,(kr) andj,(kr) are the Riccati-Bessel functions trivial after a finite distance.

[33]. The resulting Phase equations [29-32] for 0, 1 and

2 read as
3. Results and discussion
So(kyr) = —k=1V (r)[sin(o (K, r) + kr)]?, 2
By exploiting Egs. 2)-(4) in conjunction with Egs.{)-(8),
ey = V) . -0
01(k, 1) = —15 5 [sin(d1 (k) + kr) we parameterize the nuclear Hellmann potential with the
) spin-orbit term byR? fitting method in our MATLAB pro-
— krcos(d1(k,7) + kr)]7, ®3) gramme to reproduce the existing standard phase parameters
and in the literature [34] of different states of thHe — p) and

(p—p) systems. The phase shifts reproduced by sophisticated
oy(k,r) = —k‘lv(r)< [232 - 1} sin(d2(k,7) + kr) potential models, which yield an accurate fit to all experimen-
k*r tal data currently accepted for elastic nucleon-nucleon scat-
3 2 tering, are regarded as standard phase parameters in the liter-
— ——cos[0z(k, ) + kr]) . (4)  ature. The best-fitted potential parameters for various states
r of the (n — p) and(p — p) systems are given in Table I. The
Herek stands for centre of mass momentum and is related toptimized step sizes have also been included in Table I.
the centre of mass enerdyasv2mE/h. The termd,(k,r) For our scattering phase shift calculation, we have used
is called the phase function, which satisfies the phase equéhe exact values df? /2m = 41.47 MeV fm? for both(n—p)
tion given by Eqg./f). This has the meaning of the phase shiftand(p — p) systems, respectively. Hene, represents the re-
of the wave function for scattering by the potential at eachduced mass of the respective systems. This article studies the
point, finally truncated at a distanee This implies that the neutron-protor{n — p) and proton-protorip — p) scattering
step size of the variable"is crucial in accumulating phase phase shifts fof = 1 and 2. Figures 1-3 elucidate our values
shifts within the interaction range. Thus, one needs to optiof phase shifts against the established phase shift results [34]
mize the step size judiciously to obtain close phase paraméer various(n — p) and (p — p) triplet scattering states, as
ters. With the initial conditiord,(k,0) = 0, phase equations mentioned in Table I.
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TABLE |. List of parameters fofn — p) and(p — p) systems.

System States a(fm™h) b(fm™h) a(fm™1) b (fm™") c(fm™h) Step-size
5P 1.10 —4.0 0.50 -0.7 0.46 0.0034
3p 0.80 —2.30 0.45 —0.6 0.6 0.0045
(n—p) 5Py 0.15 -3.30 0.07 —4.5 0.91 0.0200
5Dy 0.90 0.20 0.20 1.2 0.30 0.0102
3D 0.02 —-5.5 0.26 11 0.52 0.0290
3Ds 0.34 -7.5 0.35 -2.1 0.79 0.0340
3P 1.10 —4.0 0.50 -0.7 0.44 0.0036
(p—p) 3p 0.80 —-2.3 0.45 —0.60 0.58 0.0052
3p, 0.15 —-3.3 0.07 —4.5 0.90 0.0186
- & and D-wave of thén — p) and(p — p) systems closely match
{___—\\{:f——f‘—_“_)—_ with those of Pereet al. [34]. Although the calculation in the
] // '_/,/ p energy region 200- 350 MeV may need an energy-dependent
5 / e Ty Hellmann-like spin-orbit interaction, we wish to check our
- \ current model calculation in this energy range to see to what
g o extent our simplified model regenerates the scattering observ-
3 °] o -* ables. The scattering phase shift data for P-waves in both the
£ 1o o (n — p) and(p — p) systems within the energy range of 200-
Gy k. 350 MeV, discern by approximatedy from other established
— P, Ref[34] 5 calculations [34]. However, they follow a trend similar to
20  — W P Ref[34] = B H H
p. 4 B Refp3q) b those reported in Ref. [34] in this energy range. But our scat-
= - T - = tering phase shift data for the D-wave of the— p) system

Lab Energy (MeV)

FIGURE 1. (n — p) P-wave scattering phase shifts as a function

of laboratory energy. Standard data are from [34] atigs:
/Inn-online.org/NN/
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FIGURE 2. (n — p) D-wave scattering phase shifts as a function 1

of laboratory energy. Standard data are from [34] atigs:
/Inn-online.org/NN/

are in good agreement with the data of [34]. The goodness of
fit can be assessed from ti# values for different states of
then — p andp — p systems. Finding phase shifts for differ-
ent states of the — p system up to 200 MeV, the respective
R? values are’ P, (0.953),3P; (0.984),%P, (0.987),3D;
(0.994),3 D, (0.990), and® D5 (0.923), whereas for the p-p
system, the values aréP, (0.969), 3P, (0.986), and3P,
(0.985).
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FIGURE 3. (p — p) P-wave scattering phase shifts as a function

It is evident from Figs. 1-3 that, up to a laboratory energyof laboratory energy. Standard data are from [34] fatigs:
of 200 MeV, our phase parameters for various states of the Ffnn-online.org/NN/
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200

The R? values for the mentioned fit, being very close to 1, ] a-p poteatials for Dwave
show our curves’ higher goodness of fit to the available data. 5o | 'D, Pot.
However, in the energy range 20850 MeV, the respective voo ~ D,Pot.

R? values of all the states of P-waves of both systems are not = BgRaL

very close to 1. Still, these values also suggest our data agrer ¢ 1
with available data [34]. On the other hand, tRé values SR
for D-wave (n — p) scattering phase shifts are a little lower é
than those in the energy region up to 200 MeV but close to
1, indicating our model reproduces the standard phase shifi 140 |
data [34] in the higher energy region very well. The Hell-

mann plus Hellmann-like spin-orbit interaction successfully
regenerates the phase shifts with respect to the previously es 200 1~ . T : .
tablished data [34] for the — p andp— p systems, suggesting
that our approach is robust and reliable. Fopr p) triplet
states’ P, *P, and®P,, we keep all the strength parame- Figure 5. (n — p) D-wave potentials as a function of
ters identical as those @¢f — p) states® Py, 3P, and?P.

However, a slight adjustment has been made only in the in-

verse range parameter which affects both the central nu- _

clear and spin-orbit terms slightly but not considerably. The i s s
reason for not changing the strength values is that the nuclea  +° o T

force does not distinguish betweén — p) and(p — p) in- ;
teractions, as neutrons and protons are treated the same as 20
nucleon. Therefore, similar parameters for the strong nuclear_g
environment are expected for similar states of two-nucleon 2 2o
interactions independent of their charge. However, Coulomb
force is associated witfp — p) interaction, which we have 10
taken care of by adding additional coulomb terms to existing
nuclear and spin-orbit terms as in E).(In the case of the 5
3 P, state of(p — p), we only change = 0.44 instead 0f).46

(in the case of — p), whereas for thép — p) 3P, statec is 0 1 2 3 4 5
taken to be).58 instead 0f0.6. For the(p — p) ® P, state, we Ei)

adoptc = 0.9 instead 00.91 for the proper parameterization
of the nuclear and coulomb effects.

We have chosen the values of the strength parameters N
anda’ to be positive as we want the first terms of both thet€ntial has to be positive values only; thus, parameteas
central and spin-orbit terms of our potential in EGg-(8)  Peen assigned only positive values.
to be attractive only, the other strength parameteasd b’ As nuclear potential depends on spin to a great extent and
are allowed free run in the numerical routine for both posi-thus on different states, therefore each one of the states of P
tive and negative values to adjust the shape of the potenti@ind D-waves ofn — p) interaction and states of the P-wave

for adequate parameterization properly. The range of any péf (p — p) interaction has to be singularly parameterized in
order to reproduce the actual inter-nucleon interaction field

as shown in Figs. 4-6.

50

1 (fm)

50

P Pot.

FIGURE 6. (p — p) P-wave potentials as a functionaf

100

nep p‘“?;“"ljli EED-Rae Looking at Figs. 4-6, one observes that the higher the in-
B Pot. verse range parametefor a certain state, the sooner the po-
50 P, Pot. tential approaches zero for that state, as the interaction range

r for an individual state is given by/c. For all states, we
draw the potential up te = 5 fm in order to have a vivid
view of the extensive nature of the potential.

With high energy, the probability of the projectile pene-
-50 | trating the nuclear range of interaction gets higher, and it ad-
equately feels the spin-orbit effect, which helps in the correct
regeneration of the actual nuclear phenomenological field.
——— ——————— With even higher incident energy of the particles at about
200 MeV, we see a reversal of the phase shift for kg
state in both(n — p) and (p — p) scattering in Figs. 1 and
FIGURE 4. (n — p) P-wave potentials as a function af 3, which suggests a repulsive hardcore is being encountered.

V(MaV)
&

-100 o

r (fm)
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Our equivalent nuclear potential has starkly addressed this better than the more complex models that exist in the liter-
effect. ature. However, when used in the nuclear realm, this simple-
minded molecular potential may fairly accurately reproduce
phase shifts throughout a broad energy range. We have just
checked that our model has the capability of reproducing re-

Phase shift analysis of the charged and uncharged fund;g-u"ed scattering observables in _the energy range of 200'3.50
mental nucleon-nucleon interactions for motion in the HeII-MheV t(; a re_?s;)nable extgnt, Wg'Ch rlja?l/ excellﬁ?tly e_xpla;jr!
mann [11-13] plus Hellmann-like spin-orbit interaction fielg these data I the energy-dependent Hellmann-like spin-orbit

[Eq. (6)] for higher incident particles’ energy up to 350 MeV mter_action replages the Hellmann-like spin-orbit _interaction.

in higher partial waves has been put to test using phase funé—javmg success |n.the_present work, we are motivated to up-
tion methodology [29]. With five parameter potential, we Ob_grad.e to the polarlz'atlon. effect calculation of the scattered
serve very good fitting in phase shift parameters for all théaarncles for u_npolarlze_d m_cmlen_t and t?‘rQEt particles. How-

P-wave and D-wave triplet states of the- p scattering, and ever, cqlculatlng pol_arlzatlon will require phase parameter
the P-wave triplet states of the— p scattering, have been re- calculation for the triplet state’§; state), even though the

produced [34]. Our findings demonstrate that the high er1erg§pecified state cannot have any spin-orbit contribution. We

scattering data up to 200 MeV can be explained if the nu-aISO look forward to working with spin-orbit coupling, in-

clear interaction has two characteristics: a strong spin-orbl‘fl'“'d'ng second-order approximation of momentum.
coupling, possibly in the outer region, which bears the sam?_ di

exchange character as that of pion theoretical potential, and anding
hard-core-like repulsive force in the inner region. Typically, There is no funding source for this work.

np or pp data for various states are fitted to create nucleon-

nucleon potentials. Phase parameters up to 350 MeV are regxgnflict of interest

produced using several sophisticated potential models, which

include spin-orbit and tensor interactions. Since our modelhe authors declare that they have no conflict of interest in
potential is essentially molecular, we should not claim that itthis work.
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