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1. Introduction

A comprehensive understanding of microscopic physical
phenomena relies fundamentally on the quantum theory of
scattering, which provides essential experimental insights
into nucleon-nucleon (N-N) and nucleon-nucleus (N-A) in-
teractions. Bound-state characteristics complement these ob-
servations, providing valuable insights into the nature of the
underlying nuclear forces. At high energies, however, the
conventional potential theory becomes inadequate, as static
formulations fail to incorporate relativistic corrections and
multiparticle production processes. The short-range compo-
nent of the nuclear interaction arises primarily from mul-
tiple pion exchanges, where nucleon recoil effects cannot
be neglected. Under such conditions, the N-N potential
cannot be expressed solely in terms of the relative sepa-
ration between two interacting particles. Instead, it must
depend on the spatial coordinates of both nucleons, neces-
sitating a nonlocal potentialV (r, r′), that reflects the cor-
relation betweenr and r′. The familiar local formV (r)
δ(r − r′) thus represents a limiting case of this more general
nonlocal description. Separable nonlocal interactions have
been widely employed to describe various angular momen-
tum states in both N-N and N-A scattering. Within optical
model analyses, such nonlocal interactions are often approx-
imated by equivalent energy-dependent local potentials, al-
lowing direct comparison between the characteristics of non-
local formulations and the phenomenology of local mod-
els. Numerous parametrisations of local potentials have been
proposed in the literature to reproduce observed scattering
data across different energy regimes. Building upon these
approaches, the present work develops a phase-equivalent,
velocity-dependent local potential that reproduces the behav-
ior of screened, electromagnetic-modified nonlocal interac-
tions within a simplified mathematical framework restricted
to s-wave scattering. The analysis disregards spin depen-

dence for simplicity. Earlier studies [1–10] have introduced
several techniques for constructing phase-equivalent local
potentials from separable nonlocal forms, with the supersym-
metric (SUSY) formalism [11–16] offering a systematic ap-
proach to generate equivalent potentials while preserving the
phase shifts of the parent interaction. Talukdaret al. [9] and
Beheraet al. [17] previously employed a Taylor expansion
of the nonlocal wave function to establish equivalence with
the Yamaguchi potential [18]. The pure Yamaguchi poten-
tial, being attractive, effectively reproduces low-energy phase
parameters up to approximately 30 MeV but becomes inade-
quate at higher energies. To overcome this limitation, the pro-
posed velocity-dependent local potential extends phase-shift
calculations to a broader energy range while maintaining con-
sistency with nonlocal scattering behaviour. The subsequent
sections outline the localisation methodology and present the
resulting phase-shift analyses, followed by concluding re-
marks.

2. Methodology

Non-local potentials are employed for various theoretical and
practical reasons, either as independent models or in con-
junction with local interactions. (a) Separable non-local po-
tentials provide substantial mathematical simplification, as
they often enable closed-form expressions for quantities such
as wavefunctions, thereby making scattering problems more
tractable. (b) The nucleon-nucleon (N-N) interaction in the
1S0 and 3S1 channels exhibits approximately separable t-
matrix elements near zero energy; thus, separable models
provide accurate approximations in this regime and, by con-
struction, preserve unitarity. (c) Since the short-range N-N
force is inherently non-local, adopting a separable represen-
tation constitutes an effective means of modelling this non-
locality. However, it is still valuable to construct local equiv-
alent potentials, as they offer a clear physical interpretation



2 D. NAIK, B. SWAIN, AND U. LAHA

and allow one to determine whether the localized form of the
interaction inevitably acquires momentum dependence. This
is especially important when electromagnetic interactions are
included alongside non-local nuclear forces, where momen-
tum dependence may play a significant role. In the following,
we demonstrate that a scattering problem formulated with a
non-local potential can be reformulated in terms of an energy-
and momentum-dependent local potential that reproduces the
entire wavefunction of the original non-local interaction, not
merely its asymptotic behaviour.

The rank-one Yamaguchi potential [18], a non-local in-
teraction with a symmetric form factor, is defined as follows:

V (r, r′) = λg(r)g(r′) = λe−βr′e−βr, (1)

wherer denotes the separation between the interacting parti-
cles,λ is the strength parameter, andβ is the inverse-range
parameter. The Schrödinger equation for a system with a to-
tal interaction consisting of a local electromagnetic potential
and a non-local nuclear potential takes the form of an integro-
differential equation and is written as[

d2

dr2
+ κ2 − Va(r)

]
uay(κ, r)

=
∫ ∞

0

V (r, r′)uay(κ, r′)dr′. (2)

Here,κ2 = 2mE/~2 andVa(r) denotes the atomic (elec-
tromagnetic) potential. In the present work, we consider
three screened Coulomb-type electromagnetic potentials: the
Manning-Rosen potential [19, 20], the Hellmann potential
[21], and the Deng-Fan potential [22]. By applying a Taylor
series expansion, the wave functionuay(κ, r) for the equiva-
lent local potential is expressed as

uay(κ, r′) =
∞∑

n=0

(r′ − r)n

n!
dn

drn
uay(κ, r). (3)

Using Eq. (1) and Eq. (3) we write Eq. (2) as follows[
d2

dr2
+ κ2 − Va(r)

]
uay(κ, r) = λe−βr

×
∞∑

n=0

∫ ∞

0

(r′ − r)n

n!
e−βr′ dn

drn
uay(κ, r)dr′. (4)

Now expanding the terms in the RHS of Eq. (4) up to 2nd
order (i.e. n=2) we obtain[

d2

dr2
+ κ2 − Va(r)

]
uay(κ, r)

=
[
G0(r) + G1(r)

d

dr
+ G2(r)

d2

dr2

]
uay(κ, r),

(5)

where

G0(r) = λe−βr

∫ ∞

0

e−βr′dr′, (6)

G1(r) = λe−βr

∫ ∞

0

e−βr′(r′ − r)dr′, (7)

G2(r) = λe−βr

∫ ∞

0

e−βr′ (r
′ − r)2

2
dr′. (8)

On solving the integration, one gets

G0(r) =
λ

β
e−βr, (9)

G1(r) =
λ

β2

[
1− rβ

]
e−βr, (10)

and

G2(r) =
λ

2β3

[
1 + (1− rβ)2

]
e−βr. (11)

On further simplification of Eq. (5) we get

[
d2

dr2
+ κ2 − Va(r)

1−G2(r)

]
uay(κ, r)

=
[
VA(κ, r) + VB(r)

d

dr

]
uay(κ, r), (12)

where

VA(κ, r) =
G0(r)− κ2G2(r)

1−G2(r)
, (13)

VB(r) =
G1(r)

1−G2(r)
. (14)

Expressing

Vay(κ, r) = V1(κ, r) + V2(r)
d

dr
, (15)

Eq. (12) is rewritten as

[
d2

dr2
+ κ2

]
uay(κ, r) = Vay(κ, r)uay(κ, r). (16)

Here we defineV1(κ, r) andV2(r) such that

V1(κ, r) = VA(κ, r) +
Va(r)

1−G2(r)
, (17)

V2(r) = VB(r). (18)

Using the values ofG0(r), G1(r) andG2(r)

VA(κ, r) =
(−2β2 + (2 + rβ(−2 + rβ))κ2)λ
−2erββ3 + (2 + rβ(−2 + rβ))λ

, (19)

V2(r) = VB(r)=− 2β(−1+rβ)λ
2erββ3−(2+rβ(−2+rβ))λ

. (20)

The potentialV1(κ, r) depends on the specific screened
Coulomb potential adopted, whereasV2(r) is independent of
this choice. Consequently, the expression forV2(r) remains
unchanged, whileV1(κ, r) varies according to the selected
form of the electromagnetic potential, as given below.
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CASE 1-
For the Manning-Rosen potential, defined as

VM (r) =
1
a2

[
p(p− 1)

(1− e−
r
a )2

e
−2r

a − Ae
−r
a

1− e−
r
a

]
. (21)

the application of Eq. (17) yields

V1(κ, r) =

A−Ae
r
a +(−1+p)p

a2(−1+e
r
a )2

1− e−rβ(2+rβ(−2+rβ))λ
2β3

+
e−rβ(2β2−(2+rβ(−2+rβ))κ2)λ

2β3

1− e−rβ(2+rβ(−2+rβ))λ
2β3

. (22)

whereA andp are dimensionless parameters characterising the strength of the potential, anda is the screening (or range)
parameter that determines the spatial extent of the interaction.
CASE 2-
For the Hellmann potential, defined as

VHe(r) =
Be−δr

r
− q

r
. (23)

the use of Eq. (17) yields

V1(κ, r) =
e−δr(−2Berββ3)

r(−2erββ3 + (2 + rβ(−2 + rβ))λ)
+

2erβqβ3 + r(−2β2 + (2 + rβ(−2 + rβ))κ2)λ
r(−2erββ3 + (2 + rβ(−2 + rβ))λ)

. (24)

The first term represents a Yukawa-type (exponentially screened) interaction that decays rapidly with increasingr. The second
term corresponds to the long-range Coulomb interaction. Here,q denotes the Coulomb strength,B is the strength of the
screened potential, andδ is the screening parameter that governs the range of the Yukawa component.
CASE 3-
The Deng-Fan potential (sometimes referred to as the improved Manning-Rosen potential) is defined as.

VD(r) =
v1e

−γr

(1− e−γr)
+

v2e
−2γr

(1− e−γr)2
. (25)

For this, Eq. (17) yields

V1(κ, r) =
2erβ((−1 + erγ)v1 + v2)β3

(−1 + erγ)2(2erββ3 − (2 + rβ(−2 + rβ))λ)
− (−1 + erγ)2(−2β2 + (2 + rβ(−2 + rβ))κ2)λ

(−1 + erγ)2(2erββ3 − (2 + rβ(−2 + rβ))λ)
. (26)

Here the dimensionless strength parameters arev1 andv2 andγ represents the inverse range screening parameter.
Calogero’s classical phase-function technique [23] is not directly applicable in the present context, as it does not account for

velocity-dependent interactions. To address this, the method requires modification for systems involving a velocity-dependent
potential. Such an extension was first introduced by McKellar and May, and later further developed by Beheraet al. [17, 24].
Employing this modified approach, the phase equation corresponding to Eq. (12) for thes-wave can be expressed as follows:

δ′(κ, r) = −κ−1

[
(V1(κ, r)) sin(κr + δ(κ, r)) + κV2(r) cos(κr + δ(κ, r))

]
sin(κr + δ(κ, r)). (27)

Integrating this equation from the origin to a sufficiently large radial distance within the asymptotic region using the fourth-
order Runge-Kutta (RK4) method, and imposing the initial conditionδ(κ, 0) = 0, yields the scattering phase functionδ(κ, r).
The scattering phase shift is then obtained as

δ(κ) = lim
r→∞

δ(κ, r).

Once the phase shiftδ(κ) is determined, the total s-wave scattering cross-section can be calculated using the relation

σtotal =
4π

κ2
sin2 δ(κ). (28)

Since the s-wave has both triplet and singlet state contributions, its total cross-section is

σtotal =
3
4
σtriplet +

1
4
σsinglet. (29)
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The differential cross-section for all partial waves is

σ(θ) = |fa(θ) + fn(θ)|2, (30)

where

fa(θ) = −
[

η

2κ sin2(θ/2)

]
e−iη ln sin2(θ/2)+2iσ(η), (31)

and

fn(θ) =
1

2iκ

∞∑

l=0

(2l + 1)e2iσl(η)Pl(cos θ)(Sl − 1), (32)

with

Sl = e2iδl . (33)

3. Results and discussion

The best-fit parameters associated with different local poten-
tials are listed in tabular form (Tables I to III) along with
those of the non-local potential. Using these values, we have
plotted velocity-dependent and independent potentials for a
certain range of r. Also, we have calculated the scattering
phase shift using Eq. (27). Then, we calculated the total
cross-section associated with neutron-proton, proton-proton,

and alpha-neutron systems, as well as the differential cross-
section for the alpha-proton system. For the computation
we have used the value~2/2m = 41.47 MeV fm2 for the
nucleon-nucleon system and~2/2m = 25.92 MeV fm2 for
alpha-nucleon system.

The potential graphs for the various states of the n-n and
α-n systems are shown in Figs. 1a)-1c). Since both systems
are charge-independent, the choice of electromagnetic poten-
tial does not affect the results. For a given set of parameters
for the nuclear potential, the curves corresponding to identi-
cal states in these systems remain unchanged.

Similarly, Figs. 1d)-1i) present the potential graphs for
the p-p andα-p systems. From these plots, it is observed that
the depth of the potentials decreases with increasing kinetic
energy of the projectile, which is consistent with the findings
reported in Refs. [25,26]. An increase in potential energy be-
low a certain value ofr indicates the presence of a repulsive
core, which becomes more clearly visible at higher energies.
The appearance of quasi-hard-core potentials at higher ener-
gies suggests that our energy-dependent nucleon-nucleon and
α-nucleon potentials are in good agreement with standard nu-
clear potential models.

In the p-p andα-p systems, the projectile experiences
not only nuclear repulsion but also electromagnetic repul-
sive forces. Overall, the results indicate that our energy-
dependent potentials exhibit a diffuse hard core at very short

TABLE I. Parameters for Manning-Rosen Potential plus Yamaguchi potential.

System State λ(fm−3) β(fm−1) a(fm) A p

p-p 1S0 -7.45 1.601 20.804 -0.42 -0.001

n-p 1S0 -7.45 1.601 20.804 0 0
3S1 -17.201 1.909 20.804 0 0

α-p (1/2)+ -36.100 1.41 30.140 -2.199 -0.001

α-n (1/2)+ -11.27 1.4 19.940 0 0

TABLE II. Parameters for Hellmann Potential plus Yamaguchi potential.

System State λ(fm−3) β(fm−1) δ(fm−1) B(fm−1) q(fm−1)

p-p 1S0 -7.45 1.601 20.804 -0.42 -0.001

n-p 1S0 -7.45 1.601 0.05 0 0
3S1 -17.201 1.909 0.05 0 0

α-p (1/2)+ -36.100 1.41 0.046 0.025 -0.054

α-n (1/2)+ -11.27 1.4 19.940 0 0

TABLE III. Parameters for Deng-Fan Potential plus Yamaguchi potential.

System State λ(fm−3) β(fm−1) γ(fm−1) v1(fm−2) v2(fm−2)

p-p 1S0 -7.45 1.601 0.60 0.025 -0.001

n-p 1S0 -7.45 1.601 0.60 0 0
3S1 -17.201 1.909 0.60 0 0

α-p (1/2)+ -36.100 1.41 0.70 0.239 -0.001

α-n (1/2)+ -11.27 1.4 19.940 0 0

Rev. Mex. Fis.72031201
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FIGURE 1. Potential plots as a function of r. a) n-p1S0, b) n-p3S1, c) α-n, d) Manning–Rosen p-p1S0, e) Hellmann p-p1S0, f) Deng-Fan
p-p 1S0, g) Manning-Rosenα− p, h) Hellmannα-p, i) Deng-Fanα-p.

distances. Furthermore, the potential for theα-p system
shows a stronger short-range repulsion compared to theα-n
system.

We have also determined the scattering phase shifts for
these systems. The phase parameters for the n-p1S0 state are
shown in Fig. 2. These results are identical for all the po-
tentials considered and are in agreement with the findings of
Pérezet al. [27] and Arndtet al. [28]. It is observed that our
results are consistent with those of Ref. [27] up toELab =
350 MeV, with a maximum deviation of 2.96◦ from Ref. [28].
The phase shift for this state changes sign at approximately
ELab = 266 MeV. The phase shift for the n-p3S1 state, pre-
sented in Fig. 3, shows good agreement with both Pérezet
al. [27] and Arndtet al. [28] up toELab = 350 MeV. Be-
yond this energy, the results begin to diverge, with a maxi-
mum difference of 18.33◦ at ELab = 1050 MeV compared
to Arndt et al. [28]. This discrepancy may be attributed to
the omission of additional interactions, such as spin-spin and
tensor interactions, from our potential model. For this state,
the phase shift changes sign at aroundELab = 350 MeV.
The phase shift for theα-n system, shown in Fig. 4, exhibits

FIGURE 2. n-p 1S0 scattering phase shift as a function ofELab.
Standard data are from Ref. [27,28].

Rev. Mex. Fis.72031201
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FIGURE 3. n-p 3S1 scattering phase shift as a function ofELab.
Standard data are from Ref. [27,28].

FIGURE 4. α-n scattering phase shift as a function ofELab. Stan-
dard data are from Ref. [29].

FIGURE 5. Manning-Rosen p-p1S0 scattering phase shift as a
function ofELab. Standard data are from Ref. [27,28].

FIGURE 6. Deng-Fan p-p1S0 scattering phase shift as a function
of ELab. Standard data are from Ref. [27,28].

FIGURE 7. Hellmann p-p1S0 scattering phase shift as a function
of ELab. Standard data are from Ref. [27,28].

FIGURE 8. Hellmannα-p scattering phase shift as a function of
ELab. Standard data are from Ref. [29].

Rev. Mex. Fis.72031201
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FIGURE 9. Manning-Rosenα-p scattering phase shift as a function
of ELab. Standard data are from Ref. [29].

FIGURE 10. Deng-Fanα-p scattering phase shift as a function of
ELab. Standard data are from Ref. [29].

good agreement with the results of Satchleret al. [29]. We
observe that the scattering phase shifts for this system remain
unchanged regardless of the choice of electromagnetic poten-
tial.

Figures 5-7 illustrate the phase shifts for the p-p sys-
tem. For the Manning-Rosen potential, the results are in good
agreement with those of Pérezet al. [27] and Arndtet al. [28],
except atELab = 1 MeV. A similar trend is observed for
the Deng-Fan potential. In contrast, the phase shifts obtained
using the Hellmann potential show good agreement with the
reference data except in the vicinity of the peak value. We ob-
tain a peak atELab = 13 MeV with a phase shift of 52.37◦,
which is slightly lower than the standard data reported by
Arndt et al. [28].

Figures 8, 9, and 10 present the phase shifts for theα-p
system. The results for all three potentials show reasonable
agreement with those of Satchleret al. [29], with only a slight

FIGURE 11. n-p total cross-section as a function ofELab. Standard
data are from Ref. [30].

FIGURE 12. p-p total cross-section as a function ofELab. Standard
data are from Ref. [30].

deviation observed belowELab = 5 MeV. This consistent
trend is observed across all three velocity-dependent poten-
tials.

Figures 11-13 present the total cross sections for the n-
p, p-p, andα-n systems, calculated using Eqs. (28) and (29).
For the n-p system, the total cross section follows the ex-
pected trend and shows good agreement with the data re-
ported by Arndtet al. [30] up to an incident energy of ap-
proximately 25 MeV. Beyond this energy, noticeable devia-
tions are observed. In particular, at 1000 MeV, the calculated
total cross section is 6.69 mb, whereas the value reported in
Ref. [30] is 38.14 mb. A similar discrepancy is observed for
the p-p system, where the maximum deviation in the total
cross section is 43.49 mb at around 1000 MeV.

For theα-n system, the calculated total cross sections do
not reproduce the results of Haesneret al. [31], with sub-
stantial differences occurring especially at low energies. This
discrepancy is expected, as contributions from higher partial

Rev. Mex. Fis.72031201
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FIGURE 13. α-n total cross-section as a function ofELab. Standard
data are from Ref. [31].

FIGURE 14. α-p differential cross-section atELab = 17.45 MeV.
Standard data are from Ref. [32].

waves were not included in the present calculation. Neverthe-
less, based on the observed trend, it may be anticipated that
improved agreement could be achieved at higher energies and
with the inclusion of contributions from higher partial waves.

Figure 14 presents the differential cross section for the
α-p system, calculated using Eq. (30). The results show rea-
sonable agreement with those reported by Brockman [32] at
forward and backward scattering angles; however, notice-
able discrepancies are observed in the intermediate angular
region. According to Ref. [32], the minimum value of the
differential cross section occurs at approximately110◦, with
a magnitude of 7.57 mb/sr. In contrast, no such minimum is
observed in the present calculation. Instead, the differential
cross section remains nearly constant for angles above80◦,

with an average value of about 29.83 mb/sr. These discrep-
ancies in the total and differential scattering cross sections
for the nucleon-nucleon andα-nucleon systems may be at-
tributed to the omission of higher partial-wave contributions
in the present analysis.

4. Conclusion

Efforts to localise non-local nuclear potentials, or to construct
phase-equivalent local representations of such interactions,
have been undertaken by several research groups. In this
work, we develop an energy-dependent local potential ob-
tained by localising non-local interactions supplemented with
screened Coulomb local contributions. By applying a Tay-
lor series expansion of the wavefunctions, the correspond-
ing phase parameters are obtained and subsequently used to
compute elastic scattering cross sections. The resulting lo-
cal potentials reproduce phase shifts in close agreement with
standard benchmark data over an extended range of inci-
dent energies. Since folding models forα-nucleus scattering
commonly employ non-local separable interactions or their
phase-equivalent local forms, we have developed velocity-
dependent interaction models for nucleon-nucleon andα-
nucleon systems. The results demonstrate the effectiveness
and applicability of the proposed framework, which can be
further generalised to higher-rank and electromagnetically
distorted non-local potentials. We demonstrate that a non-
local, separable potential, considered independently or in
combination with a local contribution, can be reformulated
as an energy- and momentum-dependent local potential. Al-
though the present results for the1S0 and3S1 channels ex-
hibit certain limitations, the approach remains theoretically
promising. The long-range part of the nucleon-nucleon in-
teraction is well represented by the one-pion-exchange po-
tential (OPEP). This is supported by the observation that
the phase shifts for higher partial waves` < 3 are repro-
duced very well by OPEP alone within the energy range of
0-300 MeV. However, the situation for higher angular mo-
mentum states is less conclusive. Beheraet al. [33] reported
that the energy- and momentum-dependent local potential re-
mains phase-equivalent up to the partial wave` = 2, whereas
for higher partial waves the method does not yield satisfac-
tory results. This discrepancy may be attributed to the high-
momentum components of the non-local wavefunction` > 2,
which differ significantly from those generated by the corre-
sponding energy- and momentum-dependent local potential.
The residual deviations at higher energies are attributed to
the current exclusion of spin-spin interactions, which is be-
ing addressed. Future work will incorporate spin dependence
and extend the framework to treat all partial waves within a
unified theoretical formulation.
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