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1. Introduction dence for simplicity. Earlier studies [1-10] have introduced
several techniques for constructing phase-equivalent local
otentials from separable nonlocal forms, with the supersym-
etric (SUSY) formalism [11-16] offering a systematic ap-
roach to generate equivalent potentials while preserving the
hase shifts of the parent interaction. Talukegal. [9] and
eheraet al. [17] previously employed a Taylor expansion
f the nonlocal wave function to establish equivalence with

A comprehensive understanding of microscopic physica
phenomena relies fundamentally on the quantum theory o
scattering, which provides essential experimental insight
into nucleon-nucleon (N-N) and nucleon-nucleus (N-A) in-
teractions. Bound-state characteristics complement these o

servations, providing valuable insights into the nature of the[he Yamaguchi potential [18]. The pure Yamaguchi poten-
underlyl_ng nuclear forces. At high energies, however, the[ial, being attractive, effectively reproduces low-energy phase
conventional potential theory becomes inadequate, as Statbcarameters up to approximately 30 MeV but becomes inade-
formulations fail to incorporate relativistic corrections and quate at higher energies. To overcome this limitation, the pro-
multtlpafrttlﬁ le pro:juctlprtl proct:_e SSEs. The s.hortflr ar;ge Com‘iof)osed velocity-dependent local potential extends phase-shift
?elrl ot the m:]C ear in err;a\c lon arllses pr'mf"llr'}ff r?m MU calculations to a broader energy range while maintaining con-
k;pe p|c|)n te)ijc aﬂgzs, W err1e nuccjﬁpn reiﬁl ?\I?\lc S :’anpoéistency with nonlocal scattering behaviour. The subsequent
€ neglected. nder such conaitions, the IN-IN potentiayy iqns gutline the localisation methodology and present the

car_mot be expressec_j solely n te”‘?s of the relat|v_e Selo%sulting phase-shift analyses, followed by concluding re-
ration between two interacting particles. Instead, it mustmarks

depend on the spatial coordinates of both nucleons, neces-

sitating a nonlocal potentidl (r,r’), that reflects the cor-

relation between- and /. The familiar local formV (r) 2. Methodology

d(r — r’) thus represents a limiting case of this more general

nonlocal description. Separable nonlocal interactions hav&lon-local potentials are employed for various theoretical and
been widely employed to describe various angular momenpractical reasons, either as independent models or in con-
tum states in both N-N and N-A scattering. Within optical junction with local interactions. (a) Separable non-local po-
model analyses, such nonlocal interactions are often approxentials provide substantial mathematical simplification, as
imated by equivalent energy-dependent local potentials, akhey often enable closed-form expressions for quantities such
lowing direct comparison between the characteristics of nonas wavefunctions, thereby making scattering problems more
local formulations and the phenomenology of local mod-tractable. (b) The nucleon-nucleon (N-N) interaction in the
els. Numerous parametrisations of local potentials have beels, and3S; channels exhibits approximately separable t-
proposed in the literature to reproduce observed scatteringnatrix elements near zero energy; thus, separable models
data across different energy regimes. Building upon thesprovide accurate approximations in this regime and, by con-
approaches, the present work develops a phase-equivalestyuction, preserve unitarity. (c) Since the short-range N-N
velocity-dependent local potential that reproduces the behaverce is inherently non-local, adopting a separable represen-
ior of screened, electromagnetic-modified nonlocal interactation constitutes an effective means of modelling this non-
tions within a simplified mathematical framework restricted locality. However, it is still valuable to construct local equiv-
to s-wave scattering. The analysis disregards spin deperalent potentials, as they offer a clear physical interpretation



2 D. NAIK, B. SWAIN, AND U. LAHA

and allow one to determine whether the localized form of theDn solving the integration, one gets

interaction inevitably acquires momentum dependence. This

is especially important when electromagnetic interactions are Go(r) = A s 9)
included alongside non-local nuclear forces, where momen-
tum dependence may play a significant role. In the following,
we demonstrate that a scattering problem formulated with a Gi(r) = — [1 - rﬁ] e P, (10)
non-local potential can be reformulated in terms of an energy-
and momentum-dependent local potential that reproduces t
entire wavefunction of the original non-local interaction, not

merely its asymptotic behaviour. A 2] s
The rank-one Yamaguchi potential [18], a non-local in- Ga(r) = 2P {1 + (1 =rp) }6 : (11)
teraction with a symmetric form factor, is defined as follows:
V(r,r') = Ag(r)g(r') = )\efﬁr’(;ﬁr’ (1) On further simplification of Eq.5) we get
wherer denotes the separation between the interacting parti- 2 Vo (r)
cles, ) is the strength parameter, afids the inverse-range [dﬂ + K2 — 1_“G(r)]uay(ﬁ, r)
parameter. The Scbdinger equation for a system with a to- 2
tal interaction consisting of a local electromagnetic potential _ d
and a non-local nuclear potential takes the form of an integro- = |Valer) + Va(r) dr tay (), (12)
differential equation and is written as
42 ) where
[dTQ e Va(r)} tay(#7) Go(r) — k2Ga(r)
e} VA(K’?T) = 0 1 _ G (T)Q ’ (13)
= / V(r, " ugy (5, 7")dr’. ) 2
; Vi(r) = — ) 14
Here,x? = 2mE/h? andV,(r) denotes the atomic (elec- B(r) = 1—Ga(r) (14)
tromagnetic) potential. In the present work, we consider
three screened Coulomb-type electromagnetic potentials: thexpressing
Manning-Rosen potential [19, 20], the Hellmann potential
- i i ' d
[21], and the Deng-Fan potential [22]. By applying a Taylor Vi (ko 7) = Vi (s 1) + V(1) (15)

series expansion, the wave functieg, («, r) for the equiva- dr’

lent local potential is expressed as
oo (7,/ _ ,r,)n dn
Uay (K, 7") = Z Tdr—nu(w(/@,r). (3) P2 .
n=0 [ + K }uay(/i,r) = Vay (K, 1)Uy (K, 7). (16)

Eq. (12) is rewritten as

Using Eq. @) and Eq. 8) we write Eqg. I2) as follows dr?
2
[672 +r2 - Va(r)} Ugy (K, 1) = Ae™P" Here we defind/; (k, ) andV5(r) such that
. ,
— > (’I“l - 7')” _g d" = 4‘/:1(71)
X Zo/o e A dr—nuay(fi,r)dr'. 4) Vi(k,r) = Val(k,r) + 1= Gao(r) 17)
Now expanding the terms in the RHS of E@) (ip to 2nd Va(r) = Vp(r). (18)

order {.e. n=2) we obtain

22 Using the values of7o(r), G1(r) andGz(r)
[ + K2 - Va(r)} Uay (K, T)

d’I“Q _ 2 _ 2
d & ©) Vals,r) = (_2255;3(i 4(_2:? Eﬂﬁ?—grf )7?;)))? (19
= {Go(r) + Gy (r)% + Gg(r)drz} Uqy (K, 1),
h Va(r) = Vir)= — DO ()
where . 2e7B 33— (2+rB(—2+r3))\
Go(r) = Xe™P" / e P dr (6) _ -
0 The potential V1 (x,r) depends on the specific screened
oo , Coulomb potential adopted, wherddsr) is independent of
Gi(r) = )\6_5"/ e T (v —r)dr’, (7)  this choice. Consequently, the expression¥gfr) remains
0 unchanged, whilé/ («,r) varies according to the selected
00 r )2 . . .
o) = )\e_ﬁr/ o (r ; r) ' ®8) form of the electromagnetic potential, as given below.
0
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CASE 1-
For the Manning-Rosen potential, defined as

17 plp—1) =2 Ae=

V = — |77 a — ra 21
m(r) a? (1—6_5)26 l—ea (1)
the application of Eq/1(7) yields
A-Aee+(-1ip)p e 7P (282 = (24+7B(=2418)) )\
a2(— ea )2 3
Vi(w,r) = L 0 (22)

1— e~ P (24rB8(—2478))A + 1— e~ P (24rB8(—2476))A
233 233

where A andp are dimensionless parameters characterising the strength of the potentialjsatice screening (or range)
parameter that determines the spatial extent of the interaction.

CASE 2-

For the Hellmann potential, defined as

Viretr) = 27 4. (23)
T T
the use of Eq.[X7) yields
Vi(k,r) = e’ (=2Be"7B%) 2¢7¢B% + (=26 + (2 +rB(=2 + 1)) (24)
T (C2e P+ @+ (=2 + rB)A) r(—2eG + 2+ rB(—2 + 1))

The first term represents a Yukawa-type (exponentially screened) interaction that decays rapidly with incr&dsrsgcond
term corresponds to the long-range Coulomb interaction. Hetknotes the Coulomb strengtB, is the strength of the
screened potential, ardds the screening parameter that governs the range of the Yukawa component.

CASE 3-

The Deng-Fan potential (sometimes referred to as the improved Manning-Rosen potential) is defined as.

- —2vr
Vp(r) = (1Uieefw) + (lvieef»yr)z' (25)
For this, Eq./17) yields
Vi(k,r) = ZeTﬁ((—l + ey + v9) 33 B (=14 e™)2(=28%2 4+ (2+ rB(=2 + 1))k 26)

(—14e)2(2ePB3 — (2+7rB(=2+7B)N)  (—=1+€™)2(2e"PB33 — (2+rB(=2+71rB))N)

Here the dimensionless strength parametersaemdv, and~y represents the inverse range screening parameter.

Calogero’s classical phase-function technique [23] is not directly applicable in the present context, as it does not account for
velocity-dependent interactions. To address this, the method requires modification for systems involving a velocity-dependent
potential. Such an extension was first introduced by McKellar and May, and later further developed byeBehgia, 24].
Employing this modified approach, the phase equation corresponding t@Ztdor(the s-wave can be expressed as follows:

8 (k,7) = =k (Vi(k, 7)) sin(kr 4+ 6(k, 1)) + kVa(r) cos(kr + 8(k, )| sin(kr + 6(k,7)). (27)

Integrating this equation from the origin to a sufficiently large radial distance within the asymptotic region using the fourth-
order Runge-Kutta (RK4) method, and imposing the initial condifion 0) = 0, yields the scattering phase functiéfx, r).
The scattering phase shift is then obtained as
0(k) = lim 6(k,7).

T—00

Once the phase shif(x) is determined, the total s-wave scattering cross-section can be calculated using the relation

i |
Ttotal = sin? 6 (k). (28)
Since the s-wave has both triplet and singlet state contributions, its total cross-section is
3 1
Ototal = ZUtriplet + Zasinglet (29)
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The differential cross-section for all partial waves is

a(0) = | fa(0) + fu(0)[%, (30)
where
_ n —inlnsin?(6/2)+2ic(n)
o (0) = n , 31
Ja(®) [2%5in2(9/2)}6 (31)
and
QLZ 2l 4+ 1)e2t Py(cos 0)(S; — 1), (32)
=0
with

Sl = 6%(5! .

3. Results and discussion

(33)
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and alpha-neutron systems, as well as the differential cross-
section for the alpha-proton system. For the computation
we have used the valu&®/2m = 41.47 MeV fm? for the
nucleon-nucleon system amd/2m = 25.92 MeV fm? for
alpha-nucleon system.

The potential graphs for the various states of the n-n and
a-n systems are shown in Figs. 1a)-1c). Since both systems
are charge-independent, the choice of electromagnetic poten-
tial does not affect the results. For a given set of parameters
for the nuclear potential, the curves corresponding to identi-
cal states in these systems remain unchanged.

Similarly, Figs. 1d)-1i) present the potential graphs for
the p-p andy-p systems. From these plots, it is observed that
the depth of the potentials decreases with increasing kinetic
energy of the projectile, which is consistent with the findings
reported in Refs. [25,26]. Anincrease in potential energy be-
low a certain value of indicates the presence of a repulsive
core, which becomes more clearly visible at higher energies.
The appearance of quasi-hard-core potentials at higher ener-

The best-fit parameters associated with different local potergies suggests that our energy-dependent nucleon-nucleon and
tials are listed in tabular form (Tables | to 1ll) along with «-nucleon potentials are in good agreement with standard nu-
those of the non-local potential. Using these values, we havelear potential models.

plotted velocity-dependent and independent potentials for a

In the p-p anda-p systems, the projectile experiences

certain range of r. Also, we have calculated the scatteringnot only nuclear repulsion but also electromagnetic repul-

phase shift using Eq.27). Then, we calculated the total sive forces.

Overall, the results indicate that our energy-

cross-section associated with neutron-proton, proton-protordependent potentials exhibit a diffuse hard core at very short

TaBLE |. Parameters for Manning-Rosen Potential plus Yamaguchi potential.

System State A(fm~3) B(fm™1) a(fm) A p
p-p 150 -7.45 1.601 20.804 -0.42 -0.001
n-p 1So -7.45 1.601 20.804 0 0
39, -17.201 1.909 20.804 0 0
a-p (1/2)" -36.100 141 30.140 -2.199 -0.001
a-n (1/2)" -11.27 1.4 19.940 0 0
TaBLE Il. Parameters for Hellmann Potential plus Yamaguchi potential.
System State A(fm=3) B(fm=1) S(fm=1) B(fm™1) g(fm™1)
p-p 150 -7.45 1.601 20.804 -0.42 -0.001
n-p 1S, -7.45 1.601 0.05 0 0
381 -17.201 1.909 0.05 0 0
a-p (1/2)* -36.100 141 0.046 0.025 -0.054
a-n (1/2)* -11.27 1.4 19.940 0 0
TABLE Ill. Parameters for Deng-Fan Potential plus Yamaguchi potential.
System State A(fm~—3) B(fm=1) y(fm~1) v1(fm=2) vo(fm=2)
p-p 1S -7.45 1.601 0.60 0.025 -0.001
n-p 1S, -7.45 1.601 0.60 0 0
39, -17.201 1.909 0.60 0 0
a-p (1/2)* -36.100 141 0.70 0.239 -0.001
a-n (1/2)* -11.27 1.4 19.940 0 0

Rev. Mex. Fis72031201



CONSTRUCTING VELOCITY-DEPENDENT POTENTIALS FOR SCREENED COULOMB MODIFIED NON-LOCAL INTERACTIONS 5

- Vi) 20
2404 . -
——V, (k1) for E; 4,=5 MeV 240 ) i
. - 1 W e Vy(ks) for ;=5 MeV
s0dV Vy(k.x) for Ey ;=10 MeV wdl lbinr v
B . > 18 ‘Lal i
-+ - Vy(k) for E; ;=100 MeV c0 . e i B : e _
504 T e _ - La jrax
160 V,(k.x) for E; ,=1000 MeV " v (ki) for E,, 2 4
% 1204 o w0 Z 7
=] 2 2 20
= 80 Z a0 =
= = - £
= 7 ey
o ] : — e T i/ Vo)
Vs s 4 7 V(o) for E
a0 2 -40 7
. - L o Vi) for E;
) g 1 -80 r o - Vi) for E.
a4 // g Jooet” . - — V) for By
. ¢ (fm) ¢ (fin)
1 (fim) )
a) b) g
" — 300
=0 300 Vi)
450 ) V() for Epyy =5 MeV Sl
i ] 04 e 7 y(0) for Ey v
- " ~-=Vy(en) for Ep 100
- * 7 Vaies) for By, = 100 Mew 2001 V(o) for Ey = 1000 MeV]
300 V() for Ey,= 1000 MeV| = o _
. Z 180 = — T T
% 204 C =
< 200 = 100 Sl
= 1504 . = _200 —
(1)
100 e
0] 0 - M——— = r -300 4 [~ Vileo) for Epyy =5 MeV
- N £ P 2 4
0 'L';:ﬂz. T 50 _a004
[y (S for Ey, = 1000 MeV]|
- -100 25
=100 t (fn) L T—
d) 1 (fm) e) 1‘) 1 (f)
20 - i —
20| e / — 20 g
3 / /
// /
/ _— 0 / . o 0 / e
7 T
0 2 J i
= o / ; -
Z / 2-204 / 304
Z-204 = / = /
2 / = / = 1/
= / = ® b
= 4 = = ¢
E [E— 40 > ot
~ a0 -4 Viy(n) ¢ —v.@) 40
i === Vi(ir) for Ep 5= 0.94 MeV ooV ) for Eyy =0.94 MEV
ol F V(1) for B =3 MeV EY ) for By =3 MeY el
N V() for Ep =7 MeV g ~—- V() for By
V(1) for E ;= 17.45 MeV| -5 V() for Ep,y =17
80 - -80
) 0 2 4 .
g 1 (fm) h) o (fim) 1) 1 (fm)

FIGURE 1. Potential plots as a function of r. a) ntSo, b) n-pS1, ¢) a-n, d) Manning—Rosen p-hSy, €) Hellmann p-g So, f) Deng-Fan
p-p'So, g) Manning-Rosem — p, h) Hellmanna-p, i) Deng-Fam-p.

distances. Furthermore, the potential for the system
shows a stronger short-range repulsion compared tathe

system. 80 - -
We have also determined the scattering phase shifts for /1 ¢ T AR lgu Pe_rez el

these systems. The phase parameters for they-ptate are | I *OmRR niietl.

shown in Fig. 2. These results are identical for all the po- 404 5 n-p S Present

tentials considered and are in agreement with the findings of o
Pérezet al.[27] and Arndtet al. [28]. It is observed that our
results are consistent with those of Ref. [27] upig.,, =

350 MeV, with a maximum deviation of 2.96rom Ref. [28].

The phase shift for this state changes sign at approximately
Er. = 266 MeV. The phase shift for the n+5; state, pre- ;
sented in Fig. 3, shows good agreement with bathePet -40
al. [27] and Arndtet al. [28] up to B, = 350 MeV. Be-

204

_20 o

Phase Shift (Degre
o

-60 <

yond this energy, the results begin to diverge, with a maxi-

mum difference of 18.33at £, = 1050 MeV compared 8 N
to Arndt et al. [28]. This discrepancy may be attributed to -100 0 100 200 300 400 500 600 700 800 900 10001100
the omission of additional interactions, such as spin-spin and Erfqp MeV)

tensor interactions, from our potential model. For this state,

the phase shift changes sign at aroutid, = 350 MeV. FIGURE 2. n-p 'Sy scattering phase shift as a function Bfap.
The phase shift for tha-n system, shown in Fig. 4, exhibits Standard data are from Ref. [27,28].
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: 1 —
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_50 |
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FIGURE 3. n-p 3S; scattering phase shift as a function Bfap.

Standard data are from Ref. [27,28].
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T T T T T T T T T T T T
-100 0 100 200 300 400 500 600 700 800 900 10001100

Erap MeV)

FIGURE 6. Deng-Fan p-g So scattering phase shift as a function

of ELap. Standard data are from Ref. [27,28].

‘.-)l
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FIGURE 7. Hellmann p-p' S, scattering phase shift as a function
of ELap. Standard data are from Ref. [27,28].

FIGURE 4. a-n scattering phase shift as a functionff,,. Stan-
dard data are from Ref. [29].

180
60 -] = pp LSy Pérez etal. | = o—p Satchler et al.
T\ * pp 16 Arndt et al. . c—p Present
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2 204 3
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FIGURE 5. Manning-Rosen p-pg S, scattering phase shift as a FIGURE 8. Hellmanna-p scattering phase shift as a function of
function of ELap. Standard data are from Ref. [27,28]. ELap. Standard data are from Ref. [29].
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FIGURE 9. Manning-Rosem-p scattering phase shift as a function F'GURE11.n-ptotal cross-section as a function/Gf .,. Standard
of Eiap. Standard data are from Ref. [29]. data are from Ref. [30].
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FIGURE 12. p-p total cross-section as a functionfof .. Standard
FIGURE 10. Deng-Fana-p scattering phase shift as a function of gata are from Ref. [30].

FE1q». Standard data are from Ref. [29].

deviation observed belo# ., = 5 MeV. This consistent

good agreement with the results of Satcléeal. [29]. We  trend is observed across all three velocity-dependent poten-
observe that the scattering phase shifts for this system rematify|s.
unchanged regardless of the choice of electromagnetic poten- Figures 11-13 present the total cross sections for the n-
tial. P, p-p, and-n systems, calculated using Ec@8)and R9).

Figures 5-7 illustrate the phase shifts for the p-p sysFor the n-p system, the total cross section follows the ex-
tem. For the Manning-Rosen potential, the results are in googected trend and shows good agreement with the data re-
agreement with those oBlPezet al. [27] and Arndtet al. [28], ported by Arndtet al. [30] up to an incident energy of ap-
except atE'r,, = 1 MeV. A similar trend is observed for proximately 25 MeV. Beyond this energy, noticeable devia-
the Deng-Fan potential. In contrast, the phase shifts obtainetibns are observed. In particular, at 1000 MeV, the calculated
using the Hellmann potential show good agreement with theotal cross section is 6.69 mb, whereas the value reported in
reference data except in the vicinity of the peak value. We obRef. [30] is 38.14 mb. A similar discrepancy is observed for
tain a peak af’r ., = 13 MeV with a phase shift of 52.37  the p-p system, where the maximum deviation in the total
which is slightly lower than the standard data reported bycross section is 43.49 mb at around 1000 MeV.
Arndtet al. [28]. For thea-n system, the calculated total cross sections do

Figures 8, 9, and 10 present the phase shifts fontfpe  not reproduce the results of Haesmral. [31], with sub-
system. The results for all three potentials show reasonabktantial differences occurring especially at low energies. This
agreement with those of Satchédral. [29], with only a slight  discrepancy is expected, as contributions from higher partial
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FIGURE 13. a-n total cross-section as a function6f,,. Standard

data are from Ref. [31].
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FIGURE 14. a-p differential cross-section dian = 17.45 MeV.

Standard data are from Ref. [32].

with an average value of about 29.83 mb/sr. These discrep-
ancies in the total and differential scattering cross sections
for the nucleon-nucleon and-nucleon systems may be at-
tributed to the omission of higher partial-wave contributions
in the present analysis.

4. Conclusion

Efforts to localise non-local nuclear potentials, or to construct
phase-equivalent local representations of such interactions,
have been undertaken by several research groups. In this
work, we develop an energy-dependent local potential ob-
tained by localising non-local interactions supplemented with
screened Coulomb local contributions. By applying a Tay-
lor series expansion of the wavefunctions, the correspond-
ing phase parameters are obtained and subsequently used to
compute elastic scattering cross sections. The resulting lo-
cal potentials reproduce phase shifts in close agreement with
standard benchmark data over an extended range of inci-
dent energies. Since folding models femnucleus scattering
commonly employ non-local separable interactions or their
phase-equivalent local forms, we have developed velocity-
dependent interaction models for nucleon-nucleon and
nucleon systems. The results demonstrate the effectiveness
and applicability of the proposed framework, which can be
further generalised to higher-rank and electromagnetically
distorted non-local potentials. We demonstrate that a non-
local, separable potential, considered independently or in
combination with a local contribution, can be reformulated
as an energy- and momentum-dependent local potential. Al-
though the present results for thé, and3S; channels ex-
hibit certain limitations, the approach remains theoretically
promising. The long-range part of the nucleon-nucleon in-
teraction is well represented by the one-pion-exchange po-
tential (OPEP). This is supported by the observation that
the phase shifts for higher partial wavés< 3 are repro-
duced very well by OPEP alone within the energy range of

waves were not included in the present calculation. Neverthed-300 MeV. However, the situation for higher angular mo-
less, based on the observed trend, it may be anticipated thatentum states is less conclusive. Behatral. [33] reported
improved agreement could be achieved at higher energies anidat the energy- and momentum-dependent local potential re-
with the inclusion of contributions from higher partial waves. mains phase-equivalent up to the partial wawve 2, whereas

Figure 14 presents the differential cross section for thdor higher partial waves the method does not yield satisfac-
a-p system, calculated using E®@QJ. The results show rea- tory results. This discrepancy may be attributed to the high-
sonable agreement with those reported by Brockman [32] anomentum components of the non-local wavefunction2,
forward and backward scattering angles; however, noticewhich differ significantly from those generated by the corre-
able discrepancies are observed in the intermediate angulaponding energy- and momentum-dependent local potential.
region. According to Ref. [32], the minimum value of the The residual deviations at higher energies are attributed to
differential cross section occurs at approximatel°, with  the current exclusion of spin-spin interactions, which is be-
a magnitude of 7.57 mb/sr. In contrast, no such minimum isng addressed. Future work will incorporate spin dependence
observed in the present calculation. Instead, the differentigdind extend the framework to treat all partial waves within a
cross section remains nearly constant for angles aBove unified theoretical formulation.
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