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We study the problem of a quantum harmonic oscillator in the presence of a repulsive inverse-square potential within a cosmic string space-
time that contains a dislocation. Also, we study how a rotational frame affects the quantum harmonic oscillator plus the repulsive potential
within this space-time geometry. For both problems, we find three operators for the radial part of each problem and show that they close the
su(1, 1) Lie algebra. From the theory of unitary irreducible representations of thesu(1, 1) Lie algebra, we obtain the energy spectrum from
an algebraic point of view. Also, we obtain the wave functions, the radial coherent states, and their time evolution. Finally, we calculate the
thermodynamic properties for each of these problems.
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1. Introduction

Cosmic strings are hypothetical objects known in the litera-
ture as topological defects that significantly modify the geo-
metrical properties of space-time and that were formed in the
early stages of the universe by abrupt energy changes. Other
types of defects include domain walls, global monopoles, dis-
locations and branes. Topological defects have been exten-
sively studied in quantum theory because they alter the parti-
cle energy spectrum and wave functions [1–4], depending on
whether they have spin zero, spin 1/2, or spin one.

The quantum harmonic oscillator is one of the most ex-
tensively investigated systems in the field of quantum me-
chanics, employing a number of potentials in both relativistic
and non-relativistic contexts with spin and pseudospin sym-
metry [5–7]. Recently, the system has been investigated in
the context of interactions with topological defects [8–17].
Faizuddin Ahmed and Abdelmalek Bouzenada study a spe-
cial Einstein-Maxwell solution. It is characterized by a mag-
netic field and a positive non-zero cosmological constant. In
the context of this magnetic space-time background, they fo-
cus on the relativistic dynamics of quantum oscillating fields
in the framework of position-dependent mass systems [12].
In Ref. [17], the authors investigated the behavior of a 2D
harmonic oscillator embedded in an elastic medium contain-
ing a spiral dislocation (or edge dislocation). In that paper
an analytical solution for the Schrödinger equation describ-
ing the oscillator under the influence of this dislocation is
presented. The equivalent of the Aharonov-Bohm effect for
bound states within a relativistic quantum system described

by the Klein-Gordon oscillator has been studied in the space-
time of a cosmic string with a spacelike dislocation [15]. In a
cosmic string background space-time characterized by a sta-
tionary cylindrical metric, the generalized relativistic Duffin-
Kemmer-Petiau (DKP) oscillator for a spin-zero field was
studied in Ref. [16] and its eigenfunctions and its energy
spectrum were obtained. Also, in Ref. [16], the radial wave
functions for the linear, Coulomb (and shifted Coulomb) and
the Cornell potential were found.

The introduction of a quantum oscillator into a cosmic
string space-time leads to the appearance of modified energy
levels that depend on the parameters that characterize the cos-
mic string. As a consequence, thermal properties such as par-
tition function, free energy, entropy and specific heat are al-
tered, since these properties depend on the energy levels of
the system. In other words, the presence of a cosmic string
causes additional terms to appear in the energy spectrum.
These terms are associated with the string’s tension and the
angular deficit it causes. These changes are crucial for under-
standing how the oscillator behaves at different temperatures
and how it exchanges energy with its environment [18,19].

It has been demonstrated that the energy spectrum of the
harmonic oscillator is influenced by the presence of a repul-
sive inverse-square potential,V (r) = 1/r2, which modifies
the effective potential experienced by the particle. This re-
sults in alterations to the wave functions and energy levels,
as well as modifications to the quantization conditions. A
number of theoretical studies have demonstrated the poten-
tial of rotational frames to significantly influence the behav-
ior of a harmonic oscillator within a given space-time geom-
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etry. In particular, these investigations indicate that such ef-
fects can be observed when defects such as cosmic strings
are taken into account. This influence can be observed in a
number of different areas, including the introduction of ficti-
tious forces, additional coupling terms, modifications in the
effective potential, energy corrections, and altered equations
of motion [20,21].

Systems with an inverse quadratic potential display
greater resistance to fluctuations in temperature. They are
capable of absorbing and dissipating energy with minimal
changes in temperature, which enhances their stability and
resistance to fluctuations in their environment. Consequently,
the inverse quadratic potential present in the oscillator Hamil-
tonian modifies the energy spectrum and density of states in
the space-time of cosmic strings. These modifications influ-
ence how specific heat capacity responds to changes in tem-
perature [22].

Coherent states exhibit distinctive characteristics. These
states behave in a manner analogous to classical particles, ex-
hibiting well-defined position and momentum. They evolve
in time in a straightforward manner under the dynamics of
the harmonic oscillator. Coherent states are employed as a
quantum analogue of classical states, rendering them a piv-
otal tool in quantum optics, quantum information theory, and
quantum computing [23,24].

Recently, there is a great interest in thermodynamic prop-
erties of quantum systems, since they are crucial for devel-
oping quantum computing [25–27]. To this respect there
is an increasing interest in understanding the thermody-
namic properties of fermionic particles, since the acquisi-
tion of quantum memory relies on pairing a group of par-
ticles, which can be described using thermodynamic princi-
ples [28]. In several works the thermodynamic properties for
different quantum systems have been studied [19,29–37]. A.
Bouzenada et al. study the thermodynamic properties of the
2D Klein-Gordon resonator in the presence of the cosmolog-
ical string in the applied magnetic field. For different param-
eters of the problem, the results are presented as a function
of temperature and applied magnetic field [19]. In Ref. [29]
the energy and entropies are calculated, and the differences
between ensembles in the system of independent harmonic
oscillators with the same frequency are clarified in the Tsallis
statistics with escort average.

Thermodynamic properties and relativistic behavior of
a neutral spin one boson particle in one-dimensional space
have also been studied by means of the generalized Duffin-
Kemmer-Petiau equation with a new non-minimal coupling
related to the q-deformed formalism [30]. The Dirac equa-
tion in 3 + 1 dimensional space-time with non-minimal cou-
pling to a linear radial three-vector potential and in the pres-
ence of a static electromagnetic potential that represent both
the Aharonov-Bohm and magnetic monopole field has been
studied [31]. In that Ref. the authors obtained the partition
function describing the statistical properties of the system,
the mean energy, the Helmholtz free energy, the entropy and
the specific heat. In the framework of the Dunkl-Wigner

quantum mechanics, the thermodynamic properties for the
generalized Dunkl oscillator were reported in Ref. [32].

The introduction of the dislocation parameter within cos-
mic string space-time results in a transformation of the topol-
ogy of space-time. This alteration impacts upon the den-
sity of states of the system, modifying the partition function,
which consequently affects the rest of the thermodynamic
characteristics of the system [38,39].

In order to preserve quantum coherence, quantum com-
puting devices must be operated at extremely low tempera-
tures. Furthermore, the thermodynamic properties of systems
containing topological defects can influence both the energy
consumption and thermal management of quantum comput-
ing hardware. Efficient thermal management is therefore a
crucial factor in the scaling up of quantum computers and in
ensuring their practical viability [40,41].

To gain a deeper understanding of the evolution of co-
herent states within the harmonic oscillator in space-time,
it is crucial to integrate relativistic elements and space-
time curvatures into the conventional quantum mechanical
framework. This approach provides novel equations, damp-
ing factors, and phases that enhance the comprehension of
the behavior of quantum systems within complex environ-
ments [42].

The purpose of the present work is the study of the har-
monic oscillator in cosmic string space-time with dislocation
under a repulsive1/r2 potential and rotational frame, using
a strictly algebraic method. Using our method, the energy
spectrum and eigenfunctions can be obtained in a more prac-
tical way. We also obtain their coherent states and time evolu-
tion, as well as their thermodynamic properties, for the cases
where there are no defects in the cosmic strings and for zero
dislocation parameter.

Our main motivation for studying the quantum harmonic
oscillator under a repulsive inverse quadratic potential in cos-
mic string space-time with dislocation in both inertial and ro-
tational frames is to demonstrate that this problem can be ap-
proached from a different perspective, namely by employing
factorization methods of quantum mechanics. This approach
can help us to show that the radial part of the problem exhibits
SU(1, 1) symmetry, allowing us to derive operators that close
the Lie algebra associated with this symmetry. With the help
of the representation theory for this algebra, we intend to ob-
tain the energy spectrum and show that it agrees with the re-
sults found in the literature [21].

Our second motivation is to obtain information about the
modifications that the energy spectrum, wave functions, co-
herent states, and their time evolution, as well as the ther-
modynamic properties, may undergo with the inclusion of
the parametersα andχ, under the influence of the inverse
quadratic repulsive potential and the rotational frame. Ac-
cording to our research, this would be a novel contribution
to the literature, particularly in the context of coherent states
and thermodynamic properties.

The structure of the work is as follows. In Section2.
The uncoupled differential equations are obtained for the har-
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monic oscillator in the topological defect under the repulsive
1/r2 potential. In Section3, we apply the Schrödinger factor-
ization to the second-order radial differential equation. With
the aid of this factorization, we construct three operators that
close thesu(1, 1) Lie algebra. By applying the theory of
irreducible unitary representations associated with this alge-
bra, we obtain the energy spectrum and the eigenfunctions.
Also, these results are particularized for the case where the
dislocation parameterχ → 0 and for the case where no cos-
mic string defect existsα → 1. In Section4, results similar
to those in Section3 are obtained for the harmonic oscilla-
tor in a topological defect under the repulsive1/r2 potential
and considering rotational frame effects. Furthermore, using
the Sturmian basis of thesu(1, 1) Lie algebra, the coherent
Perelomov states and their time evolution are constructed for
the radial equations of both problems. In Section5 we cal-
culate thermodynamic functions for the two oscillator cases,
such as the partition function, the Helmholtz free energy, the
mean energy, the entropy, the heat capacity, and the Massieu
function. These properties are also particularized for the lim-
its of zero dislocation parameterχ → 0 and no cosmic string
defectα → 1. Finally, we give some concluding remarks.

2. Harmonic oscillator in topological defect
under repulsive1/r2 potential effects

The space-time of the cosmic string with a dislocation is de-
scribed by the line element [21]

ds2 = −dt2 + dr2 +
(
α2r2 + χ2

)
dϕ2

+ 2χdϕdz + dz2, (1)

wheret ∈ R is the time coordinate,r, ϕ, z the cylinder coor-
dinates inR3 with a range of valuesr ∈ R+, ϕ ∈ [0, 2πα],
z ∈ R, α = (1− 4µ) represents the cosmic string parameter
and runs in the interval(0, 1] andµ is the linear mass density
of the string and~ = 1, c = 1. The dislocation parameter,χ
is a positive quantity, considering a linear deformation (”tor-
sion” or ”displacement”) of space, is defined as the modulus
of the Burgers vector~b = b~ez, which is assumed to be in
thez-direction, thus yieldingχ = b/2π. This Burgers vector
defines a line defect. It is essentially a screw dislocation, in
which a complete rotation about thez-axis causes a transla-
tion by b in thez-direction. It is crucial to remember that
becauseb is any real number [43]. The metric tensor for the
space-time (1) is

gij (x) =




−1 0 0 0
0 1 0 0
0 0 α2r2 + χ2 χ
0 0 χ 1


 , (2)

and its inverse

gij (x) =




−1 0 0 0
0 1 0 0
0 0 1

α2r2 − χ
α2r2

0 0 − χ
α2r2 1 + χ2

α2r2


 . (3)

The equation
[
− 1

2M

1√−g

(
∂i

(√−ggij∂j

)
+ V (r)

)]
Ψ = i

∂Ψ
∂t

, (4)

represents the wave equation in covariant form, which takes
into account the potentialV (r), wheregij is the metric ten-
sor andgij its inverse given by the Eqs. (2) and (3), and
g = det(gij) [44–46]. Thus, the Hamiltonian operator of
the HORP has the following form

Ĥosc = − 1
2M

1√−g
∂i

(√−ggij∂j

)
+

1
2
Mω2r2, (5)

whereM is the mass of the particle andω is its angular fre-
quency. The eigenvalues equation for the HORP under the
influence of a potentialV (r) is given by

(
ĤHORP + V (r)

)
Ψ = EΨ. (6)

Now considering an inverse quadratic repulsive potential
given by

V (r) =
η

r2
, (7)

with η an arbitrary constant,η > 0. Thus, by using Eqs. (5)
and (7) the eigenvalue Eq. (6) for the harmonic oscillator in
the space-time background can be expressed as [21]

− 1
2M

[
d2

dr2
+

1
r

∂

∂r
+

1
α2r2

(
∂

∂ϕ
− χ

∂

∂z

)2

+
∂2

∂z2

]
Ψ

+
(

1
2
Mω2r2 +

η

r2

)
Ψ = EΨ. (8)

The initial term on the left-hand side corresponds to the ki-
netic energy of the system, where the deficit angle of the cos-
mic string∆ϕ is incorporated, modifying the angular compo-
nent. Subsequently, the dislocation parameter is introduced
into this same energy, leading to a coupling between the an-
gular and longitudinal motions.

By taking into account that the potential we are consider-
ing depends only on the radial coordinater, the wave func-
tion Ψ(r, ϕ, z) is written as [21]

Ψ(r, ϕ, z) = R(r)ei`ϕeikz. (9)

This wave function is dependent on the spatial coordinates.
However, the angular component undergoes modification due
to the altered topology of the space-time around the cos-
mic string. Specifically, the presence of an angular deficit
∆ϕ = 2π(1−α) leads to a substantial alteration in the behav-
ior of the angular coordinateϕ. Consequently,ϕ no longer
spans the conventional range of2π,but instead covers a re-
duced angular range of2πα, whereα < 1. This reduction
modifies the periodicity condition, which now takes the form
ei`(ϕ+2πα) = ei`ϕ.
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The eigenvalues for the orbital quantum operator are` =
0, 1, 2, ..., andk > 0 is an arbitrary constant. Therefore,
substituting Eqs. (9) into (8), we obtain the following second
order differential equation for the radial functionR(r) [21]

d2R

dr2
+

1
r

dR

dr
+

[
λ−M2ω2r2 − τ2

r2

]
R = 0, (10)

where

λ = 2ME − k2, τ =
√

`20 + 2Mη,

`0 =
|`− χk|

α
. (11)

Now, we are in the position to obtain the generators of the
algebrasu(1, 1), which are obtained in the next section.

2.1. Exact solution from an algebraic method

In this section, we obtain the exact solution of the HORP. For
this purpose, we rewrite Eq. (10) as

−r2 d2R

dr2
− r

dR

dr
+ M2ω2r4R− λr2R = −τ2R. (12)

To solve this equation, we proceed to eliminate the first order
derivative by making the variable changeR = (1/

√
r)G. We

obtain
(
−r2 d2

dr2
+ M2ω2r4 − λr2

)
G =

(
1
4
− τ2

)
G. (13)

Now the generators of thesu(1, 1) Lie algebra can be
constructed proposing the following factorization for Eq. (13)

(
r

d

dr
+ Γr2 + Π

) (
−r

d

dr
+ Λr2 + Υ

)
G = ΦG, (14)

by developing the left-hand side of this equation and compar-
ing it with Eq. (13), we find that

Γ =Λ = ±Mω,Π = Υ = − λ

2Mω
− 1,

Φ =
(

λ

2Mω
+ 1

)2

− τ2. (15)

Thus, we can rewrite Eq. (13) as follows

(R∓ ∓ 1)R± =
1
4

((
λ

2Mω
± 1

)2

− τ2

)
, (16)

where the two operatorsR+ andR− are given by

R± =
1
2

(
∓r

d

dr
+ Mωr2 − λ

2Mω
∓ 1

)
. (17)

Equations (13) and (17) allow us to define the following op-
erators

=± =
1
2

[
∓r

d

dr
+ Mωr2 ∓ 1

]
−=3, (18)

where the third operator=3 is written as

=3G =
1

4Mω

(
− d2

dr2
+

τ2 − 1
4

r2
+ M2ω2r2

)
G

=
λ

4Mω
G. (19)

Therefore, it is straightforward to show that the operators
=+, =−, and=3 close thesu(1, 1) Lie algebra

[=3,=±] = ±=±, [=−,=+] = 2=3. (20)

The Casimir operatorC2 can be calculated with the help of
the operators given in Eqs. (18) and (19), that is

C2G ≡ =2
3G− 1

2
(=+=− + =−=+) G

=
[
τ2 − 1

]
G. (21)

Using this last equation and Eq. (A.5) of the Appendix, we
have

[
τ2 − 1

]
G = k(k − 1)G. (22)

Therefore, we obtain the following relationships

k =
1
2
τ +

1
2
, n = nr, nr + k = nr +

1
2
τ +

1
2
, (23)

wherenr = 0, 1, 2, ...

From Eqs. (11), (19), (23) and Eq. (A.4) of the Appendix,
we obtain

E

2ω
− k2

4mω
= nr +

1
2
τ +

1
2
. (24)

Thus, from this relationship, the energy spectrum for the har-
monic oscillator in topological defect under repulsive1/r2

potential effects is

Enr,`,k =
k2

2M
+ ω [2nr + 1 + =] . (25)

If we defineρ2 = Mωr2, Eq. (13) takes the form

(
d2

dρ2
+

1
4 − τ2

ρ2
− ρ2 +

λ

Mω

)
F = 0. (26)

On the other hand, it is known that the differential equa-
tion [48]

y′′ +
[
4nr + 2β + 2− x2 +

1
4 − β2

x2

]
y = 0, (27)

has as solution [48,56]

y = Nnre
− x2

2 xα+ 1
2 Lα

nr

(
x2

)
. (28)
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Equations (27) and (28) can be used to determine the wave
functionsF (r) of Eq. (25), yielding to

F (r) =
2Γ (nr + 1)

Γ (nr + τ + 1)
e
−Mωr2

2 (Mω)
τ+ 1

2
2

× rτ+ 1
2 Lτ

nr
(Mωr2). (29)

In terms of the group indicesn andk = (τ/2) + (1/2), the
Sturmian basis for the irreducible unitary representation of
thesu(1, 1) Lie algebra for the HORP is

R(r) =
[

2Γ (nr + 1)
Γ (nr + 2k)

] 1
2

× e
−Mωr2

2 (Mω)
τ+ 1

2
2 rτLτ

nr
(Mωr2), (30)

here the normalization coefficientNn was computed from the
orthogonality of the Laguerre polynomials. The particular
cases of our general results obtained above in this section are
given in the next section.

2.2. Particular cases solutions forV (r) = 0, χ → 0 and
α → 1

When there is no external potential presentV (r) = 0, that is
η → 0, the Sturmian basis and the energy eigenvalues for the
HORP are given by

R(r) =
[

2Γ (nr + 1)
Γ (nr + 2k)

] 1
2

e
−Mωr2

2 (Mω)
|`−χk|

α
+ 1

2
2

× rτL
|`−χk|

α
nr (Mωr2), (31)

and

Enr,`,k =
k2

2M
+ ω

[
2nr + 1 +

|`− χk|
α

]
. (32)

For zero dislocation parameterχ → 0, the Sturmian basis
and the energy eigenvalues for the HORP are

R(r) =
[

2Γ (nr + 1)
Γ (nr + 2k)

] 1
2

× e
−Mωr2

2 (Mω)
Ξ+ 1

2
2 rΞLΞ

nr
(Mωr2), (33)

and

Enr,`,k =
k2

2M
+ ω [2nr + 1 + Ξ] , (34)

whereΞ =
√

(`2/α2) + 2Mη.With no cosmic string defect,
α → 1 , the Sturmian basis and the energy eigenvalues for
HORP are given by

R(r) =
[

2Γ (n + 1)
Γ (n + 2k)

] 1
2

× e
−Mωr2

2 (Mω)
Υ+ 1

2
2 rΞLΥ

n (Mωr2), (35)

and

En,`,k =
k2

2M
+ ω [2n + 1 + Υ] , (36)

respectively, andΥ =
√

(`− χk)2 + 2Mη. The results pre-
sented in this subsection, derived using this methodology, are
in accordance with those reported by Ref [21].

3. Harmonic oscillator in topological defect
under repulsive 1/r2 potential and rota-
tional frame effects

In this section, we study the influence of the rotational frame
on the harmonic oscillator within the same space-time geom-
etry given by Eq. (1) with a repulsive inverse quadratic po-
tential (HORPRF). Let us begin by performing a coordinate
transformation given byϕ = ϕ+Ωt, whereΩ is the constant
angular velocity of the rotating frame. Thus, the line element
from Eq. (1) is expressed as [50–53]

ds = − (
1− Ω2α2r2

)
dt2 + 2Ωα2r2dϕdt

+ dr2 + α2r2dϕ2 + (dz + χdϕ)2 , (37)

in this context, the term
(
1− Ω2α2r2

)
dt2 represents a mod-

ification of the time element because of the rotation of the
system. Asr increases, the proper time is affected by the
rotation in an analogous way to a relativistic effect. The sec-
ond term2Ωα2r2dϕdt in this metric incorporates both time
and angular coordinates. This term arises because of the ro-
tation of the system and represents the precession of orbits
within the context of rotational space-time. In general rel-
ativity, such a term is fundamental to describe phenomena
such as the Coriolis force in rotating systems. In the fourth
and fifth terms,α2r2dϕ2 and(dz + χdϕ)2, respectively, the
variableϕ continues to show an angular deficit relative toα.

In a rotational frame, the combination of the dislocation
and the rotation effect may cause the particle trajectories to
be neither circular nor closed, but to have a more complex
precession and a deviation from standard geodesics.

Thus, in the rotating reference frame, the line element
(37) allows us to see that the radial coordinate in the cosmic
string space-time is restricted to the region

0 ≤ r <
1

Ωα
. (38)

If the speed of the particle exceeds that of light, it can be
shown that the values of the radial coordinate satisfyr >
1/Ωα, which implies that the particle is located outside the
light cone [50].

The rotating frame is defined as

−→
Ω = Ωẑ, (39)
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and therefore the HORPRF has the following Hamilto-
nian [21]

Ĥosc = Ĥosc −−→Ω · L , (40)

whereĤosc is defined in Eq. (5) andL is the angular mo-
mentum operator. It is shown that the presence of the dislo-
cationχ modifies thez component of the angular momentum
operator for the space-time geometry given in Eq. (1), as fol-
lows [4,49]

L̂eff
z = − i

α

(
∂

∂ϕ
− χ

∂

∂z

)
ẑ. (41)

Thus, the eigenvalue equation for the HORPRF is written as
[
ĤHORPRF − V ′(r)

]
Φ = EHORPRF Φ. (42)

In this case,V ′(r) = V (r) − V0, whereV (r) indicates a
repulsive inverse-square potential as given by Eq. (7) andV0

is a constant potential term that only shifts the energy. Thus
the Hamiltonian given in Eq. (42) for this particular quantum
system is given by

− 1
2M

[
d2

dr2
+

1
r

∂

∂r
+

1
α2r2

(
∂

∂ϕ
− χ

∂

∂z

)2

+
∂2

∂z2

]
Ψ+

(
1
2
Mω2r2 +

η

r2
− V0 + i

Ω
α

(
∂

∂ϕ
− χ

∂

∂z

))
Ψ = EoscΨ.

(43)

3.1. Exact solutions

From Eqs. (9) and (43) we arrive to the differential equation

d2R

dr2
+

1
r

dR

dr
+

[
Λ−M2ω2r2 − τ2

r2

]
R = 0, (44)

where

Λ = 2M (EHORPRF + Ω`0 + V0)− k2, (45)

andτ and`0 are given by Eq. (11). Starting from Eq. (44),
we proceed as in Sec. 3 to obtain the exact solution of the
HORPRF from an algebraic point of view. Thus, the opera-
tors obtained from this factorization method are given by

X± =
1
2

[
∓r

d

dr
+ Mωr2 ∓ 1

]
− X3, (46)

where the third operatorX3 is written as

X3G =
1

4Mω

(
− d2

dr2
+

τ2 − 1
4

r2
+ M2ω2r2

)
G

=
Λ

4Mω
G. (47)

These operators close thesu(1, 1) Lie algebra

[X3,X±] = ±X±, [X−,X+] = 2X3. (48)

It can be seen that the Casimir operator for this algebra is the
same as that of Eq. (21), and therefore the relationship be-
tweenk andτ is given by Eq. (23). Thus, from Eqs. (47),
(23) and Eq. (A.4) of the Appendix, the energy spectrum for
HORPRF is given by

E nr,`,k
HORPRF =

k2

2M
+ ω [2nr + 1 + = ]

− Ω
|`− χk|

α
− V0. (49)

with = =
√

((`− χk)2/α2) + 2Mη. The Sturmian ba-
sis for the irreducible unitary representation of thesu(1, 1)
Lie algebra, expressed in terms of the group indicesn and
k = (τ/2) + (1/2) result to be

R(r) =
[

2Γ (nr + 1)
Γ (nr + 2k)

] 1
2

e
−Mωr2

2 (Mω)k+ 1
2

× r2k−1L2k−1
nr

(Mωr2). (50)

It can be seen that it is the same as that calculated in Sec. 3,
Eq. (30) and are consistent with those reported by Ref. [21].

For the particular case where the dislocation parameter
χ → 0, the energy spectrum is given by

E nr,`,k
HORPRF = −Ω

|`|
α

+
k2

2M
+ ω [2nr + 1 + Ξ] , (51)

and the Sturmian basis for this case is the same as that given
by Eq. (33) For the case where the cosmic string parameter
α → 1, the energy spectrum is given by

E n,`,k
HORPRF = −Ω|`− χk| − k2

2M
+ ω [2n + 1 + Υ] , (52)

and the Sturmian basis for this case is the same as that of
Eq. (35).

4. SU(1, 1) radial coherent states and their
time evolution for the HORP and HORPRF

We use Perelomov’s definition of theSU(1, 1) coherent
states [54] to calculate the coherent states corresponding to
the radial functions obtained for the HORP in Sec.3. That is

|ζ〉 = D(ξ)|k, 0〉

= (1− |ξ|2)k
∞∑

n=0

√
Γ(n + 2k)
n!Γ(2k)

ξn|k, n〉, (53)

where D(ξ) represents the displacement operator, while
|k, 0〉 denotes the lowest normalized state. Consequently,
when we apply the operatorD(ξ) to the ground state of the
functionsR(ρ). We obtain

R(r) =

[
2

(
1− |ξ|2)=+1

Γ (=+ 1)

] 1
2

e
−Mωr2

2 (Mω)
=+ 1

2
2 r=

×
∞∑

n=1

ξ2L=n (Mωr2). (54)
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The generating function of the Laguerre polynomials

∞∑
n=0

Lµ
n(x)yn =

e−xy/(1−y)

(1− y)µ+1
, (55)

can be used to determine the sum of the above equation.
Therefore, the radial coherent statesR(r), can be expressed
as

R(r) =

[
2

(
1− |ξ|2)=+1

Γ (=+ 1) (1− ξ)2=+2

] 1
2

(Mω)
=+ 1

2
2

× r=e
mωr2

2 ( ξ+1
ξ−1 ). (56)

Thus, for zero dislocation parameterχ → 0 the radial coher-
ent statesR(r) are given by

R(r) =

[
2

(
1− |ξ|2)Ξ+1

Γ (Ξ + 1) (1− ξ)2Ξ+2

] 1
2

(Mω)
Ξ+ 1

2
2

× rΞe
Mωρ2

2 ( ξ+1
ξ−1 ). (57)

If no cosmic string defects exists,α → 1, the radial coherent
statesR(r) are

R(r) =

[
2

(
1− |ξ|2)Υ+1

Γ (Υ + 1) (1− ξ)2Υ+2

] 1
2

(Mω)
Υ+ 1

2
2

× rΥe
Mωρ2

2 ( ξ+1
ξ−1 ). (58)

To obtain the time evolution of these coherent states, we now
write Eq. (10) as follows

HrG = λG, (59)

where

Hr =
(
−r2 d2

dr2
+

τ2 − 1
4

r2
+ M2ω2r2

)
. (60)

Therefore, from Eqs. (19) and (59), the following relation can
be obtained

HrG = 4Mω=3G = λG. (61)

Equations (19), (61) and (A.4) of the appendix allow us to re-
calculate the energy spectrum obtained in Eq. (25) of Sec. 3.
We obtain

Enr,`,k =
k2

2M
+ ω [2nr + 1 + =] . (62)

The definition of the time evolution operator for an arbitrary
Hamiltonian is [55]

U(t) = e−iHrt/~ = e−4iMω=3t/~. (63)

It is considered thatt is a fictitious time [56, 57].The time
evolution of the Perelomov coherent states is defined by

|ζ(τ)〉 = U(t)|ζ〉 = U(t)D(ξ)U†(τ)U(t)|k, 0〉, (64)

whereξ is a complex number andD(ξ) = exp(ξD+−ξ∗D−)
is the displacement operator. Thus, the time-dependent
Perelomov coherent states can be written as [47]

|ζ(t′)〉 = e−4iMωkt~eζ(t)D+eηD0e−ζ(−t)∗D− |k, 0〉. (65)

This result allows us to calculate the time evolution for the
HORP. It results to be

R(r, ξ) =

[
2

(
1− |ξ|2)=+1 (mω)=+ 1

2

Γ (=+ 1)
(
1− ξe4iMωτ/~)2=+2

] 1
2

r=

× e−4iMω( 1
2=+ 1

2 )e
Mωr2

2

(
ξe4iMωt~+1
ξe4iMωt~−1

)
. (66)

It is worth mentioning that the coherent states and their time
evolution for the HORPRF exhibit the same behavior as
Eqs. (56) and (66) due to the use of identical Sturmian bases.

5. Thermodynamic properties for HORP and
HORPRF

In this section, we calculate the thermodynamic properties
for the HORP and HORPRF problems. For each of them,
we find the partition function, the Helmholtz free energy, the
mean energy, the entropy, the heat capacity, and the Massieu
function. Also, we find for some of them the limiting cases
for no string defectα → 1 and for no dislocationχ → 0.

5.1. Thermodynamic properties for the HORP

It is known that the partition functionz is defined by

z =
∞∑

n=0

e−βEnr,`,k , (67)

whereβ = 1/kT , k is the Boltzmann constant andT the
absolute temperature. Thus, from Eqs. (67) and (25) the par-
tition function can be writing as

z =
exp

[
−β

(
k2

2M + ω=
)]

2 sinh ωβ
, (68)

and the Helmholtz free energy can be calculated as follows

F = − 1
β

ln z =
k2

2M
+ ω=+

1
β

ln (2 sinh ωβ) , (69)

the mean free energy is given by

U = −∂ ln z

∂β
=

k2

2M
+ ω=+ ω cothωβ, (70)

the entropy for this quantum system, can be calculated with
the help of Eqs. (68) and (70) as follows

S = k ln z +
U

T
= k [ωβ cothωβ − ln (2 sinh ωβ)] , (71)
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the specific heat capacityC/k is calculated from Eq. (68) as

C

k
= β2

[
∂2 ln z

∂β2

]
=

β2ω2

sinh2 ωβ
. (72)

Finally, from Eqs. (70) and (71) the Massieu function can be
calculated as

fM = −U

T
+ S =

k2

2MT
+

ω

T
[=+ coth ωβ]

+ k [ωβ cothωβ − ln (2 sinhωβ)] . (73)

Now, we particularize some of our results above for the limit
cases:A) for no string defectα → 1 andB) for no disloca-
tion χ → 0.
CaseA:
If no cosmic string defects exists,α → 1, the partition func-
tion takes the form

z =
exp

[
−β

(
k2

2M + ωΥ
)]

2 sinh ωβ
, (74)

the Helmholtz free energy results to be

F =
k2

2M
+ ωΥ +

1
β

ln (2 sinhωβ) . (75)

The mean free energy is given by

U =
k2

2M
+ ωΥ + ω cothωβ, (76)

and finally, the Massieu function under this potential is

fM =
k2

2MT
+

ω

T
[Υ + coth ωβ]

+ k [ωβ cothωβ − ln (2 sinhωβ)] . (77)

CaseB:
If no dislocation existsχ → 0, our general results above are
particularized as follows. The partition function in this limit
is given by

z =
exp

[
−β

(
k2

2M + ωΞ
)]

2 sinh ωβ
, (78)

and the Helmholtz free energy takes the form

F =
k2

2M
+ ωΞ +

1
β

ln (2 sinh ωβ) . (79)

The mean free energy simplifies to

U =
k2

2M
+ ωΞ + ω cothωβ, (80)

and the Massieu function is given by

fM =
k2

2MT
+

ω

T
[Ξ + coth ωβ]

+ k [ωβ coth ωβ − ln (2 sinh ωβ)] . (81)

5.2. Thermodynamic properties for the HORPRF

In this subsection, we obtain the thermodynamic properties
for the HORPRF. These are computed beginning with the par-
tition function under rotational frame effects, which takes the
form

z =
exp

[
−β

(
k2

2M + ω=− Ω |`−χk|
α − V0

)]

2 sinh ωβ
. (82)

Thus, the Helmholtz free energy is given by

F =
k2

2M
+ ω=− Ω

|`− χk|
α

− V0 +
1
β

ln (2 sinhωβ) . (83)

The mean free energy for this case takes the form

U =
k2

2M
+ ω=− Ω

|`− χk|
α

− V0 + ω cothωβ. (84)

The Massieu function result to be

fM =
k2

2MT
+

ω

T

[
=− Ω

|`− χk|
α

− V0 + coth ωβ

]

+ k [ωβ cothωβ − ln (2 sinh ωβ)] . (85)

Now, we particularize some of the results (82)-(85) for the
cases:C) χ → 0, andD) α → 1.
CaseC:
The partition function simplifies to

z =
exp

[
−β

(
k2

2M + ωΞ− Ω |`|
α − V0

)]

2 sinh ωβ
. (86)

Thus, the Helmholtz free energy is given by

F =
k2

2M
+ ωΞ− Ω

|`|
α
− V0 +

1
β

ln (2 sinhωβ) , (87)

and the mean free energy results to be

U =
k2

2M
+ ωΞ− Ω

|`|
α
− V0 + ω coth ωβ. (88)

The Massieu function under the limit reduces to

fM =
k2

2MT
+

ω

T

[
Ξ− Ω

|`|
α
− V0 + coth ωβ

]
+

+ k [ωβ cothωβ − ln (2 sinhωβ)] . (89)

CaseD:
If no cosmic string defects exists, Eqs. (82)-(85) are particu-
larized as follows. The partition function reduces to

z =
exp

[
−β

(
k2

2M + ωΥ− Ω|`− χk| − V0

)]

2 sinh ωβ
. (90)
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Therefore, the Helmholtz free energy is given by

F =
k2

2M
+ ωΥ− Ω|`− χk| − V0 +

1
β

ln (2 sinh ωβ) ,

(91)

and mean free energy takes the form

U =
k2

2M
+ ωΥ− Ω|`− χk| − V0 + ω cothωβ. (92)

Finally, the Massieu function under the cosmic string param-
eter limitα → 1 is

fM =
k2

2MT
+

ω

T
[Υ− Ω|`− χk| − V0 + coth ωβ]

+ k [ωβ cothωβ − ln (2 sinh ωβ)] . (93)

As it can be seen, unlike the standard quantum harmonic os-
cillator, the thermodynamic quantities now depend, in each
case, on the cosmic string parameterα, the dislocation pa-
rameterχ, and the effect of the rotational frameΩ. This is
why these parameters influence the allowed frequencies and
the trajectories of the particles. There is also a dependence
on angular momentum and angular velocity, which introduce
corrections to the energy levels and, consequently, to the ther-
modynamic properties

The plots of the thermodynamic functions obtained
above, their explanation and interpretation are reported in the
next section for different values of the parametersk, M , η, `,
χ, ω, andβ.

6. Plots for thermodynamic functions for the
HORP

The study of the thermodynamic properties of certain quan-
tum particles plays a crucial role in understanding quantum
computing. In particular, the process of quantum storage sys-
tems involves matching a set of particles that can be described
thermodynamically, this means that their properties depend
on temperature, pressure and other variables. As the study of
quantum systems deepens, we can better understand the be-
havior of these particles and how we can use them to build
more powerful quantum computers.

In this Section, we plot the thermodynamic functions
such as partition function, mean energy, Helmholtz free en-
ergy, entropy, specific heat and Massieu function forV0 = 0.

Figure 1 illustrates the partition function as a function of
the variableα. The plot shows that as the values ofα in-
crease from0 to 0.8, there is a trend for the partition function
to increase. Beyond this point, the partition function remains
almost constant up to the maximum allowable value ofα for
a specific angular frequency of0.25. However, as the angu-
lar frequency increases to0.50 and0.75, the growth of the
partition function decreases asα increases. The same result
is evident in(b) and(c). (d) When the dislocation parame-
ter χ is increased, a higher value of the partition function is
obtained asα increases.

FIGURE 1. Partition functionz vscosmic string defectα for some
particular parameters values, a)k = β = M = η = ` = 1, χ =
0.5, b) k = ω = M = η = ` = 1, χ = 0.5, c) k = ω = M =
` = 1, β = 0.5, χ = 0.5, d) k = ω = M = ` = η = 1, β = 0.5.

FIGURE 2. Helmholtz free energyF vs cosmic string defectα
for some particular parameters values a)k = β = M = η =
` = 1, χ = 0.5, b) k = ω = M = η = ` = 1, χ = 0.5, c)
k = ω = M = ` = 1, β = 0.5, χ = 0.5, d) k = ω = M = ` =
η = 1, β = 0.5.

In Fig. 2, we plot the Helmholtz free energy as a function
of the variableα. It can be seen that the free energy decays
exponentially up to a value of about0.2 of the parameterα,
from which it stabilizes at an approximately constant value
for each angular frequency. It can also be observed that the
decay becomes more pronounced as the angular frequency is
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FIGURE 3. Mean free energyU vscosmic string defectα for some
particular parameters values a)k = β = M = η = ` = 1, χ =
0.5, b) k = ω = M = η = ` = 1, χ = 0.5, c) k = ω = M =
` = 1, β = 0.5, χ = 0.5, d) k = ω = M = ` = η = 1, β = 0.5.

reduced. Similar results are obtained when the parametersβ
andη are varied in cases(b) and(c). In contrast, when the
parameterχ is varied, the opposite effect is observed, with
greater decay for larger values ofχ.

In Fig. 3 we plot the Mean free energy as a function of the
variableα. (a) From this plot we can see that the Mean free
energy decreases exponentially as the value ofα increases.
Also, starting from a value ofα of about0.2, it shows an al-
most constant behavior. Asω decreases, the decay becomes
more pronounced. b) In this case, the decay is exponential,
similar to that observed in case a). The only difference is
that the decay is more pronounced whenβ is larger. c) This
case also shows an exponential decay similar to that observed
in case a), but with a modifiedη parameter. d) We observe
that the larger theχ parameter, the faster exponential decay
occurs with the same characteristics as in the previous cases.

Figure 4 shows the entropy as a function of the angular
frequencyω. a) Shows the exponential decay of the entropy

FIGURE 4. a) The EntropyS vsω for k = 1, b) The EntropyS vs
β for the parameterk = 1.

FIGURE 5. a) Specific heat capacityC/k vsω for different values
of the parametersβ, b) Specific heat capacityC/k vsβ for different
values of the parametersω.

as the value ofω is varied. For a value ofω = 4.5 the entropy
is almost constant. It can also be observed that the decay be-
comes more pronounced as the value of the parameterβ in-
creases. b) In this case, an exponential decay can be seen as
the value of the parameterβ increases. The entropy reaches
an almost constant value whenβ = 4.5. It can also be seen
that the decay becomes more pronounced asω is increased.

Figure 5 presents a plot of the specific heat as a function
of angular frequency. a) It illustrates an exponential decay as
the angular frequency increases. It can be seen that for a value
of β = 0.75, the specific heat becomes zero for a value of
ω = 10 approximately, and something similar occurs when
β = 0.50. However, forβ = 0.25, it becomes zero up to
ω = 20, with a steeper drop observed for larger values ofβ.
b) The plot illustrates a clear decrease asβ increases, with
a greater intensity in its decay observed for larger values of
ω. Furthermore, the specific heat becomes zero at a value of
approximatelyβ = 2, for ω = 3, atβ = 2.5, for ω = 2 and
for ω = 1 it becomes zero up to a value ofβ = 4.5.

Figure 6 shows the Massieu function as a function of ab-
solute temperature. a) As the absolute temperature increases,
an asymptotic exponential decay is observed. AroundT =
40, a constant behavior is observed. This plot shows that the
decay is more pronounced at higher values ofβ. b) As T
increases, an exponential decay is observed, which is more
pronounced for lower values ofη. c) As T increases, a de-
cay is observed, which is more pronounced for higher values
of ω, with a constant behavior aroundT = 50. d) As T in-
creases, an asymptotic exponential decay is observed, and for
small values of̀ , the decay is more pronounced.

Figure 7 we plot the partition function as a function of
the variableα. a) In this plot, it is observed that the partition
function tends to increase as the values ofα increase between
0 and0.1. In this case, when the parameterχ = 0, there are
no indications of constant behavior up to the maximum al-
lowed value forα. Moreover, when the angular frequency
increases from0.25 to 0.75, the growth rate of the partition
function decreases. b) The description is similar to that given
in case a), except that in this case the growth rate of the par-
tition function decreases asβ increases. c) The behavior in
this plot is similar to that described in case a), but in this case,
we modify the value ofη and deduce that the lower the value
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FIGURE 6. The Massieu functionfm vs absolute temperatureT
for some particular parameters values, a)k = β = α = M =
η = ` = 1, χ = 0.5, b) k = α = M = ` = η = β = 1, α =
0.5χ = 0.5, c) k = M = η = β = ` = 1, α = 0.5, χ = 0.5, d)
k = ω = M = η = 1, α = 0.5, β = 0.5.

FIGURE 7. Partition functionz vs cosmic string defectα for dif-
ferent parameters values a)k = β = M = η = ` = 1, b)
k = ω = M = η = ` = 1, (c) k = ω = M = ` = 1, β = 0.5, d)
k = ω = M = η = 1, β = 0.5.

of this parameter, the higher the growth rate of the partition
function. d) In this case, the partition function increases asα
increases. It is also observed that the lower the value of the
parameter̀ , the greater the increase in the partition function.
The growth rate of the partition function decreases for cases
a), b), and c) with respect toα whenχ 6= 0.

In Fig. 8 we plot the Helmholtz free energy as a function
of the variableα. a) An asymptotic exponential decay of this

FIGURE 8. Helmholtz free energyvs cosmic string defectα for
some particular parameters values a)k = M = η = ` = β = 1,
b) k = ω = M = η = ` = 1, c) k = ω = M = ` = 1, β = 0.5,
d) k = ω = M = η = 1, β = 0.5.

energy is observed as the value ofα increases. This decay is
more pronounced for smaller values of the angular frequency
ω. b) In this case, the description is similar to that in a), ex-
cept that the decrease in the value of the energy is smaller as
the value ofβ increases. c) The behavior in this plot is similar
to that described in a), but in this case, we modify the value of
η, and we notice that the smaller the value of this parameter,
the faster the energy decreases. d) In this case, an exponential
decay is observed. As the value of the parameter` decreases,
there is a greater reduction in the energy values. The rate of
decrease of the Helmholtz energy is slower for cases a), b),
and c) with respect toα than in the case withχ 6= 0.

In Fig. 9 we plot the Mean free energy as a function of
the variableα. (a) An asymptotic exponential decay in the
energy can be observed as the value ofα increases. There is
a more pronounced decay for smaller values of the angular
frequencyω, and it seems to approach to constant values for
anα value of approximately0.9. (b) Similarly, an exponen-
tial decay is observed asα increases. In this case, the decay is
more pronounced asβ increases. (c) The behavior in this plot
is similar to that described in (a), but in this case, we mod-
ify the value ofη, and we notice that the smaller the value of
this parameter, the faster the energy decays. (d) Once again,
we observe an exponential decay similar to the previous three
cases. As the value of the parameter` decreases, there is a
greater reduction in the energy values. The rate of decrease
of the average energy is slower for cases (a), (b), and (c) with
respect toα than in the case withχ 6= 0.

In Fig. 10 we plot the Massieu function as a function of
absolute temperature. a) This plot shows an asymptotic ex-
ponential decay. It can be observed that starting from a value
close toT = 50, the Massieu function exhibits approximately
constant behavior. This plot also shows that for larger values
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FIGURE 9. Mean free energyU vscosmic string defectα for some
particular parameters values a)k = β = M = η = ` = 1, χ =
0.5, b) k = ω = M = η = ` = 1, χ = 0.5, c) k = ω = M =
` = 1, χ = β = 0.5, d) k = ω = M = η = 1, χ = β = 0.5.

FIGURE 10. The Massieu functionfm vsthe absolute temperature
T for some particular parameters values a)k = ω = M = η =
` = 1, α = 0.5, b) k = M = ` = η = ω = ` = 1, α = β = 0.5,
c) k = M = η = β = ` = 1, α = 0.5, d) k = ω = M = η =
β = 1, α = 0.5, β = 0.5.

of the parameterβ, the decay is more pronounced. b) An ex-
ponential decay of the function is observed asT increases.
In this case, the decay is slightly more pronounced asη de-
creases. c) Once again, we observe an asymptotic decay, the
increasing the value of the parameterω leads to a greater re-
duction in the values of this function. d) An exponential de-
cay is observed in this case as the value of the absolute tem-
perature increases. A more pronounced decay is observed as

FIGURE 11. a) Partition functionz vsβ for the parameters values
k = M = η = ` = 1, χ = 0.5, b) Partition functionz vsω for
the parameters valuesk = M = η = 1, χ = β = 0.5, c) Partition
function z vs β for the parameters valuesk = ω = M = ` =
1, β = χ = 0.5, d) Partition functionz vs β for the parameters
valuesk = ω = M = ` = 1, χ = β = 0.5.

FIGURE 12. a) Helmholtz free energyfm vsβ for the parameters
valuesk = M = η = `, χ = 0.5, b) Helmholtz free energyfm

vsω for the parameters valuesk = M = η = ` = 1, χ = 0.5,
c) Helmholtz free energyfm vs ω for the parameters valuesk =
M = ` = 1, χ = β = 0.5, d) Helmholtz free energyfm vsω for
the parameters valuesk = ω = M = η = 1, χ = β = 0.5.

the value of̀ decreases. The rate of decay is similar to the
case withχ 6= 0, but for b), the decay occurs at a higher value
of T .

In Fig. 11a) This plot shows that the partition function
decays exponentially asβ increases. It can be observed that
starting at an approximate value ofβ = 0.9, this function ap-
pears to behave in a roughly constant manner. It is also noted
that for larger values ofω, the decay is more pronounced.
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FIGURE 13. a) Mean free energyU vsω for the parameters values
k = M = η = ` = 1, χ = 0.5, b) Mean free energyU vsβ for the
parameters valuesk = M = η = ` = 1, χ = 0.5, c) Mean free
energyU vsω for the parameters valuesk = M = ` = 1, χ =
β = 0.5, d) Mean free energyU vs ω for the parameters values
k = M = η = 1, χ = β = 0.5.

b) In this case, the partition function is plotted as a function
of the angular frequency, showing an exponential decay and
approximately constant behavior starting from a value near
ω = 0.9. Similarly, for larger values ofβ, the decay is more
pronounced. c) The behavior in this plot is similar to that de-
scribed in case b). We notice that for larger values of the pa-
rameter̀ , the partition function decays more significantly. d)
Once again, an exponential decay is observed as the parame-
terω increases, with a greater decay asη becomes larger.

Figure 12a) The Helmholtz free energy is plotted as a
function of the variableω. As ω increases, a logarithmic in-
crease in the energy is observed. The increase is more pro-
nounced for higher values ofβ. b) In this case, the growth
continues asω increases. The increase is slightly more pro-
nounced for higher values of the parameterη. c) A logarith-
mic growth is observed asω increases. The energy increases
as the value of̀ increases. d) An asymptotic logarithmic
growth is observed as the value ofβ increases. This growth
is accentuated with increasing the angular frequency.

Figure 14a) The Massieu function is plotted as a function
of absolute temperatureT . An asymptotic exponential decay
is observed. The function exhibits an approximately constant
behavior from a value close toT = 50. This plot also reveals
that for higher values of the parameterβ, the decay is more
pronounced. b) This plot shows an exponential decay of the
function asT increases. It can be seen that the decay becomes
slightly more pronounced asη decreases. c) An asymptotic
exponential decay is observed asT increases. When the pa-
rameterω increases, a greater reduction in the values of this
function occurs. d) In this case, an exponential decay is ob-
served as the absolute temperature value increases. The de-

FIGURE 14. The Massieu functionfm vsthe absolute temperature
T for the parameters values a)k = ω = M = η = ` = 1, χ =
0.5, b) k = M = ω = ` = η = ` = 1, α = χ = β = 0.5, c)
k = M = η = β = ` = 1, χ = 0.5, d) k = ω = M = η =, χ =
0.5, β = 0.5

cay becomes somewhat more pronounced as the value of`
decreases. For this case, the behaviors of the functions are
similar to those in scenarios involving cosmic strings and dis-
location parameters.

7. Concluding remarks

In this paper, we have used an algebraic approach to inves-
tigate a quantum harmonic oscillator in the cosmic string
space-time that contains a dislocation, given by Eq. (1), plus
the presence of a repulsive square-inverse potential. We ap-
plied the Schrodinger factorization method to the second or-
der differential equations obtained in Ref. [21]. This allowed
us to obtain the generators of thesu(1, 1) algebra. Using the
theory of unitary representations for this algebra, we were
able to obtain the energy spectrum and the eigenfunctions
for this problem. Proceeding exactly in the same way, we
study the harmonic oscillator plus a repulsive inverse-square
potential within the same cosmic string space-time and we
obtained the energy spectrum and the eigenfunctions.

Furthermore, we constructed the Perelomov coherent
states for both cases from the Sturmian basis of thesu(1, 1)
Lie algebra for both cases,i.e. the quantum harmonic oscil-
lator in the presence of a repulsive quadratic inverse potential
within a cosmic string space-time containing a dislocation
and the one containing a rotational reference frame. Also,
for both cases, we found their corresponding coherent states
and its time evolution in a closed form.

Moreover, for each of the problems studied in the present
paper, we have calculated and plotted the thermodynamic
functions such as the partition function, the Helmholtz free
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energy, the mean free energy, the entropy, the specific heat
capacity and the Massieu function.

Finally, the results we found are particularized and plot-
ted for zero dislocation parameterχ → 0 and for no cosmic
stringa → 1 for the energy spectra, the eigenfunctions, the
coherent states and their time evolution, and the thermody-
namic properties.

Appendix

A. The SU(1, 1) Group and its coherent states

In the context of Lie algebra theory, thesu(1, 1) algebra is
defined by three generators,L± andL0, which satisfy the
following commutation relations [58]

[L0,L±] = ±L±, [L−,L+] = 2L0. (A.1)

The action of the above operators in the Fock space states
{|k, n〉, n = 0, 1, 2, ...}, is defined according to the existing
literature, as

L+|k, n〉 =
√

(n + 1)(2k + n)|k, n + 1〉, (A.2)

L−|k, n〉 =
√

n(2k + n− 1)|k, n− 1〉, (A.3)

L0|k, n〉 = (k + n)|k, n〉, (A.4)

C2|k, n〉 = k(k − 1)|k, n〉. (A.5)

These operators establish the theory of unitary irreducible
representations of the Lie algebrasu(1, 1), where|k, 0〉 is the
lowest normalized state.

Now, in terms of the displacement operatorD(ξ), it is
known that theSU(1, 1) Perelomov coherent states|ζ〉 are
defined as

|ζ〉 = D(ξ)|k, 0〉, (A.6)

hereD(ξ) = exp(ξL+ − ξ∗L−) andξ is a complex number.
It can be shown that the displacement operator has the fol-
lowing property from the fact thatL†+ = L− andL†− = L+

D†(ξ) = exp(ξ∗K− − ξK+) = D(−ξ). (A.7)

The normal form of the displacement operator is written as

D(ξ) = exp(ζL+) exp(ηL0) exp(−ζ∗L−), (A.8)

where ξ = −(1/2)τe−iϕ, ζ = − tanh([1/2]τ)e−iϕ and
η = −2 ln cosh |ξ| = ln(1 − |ζ|2) [57]. Therefore, by us-
ing Eq. (A.8) and Eqs. (A.2)-(A.4), The Perelomov coherent
states can be written as follows [54]

|ζ〉 = (1− |ξ|2)k
∞∑

s=0

√
Γ(n + 2k)
s!Γ(2k)

ξs|k, s〉. (A.9)
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