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QCD phase diagram for largeNf : Analysis
from contact interaction effective potential
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In this paper, we discuss the impact of a higher number of light quark flavors,Nf , on the QCD phase diagram under extreme conditions.
Our formalism is based on the Schwinger-Dyson equation, employing a specific symmetry-preserving vector-vector flavor-dressed contact
interaction model of quarks in Landau gauge, utilizing the rainbow-Ladder truncation. We derive expressions for the dressed quark mass
Mf and effective potentialΩf at zero, at finite temperatureT and the quark chemical potentialµ. The transition between chiral symmetry
breaking and restoration is triggered by the effective potential of the contact interaction, whereas the confinement and deconfinement transi-
tion is approximated from the confinement length scaleτ̃ir. Our analysis reveals that at(T = µ = 0), increasingNf leads to the restoration
of chiral symmetry and the deconfinement of quarks whenNf reaches its critical value,Nc

f ≈ 8. At this critical value, in the chiral limit
(mf = 0), the global minimum of the effective potential occurs at the point where the dressed quark mass approaches zero (Mf → 0).
However, when a bare quark mass ofmf = 7 MeV is introduced, the global minimum shifts slightly to a nonzero value, approaching
Mf → mf . At finite T andµ, we illustrate the QCD phase diagram in the(T χ,C

c − µ) plane, for various numbers of light quark flavors,
noting that both the critical temperatureTc and the critical chemical potentialµc for chiral symmetry restoration and deconfinement decrease
asNf increases. Moreover, the critical endpoint(TEP , µEP ) also shifts to lower values with increasingNf . Our findings are consistent
with other low-energy QCD approaches.
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1. Introduction

In the past few years, the study of low-energy quantum chro-
modynamics (QCD) for large number light quark flavors
Nf yields important consequences on the chiral symmetry
breaking/ restoration and confinement/deconfinement phase
transition in the presence of heat bath and external back-
ground fields. It has been clearly demonstrated in the Lat-
tice QCD simulation [1-5], the Schwinger-Dyson equation
approaches [6-10], some continuum approaches [11-16] and
the NJL model calculation [9] that as we increase the num-
ber of light quark flavors, the chiral symmetry restores and
quarks become deconfined at and above some critical value
N c

f . The critical value must be less than the upper limit of
the critical value, denoted asN c,AF

f , where the asymptotic
freedom is believed to exist. According to [17], the critical
number of flavors for a gauge groupSU(Nc) is given by
(N c,AF

f = 11Nc/2). ForNc = 3, this yields a critical value
of 16.5. Consequently, QCD is considered conformal in the
infrared regime, attributed to the presence of an infrared fixed
point which refers to a specific condition in which the beta
functions of the QCD couplings are equal to zero [15,18-23].
The range of fermion flavors(N c

f ≤ Nf < N c,AF
f ) is com-

monly referred to as the “conformal region” [24-27]. As we
approach the upper limit(Nf < N c,AF

f ) of this region, the
infrared fixed point is located in a weakly interacting regime.
In contrast, at the lower region(Nf ≤ N c

f ), the infrared fixed
point shifts towards the strongly interacting region, where the

coupling becomes progressively stronger asNf decreases.
As a result, the system enters a phase marked by the breaking
of chiral symmetry and the confinement of quarks.

Furthermore, the study of a large number of light quark
flavorsNf plays a significant role in light hadron physics, see
for example, recent Lattice QCD studies [28] and Schwinger-
Dyson studies in Ref. [29] discusses the properties of pions
and kaons across various light quark flavors in detail. This
research reveals that at and above the criticalNf ≈ 8, the
masses of the pseudoscalar mesons increase, indicating that
chiral symmetry is restored and mesons behave like free par-
ticles. Additionally, the Schwinger quark-antiquark pair pro-
duction rate is sensitive to the increasing number of light
quark flavors. It has been demonstrated that, in the presence
of a pure electric field, the pair production rate accelerates
with a higher number of flavors [10]. In Ref. [8], a study
of large Nf in a heat bath and magnetic field background
shows that there is a critical number of flavors,N c

f ≈ 8, at
which chiral symmetry is restored and deconfinement occurs,
while the critical temperatureTc decreases asNf increases.
Extending the study of largeNf to finite temperatureT and
chemical potentialµ provides deeper insights into the nature
of the chiral phase transition within the QCD phase diagram.
A model-based study, such as the Nambu-Jona-Lasinio (NJL)
model, predicts that increasing the number of light quark fla-
vors, Nf , leads to a decrease in all phase diagram parame-
ters, including the critical temperatureTc, the critical quark
chemical potentialµc, and the critical endpoint(TE , µE), as



2 AFTAB AHMAD

discussed in Ref. [9]. In this work, we focus on studying
the QCD phase diagram in the(Tχ,C

c − µ) plane for vari-
ous numbers of light quark flavorsNf . This exploration is
crucial for understanding the phase transitions that hadronic
matter underwent in the early stages following the Big Bang.
Specifically, we examine the transition from hadronic matter
to quark-gluon plasma [30], quarkyonic matter [31-33], neu-
tron star formation [34,35], and the color-flavor locked (CFL)
region in the QCD phase diagram [36-38]. Recent advance-
ments in detectors at various research centers, including the
sPHENIX detector and the complementary STAR upgrades
at RHIC, as well as enhancements at ALICE, ATLAS, CMS,
and LHCb, have ushered in a new multi-messenger era for hot
quantum chromodynamics (QCD) [39]). This era leverages
the combined constraining abilities of low-energy hadrons,
jets, thermal electromagnetic radiation, heavy quarks, and ex-
otic bound states. Additionally, the increased luminosity at
the LHC, alongside other experimental facilities like RHIC
and the Compact Baryonic Matter (CBM) experiments, and
new facilities under construction in FAIR [40] and NICA
[41], presents a remarkable opportunity to investigate the
phase transition from hadronic matter to quark-gluon plasma
and related phenomena.

It is well known that at temperatures near zero, color-
singlet hadrons are generally considered the basic building
blocks of low-energy QCD. However, when the temperature
surpasses a critical thresholdTc, the interactions weaken,
causing hadrons to transition into a new phase. In this phase,
quarks and gluons emerge as the new fundamental compo-
nents, chiral symmetry is restored, and quarks become decon-
fined. Lattice QCD calculations [42-49], Schwinger-Dyson
equations [7,8,50-58], and various effective models of non-
perturbative QCD [9,54,59-66] all indicate that the transition
in question manifests as a crossover when a finite current
quark massm is considered. Conversely, calculations in the
chiral limit reveal a second-order phase transition. Nonethe-
less, as the quark chemical potentialµ increases, this same
physical behavior continues to hold. The nature of the phase
transition shifts from a crossover to a first-order transition at
the critical endpoint (CEP) in the QCD phase diagram, typ-
ically depicted on the(Tc − µ) plane. The precise location
of this critical endpoint remains elusive, sparking significant
scientific interest and prompting experimental designs aimed
at its observation. However, various non-perturbative QCD
model and Lattice QCD simulation suggest it lies within the
range(µE/Tc = 1.0−2.0, TE/Tc = 0.4−0.9) for two-flavor
QCD [9,52,54,67-78].

In this study, we aim to investigate the phenomena of chi-
ral symmetry breaking and restoration, as well as the confine-
ment and deconfinement phase transitions, particularly fo-
cusing on a large number of light quark flavors,Nf . Our
objective is to map out the QCD phase diagram. To ac-
complish this, we employ a confining variant of the Nambu-
Jona-Lasinio (NJL) model. This model features a symmetry-
preserving vector-vector contact interaction among quarks
and incorporates multiple light quark flavorsNf [7]. We an-

alyze this within the framework of Schwinger-Dyson equa-
tions, utilizing the Landau gauge and a Schwinger optimal
time regularization method, while considering finite temper-
atureT and chemical potentialµ. In our analysis, the gap
equation derived from this model can be integrated concern-
ing the dynamically generated mass, thereby defining the ef-
fective thermodynamic potential of the current contact inter-
action model [10]. The critical number of flavorsN c

f , the
critical temperatureTχ,C

c and the critical chemical potential
µχ,C

c of chiral symmetry breaking and restoration, as well as
the confinement-deconfinement phase transition, can be ap-
proximated from the effective contact interaction thermody-
namical potentialΩ and the confinement length scaleτ̃ir (see
for detail discussion [66], and also [7,8,56,79]), respectively.
Notably, in this model, chiral symmetry restoration and de-
confinement occur simultaneously [7,8,56,63].

The remainder of this manuscript is organized as follows:
In Sec. 2, we introduce the general formalism for the gap
equation using contact interaction model and the contact in-
teraction effective potential in vacuum for largeNf . In Sec. 3
delves into the gap equation and effective potential at finite
temperature and chemical potential for largeNf . In Sec. 4,
we present numerical solutions for the gap equation and ef-
fective potential, and we sketch the phase diagram in the
(Tχ,C

c − µ) plane for variousNf . In Sec. 5, we summaries
our findings.

2. Nf -flavors dressed contact interaction
model gap equation and the effective po-
tential in vacuum

The Schwinger-Dyson equation for the flavor-dressed quark
propagator in the vacuum is given by:

S−1
f (p) = S−1

0,f (p) + Σf (p) . (1)

Here,S0,f (p) = (γ ·p−mf + iε)−1 stands for the bare quark
propagator in Minkowski space, the subscriptf is denotes the
quark flavors andΣ(p) is the self energy given by:

Σf (p) = −i

∫
d4k

(2π)4
g2∆µν(q)

× λa

2
γµS(k)

λa

2
Γν(p, k) . (2)

Where,Γν(k, p) is the dressed quark-gluon vertex,g2 is QCD
coupling constant and

∆µν(q) = −i
G(q)
q2

(
gµν − qµqν

q2

)
,

is the gluon propagator (in the Landau gauge). Heregµν is
the metric tensor (in Minkowski space),q = k − p is the
gluon four-momentum andG(q) is the gluon dressing func-
tion. The symbolmf stands for bare light quark mass and in
the chiral limitmf = 0. Hereλa’s are the Gell-Mann matri-
ces, and in theSU(Nc) representation these matrices satisfies
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the following identity:

N2
c−1∑

a=1

λa

2
λa

2
=

1
2

(
Nc − 1

Nc

)
I,

here,Nc represents the number of colors andI is the identity
matrix. In the present scenario, we use the rainbow-Ladder
truncationi.e., Γν(k, p) = γν .

TheNf -flavors dressed form of the symmetry-preserving
contact interaction model [7,9,29] is given by:

g2G(q)
q2

∣∣∣∣∣
q→0

=
4παIr

M2
g

√
1− (Nf − 2)

Zc
f

= αeff(Nf ) . (3)

Where αir = 0.93π, is the strength parameter for the
infrared-enhanced interaction andMg = 800 MeV is the
dynamically generated gluon mass scale in the infrared re-
gion [80]. TheZc

f = 9.98, represents the guessed critical
number of flavors, as discussed in detail in Refs. [7,9]. In this
particular model truncation, the dynamical quark mass func-
tion remains momentum independent, and the dressed quark
propagator can be expressed as [9,81]:

Sf (k) =
γ · k + Mf

k2 −M2
f + iε

. (4)

Here,Mf is the dressed or effective quark mass. Insert-
ing Eqs. (2) -(4) into Eq. (1), usingNc = 3 and simplifying,
we have

Mf = mf +
16iαeff(Nf )

3

∫
d4k

(2π)4
Mf

k2 −M2
f + iε

. (5)

Now, we can split the four-momentum and four-
dimensional momentum integral into time and space com-
ponents. The space part of the four momentum is denoted by
k and the temporal part byk0. So, Eq. (5) can be written as

Mf = mf +
16iαeff(Nf )

3

×
∫ ∞

0

d3k
(2π)4

∫ +∞

−∞

Mfdk0

k0
2 − E2

k + iε
. (6)

After performing integration over the time component of
Eq. (6), we have:

Mf = mf +
16iαeff(Nf )

3

∫ ∞

0

d3k
(2π)4

πMf

iEk
. (7)

Here,Ek =
√

k2 + M2
f represents the energy per particle.

Using d3k = k2dk sin θdθdφ and upon taking the angular
integration, Eq. (7) can be written as:

Mf = mf +
4αeff(Nf )

3π2

∫ ∞

0

dk
k2

√
k2 + M2

f

. (8)

The integral in Eq. (8) is diverging integral and needs to be
regularized. Here, we use the Schwinger proper time regular-
ization procedure, by using the following identity:

1
an

=
1

Γ(n)

∫ ∞

0

dττn−1e−τa, (9)

whereΓ(n) is the Gamma function. We usea = k2 + M2
f

andn = 1/2 and introducing the cut-offsτir = 1/Λir along
with an ultraviolet cut-offτuv = 1/Λuv [66,82-84], we have:

1√
k2 + M2

f

=
∫ ∞

0

dτe−τ(k2+M2
f )

√
πτ

→
∫ τ2

ir

τ2
uv

dτe−τ(k2+M2
f )

√
πτ

=
erf(xir)− erf(xuv)√

k2 + M2
f

, (10)

where
erf(xir,uv =

√
k2 + M2

f τir,uv)

are the error functions,i.e.,

erf(x) =
2√
π

∫ x

0

e−t2

t
dt.

The pole in Eq. (10), located atk2 = −M2
f disappears from

the quark propagator when both the numerator and denom-
inator vanish at that point. The ultraviolet regulator,τuv =
Λ−1

uv , sets the scale for dimensional quantities dynamically.
The infrared regulator,τir = Λ−1

ir where, with a non-zero
value, aids in interpreting confinement [82,84,85] and is of-
ten known as the confinement length scale [7,8,10,56,66,79].
Analysis of Eq. (10), reveals that the propagator lacks real
or complex poles, aligning with the concept of confinement.
Essentially, an excitation described by a pole-less propagator
cannot reach its mass-shell [82]. By substituting Eq. (10) in
Eq. (8) and integrating overk, the gap equation Eq. (8) for
the dressed mass is simplified to:

Mf = mf +
4αeff(Nf )Mf

3π2

(
e−M2

f τ2
ir

τ2
ir

+
e−M2

f τ2
uv

τ2
uv

−M2
f Ei(−M2

f τ2
ir) + M2

f Ei(−M2
f τ2

uv)
)

, (11)

with

Ei(x) =
∫ x

−∞

e−t

t
dt,

is the exponential integral function. The quark-antiquark
condensate in the present case is defined as:

−〈q̄q〉 =
Mf −mf

αeff(Nf )
. (12)

TheNf -flavor dressed effective contact interaction potential
in vacuum can be obtained by re-arranging Eq. (11) and upon
integration overMf [10,66], is thus, given by:

Ωf (M,Nf ) = Ω0 + Ωvac, (13)
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here, theΩ0 is related to the square of condensate and is given
by

Ω0 =
(Mf −mf )2

2αNc

eff (Nf )
, (14)

and

Ωvac =
1

12π2

(
e−M2

f τ̃2
ir (1−M2

f τ̃2
ir)

τ̃4
ir

+
e−M2

f τ2
uv (−1 + M2

f τ2
uv)

τ4
uv

−M4
f Ei(−M2

f τ̃2
ir)

+ M4
f Ei(−M2

f τ2
uv)

)
+ const., (15)

is the regularized vacuum part of the flavor-dressed effective
potential. This indicates that the state with the lowest value
of Ωf , achieved by fulfilling the conditions∂Ωf/∂Mf = 0
and∂2Ωf/∂M2

f ≥ 0, is regarded as the most stable. In this
context, we define the confinement scale as

τ̃ir(M, Nf ) = τir
Mf (2, 0, 0)

Mf (Nf , 0, 0)
,

whereMf (Nf , 0, 0) represents the dressed mass for a gen-
eral number of flavorsNf , andMf (2, 0, 0) corresponds to
Nf = 2, both evaluated at zero temperatureT = 0 and zero
chemical potentialµ = 0. In the following section, we will
examine the gap equation and the effective potential under
finite temperature and chemical potential conditions.

3. Nf -flavors dressed gap equation and con-
tact interaction effective potential at finite
T and µ

The gap equation Eq. (5), at finite temperatureT and quark
chemical potentialµ , can be obtained by using the following
convention for momentum integration:

∫
d4k

i(2π)4
f(k0,k) → T

∑
n

∫
d3k

(2π)3
f(ω̃n,k), (16)

hereω̃n = i(2n+1)πT +µ, stands for the fermionic Matsub-
ara frequencies. Inserting Eq. (16) in Eq. (5) and simplifying,
we have

Mf = mf +
4αeffMf

3π2

∫ ∞

0

d3k
(2π)3

× 1√
k2 + M2

f

(1− nF (T, µ) + n̄F (T, µ))), (17)

wherenF (T, µ) andn̄F (T, µ) represents the Fermi occupa-
tion numbers for the quarks and antiquarks, respectively, can
be defined as:

nF (T, µ) =
1

ey− + 1
, n̄F (T, µ) =

1
ey+ + 1

, (18)

where
y∓ = (

√
k2 + M2

f ∓ µ)/T.

By isolating the vacuum component from the medium and ap-
plying appropriate time regularization as shown in Eq. (10),
we can simplify the gap equation in Eq. (17) as follows:

Mf = mf +
αeff(Nf )Mf

3π2

(
e−M2

f τ̃2
ir

τ2
ir

+
e−M2

f τ2
uv

τ2
uv

−M2
f Ei(−M2

f τ̃2
ir) + M2

f Ei(−M2
f τ2

uv)
)

− 4αeffMf

3π2

∫ ∞

0

dk
k2

√
k2 + M2

f

× [nF (T, µ) + n̄F (T, µ)] . (19)

In this context, we define

τ̃ir = τir
M(2, 0, 0)

M(Nf , T, µ)
,

whereMf (Nf , T, µ) denotes the dressed mass influenced by
the medium. This formulation indicates that as chiral sym-
metry is restored,̃τir approaches infinity, suggesting a simul-
taneous onset of deconfinement. Crucially, it’s important to
highlight that since the plasma does not affect the ultravi-
olet dynamics, the medium component of the gap equation
remains unaffected by regularization. Only the vacuum com-
ponent necessitates such regularization. Integrating Eq. (19)
with recept to dressed massMf and arranging the terms the
expression for flavor-temperature-chemical potential effec-
tive thermodynamical potentialΩf (T, µ) is given by:

Ωf (T, µ) = Ω0 + Ωvac + Ωmed, (20)

here, the medium part of the effective potential is:

Ωmed = − 4
3π2

∫ ∞

0

dkk2

(
T log

[
1 + e−y−

]

+ T log
[
1 + e−y+

] )
. (21)

The equation Eq. (19), presented above aligns with the gap
equation derived in Eq. (13) when we setT = µ = 0.

4. Numerical results

In this section, we focus on the numerical solution of the
QCD gap equation using theNf -flavor dressed contact in-
teraction model represented by Eq. (11). We employ a spe-
cific set of model parameters: the bare light quark mass
mf = 7 MeV, with the infrared cutoffτir = (ΛQCD)−1 =
(240 MeV)−1, whereΛQCD denotes the typical QCD scale.
Additionally, we haveτuv = (905 MeV)−1, αir = 0.93π,
andMg = 800 MeV. These parameter values are sourced
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FIGURE 1. a) The behavior of the contact interaction effective potential for various numbers of light quark flavorsNf shows that the
effective potential has the stable global mimima atM 6= 0 for lower values ofNf indicate chiral symmetry breaking in the chiral limit.
As Nf increases, particularly forNf ≥ Nc

f ≈ 8, the minima shift towardsMf = 0, indicating chiral symmetry restoration phase. b) The
behavior of the effective potential below, at and above the critical number of flavorsNc

f . This plot shows that forNf = 2 < Nc
f , the global

minimum is positioned at non-zero values ofMf (Mf = ±358), representing the chiral symmetry broken phase. ForNf = Nc
f , the chiral

symmetry restored and the minima shifted towardsMf → 0. For Nf = 9 > Nc
f , the effective potential has stable solution atMf = 0,

representing the the chiral symmetry restoration phase.There is no unstable solution (or more then one global minimum) in the effective
potential from chiral symmetry broken to restoration phase, so the nature of the transition is continuous and second-order in the chiral limit.

FIGURE 2. a) The contact interaction effective potential for various numbers of light quark flavorsNf with current quark massmf = 7
MeV. The stable global minima in the effective potential for lower values ofNf are located atMf > mf indicate that the chiral symmetry
is broken. AsNf increases, particularly forNf ≥ Nc

f ≈ 8, these minima shift towardsMf → mf , indicating the partial restoration of
chiral symmetry. b) The behavior of the effective potential below, at and above the critical number of flavorsNc

f with bare quark massmf .
This plot shows that forNf = 2 < Nc

f the global minimum is positioned at non-zero values ofMf ( Mf = ±368), representing the chiral
symmetry broken phase. ForNf = Nc

f , the chiral symmetry restored and the minima shifted towardsMf → mf . ForNf = 9 > Nc
f , the

effective potential has stable solution atMf = mf , representing the the chiral symmetry restoration phase. There is no unstable solution in
the effective potential from chiral symmetry broken to restoration phase and hence, the nature of the transition is cross-over.

from [83], obtained by fitting to the properties ofπ and
ρ mesons. Furthermore, electromagnetic form factors and
charge radii of pseudo-scalar and scalar mesons are calcu-
lated with these parameters, as detailed in the recent review
by [86]. Also, the first radial excitation of baryons and mass
spectrum has been calculated with similar parameters [87].

In vacuum, the solution of the Eq. (13) for the effective
potential atT = µ = 0, for variousNf is shown in Fig.1.
This plot shows that in the chiral limit (mf = 0) and for
Nf = 0, the effective potential has a global minimum at
Mf ≈ ±400 MeV. This indicates that chiral symmetry is
dynamically broken and confinement occurred, meaning that
the system prefers a state where quarks acquire mass even

when their bare mass is zero. In this scenario, it can be ob-
served that the minima of the effective potential,Ωf , align
perfectly with the solutions to the gap equation, while the
trivial solution Mf = 0 represents a maximum. The low-
est value of the positive mass reflects the global minimum of
the effective potential, indicating the stable dynamical quark
mass. Upon increasing the number of light quark flavorsNf ,
the global minima shifted towards the lower values of the
dressed quark massMf , for example, in the case ofNf = 2,
its value isMf ≈ ±358 MeV, and so on untilNf ≈ 8, where
the global minimum shifted towardsMf = 0, this is the stage
where the chiral symmetry is restored. In the lower panel of
Fig. 1, we illustrate the behavior of the effective potential for
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three cases:(Nf < N c
f ), (Nf = N c

f ), and(Nf > N c
f ). The

plot reveals that for(Nf < N c
f ), the global minimum oc-

curs at nonzero values of(Mf ), indicating a chiral symmetry
broken phase. When(Nf = N c

f ), the global minimum shifts
towards(Mf → 0), signaling the beginning of chiral symme-
try restoration. Lastly, for(Nf > N c

f ), the global minimum
is located at(Mf = 0), which confirms that the system is
fully in the chiral symmetry restoration phase.

When the bare quark massmf = 7 MeV is included,
as shown in Fig.2a), the minimum shift towardsMf ≈
±410 MeV for Nf = 0, and so on. This slight increase
reflects the influence of the quark massmf on the dynamics
of the system. ForNf = 2, its value is atMf = ±368 MeV,
which is consistent with [66]. As we increaseNf to Nf ≈ 8,
the global minimum is shifted towardsMf → mf where the
chiral symmetry is partially restored (because only the bare
massmf survives), as illustrated in Fig.2a). In the Fig.2b),
we illustrate the behavior of the effective potential for three
cases:(Nf < N c

f ), (Nf = N c
f ), and (Nf > N c

f ), with
(mf = 7) MeV. The plot reveals that when(Nf < N c

f ), the
global minimum occurs at nonzero values ofMf , indicating
a chiral symmetry broken phase. In the case ofNf = N c

f , the
global minimum shifts towards the(Mf → mf ) region, sug-
gesting partial restoration of chiral symmetry; here, the con-
tribution from the dressed mass due to self-energy vanishes,
leaving only the bare mass contribution. For(Nf > N c

f ),
the global minimum is positioned at(Mf = mf ), signifying
that the system is in a phase of partial symmetry restoration.
To understand the nature of the phase transition from chi-
ral symmetry breaking to restoration, as well as the critical
value ofNf , we can minimize the effective potential with re-
spect toMf by setting(∂Ωf/∂Mf = 0). This yields the gap
equation Eq. (11) and allows us to explore the flavor gradient
(∂Nf

Mf ).
In the chiral limit mf = 0, if the flavor-gradient di-

verges continuously, the transition is classified as second-
order, with the effective potential exhibiting a stable solution
at (Mf = 0). Conversely, when a bare quark mass is present
mf 6= 0 and the transition remains continuous, it is charac-
terized as a crossover, with the critical number of flavors de-
termined at the inflection point. In this scenario, the effective
potential stabilizes at(Mf = mf ). However, if the transition
occurs discontinuously, it is classified as first-order, leading
to unstable solutions for the effective potential in both cases,
whether or not there is a bare quark mass. For a more detailed
classification of phase transitions in terms of effective poten-
tial, see, for instance, [60]. In this first-order transition, the
effective potential exhibits two minima: one atMf = 0) (in
the chiral limit) or atMf = mf (with bare quark mass), and
the other atMf 6= 0 (in the chiral limit) orMf > mf (with
bare quark mass). The criterion for a first-order phase transi-
tion is thus given byΩf (Mf = 0,mf ) = Ωf (Mf ), (see for
example Ref. [88] for details).

Overall, this analysis illustrates how the effective poten-
tial changes concerning the light-quark flavorsNf and high-
lights the significance of dynamical symmetry breaking in

QCD. The dressed quark massMf which can be obtained
by minimizing the effective potential (∂Ωf/∂Mf = 0) and

FIGURE 3. Behavior of the dressed massMf and confinement
length scalẽτ−1

ir for large number of light quark flavors in the chiral
limit and with current quark mass. All parameters monotonically
decreasing function ofNf . In the chiral limit, at and above the crit-
ical Nc

f ≈ 8, the dressed mass and confining length scale vanishes,
the chiral symmetry is restored and the quark becomes deconfined.
Plot with bare quark mass represents that near at or aboveNc

f ≈ 8,
the dress mass vanishes and the only bare quark mass survives, the
chiral symmetry is restored through smooth cross-over and quark
becomes deconfined.

the confinement length scale,τ̃−1
ir , from which we can trig-

gers the confinement (or deconfinement) in the chiral limit,
as well as in the presence of a bare quark massmf = 7 MeV,
are plotted in Fig.3. All parameters shows a monotonically
decreasing with increasingNf . In the chiral limit, both the
inverse of the confinement scale and the dressed mass ap-
proach zero, indicating the restoration of chiral symmetry
and deconfinement. However, when a bare quark massmf is
introduced, the self-energy contribution to the dressed mass
disappears, leaving only the bare quark mass contribution re-
mains. This marks the region where chiral symmetry is re-
stored and quarks become deconfined.
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FIGURE 4. Behavior of the dressed quark mass as a function of
temperature for variousNf and atµ = 0. This plot shows the
monotonically smooth decreasing behavior of the dressed mass
with a temperature. Upon increasingNf , it suppresses.

FIGURE 5. The confinement scalẽτ−1
ir as a function of temperature

for variousNf andµ = 0. This plot indicates the monotonically
smooth decreasing behavior of the confinement scale with a tem-
perature. Upon increasingNf , the confinement scale suppresses.

FIGURE 6. a) The behavior of the effective potential for fixed
Nf = 2, for variousT and atµ = 0. This plot shows that upon
increasing the temperature the global minima shifted towards the
lower values where aboveT ≈ 200 MeV, all the minima shift to-
wardsMf → mf , where the chiral symmetry is partially restored.
b) Behavior of the effective potential at(T < Tc), (T = Tc), and
(T > Tc). It clearly shows that at(T < Tc) the effective potential
has a stable global minimum at higher values ofMf belowTc, in-
dicating a chiral symmetry broken phase. AtT = Tc, this global
minimum align withM = mf , where a stable solution exists. For
T > Tc, the global minimum is positioned atMf = mf , where
chiral symmetry is partially restored. This plot clearly demon-
strates that the effective potential provides stable solutions from
the chiral symmetry-broken phase to the restored phase across all
temperature ranges, indicating that the nature of the transition is a
crossover.

At finite temperatureT andµ → 0, we numerically solve
Eq. (19) by minimizing it with respect toMf which gives
the gap equation Eq. (19), using a bare massmf = 7 MeV.
The results, illustrated in Fig.4, reveal how the dressed mass
Mf as function of temperatureT , varies for different val-
ues ofNf . As T increasesMf monotonically decreases and
for increasing the value ofNf , all Mf plots as a function
of T suppresses upon enhancing theNf . Furthermore, the
confinement length scalẽτ−1

ir , presented in Fig.5, exhibits
a similar behavior with largerNf . The critical temperature
Tc for chiral symmetry breaking and restoration across vari-
ous values ofNf can be extracted from the inflection point
of, by minimizing the effective potential with respect to dress
quark mass(∂Ωf/∂Mf = 0), and then by taking the tem-
perature gradient(∂T (∂Ωf/∂Mf = 0) = ∂T Mf ) . The
critical temperature for confinement to deconfinement tran-
sition can be obtained from∂T τ̃−1

ir . We thus, obtained the
critical values of temperature for various flavors, for exam-
ple, for Nf = 2 its value isTc ≈ 207 MeV. The nature
of phase transition at finite temperature is cross-over for all
Nf . In Fig. 6a), at finiteT , at µ = 0, we present the effec-
tive potential for a fixed number of flavors,Nf = 2, with a
quark massmf = 7 MeV. It is evident that as the tempera-
ture increases, the location of the global minima shifts toward
lower Mf values. Notably, aboveTc ≈ 207 MeV, this min-
imum aligns withMf = mf , indicating that above this crit-
ical temperature, chiral symmetry is partially restored while
the bare quark mass persists. Conversely, belowTc, chiral
symmetry remains broken. The Fig.6b), illustrates the be-
havior of the effective potential at three temperature regimes:
(T < Tc), (T = Tc), and(T > Tc). It clearly shows that
the effective potential has a stable minimum belowTc, in-
dicating a broken chiral symmetry. AtT = Tc, this global
minimum shifts towardM → mf , where a stable solution
exists, suggesting that chiral symmetry is partially restored.
ForT > Tc, the global minimum is positioned atMf = mf ,
where chiral symmetry is partially
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FIGURE 7. The effective potential for fixedNf = 4, at (T <
Tc), (T = Tc), and (T > Tc). This plot indicates that at
T = Tc = MeV, the global minimum is aligned withMf = mf

and at(T > Tc), it is located atMf = mf , which corresponds to
the chiral symmetry restoration phase. However, forT < Tc , the
global minimum is located atMf > mf , the chiral symmetry is
broken and the transition the its nature is cross-over.

FIGURE 8. Behavior of the effective potential for atµ = 0 for fixed
Nf = 6, , at(T < Tc), (T = Tc), and(T > Tc). at(T < Tc), the
stable global minimum is located atMf > mf and the chiral sym-
metry is broken. At and aboveT = Tc , the stable global minimum
is aligned withMf = mf . For (T > Tc), The global minimum
is positioned atMf = mf , where the chiral symmetry is broken.
This plot also demonstrate that the nature of transition is cross-over
from chiral symmetry broken to restoration phase.

FIGURE 9. Behavior of the effective potential for atµ = 0 for
fixed Nf = 8, , at (T < Tc), (T = Tc), and(T > Tc). For
(T < Tc), the chiral symmetry is broken and the global minimum
is located atMf > mf . ForT > Tc MeV, the global minimum is
align withMf = mf . For(T > Tc) where the chiral symmetry is
partially restored and the global minimum is located atMf = mf .
The nature of the transition is crossover.

restored. This plot clearly demonstrates that the effective po-
tential provides stable solutions as it transitions from the chi-
ral symmetry-broken phase to the restored phase across all
temperature ranges, indicating that the nature of the transi-
tion is a crossover. Similarly, we plotted the effective poten-
tial at T < Tc, T = Tc andT > Tc for Nf = 4, 6, 8 in the
Figs.7, 8 and9, respectively. These figures demonstrate that
as the number of flavors increases, the critical temperatures
decrease.

For Nf = 8, the situation differs from that at lower
Nf . On one hand, the larger number of flavors restores chi-
ral symmetry, while on the other hand, temperature plays a
significant role. This results in a minimum atMf > mf

even at lower temperatures, with a critical temperatureTc ≈
70 MeV where the effective potential reaches its minimum
atMf → mf . However, the transition remains a crossover.

FIGURE 10. The phase diagram in theT χ,C
c - Nf plane. This phase

diagram shows that the at finiteT and atµ → 0, the transition
line between the chiral symmetry broken phase (or confinement)
and restoration (deconfinement) phase is crossover for all possible
range of flavorsNf .
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FIGURE 11. The dressed quark mass as a function of chemical po-
tential µ, for various number of flavorsNf , and atT = 0. This
plot shows that belowNf = 6, the dressed mass decreases discon-
tinuously in the chiral symmetry restoration region. While at and
above, it shows the smooth decreasing behavior.

FIGURE 12. The confinement scale for various number of flavor
Nf , and as function chemical potentialµ, at T = 0. This plot
indicates that belowNf = 6, the confinement scale decreases dis-
continuously while at and above, it shows the smooth decreasing
behavior.

FIGURE 13. The behavior of the effective potential atT = 0,
with a fixed flavor numberNf = 2, is analyzed for three differ-
ent chemical potentials:µ < µc, µ = µc, andµ > µc. When
µ < µc, a stable global minimum exists atMf > mf , indicating
broken chiral symmetry and a crossover transition. At the critical
point µ = µc, the effective potential presents two global minima:
one atMf = mf and the other atMf > mf , signifying a shift
from a crossover to a first-order transition. Forµ > µc, chiral sym-
metry is partially restored, with the global minima shifting towards
Mf → mf .

FIGURE 14. The effective potential forNf = 4 reveals differ-
ent behaviors at various chemical potentials:µ < µc, µ = µc, and
µ > µc. Forµ < µc, a stable global minimum exists atMf > mf ,
indicating broken chiral symmetry and a crossover transition. At
the critical pointµ = µc, the effective potential presents two global
minima: one atMf = mf and the other atMf > mf , signifying
a shift from a crossover to a first-order transition. Forµ > µc, chi-
ral symmetry is partially restored, with the global minima shifting
towardsMf → mf .

Ultimately, we plotted the critical temperatureTχ,C
c for chi-

ral symmetry restoration and deconfinement across various
Nf values in theTχ,C

c − Nf plane, as shown in Fig.10.
This phase diagram illustrates that, at finite temperature and
asµ → 0, the transition line between the chiral symmetry
broken-confinement phase and the restoration-deconfinement
phase is a crossover for all flavor ranges. These findings align
with studies based on the NJL model studies [9].

At a finite chemical potentialµ and atT = 0, the dressed
quark massMf is plotted againstµ for variousNf in Fig.11.
This plot indicates that the dressed mass remains constant

FIGURE 15. The effective potential forNf = 6 reveals differ-
ent behaviors at various chemical potentials:µ < µc, µ = µc, and
µ > µc. Forµ < µc, a stable global minimum exists atMf > mf ,
indicating the chiral symmetry is broken and a crossover transi-
tion. At the critical pointµ = µc, the effective potential has now
single global minim shift towardsMf → mf , and is crossover.
For µ > µc, chiral symmetry is partially restored, with the global
minim positioned atMf = mf . Thus, in this case, the chiral sym-
metry is partially restored through a cross-over phase transition.
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FIGURE 16. The behavior of the effective potential atT = 0 for
Nf = 8 is examined at three different chemical potential regimes:
µ < µc, µ = µc, andµ > µc). In the plot forµ < µc, there
is a stable global minimum located at slightly higher values of
Mf > mf . Forµ ≥ µc, the minimum is positioned atMf → mf .
Forµ > µc), the minimum is located atMf = mf indicating that
chiral symmetry is restored through a crossover phase transition.

for small values ofµ but experiences a sudden jump near at
µ = µc,with µc is the critical value of quark chemical poten-
tial. As Nf varies,Mf as a function ofµ declines, and at at
a specific number of flavors,Nf ≥ 6, the behavior of transi-
tion changes from first-order to a smooth crossover. A similar
pattern is observed for the confinement scaleτ̃−1

ir as shown
in the Fig.12. Focusing onNf = 2, Fig. 13 presents the
effective potential for three different values of quark chemi-
cal potentials. It clearly indicates that whenµ < µc, a stable
global minimum is observed at higher values ofMf > mf ,
signifying the broken of chiral symmetry and the nature of the
transition is a crossover. Atµ = µc, the transition changes
from crossover to the first-order. In the first-order transition,

FIGURE 17. The phase diagram in the(µχ,C
c - Nf ) plane. This

diagram shows that the at finiteµ and atT = 0, the transition line
is of first-order forNf < 6, while crossover forNf ≥ 6.

FIGURE 18. Behavior of effective potential forNf = 2, with bare
quark mass and at finiteT andµ, specifically in the region for the
regions(T > TEP , µ < µEP ), (T = TEP , µ = µEP ), and(T <
TEP , µ > µEP ). This plot clearly illustrates the effective poten-
tial’s behavior along the critical line, transitioning from the chiral
symmetry broken phase to the chiral symmetry restoration phase.
In the crossover region(T > TEP , µ < µEP ), chiral symmetry
is restored, resulting in a stable solution aroundMf ≈ mf . Con-
versely, in the first-order transition regime(T < TEP , µ > µEP ),
the effective potential exhibits two unstable global minima: one is
atMf = mf and the other is atMf > mf . At the critical endpoint
(T = TEP , µ = µEP ), the two global minima are in equilibrium
with each other.

the effective potential exhibits an unstable solution with two
global minima: one atMf = mf and other is atMf > mf .
Near at the criticalµc, these two minima reaches to the state
of equilibrium. At µ > µc, the chiral symmetry is partially
restored, with all global minima shifted toMf = mf . These
behaviors are consistent with the effective potential at finite
µ as discussed in Ref. [60]. In contrast to a second-order
(or crossover) phase transition, the location of the global
minimum of the effective potential in the first-order phase
transition changes discontinuously. The critical valueµc

can be obtained from the condition
(
∂µ

(
∂Ωf/∂Mf

)
= 0

)
.

The critical µc is determined from the inflection point of
∂µ(∂Ωf/∂Mf = 0). If the transition is a first-order tran-
sition atµc then the derivative changes discontinuously. In
Fig. 14, we illustrate the behavior of the effective potential
for Nf = 4. The plot reveals that their is a single stable
global minimum positioned at higher value ofMf , indicat-
ing that chiral symmetry is broken through a crossover. At
µ = µc, there are two global minima one atMf = mf and
other is located atMf > mf , and almost in equilibrium at
µc, ant at thisµc, the nature of the transition changes from
crossover to the first order. Forµ > µc, all global minima
shift towardsMf = mf , signifying the restoration of chiral
symmetry. ForNf = 4, the transition from chiral symme-
try breaking to restoration is a first-order. ForNf = 6, as
illustrated in Fig.15, the effective potential demonstrates a
smooth crossover transition from the chiral symmetry-broken
phase to the restored phase, even at a finite quark chemical
potentialµ. At T = 0 and for Nf = 8, Fig. 16 depicts
the effective potential for three different values of the quark
chemical potentialµ. These plots indicate that there is a sta-
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ble minimum just aboveMf = mf for lower values ofµ.
However, for larger values ofµ, the minimum coincides with
Mf = mf . This transition is also a crossover, and no critical
endpoint for the chemical potential is identified in this sce-
nario, as chiral symmetry is restored at(T = µ = 0) when
Nf ≈ 8.

We present a phase diagram depicting the critical chem-
ical potentialµχ,C

c versus the number of flavorsNf at tem-
peratureT = 0, as illustrated in Fig.17. This diagram re-
veals that the critical chemical potential associated with the
transition from chiral symmetry breaking and confinement
to chiral symmetry restoration and deconfinement decreases
as the number of light quark flavorsNf increases. Notably,
the nature of the phase transition shifts from first-order to a
crossover whenNf ≥ 6.

In Fig. 18, we demonstrate the behavior of the effec-
tive potential forNf = 2, considering a bare quark mass
mf and at non-zero temperaturesT and chemical poten-
tials µ-specifically for the regions(T > TEP , µ < µEP ),
(T = TEP , µ = µEP ), and(T < TEP , µ > µEP ). This plot
clearly illustrates the effective potential’s behavior along the
critical line, transitioning from the chiral symmetry broken
phase to the chiral symmetry restoration phase, especially in
the context of finiteT andµ. The transition evolves from a
crossover to a first-order phase transition, delineated by a crit-
ical endpoint. In the crossover region(T > TEP , µ < µEP ),
chiral symmetry is restored, resulting in a stable solution
aroundMf ≈ mf . Conversely, in the first-order transition
regime(T < TEP , µ > µEP ), the effective potential ex-
hibits with two unstable global minima: one is atMf = mf

and the other is atMf > mf . At the critical endpoint
(T = TEP , µ = µEP ), the two global minima are in equi-
librium with each other. Figure18, illustrates the behavior
of effective potential near the critical endpoint(TEP , µEP )
for various numbers of flavorsNf . This plot indicates that
the critical endpoint diminishes as the number of flavors in-
creases.

Finally, we draw the QCD phase diagram in theTχ,C
c −µ

plane for various values ofNf in Fig.19. This phase diagram

FIGURE 19. Behavior of effective potential at the critical endpoint
(T = TEP , µ = µEP ), for various flavorsNf = 2, 3, 4, 5. At
the critical end point the two global minima in the effective poten-
tial are in equilibrium with each other and declined with increasing
number of flavors.

FIGURE 20. QCD phase diagram for differentNf = 2, 3, 4, 5, 6
values: This diagram shows the suppression of critical line
among chiral symmetry broken-confinement and chiral symme-
try restoration-deconfinement transition. The coordinates of the
critical end points between the crossover and first order phase
transition forNf = 2, 3, 4, 5 are (TEP ≈ 90, µEP ≈ 350),
(TEP ≈ 80, µEP ≈ 340), (TEP ≈ 56, µEP ≈ 336), (TEP ≈
33, µEP ≈ 322) MeV, respectively. However, forNf ≥ 6 the
critical line is crossover throughout the phase diagram.

illustrates that the crossover line, which begins at theT−axis,
does not terminate on the finiteµ-axis. Instead, it ends at a
critical endpoint (TEP , µEP ) in the phase diagram, where its
nature changes from crossover to first-order. This line contin-
ues along theµ-axis atT = 0 for lower values ofNf . How-
ever, as we increaseNf , the critical line becomes suppressed,
and atNf = 6 and above, it exhibits crossover behavior.

5. Summary and conclusions

Our analysis in this work based on the Schwinger-Dyson
equation, Flavor-dressed contact interaction model, in the
Landau gauge, and in the rainbow ladder truncation. The
expression for the gap equation is obtained using optimal
Schwinger proper time regularization and upon introducing
the infrared and ultraviolet cut-offs for higher number of light
quark flavorsNf . We have derived an expression for effec-
tive potential for largeNf . We further extended this proce-
dure at finiteT andµ and explored the QCD phase diagram
for largeNf . In this work, the chiral symmetry breaking-
restoration phase transition is triggered from the effective
potentialΩf , whereas the confinement-deconfinement tran-
sition is approximated from the confinement length scaleτ̃ir.
From this study, we concluded the following.

1) Chiral symmetry restoration and the deconfinement
phase transition occur at and above the critical number of
light quark flavors,N c

f ≈ 8. This study clearly demonstrates
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that for lower values ofNf < N c
f , such asNf = 2, the ef-

fective potential exhibits minima atMf = ±358 MeV in the
chiral limit. When considering a bare mass of light quarks
mf = 7 MeV, the minima shift toM = ±367 MeV, indicat-
ing a breakdown of chiral symmetry. However, at and beyond
Nf ≈ 8, the minima move closer to the bare quark massmf ,
because the contribution in the dressed quark mass from the
self energy vanishes.

2) At finite T andµ → 0, the chiral symmetry restored
and quarks becomes deconfined at some critical temperature
Tχ,C

c ≈ 207 (for Nf = 2) where at and above, the min-
ima in the effective potential positioned atMf → mf . Upon
increasing the number of light quark flavorsNf , theTχ,C

c re-
duced, the nature of phase transition is cross-over through all
the ranges ofNf .

3) At finite µ andT → 0, chiral symmetry is restored
and quarks become deconfined through a first-order phase
transition near and aboveµχ,C

c ≈ 380 (for Nf = 2). The
critical temperature decreases upon increasing the number of
flavorsNf , The first-order phase transition continues up to
Nf = 5, after which it changes from first-order to crossover.
4) At finite T and µ, we have drawn the QCD phase dia-
gram in the(Tχ,C

c − µ) plane for various number ofNf .

This phase diagram indicates that their is a critical end point
(TEP , µEP ) between the crossover and first order phase tran-
sition for (Nf = 2, 3, 4, 5). However, forNf ≥ 6, no criti-
cal end point is predicted, and the nature of the transition is
crossover. Hence, the entire critical line between chiral sym-
metry breaking-confinement and restoration-deconfinement
suppressed with the increasing number of light quark flavors.

The primary contribution of our work is to enhance
the understanding of the QCD phase diagram with vari-
ous numbers of light quark flavors at finite temperature and
quark chemical potential. The chiral symmetry breaking-
restoration transition is induced by the effective contact inter-
action potential, while the confinement-deconfinement tran-
sition is determined by the confinement scale. Our re-
sults align well with predictions from other effective models.
Therefore, one can conclude that not only do the heat bath
and background fields influence the phase transition, but the
number of light quarks does as well.
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