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Wigner function under changes of reference frames
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We investigate the transformation laws of the Wigner function under changes of reference frames. By employing the coordinate transfor-
mation of the wave functions, we derive an integral representation for the transformed Wigner function in both position and momentum
representations. To illustrate our results, we include some basic examples.
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1. Introduction function provides a phase space representation of the density
operator and captures all auto-correlation properties and tran-
Reference frames are fundamental in physics. Whenever wation amplitudes of a quantum system. As we will demon-
set up an experiment or describe the behaviour of a physicairate below, the transformation of wave functions enables
system, we implicitly or explicitly rely on a reference frame. us to characterize the change of the Wigner function entirely
Broadly speaking, a reference frame is a conceptual or physn terms of the transformations of the extended phase space
ical framework relative to which we measure the propertiesvariables.
of the system under study. The mathematical counterpart of The paper is organized as follows, in Sec. 2 we briefly
a reference frame is provided by a coordinate system and iatroduce the fundamental concepts of phase space quantiza-
time scale, which together allow us to describe the motiortion and Wigner functions. In Sec. 3, the coordinate trans-
of particles. In classical mechanics, a change of referencformations of wave functions are analyzed. Then, in Sec. 4
frame typically involves straightforward transformations of we obtain the transformation laws of the Wigner functions
positions and momenta, which do not affect the underlyingunder changes of reference frames, presenting several ex-
physical processes, rather, they merely alter the mathematimples. Finally, we introduce some concluding remarks in
cal description. However, in quantum mechanics, the situaSec. 5.
tion becomes more intricate due to the wave-like behaviour of
particles and the significant role played by the wave function.
For instance, in non-relativistic quantum mechanics the coor2. The Wigner—Weyl quantization and the
dinate transformations are usually presented in terms of uni- Wigner function
tary operators that correspond to canonical transformations in
classical phase space [1]. Nevertheless, despite consideralftae Wigner-Weyl quantization is a formulation of quan-
efforts over the years, a complete theory of coordinate trangum mechanics that represents quantum states and observ-
formations in quantum mechanics remains elusive, includingibles as functions on the phase space, offering an alter-
a satisfactory theory of canonical transformations. native to the traditional wavefunction or operator formal-
In order to shed some light on these issues, in this papasm based on Hilbert spaces. In this framework, quantum
we analyze the transformation laws under changes of refeebservables, which typically act as operators on states de-
ence frames within the phase space formulation of quanturfined in Hilbert spaces, are mapped to phase space functions
mechanics. The phase space formulation of quantum mehrough the Weyl transform, establishing a direct correspon-
chanics consists in a formal passage from classical to quamience between classical observables and their quantum coun-
tum systems using the Dirac quantization framework as a funterparts [3]. By avoiding the need for Hilbert space operators,
damental guideline [2]. A central feature within this formula- the Wigner—Weyl quantization provides an intuitive approach
tion is determined by the Wigner distribution function. This that proves to be useful for understanding the transition be-
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tween classical and quantum regimes, as well as for practical With the Weyl quantization map and the Wigner trans-
applications in areas like quantum optics, quantum informaform established, we are now ready to define the Wigner
tion and semiclassical approximations [4]. function or Wigner distribution associated to the wavefunc-
Let us consider a classical system witldegrees of free-  tion ¢(q) belonging to the Hilbert spacé&?(R"). Con-
dom described by the phase sp&#®', with local coordi- siderp, a density operator corresponding to a quantum state
natesx = (z1,...,,) andp = (p1,...,p,). The quanti- ¢ € L?(R"), thatis, a self-adjoint, positive and semi-definite
zation of this theory results in the construction of the Hilbertoperator with trace one, written as
spacel.?(R™), where the functiong andp become operators L
X = (21,...,4,) andp = (p1, ..., pn), acting onL2(R"), Py =020, (7)
which satisfy the commutation relations in Dirac notation. By means of the Wigner transform for-
.. A A . mula [6), the phase space function associated to the gtate
[Zi,%;] = 0, [pi,pj] =0, [%i,p;] =ihdy. (1) also khzjwn an) the Wigner function, is given by 5
Now, given a functionf(x, p) onR?", we can promote this

/
classical function to an operator through the Weyl quantiza- W (x, p) = 5 lh — Q9 (p) = 5 lh — / P* (x + );>
tion map, defined as (2h) (2mh) n

1 . e AN
o) = s [ Flab)e®* P dadn, (@) <o (x5 ) orax, ©
(271')” R2n 2

where f denotes the Fourier transform $f Since the Weyl ~Where the extra overall factdr/(27h)" has been chosen so
transform corresponds to the integral of an operator, we cafhat the Wigner function turns out to be normalized in phase

compute its integral kernel as space
Kp(x,x") = (x|Q(f)[x). 3) W(x,p)dxdp = 1. (9)
By means of the Baker—Campbell-Hausdorff formula, we Ren ) )
obtain A remarkable feature of the Wigner function for a quantum
1 / state lies on the possibility of taking negative values on cer-
/ x+x ; . . .
Ki(x,x') = W/ f (2,p> tain regions of phase space. Consequently, it cannot be in-

terpreted as a probability density in the traditional sense, and
« elP (x=x")/h dp. (4) is therefore commonly referred to as a quasi-probability dis-
tribution in the literature. However, this seemingly unusual
property of the Wigner function enables the characterization
/ K (x, x’)|2dx dx’ — 1 of_ jqint-correlation functions and entanglement_ properties
R27 (2wh)" within the quantum system [7]. Moreover, the Wigner func-

) tion contains all the necessary information about the quantum

X /]RZ" |f(x,p)[" dxdp,  (5)  probability distributions associated with a state. Indeed, it is

traightf dt ify f its definition that
which implies that the kernel defines a Hilbert—Schmidt op-S raightforward to verify from its definition tha

erator, as it maps functions from?(R") into functions in W (x,p)dp = [ (x)[, (10)
L?(R™) and possesses a well defined (but possibly infinite) R27

trace [5]. Then, we conclude that the Weyl transfo@ngan ~ which corresponds to the probability distribution in position
be viewed as a map from the set of square-integrable fungspace and, similarly, for the momentum space one finds
tions on the phase spaB&” to the space of Hilbert—Schmidt

This integral kernel for the operat@( f) also satisfies

operatorsHS(L?(R™)) acting onL?(R™). In particular, it W (x,p) dx = [ (p)*, (11)
can be shown that the Weyl transfoi®{ f) corresponds to a _ fen
self-adjoint operator wheffi is a real-valued function [6]. wherey(p) denotes the Fourier transform of the wavefunc-

Once we have described the quantization map, the invergéon 1(x). The Wigner function can also be employed to cal-
of the Weyl transform@~! : HS(L?(R")) — L?(R?") can  culate the expectation values of operators by integrating their
be obtained as follows respective Wigner transforms across the entire phase space,

Q™' (4) = Aw (x,p) (AW = | W(xp)Aw(xp)dxdp.  (12)
’ ’ "
= / (x — %\fux + %) Px/Max’ (6)  All these properties suggest that the Wigner function is the
TR closest analogue to a probability distribution in a quantum

for any operatorA € HS(L?*(R™)). The resulting function system. Since it represents the phase space counterpart of the
Aw (x,p), defined on the phase spaké”, is known as the  density operator, one could argue that the information con-
Wigner transform of the operatof. Although these expres- tained in the Wigner function is fully equivalent to that pro-
sions were derived for square-integrable functions in phasegided by the wavefunctions in the conventional formulation
space, they can be extended to the case of arbitrary functiors quantum mechanics [8].
through the use of generalized functions [5].
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3. Transformation of wavefunctions
Following Ref. [9], let us consider a transformation given by a unitary opetataefined by the conditions
U0 = Xi(x,t), Up;U™' = Py(p,t), (13)

wherez; andp; denote the position and momentum operators respectively, \Rihikmdﬁj are operators depending &np
andt. Furthermore, within the Scbdinger picture, the states transform under the action of unitary operators as follows

W) =Uly). (14)

Now, suppose thatx) and |p) are eigenstates of the position and momentum oper&t@sd p, respectively, such that
X|x) = x|x) andp|p) = p|p), then by using Egs/1@) the following result holds

KU Yx) = U™IX(x%, 1) |x) = X(x, 1)U }|x), (15)
which implies that/—!|x) is an eigenstate of the operatowith eigenvalueX (x, t), thus
U™ x) = 00X (x, 1)), (16)

where, in generaky(x, t) corresponds to a real parameter depending eandt. According to Eq./14), the former expression
allows us to write the transformed wave functions as follows

P (x) = (xX|U[¢p) = e DMK (x, 1)[¢p) = e N My (X (x, 1)) . (17)
A similar argument shows that
U~ |p) = @O P (p, 1)), (18)

whereS(p, t) is a real parameter that dependsmwandt¢. In order to determine the values of the parametesnd 3, we
calculate the scalar product

R 1 .
—1 _ _ ip-x/h
which, according to Eqs16) and (18), must agree with
) 1 .
i(B(p,t)—au(x,t)) /R — = LB —alxt)+P(p,t)-X(x,t))/h
e (X(x,t)|P(p,t)) = (27rh)”/26 . (20)
This implies that
p-x=f6(p,t) — a(x,t) + P(p,t) - X(x,1). (21)

As we will see in the next section, the preceding formula enable us to describe the transformation of the Wigner function under
unitary transformations associated with changes of reference frames.

4. Transformation of the Wigner function under changes of reference frames

In order to determine the behaviour of the Wigner function under the action of unitary transformations defined by the con-
ditions [13), let us write the Wigner function associated to the density opegator= [¢/')(¢’| for the statey’ € L*(R")
as

(xp) = / Y x4 Yy e/
Now, by making use of the action of the unitary operators on the stdesiid the transformation of the wavefunctiod3)(
we have

WD) = g [ x= JITWI0 x+ 3) ePoay,
_ (273;1)” / b (X (x n %t)) " (X (x _ %t)) ool ¥ .t)—a(x+3.0)-p]/h gy 23)
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Similarly, through a Fourier transform, an analogous expression for the Wigner function in the momentum representation holds

Wp) = o [ (o= G0 b+ ) e (2)

Using in this case Eq18), we can derive

W) = s [ (o= ST @0+ )
i L (o 3l o o
T R™

As we will observe in the following subsections, the inclusion of the parametensd 5 proves to be essential in order to
express the transformed Wigner function entirely in terms of the new position and momentum coordinates.

4.1. Examples

In this subsection, we present some well-known examples with the main aim to explicitly illustrate how the Wigner function is
transformed under a change of reference frame using the method outlined above.

4.1.1. Spatial translations
As a first test case, let us consider a spatial translation by a constantaeci®?, this transformation can be defined by
X=%—-a P=p. (26)
From Eq. 1) we obtainp - x = 3(p,t) — a(x,t) + p - (x — a), which implies that
a(x,t) = B(p,t) —p-a (27)
Hence, we conclude that
a(x,t) =¢(t), B(p,t) =p-a+(d), (28)

where¢(t) denotes a real-valued function depending ofWhen the Hamiltonian is invariant under the transformaitits), (
the functioné can be chosen in such a way that the transformatl@) ihaps solutions of the corresponding Satinger
equation into solutions of this equation, see Ref. [9].) Now, substituting the expressiointorEq. 23), we obtain

W’(x,p):#/Rgi/)* (x—a—|—X)zb(x—a—%)eip'whdy,

(2mh)3 2
— W(X,P). (29)

Alternatively, we can make use of the parameteand the momentum representati@f)(to obtain the transformed Wigner
function as

W) = i [, (2 5) o g)
= 5 (P 3) (- 5)
=W(X,P). (30)

4.1.2. Galilean transformations
Our next example is devoted to the case of the Galilean transformations, given by

X=%x-Vt, P=p-—mV, (31)

Rev. Mex. Fis71030702



WIGNER FUNCTION UNDER CHANGES OF REFERENCE FRAMES 5
whereV denotes a constant vector®. In this case, Eqi1) becomes
p-x=f(p,t) - ax,t) + (p —mV) - (x = Vi), (32)
so that
a(x,t) = —mV -x+ (1),
B(p,t) =p- Vt+£(1), (33)

where{(t) denotes a real-valued function dependingtorrrom the formula for the transformation of the Wigner function
(23), we obtain

W(x,p) = /Rg o (x = Vi+ 2) o (x- Vi - %) (iP=mV)y/h gy,

(2rh)? 2
= W(X,P). (34)

In the same manner, an equivalent result can be derived from the momentum representation by using the paraptater
of a.

4.1.3. Constant acceleration

Let us consider now the transformation given by a constant acceleration, which corresponds to

1
X:fc—iatz, P = p — mat, (35)
wherea is a constant vector iR3. For this example, expressic@l) yields
1 2
p~x:ﬁ(p,t)foz(x,t)Jr(pfmat)«(xfiat )7 (36)
which leads to
1 243
a(x,t) = —mat - x + gme t° 4+ £(),
1 2 1 243
B(p,t) = —p-at® — 3ma t° 4+ £(), (37)

2

whereé(t) denotes a real-valued function enThen, with the parameter at hand, the transformation of the Wigner function
reads

1 * 1 Yy 1 y i(p—mat)-
W' (x,p,t) = nh) /Rsz/) <X—Qat2+2>w(x—2at2—2>e(p mat)y/h gy,

- (27r1h)3 /R v (X+3)v(X-3) > ay

= W(X,P). (38)

It is important to emphasize that the transformation laws of the Wigner functions, as illustrated in the previous examples,
take precisely this form since the unitary operators associated to these transformations [9], are given by displacement operator
in both position and momentum, accompanied by a phase factor [10]. In the general case, it is expected that the transforme
Wigner function takes a different form due to the presence of non-linear terms of the position and momentum operators. This
complexity arises, for example in the case of non-inertial frames and quantum reference frames, where the unitary operator:
introduce dependencies that deviate from the linear behavior characteristic of inertial frames.
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5. Conclusions guantum physical systems. This approach suggests that prop-

erties such as entanglement and superposition become frame-
In this paper we have analyzed the transformation laws of théependent features [11]. Our intention is to make use of the
Wigner function under changes of reference frames withirPhase space representation of quantum mechanics to investi-
the phase space formulation of quantum mechanics. In pagate these features in more general scenarios. This investiga-

ticular, we have included some physically motivated examdion will be addressed in future work.
ples in order to illustrate our approach. It is worthwhile to
note that the method developed here can be applied also jRcknowledgments
more general unitary operators, such as nonlinear transfor-
mations and non-inertial changes of reference frames. A%he authors would like to acknowledge support from SNII
a future work, we expect to implement our approach to theSECIHTI-Mexico. JBM acknowledge financial support from
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