
Solid State Physics Revista Mexicana de Fı́sica71041601 1–9 JULY-AUGUST 2025
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a few electrical properties of GaAs quantum dot: Role of noise
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The study uncovers the role of delicate interplay betweenspatial dispersion of impurityandGaussian white noiseon a fewelectricalproper-
ties of thedopedGaAsquantum dot (QD). The electrical properties involvestatic dipole polarizability (SDP), dynamic dipole polarizability
(DDP), quadrupole oscillator strength (QOS)andstatic quadrupole polarizability (SQP). The interplay between noise and the impurity
spread depends on the pathway (additive/multiplicative) by which noise is applied. It has been found that, a gradual modulation of impurity
spread, in conjunction with the mode of entry of noise, can effectively regulate the above electrical properties.
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1. Introduction

All low-dimensional nanostructures such asquantum wells
(QWLs), quantum wires (QWRs), quantum well wires
(QWWs)and quantum dots (QDs)almost invariably con-
tain impurities. The presence of impurities significantly in-
fluences the various physical properties of semiconductor
nanostructures. Specifically, doping of shallow impurities to
these nanostructures is characterized by remarkable changes
in their electric, magnetic, thermodynamic, transport and op-
tical properties. Utilizing the capability of the modern fab-
rication techniques to dope impurities in a controlled way,
the physical properties mentioned above can also be tuned
in a desired manner thereby providing important insights
into manufacture of advanced quantum devices. In conse-
quence, a plethora of research works have been dedicated to-
wards understanding the impurity effects in these nanostruc-
tures [1–23], giving sufficient importance on theirNonlin-
ear optical (NLO)properties [1, 3–5, 7, 8, 10, 16–19, 24–53].
Among the other important works on the NLO properties, a
few deserve special mention. Restrepo et al studied second
and third harmonic generation associated to infrared transi-
tions in a Morse quantum well under applied electric and
magnetic fields [54]. Yesilgul et al examined the linear and
nonlinear optical properties in an asymmetric double quan-
tum well under intense laser field [55]. Duque et al explored
the intense laser effects on donor impurity in a cylindrical
single and vertically coupled quantum dots under combined
effects of hydrostatic pressure and applied electric field [56].

Thespatial spread of impuritydirectly regulates the QD-
impurity interaction as it governs the proximity of the elec-
tron to the impurity location. Therefore, a change in the
spatial dissemination of impurity brings about a consequent
change in the degree of QD-impurity overlap and hence in the
confinement potential. As a natural outcome, the energy lev-

els and the various matrix elements of the QD are profoundly
altered leading to noticeable change in the various physical
properties.

External electric field (F ) bears important implications in
the physics of low-dimensional nanostructures. The electric
field causes a shift of the energy states of these systems (Stark
shift) thereby changing the energy spectra. Such change is
accompanied by polarization of the carrier distribution and
consequent loss in the symmetry of the system. As a result,
it becomes possible to clearly understand the features of the
carrier distribution.

Dipole polarizabilities (DPs)of a system indicates its
lowest-order response to an external electric field that results
into the distortion of electron cloud [57, 58]. In presence of
the external electric field the center of negative charge dis-
tribution is shifted and induces an electric dipole moment.
Dipole polarizability links the dipole moment, thus gener-
ated, to the electric field strength. For a time-independent
electric field we call it thestatic dipole polarizability (SDP).
It is a linear response property, mathematically defined as the
second differential coefficient of total energy with respect to
an external homogeneous electric field. Physically, SDP acts
as an indicator of changes in the charge distribution, achieved
through the distortion of the electronic density because of the
static electric field. SDP depends on the attributes of the
wave function of the system [59, 60]. The studies of DPs
bear immense significance in understanding the pressure ef-
fects on the system, various interactions operating inside the
system, scattering phenomenon, optical properties, dielectric
constant, ion mobility in gas, the van-der-Waals constant, the
long range electron-atom interaction etc. [58, 61]. On the
other hand, if the system is subjected to a time-dependent
radiation field of frequency (ν), one obtainsdynamic dipole
polarizability (DDP)[59,60,62–64].
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Quadrupole oscillator strength (QOS)is a highly impor-
tant quantity for understanding the optical properties that are
connected with the electronic quadrupole allowed transitions.
A large value of QOS points to high quadrupole moment ex-
pectation values and exhibition of substantially large NLO
response. The QOS involves the quadrupole moment oper-
ator (∝ r2) [65, 66]. Naturally, a few studies have been de-
voted to exploring the QOS in low-dimensional nanostruc-
tures [67–69].

Static quadrupole polarizability (SQP)generates owing
to the quadrupole moment induced by an external electric
field gradient [67]. SQP plays anchoring role in the calcu-
lation of the ionic contribution to the electric field gradient in
solids [65, 70, 71]. The work of Yakar et al explores SQP of
spherical QD [67].

It now appears relevant to elucidate the focus and the nov-
elty of the current work. The work conducts a scrupulous
monitoring of how a change in thespatial width of impurity
can tailor a fewelectrical propertiesof GaAs QD under the
active presence ofnoise. Since both impurity and noise are
known to affect the properties of the low-dimensional nanos-
tructures, simultaneous presence of both of them would un-
doubtedly be very interesting. Now, it would be the interplay
between them which would be the governing factor. A grad-
ual change in the spatial width of the dopant causes a parallel
change in the said interplay paving the way for harnessing the
electrical properties in delicate ways.

Specifically, present investigation explores the GaAs QD
that has been doped withGaussian impurityunder the simul-
taneous presence ofGaussian white noise. The QD confine-
ment involves lateral parabolic potential (which spatially re-
stricts the electronic motion to thex − y surface), a vertical
magnetic field, the impurity potential and noise. Inclusion of
noise invites greater complexity that stems from its pathway
of application (additive/multiplicative). The study explores
SDP, DDP, QOSandSQPas the electrical properties of con-
cern and analyzes their modulations under the joint influence
of changing spatial spread of impurity and noise.

2. Method

Under the effective mass approximation, the QD Hamiltonian
consisting of the lateral parabolic confinement, impurity, ver-
tical magnetic field, lateral electric field and noise turns out
to be

H0 = H ′
0 + Vimp + |e|F (x + y) + ξ(x, y). (1)

The dopant-free Hamiltonian viz.H ′
0 consists of the basic

parabolic confinement [12m∗ω2
0(x2 + y2)] and the effect of

the magnetic field:
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with ω0, m∗ andA denote the confinement frequency, the
electronic effective mass, and the vector potential [given by

A = (By, 0, 0) in Landau gauge whereB is the magnetic
field strength].H ′
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whereωc andΩ(=
√

ω2
0 + ω2

c ) are the cyclotron frequency
and the gross confinement frequency in they-direction. Thus,
the contribution of the magnetic field strength is contained
within ωc.

The three dopant parameters, namely, the dopant poten-
tial strength (V0), the dopant location(x0, y0) and the spa-
tial extension of the dopant (γ−1/2) constitute the Gaussian
impurity potential (Vimp) [cf. Eq. (1)] which can be alge-
braically expressed as:

Vimp = V0 e−γ[(x−x0)
2+(y−y0)

2]. (4)

A large (small) γ value suggests spatially squeezed (ex-
panded) impurity potential.

The term|e|F (x + y) [cf. Eq. (1)] represents the contri-
bution coming from the static electric field of magnitudeF
and operating alongx andy axes.

The functionξ(x, y) [cf. Eq. (1)] carries the features of
zero-meanandspatialδ-correlationand stands for the Gaus-
sian white noise.g(x, y) is a second function, associated with
ξ(x, y), and gives a mathematical description of the above
traits as outlined below:

〈g(x, y)〉 = 0, (5)

and

〈g(x, y)g(x′, y′)〉 = 2ζδ [(x, y)− (x′, y′)] , (6)

respectively, with noise strengthζ. Box-Muller algorithm
producesg(x, y) obeying Gaussian distribution. The highly
fluctuating termg(x, y) is calledwhite noisebecause of a
flat spectrum in space, similar to the white light. Spatially
δ-correlated Gaussian white noise suggests a signal whose
components consist of series of spatially uncorrelated ran-
dom disturbances. This makes noise absolutely random in
nature with zero memory effect. In other words, noise at any
given spatial location remains unperturbed by its magnitude
at any other locations. The noises strengthζ defines the inten-
sity of fluctuation. The zero-mean guarantees that, each sam-
ple/component belonging to the signal maintains a Gaussian
distribution with zero meani.e. the disturbance is uniformly
as well as randomly spread over space. Box-Muller algo-
rithm produces random deviates having a normal (Gaussian)
distribution. It is a random number sampling method for pro-
ducing pairs of independent, standard, normally distributed
(zero mean) random numbers, from a source of uniformly
distributed random numbers [72]. One may consult pages
279-280 of the reference [72] where the algorithm (subrou-
tine) is given.
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The pattern of linkage betweenξ(x, y) andg(x, y) deter-
mines the diverse ways of applying Gaussian white noise to
the QD, viz. Additive white noiseandmultiplicative white
noisewhich read

ξ(x, y) = λ1g(x, y),

for additive white noise (NSADD), (7)

and

ξ(x, y) = λ2g(x, y)(x + y),

for multiplicative white noise (NSMLT), (8)

whereλ1 andλ2 are the two constants. These constants take
care of the influence of surrounding environment for additive
and multiplicative noise, respectively. In effect, the magni-
tude (i.e. the impact) of theseλ-s are absorbed within the
noise strengthζ. Therefore, no separate values of theseλ-s
are needed. A change in the noise strength becomes actually
meaningful from a physical perspective.

Linear variational principle has now been invoked for an
approximate solution to the time-independent Schrödinger
equation. For this purpose, the ordinary product of the har-
monic oscillator eigenfunctions has been chosen as the trial
functionψk(x, y). The normalized eigenvectors and the en-
ergy eigenvalues can thus be subsequently generated.

SDP, for confined systems, can be given by [59]

αD = 2e2
∑

j=1

|〈ψ(0)
j |x + y|ψ(0)

0 〉|2
E

(0)
j − E

(0)
0

, (9)

where,e, ψ
(0)
j andψ

(0)
0 are the electronic charge and the|j〉-

th and|0〉-th eigenstates in absence of the electric field, re-
spectively.E(0)

j andE
(0)
0 are the associated energies. Present

inspection takes into account the first five eigenstates (i.e.
|j〉 = |1〉 to |5〉) in the above summation. This is due
to the fact that the transition dipole moment values among
these states are much larger than other states. Consideration
of more terms in the above summation does not possess any
meaningful significance but unnecessarily hikes the compu-
tational labour.

While considering DDP, the QD is exposed to an electric
field of magnitudeF which oscillates with a frequencyν.
The QD experiences an electrically introduced perturbation
which is a function of both frequency and time and is given
by [60,62]

V (ν, t) = F [exp(−2πiνt) + exp(2πiνt)] , (10)

and DDP is given by the following expression [59]

αD(ν) =
∑

j=1

fj0(
E

(0)
j − E

(0)
0

)2

− (hν)2
, (11)

wherehν andfj0 are the photon energy and the oscillator
strength corresponding to the|0〉 → |j〉 transitions. The os-
cillator strength for the dipole allowed transitions can be ex-
pressed as [59]:

fj0 =
2
3
∆Ej0|〈ψ(0)

j |x + y|ψ(0)
0 〉|2,

where, ψ(0)
j and ψ

(0)
0 are the|j〉-th and |0〉-th eigenstates

in absence of the electric field, andE(0)
j and E

(0)
0 are the

associated energies. Current study computes DDP for the
|0〉 → |1〉 transition owing to its substantially large value
of transition dipole moment. DDP possessessingular points
at hν = E

(0)
1 − E

(0)
0 which are responsible for itssign-

inversion.
Following the absorption or emission of photons for the

transition between the states|i〉 and|f〉, the QOS [P (2)] can
be written as [67]

P (2) = 2 |〈f |x2 + y2|i〉|2 (Ef − Ei) , (12)

whereEi andEf being the initial and final state energies,
respectively.

Finally, SQP can be expressed as [67]

αsqp =
∑

f>i

P (2)

(Ef − Ei)
2 , (13)

whereP (2) is the QOS as outlined before.

3. Results and discussion

In general, for the doped GaAs QD, the various physical pa-
rameters take on following values:m∗ = 0.067m0, where
m0 is the vacuum electron mass,ε = 12.4 is the dielectric
constant,~ω0 = 100.0 meV, B = 5.0 T, F = 100 kV/cm,
V0 = 200.0 meV,r0 = 0.0 nm andζ = 1.0 × 10−4, respec-
tively. The effects of the constantsλ1 andλ2 that appear in
Eq. (7) and Eq. (8) are absorbed inside the noise strengthζ.
Theζ value is so chosen that the noise contribution remains
overall rather small so that the numerical stability is not com-
promise.

3.1. Static dipole polarizability

Figure 1 displays the static dipole polarizability (SDP) plots
as a function of the impurity spread without noise and with
NSADD and NSMLT, respectively. The plots reveal steady
enhancement of SDP with increase in impurity spread, both
in presence and absence of noise.

An increase in the spatial spread of impurity reduces the
system confinement. In consequence, the system gradually
gets expanded and SDP increases [59, 61, 63]. Moreover,
presence of NSADD (NSMLT) raises (lowers) SDP with re-
spect to the noise-free ambience over a wide range of im-
purity spread. This suggests that applied NSADD (NSMLT)
enhances (depletes) the expansive nature of the system from
that under the state without noise. Thus, the SDP profiles
quantitatively depend on the noise mode. It can be further
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FIGURE 1. SDP plots against impurity spatial stretch (γ−1/2): (i)
without noise, (ii) under NSADD and (iii) under NSMLT.

noted that, with increase in the spatial spread of impurity,
the SDP function seems to take on an approximately constant

(horizontal) behavior. This may be due to the fact that, in the
regime of very large value of impurity spread, the system’s
expansion settles to some sort of steady value. And no further
expansion of the system occurs even if the spatial dispersion
of the impurity is enhanced further. This is reflected through
approximately constant values of the SDP in the large impu-
rity spread domain.

3.2. Dynamic dipole polarizability

Figures 2a)-2c) show the dynamic dipole polarizability
(DDP) profiles against the oscillation frequency (ν) for dif-
ferent values of impurity spread, with and without noise. It
comes out that, regardless of presence of noise, for a given
value of impurity spread an increase in the incoming fre-
quency enhances the DDP [59, 64]. Moreover, with increase
in the impurity spread, the singular point makes a shift to-
wards the lower photon energy. Furthermore, it can also be
noticed that DDP takes on positive (negative) values as the in-
cident photon frequency lies to the left (right) of the singular
point. This happens since the incoming photon frequency has
been varied in the immediate vicinity of∆E01 = E

(0)
1 −E

(0)
0

FIGURE 2. DDP diagrams againsthν for different values of impurity spatial stretch (γ−1/2): (i) 1 nm, (ii) 3 nm, (iii) 5 nm, (iv) 10 nm, (v)
15 nm and (vi)20 nm: a) without noise, b) with NSADD and c) with NSMLT. d) Profiles of DDP vsγ−1/2 at hν = 50 meV: (i) without
noise, (ii) with NSADD and (iii) with NSMLT.
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interval. The frequency range has been chosen looking at the
|0〉 → |1〉 transition which makes the most substantial con-
tribution in the summation of Eq. (11).

Figure 2d) exhibits the DDP profiles as a function of the
impurity stretch at a given value of the impinging photon
energy ofhν = 50 meV. The plots reveal that, irrespec-
tive of presence of noise, the DDP steadily enhances follow-
ing the enhancement of impurity spread. The finding sug-
gests a fall of the effective confinement of the system with
increase in the impurity stretch. The reduced confinement
decreases the energy interval between the eigenstates lead-
ing to enhanced oscillator strength and thereby augments the
DDP [59, 64]. Quantitatively, DDP registers lowest value in
presence of NSMLT. However, the magnitudes of DDP with-
out noise and in presence of NSADD make a crossover in the
vicinity of γ−1/2 ∼ 10 nm. The DDP exhibits higher values
without noise than in presence of NSADD inside the regime
γ−1/2 < 10 nm whereas the situation exactly reverses as the
impurity spread exceeds the above value. Thus, once again,
the applied NSMLT happens to enhance the system confine-
ment from the noise-free ambience. However, the modifi-
cation of system confinement (with respect to the noise-free
environment) by NSADD noticeably depends on the extent of
spatial spread of impurity. Whereas for low-to-medium im-
purity spread (γ−1/2 < 10 nm) NSADD increases the system
confinement over the noise-free state, it does just the reverse
within high impurity spread regime (γ−1/2 > 10 nm).

The overall magnitude of DDP depends on the relative
dominance of the factors such as the energy separation be-
tween the eigenstates, the relevant oscillator strength and the
incoming photon frequency. A varying impurity spread, pres-
ence of noise and the mode of application of noise, in com-
bination, affect the said energy intervals and the oscillator
strength and therefore design the features of the DDP pro-
files. The study makes it conspicuous that DDP of doped
QD can be regulated through the effective manipulation of
the confinement (achieved through the variation of impurity
spread and applied noise in a given mode) as well as by tun-
ing the incoming photon frequency.

It needs to be mentioned that, both SDP and DDP profiles
manifest qualitatively similar features as a function of the
electric field strength (F ) as observed with impurity spread.
This is because, quite similar to the impurity spread, an in-
crease inF also diminishes the overall confinement of the
system. We, therefore, refrain from elaborating the profiles
of SDP and DDP againstF for the brevity of the manuscript.

3.3. Quadrupole oscillator strength

Figure 3 delineates the quadrupole oscillator strength (QOS)
profiles following the variation of spatial stretch of impu-
rity, both including and excluding noise. Without noise and
in presence of NSMLT the profiles display a regularly de-
creasing trend as the spatial stretch enhances. In presence of
NSADD, the decreasing trend persists but now it consists of
a minimum aroundγ−1/2 ∼ 10 nm. QOS is governed by two

FIGURE 3. QOS plots against impurity spatial stretch (γ−1/2): (i)
excluding noise, (ii) including NSADD and (iii) including NSMLT.

factors, namely, the quadrupole matrix element|〈f |x2 +
y2|i〉| and the energy interval(Ef − Ei) between the eigen-
states. In the present study, the QOS profiles plotted against
impurity spread show noticeable dependence on the noise
mode. The steady decline of QOS under noise-free state and
in presence of NSMLT can take place if both the above fac-
tors decrease with increase inγ−1/2. Alternatively, it is also
possible that one of the above factors increases with increase
in the impurity stretch while the other factor decreases. Now,
if the decreasing factor dominates over the increasing factor
then there will be an overall drop in the QOS as spatial spread
of impurity increases. Emergence of minimization in QOS in
presence of NSADD indicates kind of opposing behaviour
between the above two factors and a shift in the relative dom-
inance between them in the vicinity ofγ−1/2 ∼ 10 nm.
Thus, the features of the QOS profiles depend on the pres-
ence/absence of noise and also on the noise mode. Further-
more, over a wide range of impurity stretch, applied NSADD
(NSMLT) lowers (raises) the QOS from the noise-free value.

3.4. Static quadrupole polarizability

Figure 4 describes the static quadrupole polarizability (SQP)
profiles pursuing the change of spatial dispersion of impurity,
both considering and ignoring noise. In absence of noise and
under NSADD the SQP plots manifest distinct maximization
in the neighborhood ofγ−1/2 ∼ 5 nm andγ−1/2 ∼ 8.5 nm,
respectively. However, in presence of NSMLT, the SQP de-
picts a nearly steady behaviour consisting of minor fluctua-
tions with variation of impurity spread. The magnitude of
SQP is guided by the quadrupole oscillator strengthP (2) and
the energy separation(Ef − Ei) between the eigenstates.
However, theP (2) term itself depends on the energy differ-
ence(Ef − Ei) and also on the quadrupole matrix element
|M (2)

if | = |〈f |x2 + y2|i〉|. The SQP could increase (with
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FIGURE 4. SQP curves as a function of spatial dispersion of impu-
rity (γ−1/2): (i) ignoring noise, (ii) considering NSADD and (iii)
considering NSMLT.

variation of the impurity spread) ifP (2) increases associated
with a fall of energy interval. However, sinceP (2) itself con-
tains the energy separation term, a fall of the said separation
will also lower P (2). This needs to be noted that, whereas
SQP depends inversely on the square of energy separation,
P (2) has a linear dependence on energy difference. Thus,
it will be the resultant impact ofP (2), the energy gap and
|M (2)

if | which ultimately shapes the enhancement of SQP. By
virtue of similar argument the decline of SQP can also be
envisaged. Emergence of maximization in absence of noise
and under NSADD indicates a competitive behavior between
the above parameters and accompanying shift in the relative
dominance among them as the impurity spread disperses over
a range. In presence of NSMLT, a steady SQP indicates kind
of compromise among these diverse factors over a wide range
of impurity stretch.

Physically, rise and fall of SQP indicate greater spreading
and squeezing of wave function [67] due to reduced and en-
hanced effective confinement of the system, respectively, as
the impurity spread varies over a range under different con-
ditions. On the other hand, a steady SQP suggests a some-
what fixed spread of wave function owing to sort of stable
effective confinement potential. In this case, even a change
in the spatial stretch of impurity fails to appreciably modify
the effective confinement of the system. Although, qualita-
tively the SQP profiles appear similar without noise and un-
der NSADD, they differ in magnitude and location of emer-
gence of maxima. The difference arises due to alteration of
the effective confinement by the presence of NSADD with re-
spect to the situation without noise. Applied NSADD seems
to enhance the confinement and reduce the stretch of wave
functions leading to a drop in SQP from the noise-free state.
The similarity in the SQP profiles without noise and in pres-
ence of NSADD stems from the fact that, by virtue of the
very nature of coupling with the system, NSADD perturbs

the noise-free system usually in rather small amount. On the
other hand, NSMLT makes a strong coupling with the sys-
tem and usually causes large deviation of system’s properties
from the noise-free state. In the present enquiry, presence of
NSMLT produces steady SQP over the entire range of im-
purity stretch comprising of frivolous undulations. Thus, it
can be argued that the presence of NSMLT affects the con-
finement in such a way so that a continuous balance persists
among the various factors that govern SQP. In consequence,
the overlap between the eigenstates becomes quite stable over
the entire range of impurity stretch leading to steady SQP.

4. Conclusion

The interplay between the spatial dispersion of Gaussian im-
purity and Gaussian white noise delicately regulates the elec-
trical properties of GaAs QD. The electrical properties con-
sidered are SDP, DDP, QOS and SQP. Gradual change in im-
purity spread, coupled with the pathway of application of
noise, can regulate the said electrical properties. Under all
conditions, a gradual increase in impurity spread enhances
SDP and DDP. Without noise and in presence of multiplica-
tive noise, QOS monotonically falls with increase in impu-
rity stretch, whereas, in presence of additive noise, the QOS
minimizes at an impurity spread of∼ 10 nm. The SQP, on
the other hand, manifests maximization at impurity spread
of ∼ 5 nm and∼ 8.5 nm under noise-free atmosphere and
under additive noise, respectively. However, application of
multiplicative noise leads to a steady SQP over a wide range
of impurity stretch.

It needs to be mentioned that the present study consid-
ers only on-center dopantsi.e. the impurity position has been
kept fixed at the origin. However, the impurity may be placed
at centers away from origin (the off-center impurities). For
off-center impurities, because of the enhanced separation be-
tween QD confinement center and the dopant, it is expected
that the profiles of the electrical properties would be quanti-
tatively affected. However, no major qualitative change can
be expected. The study with off-center impurities will be an
entirely separate one and we hope to explore this in near fu-
ture.
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Kirakosyan, and D. Laroze, Effect of the impurity on the
Aharonov-Bohm oscillations and the intraband absorption in
GaAs/Ga1−xAlxAs quantum ring under intense THz laser
field, Physica E111 (2019) 91,https://doi.org/10.
1016/j.physe.2019.03.003 .
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