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Sharing symmetries
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Making use of the fact that the solutions of the Selinger equation for the harmonic oscillator can be expressed in terms of the solutions

of the Schédinger equation for a free particle, we find the effect on the wavefunctions of the harmonic oscillator produced by the spatial
translations and the Galilean transformations on the wavefunctions of a free particle. We find that these symmetry transformations applied to
the ground state of the harmonic oscillator produce the coherent states.
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1. Introduction 2. Taking advantage of the symmetries for a

_ free particle
In a recent paper [1] it has been shown that the problem of

a free particle can be related to that of a harmonic oscillain this section we derive the effects on the wavefunctions of
tor, both in classical mechanics and in quantum mechanicshe harmonic oscillator induced by the spatial translations and
making use of the coordinate transformation the Galilean transformations applied to the wavefunctions of

, a free particle. These two examples are treated separately.
q = q' secwt’, t= tanwt , 1)
w 2.1. The induced effect of a spatial translation
wherew is a constant (the angular frequency of the oscilla-
tor). Specifically, it was shown that,. is a solution of the
Schibdinger equation for the harmonic oscillator if and only
if

Under a spatial translation, which can be definedthy=
q — a, P = p, wherea is a constant, the wavefunction of a
particle transforms into

Wrree (g, ) = cos'/2wt’ V(g t) =TI (g —a,1), ®)
imw , L wherey is a real-valued function dfanda. If the Hamilto-
X exp (%q tan wt ) Yose(¢',1'),  (2)  nian is invariant under these translations, the funciiaran
be chosen in such a way thét is a solution of the corre-
is a solution of the Sckidinger equation for a free particle sponding Sclivdinger equation i is a solution of this equa-
[with ¢’ and¢’ expressed in terms of andt according to tion. In the case of the Hamiltonian for a free partiglezan
Eq. (1)]. Since the Hamiltonian for a free particle is invari- be taken equal to zero (seeg, Ref. [2]).
ant under translations in space and in time as well as un- Thus, if U is a solution of the Sclidinger equation
der Galilean transformations, from any given solution of thefor a free particle,
Schibdinger equation for a free particle we have simple ways ~
of finding new solutions which are essentially equivalent to Utree(q5 1) = Vhree(q — a, 1) 4)

the original , differi ly by the choi f th di- . . . . .
© ongina’ one, CIiering only by mhe choice ot the coord also a solution of this equation and, according to 2). (

nate system. Such trivial transformations, however, becom i ‘ . fthe h X il .
non-trivial when translated to the wavefunctions of the har-"€ c0'résponding wavefunction of the harmonic oscillator is

monic oscillator.

The aim of this paper is find the induced effect of space
translations and Galilean transformations on the solutions of imw
the Schodinger equation for a harmonic oscillator through *eXP < 2h
the correspondenc®); We show that, despite the differ-
ence between these transformations on the wavefunctions for
a free particle, their effects on the wavefunctions of the har- <

X exp

Uose(q', 1) = sect/2 wt’

q/2 tan Wt/> lAI}ﬁree(Qa t)a

= sec/2 wt’

monic oscillator are almost identical. In particular, when ap-
plied to the wavefunction of the ground state of the oscillator
we obtain the standard coherent states. [with ¢ andt related tog’ andt’ by means of Eqs/1j].

- %Q/Q tan ‘Ut/> \Pfree(q - a, t)v (5)
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According to Egs.l1), wheng is replaced by; — a, ¢’ is replaced by, — a cos wt’ and, making use again of E®)( we
have

\I/free(q —a, t) = C’OSl/2 wt/ exp (lm

5T (¢ — acoswt’)? tanwt') Uose(q" — acoswt’, ). (6)

Substituting this last equation inté)(we obtain a relation between wavefunctions of the harmonic oscillator

~ imw
\Ilosc(q/a t/) = exp (

% (—2aq’ sinwt’ + a®sinwt’ cos wt')) VUose(q" — acoswt’ ) @)

[compare with Eq.4)]. Thus, if U is any solution of the Scbdinger equation for the harmonic oscillatdr,.. is another
solution of this equation.
For instance, taking .. as the (normalized) wavefunction of the ground state,

mw\ 1/4 mw i
Vorola' 1) = () exp (< = gt ). ©

from Eq. [7) we obtain the solution

- 1/4 - :
VUose(q', ) = (@) exp 1 (—2aq’ sinwt’ + a*sinwt’ coswt') | exp —%(q —acoswt’)? — A INC)
wh 2h 2h 2

which reduces to

~ 1/4 " - i
Uose(q', ') = (%) exp (ZZ:( q? +2aq'e™ " — a? coswt'e ) — ;wt'> . (10)
These wavefunctions are the standard coherent states of the harmonic oscillaterg(sRef. [3]). In fact, from Eq./9) we

immediately obtain

mw

Wose (g, 1) |? = (%)1/2 exp (_7((] —acoswt’) )

which is a gaussian packet centered at the pgiat a cos wt’.

In fact, since the first factor on the right-hand side of #).h@as modulus equal to 1, ¥ ... is any of the stationary states
of the harmonic oscillator (not only the ground state), the probability density corresponding wavefulgtioq, ¢') will
oscillate rigidly, preserving its form, with the classical frequencfalternatively, one can verify that the wavefunctid)is
an eigenfunction of the destruction operatay,v/2mwh)(ip’ + mwq’), with eigenvalue,/mw/2h a e~ ).

As is well known, the infinitesimal generator of the translatiof)sig, up to a constant factor, the linear momentum
operator, which trivially commutes with the standard Hamiltonian of a free particle. Making ug® w€&(can readily find
the corresponding conserved operator for the harmonic oscillator. By expanding the right-hand g)desad éeries in the
parameter one finds that the infinitesimal generator of the (unitary) transformatig)rea( be taken as the hermitean operator
A = coswt'p’ + mwsinwt’¢’. In fact, one can verify thaﬁ@A/at + [A HOSC] = 0, whereH,. is the standard Hamiltonian
operator of the harmonic oscnlator The “conservation”bfmeans that the expectation value.bfin any solution of the
Schibdinger equation is constant.

2.2. The induced effect of a Galilean transformation

Under a Galilean transformation, defined®@y= ¢ — V¢, P = p — mV, whereV is a constant, the wavefunctiow(q, ), of
a patrticle transforms into

‘I’(q7 t) = exp [i(qu — %mVQt — x(¢, V))/h] U(qg— Vi, t), (11)

wherex(t, V) is a function oft and V" only. If the Hamiltonian is invariant under the Galilean transformatignsan be
chosen in such a way that is a solution of the corresponding Soldinger equation iff is a solution of this equation (see,
e.g, Ref. [2]). The standard Hamiltonian for a free particle is invariant under the Galilean transformatiopsamdbe taken
equal to zero. Hence, . is a solution of the Sckidinger equation for a free particle,

Uireo(q,) = exp [i((mV g — 3mV?2t) /h] Wpeo(q — Vi, 1) (12)

is another solution of this equation.
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Following the same steps as in section 2.1, with the aid of Bgwe find the wavefunction of the harmonic oscillator
corresponding t@ ¢,qc

Wose (¢, 1) = sec/? wt’ exp (—IZL:QQ tan Cﬁ/) ‘T’free(% t)

= sec'/? wt’ exp (—NQn};uq’2 tanwt’) exp [i(mVq — imV?t) /h] Ugee(q — Vit 1)

= sec’/? wt’ exp (_1727;;;q,2 tan wt’) exp (1217;(21/(]’ secwt’ — (V?/w) tan wt’)) Uteolq — Vi, t), (13)

but [see Eqs/@) and ()]

Uhee(q — Vi, 1) = cos'/? wt’ exp (1;;0 (¢ = Vitcos wt’)2 tan wt’) Uose(q — Vicoswt' ')
= cos'/? wt’ exp (1?; (¢" = (V/w)sin wt’)z tan wt’) Uose(q — (V/w)sinwt’, ). (14)

Combining the previous equations one finds the relation

Uoselq', ') = exp (lg;;d(Q(V/w)q’ coswt’ — (V/w)?sinwt’ cos wt')) VUose(q — (V/w) sinwt’, ") (15)
[cf. Eq. (12)]. Comparing[f) and (L5) we see that the application af%) to the ground stateBf also leads to the coherent
states.

Thus, despite the differences between the spatial translations and the Galilean transformations, under the correspondenc
(2), they induce the transformationg) @nd (L5) on the wavefunctions of the harmonic oscillator that only differ by a translation
in the timet’ by 7 /2w (with the parametes replaced by /w).

3. Concluding remarks

Iof coordinate transformations considered in Ref. [2] (that
As shown above, by simple substitutions, some obvious SyMyq not mix coordinates and momenta). Following the pro-
metries Qf_the Sclﬁldinger equation for_ a free parti_cle lead sedure presented in Ref. [2] a somewhat lengthy computa-
to non-trivial symmetries of the Sdbuinger equation for tjon shows that the wavefunctions of the harmonic oscillator
the harmonic oscillator. It should be clear that one can apgansform as in). Similarly, the one-parameter group of
ply the transformations7) and (L5) to any solution of the  s4jilean transformationg — ¢ — Vt, t — ¢, which amounts
Schiddinger equation for the harmonic oscillator, including ¢+ ¢ — (V/w)sinwt, ' — t', has the same character-
non-stationary states. . istics as the previous group and leads1)(

The transformations/) and (L5) can also be obtained in
the following way: according to Eqsl), the one-parameter
group of translations; — ¢ — a, t — t, amounts to Acknowledgement
q — ¢ —acoswt’,t' — t'. These transformations are vari-
ational Symmetries of the standard Lagrangian for the harThe author wishes to thank the referee for h6|pr| comments.

monic oscillator (seeg.g, Ref. [4]) and belong to the class

1. G.F. Torres del Castillo, Relating the free particle with the har- 3. K. Gottfried and T.-M. YanQuantum Mechanics: Fundamen-

monic oscillator,Rev. Mex. k. 71 (2025) 030701https: tals 2nd ed. (Springer, New York, 2003https://doi.
//doi.org/10.31349/RevMexFis.71.030701 org/10.100/7/978-0-387-21623-2

2. G.F. Torres del Castillo and B.C.djera Salazar, Transforma- 4. G.F. Torres del CastilloAn Introduction to Hamiltonian Me-
tion of a wavefunction under changes of reference fraRey, chanics(Springer, Cham, 2018), sec. 2/&ttps://doi.
Mex. Hs.63(2017) 185. org/10.100//9/8-3-319-95225-3

Rev. Mex. Fis72030701


https://doi.org/10.31349/RevMexFis.71.030701�
https://doi.org/10.31349/RevMexFis.71.030701�
https://doi.org/10.1007/978-0-387-21623-2�
https://doi.org/10.1007/978-0-387-21623-2�
https://doi.org/10.1007/978-3-319-95225-3�
https://doi.org/10.1007/978-3-319-95225-3�

