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Phonons transmission via atomic impurity chains grafted on 2D lattice
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An analytical and numerical formalism is developed to study the influence of the various positions of atomic chain impurities (of type B)
on the scattering and transmission vibration spectra in a 2D plane structure (of type A). To achieve this, we have opted for the matching
technique. Theoretical formalism provides a complete description of the lattice dynamics and elastic wave propagation through impurity
sites. More particularly, it allows the determination of the dynamical properties and localized vibration states of the atomic chain deposited
on the planar system. Numerical calculations are performed for three different positions of a B-atom chain on a 2D lattice: top, bridge and
hollow. The results show that the phonons associated with the grafted chain are strongly depending on the scattering frequency, elastic force
parameters and the position of the impurities. In the three considered configurations, the presence of the atomic chain gives rise to localized
vibration effects. The observed fluctuations spectra are related to vibration resonances due to coherent coupling between traveling phonons
and the localized vibration modes in the neighborhood of the impurity chain sites.
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1. Introduction

The study of the lattice dynamics at surfaces and low-
dimensional systems provides an important tool character-
izing the physical properties of 2D lattices, which is com-
plementary to investigations of structural and physicochem-
ical properties [1, 2]. Moreover, important surface phenom-
ena, such as adsorption, diffusion or growth, can be signif-
icantly influenced by the dynamics of surface atomic sites
[3, 4]. Today, progress in science makes it possible to ma-
nipulate and place atoms in atypical configurations on sub-
strates [5]. The first demonstration dates back to 1989, when
Eigler et al. [7] were able to deposit 35 individual xenon
atoms on the surface of a flat Nikel substrate, via a scan-
ning tunneling microscope to spell out the three letters of
the IBM company. This was the first time in the history of
scientific research that researchers managed to precisely po-
sition atoms of another type on a flat surface. Since the be-
ginning of the 1980s, interest in surface dynamical properties
has been stimulated by the development of two spectroscop-
ical methods for the detection of surface phonons: inelas-
tic helium scattering (HAS) [8, 9] and inelastic scattering of
electrons (EELS) [10,11]. Both techniques have been exten-
sively described in several review articles. The goal has been
to establish experimental dispersion curves and to provide
an accurate interpretation of elastic and mechanical proper-
ties [12]. In addition, significant progress in the theoreti-
cal predictability of surface phonons, perturbed mesoscopic
structures and dynamical films has been achieved via several
theoretical methods, such as the slab method, the Green func-
tion method and molecular dynamics. Theoretical models
typically employ the model of nearest and next-nearest neigh-
bors force constants in the harmonic approximation [13]. Al-
though extensive, this study of surface phonons has been

limited to ideal surfaces [14]. Recently, the lattice dynam-
ics (vibrational properties) of surfaces and low-dimensional
mesoscopic structures have attracted increasing experimental
and theoretical interest because of their use as components
in high-technology devices [15, 16]. This type of disordered
surface involves random steps, terraces, and inhomogeneities
on the surface, such as adsorbates and substitutional impuri-
ties, etc. The surface dynamics of such defects intriguingly
show useful properties [17]. The surface inhomogeneities
and configuration modify the vibrational properties of the
system in two ways: first, they can give rise to new modes
localized in their neighborhood, and second, they scatter the
bulk and surface phonons [18]. Consequently, the observed
resonances in the scattering spectrum for an atomic surface
containing atomic defects are a signature of the localization
effects in the neighborhood of the perturbed domains [20]. In
the present work, we present a model calculation for phonon
scattering and elastic wave transmission across B monatomic
chain impurities deposited (grafted) on a 2D-planar lattice,
at three different positions. Our objective is twofold in this
work. On the one hand, we want to understand the effect
of the mass of the impurity B sites as well as their interac-
tions with the perfect waveguide (their environment). On the
other hand, we wish to study the impact of the variation in the
position of the chain sites on phonon transport. Three possi-
bilities exist for placing the B chain sites on the 2D planar
lattice. The first case corresponds to the top position (situa-
tion where each B atom of the chain is placed above an atom
of the A lattice), the second case describes the bridge position
(each B site is placed between two successive atoms of the A
sites), and the third case corresponds to the situation where
the B atom is placed in the center of the four atoms of the
A planar sites (hollow position). The main motivation of our
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simulation and numerical calculation work is to predict the
evolution of the thermo-physical properties of solid materials
at the atomic scale. Furthermore, the different geometric ar-
rangements make it possible to guide experimenters to select
functional atomic devices for possible applications as sensor
elements in the electronic domain at very specific frequency
intervals. To address the problems of lattice dynamics and
vibrational properties of different types of atomic configura-
tions in the presence of defects and/or symmetry breaking,
our research group has used the matching method [21–25]
for a long period of time. By using this technique,we can
study localized phenomena as well elastic-wave diffusion and
transport by different types of implanted nanostructures. The
advantage of the method is that it allows us to treat both as-
pects using the same mathematical framework. The next sec-
tion presents the studied system and describes the dynamics
and vibration modes of the model system. In Sub 2.1, we
begin by introducing the essential features of the formalism
we have applied. More particularly, we describe the perfect
planar waveguide vibration modes and their group velocities.
Subsection 2.2 presents a theoretical outline of scattering in a
domain containing the deposited chain of B atoms. Section 3
revolves around the numerical results of the vibration trans-
port and phononic properties for the three types of positions
of the deposited atomic chain on the planar atomic 2D lattice.

2. The model of an atomic chain and its
evanescent modes

To formulate the problem of phonon transmission and reflec-
tion by a grafted atomic chain and to illustrate the applied
matching method, we consider an isolated atomic chain of
atom B deposited on a square 2D lattice of atom A. An anal-
ysis is carried out for three different positions of the B atoms
on the A lattice, as indicated in Fig. 1. The three simulated
positions are, (a) top, (b) bridge and (c) hollow. Thex- and
y-directions are taken in the plane of the surface, whereas the
z-direction is normal to the planar lattice. For simplicity, we
take the same distancea between all adjacent sites in the two
Cartesian directions of the perfect A lattice. The lattice dy-
namics of each of the three configurations shown in Fig. 1,
are simulated and studied while taking into account the near-
est central force constants and nearest neighbors under the
harmonic approximation.

FIGURE 1. Schematic representation of a chain of impurity sites
(B) grafted on a 2D structure (A), taking three different positions:
a) top, b) bridge and c) hollow.

In the scattering region, which contains the impurity
chain sites, the B atomic sites of the chain and their environ-
ment differ from the rest of the perfect 2D lattice in terms of
their masses, which aremA andmB , respectively, and their
elastic properties, wherek1AA, k1BB , k1AB , k2AA, k2AB

stand, respectively, and the next and next-nearest strengths
constant corresponding to interactions between atomic pairs
A-A, A-B and B-B. To calculate the normalized frequencies
in the system, we define the following different ratios for the
planar waveguide and perturbed zone

λ =
mA

mB
, r1 =

k1BB

k1AA
, r

′
1 =

k1AB

k1AA
,

r2 =
k2AA

k1AA
, r

′
2 =

k2AB

k1AA
. (1)

To carry out numerical simulations, we used the normalized
interactions between different atomic sites of the considered
model system. Our computer programs can operate for all
possible values of the normalized interactions and the mass
ration given in Eq. (1).

2.1. Dynamical properties of the perfect 2D lattice

The dynamics of the perfect planar 2D lattice can be de-
scribed by the equations of motion of atomic sites l, which
in harmonic the approximation [13] may be expressed as fol-
lows

mlω
2uα(l) =

∑

l 6=l′

∑

β

kll′
dαdβ

d2
{uβ(l′)− uβ(l)} . (2)

Here,m = ml is the atomic mass of the perfect 2D lat-
tice located at sitel, andu corresponds to its vibration dis-
placement vector. Each atomic site can be identified by two
indicesl = (i, j), where indicesi andj count the sites along
the x- and y-axes, respectively. The symbolsα andβ de-
note Cartesian coordinates. The radius vector d between two
atomic sites located atl andl′ has Cartesian componentsdα,
andd = |d|. The interactions between any two given sites
are denoted bykll′ , so thatk1ll′ andk2ll′ are force constants
between the nearest and next nearest neighbor sites, respec-
tively. For two different atomic sitesl and l′ far from the
inhomogeneous boundary of the deposited atomic chain il-
lustrated in Fig. 1 (belonging to the perfect 2D lattice), the
equations of motion may be cast in the following matrix form

[
Ω2I −Mp(r2, Z, exp(iφy))

] |u〉 = |0〉 , (3)

the vector|u〉 denotes the vibration displacements along the
main axes in a unit cell. The symbolI represents the iden-
tity matrix having the same rank as the dynamical matrix
Mp(2, 2) of the perfect planar system. The vector|u〉 is a
column vector containing all displacement of the unit cell of
the perfect waveguide 2D lattice.

Along the main axes, we define the Bloch phase factors
by Z = exp(iφx) andexp(iφy) between neighboring sites
in the 2D-unit cell. Both notationsφx andφy refer to dimen-
sionless normalized wave vectors, defined asφx = qxa and
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φy = qya, where the constanta defines the lattice spacing
between all neighboring sites as well as over the perturbed
region, neglecting any relaxation effects in the considered
waveguides. The doublet(qx, qy) corresponds to the recip-
rocal components of the network wave vector. Therefore, the
components(φx, φy) (equivalent to(qx, qy)) describe the an-
gle of incidence of phonons in the studied 2D lattice. The last
symbolΩ2 = (ω/ω0)2 constitutes the normalized frequency.
Note thatω0 is the characteristic frequency for the perfect
planar waveguide. The Eq. (3) allows the diagonalization of
the matrixMp. The solutions - known as eigenvalues, yield
the propagation phonon modes when|Z| = 1 and the evanes-
cent vibration modes when|Z| < 1.

The exact solutions are obtained as a function of the nor-
malized frequenciesΩ and of the elastic force constants and
elastic properties of the studied system. These solutions are
obtained when the determinant vanishes, as presented in the
equation below

det
[
Ω2 −Mp(r2, Z, exp(iφy))

]
= 0. (4)

Notably, the complex phase factors are the solutions of
Eq. (3), and we can obtain them via different procedures. In
the present work, we used the one suggested by A. Khater
et al. [26]. For the studied perfect planar lattice, the secular
equation may consequently be expressed in polynomial form

2∑
s=0

CsZ
s = 0, (5)

the coefficientsCs = Cs(Ω, r2, φy) are functions of the fre-
quencyΩ, phase factors and elastic constants of the 2D per-
fect waveguide. Owing to the Hermitian nature of the dynam-
ics, the phase factors(Z, Z−1) in the doublet symmetrically
verify the polynomial forms [27]. We mention that only one
of the two modes, which are solutions to Eq. (5), is of phys-
ical interest. Importantly, in all cases of dynamical lattices,
the propagating vibration modes are referred to by the fac-
tor Z, and their inverses (defined byZ−1) constitute phonon
modes propagating in the opposite sense. Furthermore, if the
modes are nonpropagating, we consider only the evanescent

FIGURE 2. Typical phonon dispersion curves for the perfect planar
waveguide, with a ratio of force constantsr2 = k2/k1 = 0.5, pre-
sented over the first Brillouin zone. The chosen value ofr2 can be
encountered in certain real structures.

FIGURE 3. Curves of the normalized group velocities of the
phonon propagation modes in the perfect planar structure, a) as a
function of the wave-vector (on the left-hand side), b) as a function
of the scattering frequencyΩ (on the right-hand side).s

modes that satisfy the condition. Otherwise, the modes are
divergent. To illustrate the elastic wave dispersion in the sim-
ulated planar 2D lattice as a function of the normalized wave
vectorφx = qx timesa, whereqx runs over the first Brillouin
zone, the phonon branches are plotted in Fig. 2.

The propagation of an elastic wave in a material medium
occurs with speed. The speed that accompanies the move-
ment of the vibration wave in the atomic lattice is called the
“group velocity of the wave packet”. It corresponds to the
speed with which energy or information is transported in a
dispersive medium. If the wave-vectorqx takes real values,
the velocity is defined by the following relation

Vg =
∂Ω
∂qx

, (6)

If the wave vectorqx is different from a real number, we im-
poseV g = 0. The group velocities with which the waves
move in the perfect 2D waveguide are shown in Fig. 3.

2.2. Impurity atomic chain dynamics

To analyze phonon transport and elastic wave diffusion via
the chain of B atoms grafted onto a square lattice A, as shown
in Figs. 1a)-1c), it is imperative to consider both the vibra-
tional propagation modes and the evanescent modes in the
systems studied via simulation. In another formulation, for a
given frequencyΩ and at a fixed incidence, we need all the
solutionsZn, including the solutions describing the propagat-
ing modes and those called evanescent, that is for|Zn| < 1.
The placement of the B impurity chain completely modifies
the vibrational and mechanical properties of the 2D structure.
The waves scattered by inhomogeneity depend on the ampli-
tude and frequency of the incident elastic waves. Since the
perfect waveguide does not couple all of the eigenmodes, we
can treat the wave scattering problem for each mode sepa-
rately. Consequently, we can redo the work for each phonon
mode without any problem. Ultimately, the diffuse waves are
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composed of reflected and transmitted waves, which generate
a vibrational field on either side of the zone containing the
chain of impurities, otherwise known as the “scattering re-
gion”. In the A planar lattice, the evanescent and propagating
vibration fields are effectively described by the phase factor
doublets[Zn, Z−1

n ], which describe the solutions when go-
ing from one column to its nearest neighbors along the x-axis
of the 2D perfect waveguide. When an elastic wave propa-
gates from left to right via the scattering zone, in vibration
eigenmoden, theα-components of the vibrational amplitude
u(i, j) for each atomic site located before the scattering zone,
can be written, via the matching method, as a superposition
of reflected and incident elastic waves [21, 25]. They are ex-
pressed as follows

uα(i, j) = Zi
nun +

2∑
1

Rnn′Z
−i
n′ un′ , i 6 l1, (7)

for an atomic site after the scattering domain, the Carte-
sianα-components of the amplitude displacementuα

′
(i, j),

along the x-directioni ∈ [l1, l2], can be expressed by an ap-
propriate superposition of the vibration eigenmodes of the
perfect waveguide transmitted at the frequencyΩ, they are
expressed as follows

u(i, j)′
α
(i, j) =

2∑
1

Tnn′Z
i
n′un′ , i > l2. (8)

To have access to all the solutions of Eqs. (7)-(8), we should
first know the two quantitiesTnn′ andRnn′ . Therefore, to
achieve this objective, we consider a Hilbert space for the
scattering process, and we have posed[|uR〉 , |uT 〉] as the ba-
sis vectors of the reflection and transmission coefficients and
[|us >] as the basis vector of the irreducible atomic sites that
contain the impurity B chain. Thus, the equations of motion
of irreducible sites coupled to the borders of the two perfect
sublattices located on both sides of the disturbed zone, should
be expressed as a function of the vector[|uR〉 , |uT 〉 , |us〉].
For the purpose of obtaining the matrix dynamics in the pres-
ence of the grafted chain in each position (as shown in Fig.
1), we should write the equations of motion of the irreducible
sites as well as those of the two matching sites. The result is
the obtaining of rectangular matrix formsMd. The sizes of
the dynamical matrices corresponding to each position of the
impurity sites are given as follows:Md(16, 20), for the top
position shown in Fig. 1a);Md(13, 17) , for the bridge and
hollow positions shown, respectively, in Fig. 1b)-1c). Impor-
tantly, the atomic sites in the scattering zone have a 3D con-
figuration, and the movement along the z-axis is taken into
account.

The matching method consists of expressing all the
atomic displacements of the perturbed system as a function of
the amplitudes of the irreducible sites and the boundary sites
as well as the matching quantities. The latter comes from the
study of the perfect 2D lattice and contains the characteristics
of the incident wave. The obtained results can be grouped

into a matrixMR, called the matching matrix, whose ele-
ments are generated by relations (7)-(8). Consequently, the
MR size is the inverse ofMd. The matrix productMd×MR

defines a square matrix (denoted M) and transforms the sys-
tem to the linear one to allow its resolution. Specifically, for
the studied positions, we obtain the square matrix dimen-
sions M(16,16), for the structure of Fig. 1a); M(13,13), for
the structures of Figs. 1b) and 1c). To solve the inhomoge-
neous linear system, we calculate

[
Ω2I −M(λ, r1, r

′
1, r2, r

′
2, exp(iφy))

]

× [|us〉 , |uR〉 , |uT 〉] = − |inh〉 . (9)

where the vector− |inh〉 of the second member contains
all the inhomogeneous terms describing the incoming elastic
wave. The solution to Eq. (8) provides us with the atomic
displacements of the irreducible sites located between the
columns of the interval[l1, l2], as well as the reflection and
transmission coefficientsRnn′ and Tnn′ on the perfect 2D
lattice. The diffusion phenomenon depends on the diffusion
matrix, the elements of which are given by the relative reflec-
tion and transmission probabilitiesrnn′ andtnn′ at givenΩ
andφy, which are given by

rnn′(Ω, phy) =
Vgn

Vgn
|Rnn′ |2 ,

tn(Ω, phy) =
Vgn′

Vgn
|Tnn′ |2 . (10)

To guarantee the unitarity of the scattering matrix, the
group velocities must normalize the scattered waves. Here,
Vgn represents the group velocity of the eigenmodes. It is
zero in the case of evanescent modes. We can define the total
probabilities of reflection and transmission per given vibra-
tion mode at a scattering frequencyΩ and a fixed direction
φy by adding all the contributions

rn(Ω, phy) =
∑

n′
rnn′(Ω, phy),

tn(Ω, phy) =
∑

n′
tnn′(Ω, phy). (11)

To describe the overall transmission of the simulated systems,
it is important to define the conductance (also called trans-
mittance) of the grafted lattices by summing all the input and
output modes

σ(Ω, φy) =
∑

n

∑

n′
tnn′(Ω, φy), (12)

the sum is made over the two propagation phonon modes at
a givenΩ andφy. However, it is worth mentioning that the
conductance of a given system can be determined experimen-
tally.
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3. Numerical applications and discussions

The curves of the phonon dispersion in the simulated planar
2D lattice are presented in Fig. 2, as a function of the nor-
malized wavevectorφx over the first Brillouin zone. These
curves can be plotted for any choice of the value ofr2. In
addition, the usefulness of the value of the ratior2 lies in the
fact that it allows us to illustrate our numerical model calcu-
lation systems with regard to vibrational properties. In the
perfect waveguide, the choice of the fixed ratio:r2 = 0.5 is
arbitrary, not being dictated by any consideration, the inter-
action between next nearest neighborsk2 = 1/2 of k1 for the
first nearest. Therefore, our calculation programs can run any
value ofr2. Moreover, our simulations are conducted with
normalized values. The advantage of the latter is that they al-
low computer programs to be executed without knowing the
exact values of the force constants.

As shown in Fig. 2, the two eigenmodes 1,2 tend to prop-
agate in the following frequency intervals:Ω1 = [0.00; 1.41]
and Ω2 = [0.00; 2.45]. Figure 2 shows that both modes
are acoustical; they are characterized by limiting behaviorΩ
tending to zero whenφx tends to zero. The mode number-
ing is also arbitrary, and we have opted for the length of the
existence interval of each mode as a criterion. Furthermore,
the branches related to the vibration modes have a nonlinear
form but an arbitrary shape. This means that the structure is
dispersive. Calculating the slopes of the tangents to the dis-
persion curves is a direct measure of group velocities. These
are shown in Fig. 3.

In Fig. 3a), the group velocities are plotted as a function
of the propagating frequency interval, whereas in Fig. 3b),
the group velocities are presented as a function of the wave-
vector. We notice that the limits of each group velocity
(nonzero) correspond well to the interval of excitation or the
existence of the related phonon mode. Additionally, mode
2 (the most energetic mode) generates a large amplitude of
group velocity, and the same information is confirmed in
Fig. 3b). Therefore, a large involvement of mode 2 in phonon
transport can be expected. Another important observation is
that when the slopes of the tangents of the dispersion curves
are negative, the elastic waves change the direction of propa-
gation. In summary, the group velocities are essential to de-
termine because they intervene in the scattering process, and
this is the main objective of our work. To study elastic wave
scattering by the grafted impurity chain at three different po-
sitions, we consider an incident wave that propagates along
the x-axis (from left to right) of the perfect 2D waveguide
shown in Fig. 1. The model systems considered are applied
to study the evolution of vibrational properties as a function
of the position of the sites of the atomic chain grafted above
the planar structure (top, bridge and hollow). For each posi-
tion, we numerically simulate the diffusion through the impu-
rity atoms, and we determine the transmission and reflection
coefficients of the elastic waves on the basis of Eqs. (9)-(10).

In the present work, we set a twofold objective:

(1) to determine the impact of the mass of impurities.

(2) to identify the effect of the variation in force constants
on the dynamics of the system under study.

Firstly, to achieve our objective, numerical simulations
are carried out for three possibilities of the massmB in rela-
tion to the massmA (variations of on the order of 1/10).

a) λ < 1, to describe a light mass, (we remember that
λ = mA/mB).

b) λ ≈ 1, to describe similar masses,

c) λ > 1, the heavy mass is reported.

Secondly, to describe the effect of variations in the nanos-
tructured elastic constants on the lattice dynamics, in the nu-
merical calculations, we assumed variations on the order of
1/10 compared with those of the perfect 2D waveguide. The
choice of 1/10 is motivated by geometric considerations. In
other words, the structure does not deform since it retains
its crystalline architecture. Therefore, for eachmB possible
position, we analyze the three possible situations of the inter-
action constants in the perturbed domain. These possibilities
are as follows:

i) r1 < 1, r
′
1 < 1, r

′
2 < r2, (softening - case),

ii) r1 ≈ 1, r
′
1 ≈ 1, r

′
2 ≈ r2 (homogeneous - case),

iii) r1 > 1, r
′
1 > 1, r

′
2 > r2 (hardening - case).

Notably, interactions between the atomic sites of the 2D
lattice and the sites of the chain are described by the con-
stantkAB . We take them as the arithmetic means of A and
B, whose interaction constants with the nearest neighbors are
(kA + kB)/2, and this is also valid for the 1st and 2nd neigh-
bors. Notably, to our knowledge, no experimental results are
available for use in simulations. Those available are based
on alloy concentrations and not for ideal structures. The ob-
tained results for vibration transmission/reflection spectra are
expressed as a function of the scattering frequencyΩ. They
are plotted in Figs. 4, 5 and 6, respectively, for Figs. 1a), 1b)
and 1c).

To In the previous figures, we represented the transmis-
sion and reflection coefficientst1, r1, t2, r2 and their sum
s1, s2, as a function of the scattering frequency in the two
vibrational modes of the systems shown in Fig. 1. They are
arranged in rows to describe the two phonon modes (from 1
to 2) and in columns to describe the three simulated cases of
elastic environments (cases (i), (ii) and (iii)). The first ob-
servation that stands out is the existence of some common
characteristics for Figs. 4, 5 and 6, and the presence of other
characteristics specific to each configuration or position of
the chain of impurities, in all considered cases. Among the
general characteristics, for the three positions of the B chain,
we note the following:

Rev. Mex. Fis.72030502
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FIGURE 4. Curves of transmissiont1, t2 (dotted lines) and reflec-
tion r1, r2 coefficients (dashed lines) and their sums1, s2 (solid
lines) for the first position of the impurity atoms on a planar struc-
ture of Fig. 1a), as a function of the scattering frequencyΩ. The
results are arranged in rows and columns. The former describes
the two vibration modes and the latter refers to the simulated force
coupling (from softening to hardening situations). a) The first case
corresponds to a soft mass(mB < mA). b) The second case cor-
responds to similar masses(mB = mA). c) The third case corre-
sponds to a heavy mass(mB > mA).

- Verification of the unitary condition, which reflects en-
ergy conservation, by the transmission and reflection
coefficientss = tn + rn = 1, wheren = 1, 2. This
condition usually serves as a validation test of the nu-
merical calculations, for the scattering matrices.

- All the transmission coefficients do not exceed the fre-
quency interval where the group velocities are nonzero
(Ω ≤ 2.45).

FIGURE 5. As in Fig. 4. The curves describe the vibration spec-
tra relating to the impurity atoms grafted onto the 2D lattice, as
schematized in Fig. b).

- In the transmission and reflection spectra, there is a
displacement of their spectral characteristics toward
higher frequencies, hardening the force constants in
the perturbed domain for the three configurations. This
finding highlights the ability of the impurity chain sites
to leave an intrinsic fingerprint on the transmission
spectra of elastic waves. The configurations can be
used to control (amplify or diminish) phonon transmis-
sion. The same behavior is observed with increasing
the mass of the impurity sites, from soft to heavy (shift-
ing of the spectra proportionally with increasingmB).

Rev. Mex. Fis.72030502
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FIGURE 6. As in Fig. 4. The curves describe the vibration spec-
tra relating to the impurity atoms grafted onto the 2D lattice, as
schematized in Fig. 1c).

- All transmission coefficientst1 andt2 present fluctu-
ations and vanish at the limit band frequencies. This
is attributed to the coupling of the propagating inci-
dent phonons with a localized vibration mode induced
by the atoms of the impurity chain. We also notice a
specific behavior of the phonon, for each of the three
configurations examined. More particularly, for the top
position of the chain of B atoms Fig. 4, we observe that
the transmission, according to mode 1, is very weak at
low frequencies, whereas it is at its maximum in the
case of vibration mode 2.

Since eigenmode 1 does not favor phonon transport, it is
asymmetrically transverse in nature. The second eigenmode
tells us about its acoustic and symmetrical nature because it
gives rise to a vibration movement, which takes place hori-
zontally with a wavelength very close to the lattice param-
eter. Additionally, in the transmission spectrum of each vi-
bration mode, certain peaks are identified as Fano-type os-
cillations. More details on Fano resonances can be found
in Refs. [28, 29]. This signals the existence of interactions
in the scattering domain between the propagating phonon
modes generated by the perfect 2D lattice and the localized
states of the perturbed zone, which contains the grafted chain.
Localized phonon states are dynamic vibrational states for
which the amplitude of the atomic displacement decreases
with distance from the perfect domain, which is consistent
with the evanescent modes of the perfect 2D waveguide. The
energies naturally shift to higher frequencies with increasing
elastic constants in the perturbed domain. The other max-
ima fluctuations, in the spectra, correspond to the variation
in the phonon transmission between the pinning minima that
are imposed by the limits of the propagation intervals of the
vibration modes. Furthermore, localized phonon states are
dynamic vibrational states for which the amplitude of the
atomic displacement decreases with distance from the perfect
domain, being consistent with the evanescent modes of the
2D system. The energies naturally shift to higher frequencies
with increasing elastic constants in the perturbed domain.

Figures 5 and 6 show that the transmission spectra evolve
in a similar manner but not identical way. That is regard-
less of the position of the grafted chain (bridge or hollow),
it has no impact on phonon transport at low energies in both
vibration modes 1 and 2. As observed, the influence of the
B atoms of the chain is nonexistent at low frequencies fort1
and t2 ; whenΩ tends toward zero, they tend toward their
maximum values (1). As we move up the frequency range,
the coefficients are sensitive to the effect of the presence and
position of the impurity chain. They behave differently at
the frequency limit, depending on the ratio of the nearest
and next-nearest neighbor constants. In both cases,t1 and
t2 present spectra that are less rich in oscillations, with the
system parameters. In addition, the behavior observed dur-
ing the analysis of the results of the top position also remains
valid for the other two positions. In other words, the trans-
mission spectra generated by the two vibration modes shift
proportionally toward the top of the definition interval with
the hardening of the force constants as well as the increase in
the mass of the impurity sites.

The comparison between Figs. 5 and 6 indicates the ex-
istence of a frequency range (at the center of the interval
(1.50 ≤ Ω ≤ 1.80) where the transmission is very weak in
the case of the hollow position. On the other hand, the bridge
position only records a slight reduction in transmission. This
result is remarkable: a simple variation in the position makes
it possible to physically manufacture a phonon filter in a very
specific frequency range. We can also identify the frequen-
cies where phononic transport can be amplified. In the last
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FIGURE 7. Curves of the vibration conductance spectra for the structure in Fig. 1a). They are determined in the propagating frequency
interval of the perfect waveguide. a) We identify only the influence of force constants by simulating similar masses(mB , mA). b) We
identify only the m B effect by considering the homogenous interactions case

FIGURE 8. Like Fig. 7, it displays the phononic conductance of the structure shown in Fig. 1b).

FIGURE 8. Like Fig. 7, it displays the phononic conductance of the structure shown in Fig. 1c).

part of the present work, we determined the phononic con-
ductances (also called transmittances) through the B sites of
the grafted impurity chain, which are placed at different posi-
tions. It is given by the application of Eq. (11). It represents
the contribution of both modes (1 and 2) simultaneously to
phononic transport.

To illustrate the calculations and to note separately the
impact of the variation in mass (from soft to heavy) and the
variation in interactions (from softening to hardening), we
have opted for the representation of two cases among those
presented in the present article. The results are shown in
Figs. 7, 8 and 9, respectively, for the top, bridge and hollow
positions. The curves are plotted as a function of the broad-
cast frequencyΩ. The figures plotted are, respectively, for

comparable masses (in (a)) and homogeneity of force con-
stants (in (b)). Illustrate the calculations and to note sepa-
rately the impact of the variation in mass (from soft to heavy)
and the variation in interactions (from softening to harden-
ing), we have opted for the representation of two cases among
those presented in the present article. The results are shown
in Figs. 7, 8 and 9, respectively, for the top, bridge and hollow
positions. The curves are plotted as a function of the broad-
cast frequencyΩ. The figures plotted are, respectively, for
comparable masses (in (a)) and homogeneity of force con-
stants (in (b)). Figure 7, the conductance starts with one (1).
This means that one of the phonon eigenmodes has a particu-
lar behavior. It is transmitted weakly, or not at all; it is almost
completely reflected in the propagation intervalΩ ∈ [0, 1].
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Technically, one may say that the top position filters phonons
at low frequencies and that the vibration modes are decou-
pled.

The intervalΩ ∈ [1, 1.41] constitutes the band where
the transmittance is quite importnt for the top position. In
addition, the structural conductance is less than or equal to
one. On the other hand, in Figs. 8 and 9, the conductance
spectrum always starts with its higher values at low frequen-
cies (Ω tends to zero), fluctuates for intermediate values of
Ω and decreases with increasingΩ; then it becomes zero at
the Brillouin zone limit. For the studied configurations, we
observe that the phonon conductance is less than or equal
to one phonon throughout the propagating interval frequency
(Ω ∈ [0, 2.45]). This demonstrates the ability of the grafted
atomic chain to restrict the phononic conductance in very
specific frequency bands.

To be able to quantitatively determine the total transmis-
sion gap between the grafted chain (in each position) and the
perfect structure (reference), we also traced the conductance
of the perfect system. It is presented in the form of a his-
togram. The latter is made up of levels, where each level
gives the number of vibration modes likely to be excited in
the definition frequency interval. The number of modes re-
lates well to the limits of the dispersion branches found in
Fig. 2. An important feature of the phonon conductance is the
shift of its spectral characteristics to higher frequencies with
increasing hardening of the force constants in the perturbed
domain, for the three different positions of the grafted chain
(see the figures designated by the letter (a)). On the other
hand, when the mass increases, the positions of the trans-
mittance spectra shift toward lower frequencies (see the fig-
ures designated by the letter (b)). Therefore, increasing the
B mass acts as a filter for the propagation of elastic waves.

With respect to the transmission spectra, some of the
maximum fluctuations in the conductance spectra correspond
to characteristic Fano resonances in the interval [0,2.45],
since the atomic vibration states in the scattering zone are ef-
fectively localized states embedded in the perfect 2D waveg-
uide incident phonon modes. In addition, the number of
spectral fluctuations related to Fano resonances is in good
agreement with localization theory. In light of what has been
said thus far, one may claim that the conductance spectra can
thus be considered fingerprints of the specific position of the
grafted chain and therefore be used for characterization. The
interaction between the states induced by impurities and the
eigenmodes of the propagating waveguide could constitute an
interesting alternative for studying the structural properties.

In all cases, the observed fluctuations in the vibration
spectra are due to the increase in the number of localized vi-
bration states around the grafted atomic chains. We remind

that for greater experimental relevance, the models should in-
corporate finite size effects in the atomic lattices themselves.

4. Conclusions

The generic properties of elastic wave propagation in a
monatomic 2D lattice (A) in the presence of a grafted atomic
chain (B), placed at three different positions (top, bridge and
hollow), are studied via the matching technique in the har-
monic approximation. The results of the study show that the
transmission vibration spectra and the phononic conductance
of the system, with different positions of the grafted impu-
rity B atoms, are functions of the scattering frequency, the
impurity mass and the structure configuration. At lower fre-
quencies, the conductance starts with its maximal values for
the bridge and hollow configurations, fluctuates in the prop-
agating interval frequency and becomes null at the Brillouin
zone limit. For the top configuration, the impact of the B
sites is considerably significant. The capacity of the perfect
waveguide is reduced by half and then it reaches its maxi-
mum at the center of the interval. One may conclude that
the geometry of the structure can filter certain elastic waves
at low frequencies. The number of spectral fluctuations re-
lated to Fano resonances is in good agreement with localiza-
tion theory. Each configuration type corresponds to a number
of localized modes that interact with the propagating vibra-
tion modes of the perfect waveguide. Varying the parameters
of the perturbed zones can modify the vibration properties
(phonons transmission, localized vibration states, transmit-
tance). This implies the possibility of a nanometric proce-
dure to organize the heat transfer from a thermal or coherent
source, preferentially, into different branches of a mesoscopic
system. We mention that 2D structures, surfaces as well as
semi-infinite systems constitute a fruitful area of research.
The main reasons are that a variety of interesting effects can
be artificially built into these types of materials. Addition-
ally, a number of important applications rely on the ability
to prepare functional atomic devices for well-defined uses.
The incorporation of the structural inhomogeneities makes it
possible to profoundly modify the physicochemical proper-
ties, in general, and the vibrational properties in particular.
Knowledge of the dynamic matrix of the perturbed structures
provides access to spectral densities as well as densities of
states which have a direct impact on electronic transport and
elastic waves scattering.
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