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Non-geometrical perturbation on homogeneous stealth dust
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In this work, we study a non-geometrical perturbation to the stealth field, which means the background remains invariant. The stealh is
homogeneous in a universe whose source is dust and demand that perturbation unchanged density. As a regular procedure, we introduce a
parameterλ to perturb the scalar field equation and get an intriguing expression of the equation, similar to a series expansion inλ. From this
procedure, we distinguish and approach to discriminate solutions, and the numerical solutions show that the most significant contribution to
the solution comes from the linear term ofλ.
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1. Introduction

Currently, the most striking discovery is the accelerated ex-
pansion of the universe, which earned the 2011 Nobel Prize
in Physics [8, 10, 11], and explaining it is possibly the main
challenge of theoretical physics. This phenomenon and dis-
crepancies between theories and observations that agree with
General Relativity (GR) lead us to question the validity of the
standard cosmological model and to explore alternative theo-
ries to GR [7]. As far as we know, success of GR theory in ex-
plaining gravity is based on observations made in the vicinity
of the solar system (i.e., under weak gravity conditions), as
well as laboratory experiments (at millimeter scale) and tests
of gravitational wave emission by binary pulsars [13, 16].
Even more in context, the cosmological models coming from
GR to explain the acceleration have theoretical limitations.

The best fit of the observational data is given by a cosmo-
logical model known asΛ-Cold Dark Matter (ΛCDM), which
comes from GR. In such a model, the cosmological constant
(Λ) is introduced into Einstein’s equations to explain the ac-
celeration. It is assumed to be the origin of dark energy (DE)
that exerts negative pressure. Despite this, it is spectacularly
incomplete and unsatisfactory from a theoretical standpoint
due to the lack of physical justification. Furthermore, the
model faces two of the most successful theories today: GR
and field theory. Relativity predicts a smaller value of the
cosmological constant than compared to what high-energy
physics suggests, resulting in a discrepancy of more than 120
orders of magnitude between both predictions. It is also im-
portant to note that differences are found between local mea-
surements of the Hubble constant and statistical inferences
obtained from the cosmic microwave background and obser-
vations of distant supernovae [6]. If the existence of dark
energy is confirmed, our limited knowledge of its nature is a
cause for concern [9].

Regardless of the above, the greatest challenge is to find
a theory that explains the nature of the different components

of ΛCDM, namely dark energy, dark matter, and the infla-
tion field (necessary for structure formation and describing a
phase of extremely highly acceleration in the early universe).
In this context, the standard model of cosmology arises from
a strong and questionable extrapolation of our limited knowl-
edge of gravity, as GR has not been tested at galactic and
cosmological scales.

Among the alternatives, there are models based on Mod-
ified Gravity theories (MOG) that offer different options to
explain the origin of the cosmological constant and the late
acceleration of the universe. However, by significantly mod-
ifying gravity on cosmological scales, they face problems in
meeting the strict constraints of the solar system. In this re-
gard, there are different proposals to avoid modifications of
gravity on small scales [7], among which massive gravity,
bi-gravity, and degenerate higher-order scalar-tensor theories
(DHOST) stand out [8,12].

Models based on MOG adequately describe gravitational
singularities and propose explanations to understand the dark
sector of the universe [4, 5]. However, in the study of MOG,
a significant problem arises in finding solutions to the asso-
ciated partial differential equations, as coupling a field intro-
duces more degrees of freedom. The stealth solutions studied
belong to MOG theories; they are configurations interpreted
as non-gravitating matter and do not alter the background
spacetime [1–3].

One of the widely used formalisms in physics to extract
relevant information from a phenomenon is to perturb the
system under study. After perturbing the stealth, there is no
reason the field remains in that configuration, so if any way to
detect scalar fields exists, it would be possible to detect these
fields gravitationally by perturbing them. Our purpose is to
find an approximate solution for the stealth by modifying its
exact solution using the simplest perturbationφ → φ + λδφ,
whereφ is the unperturbed function,λ is a parameter related
to the intensity of the alteration to the system0 < λ ≤ 1.
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In Sec. 2, we provide a brief general review of the action
used to obtain the equations that describe the homogeneous
and isotropic universe we study, minimally coupled to gravity
and with sources. Section 3 obtains the field equations when
gravity is non-minimally coupled to the scalar field. We use
the Friedmann-Lemaı̂ tre-Robertson-Walker (FLRW) metric,
a homogeneous scalar field, and the dust tensor as a source.
In Sec. 4, we perturb the scalar field in the equations, obtain
its numerical solutions, and use them to construct the associ-
ated potentials. Finally, in Sec. 5, we present the discussion
and conclusions.

2. Stealth fields

The general framework for addressing the problem, which in-
volves a gravitational field with sources non-minimally cou-
pled to a scalar field, is described by the action,

S[gµν , φ] =
∫

M

d4x
√−g

(
1
2κ

R + Lm − 1
2
ζRφ2

− 1
2
∂µφ∂µφ− V (φ)

)
, (1)

above, the first expression inside the parentheses is the
Einstein-Hilbert term, whereR is the Ricci scalar,κ =
8πG/c4, G is the gravitational constant,c is the speed of
light, the second term is the matter Lagrangian, followed
by the non-minimal coupling; whereζ the coupling constant
(ζ 6= 0 because ifζ = 0 we have minimal coupling), and the
rest belongs to the scalar fieldφ, including the self-interaction
potentialV (φ).

From the variation of the action with respect to the metric,
we obtain the following set of equations:

Gµν − kT (m)
µν = κT (S)

µν , (2)

where, Gµν is th Einstein tensor,T (m)
µν is the energy-

momentum tensor of matter, andT (S)
µν is the energy-

momentum tensor of a scalar field (including the non-
minimal coupling), explicitly,

T (S)
µν = ∇µφ∇νφ−

[
1
2
∇λφ∇λφ + V (φ)

]
gµν

+ ζ (Gµν + gµν¤−∇µ∇ν)φ2. (3)

A scalar field is stealth if is non trivial and satisfies the
following equation:

T (S)
µν = 0, (4)

the solutions to the above equations are configurations of
matter that do not gravitate, known as stealths. On the other
hand, from the variation of the scalar field, we obtain the
equations that describe its dynamics:

¤φ = ζRφ +
dV (φ)

dφ
. (5)

It is worth mentioning that, due to the invariance under dif-
feomorphisms of the action (1), the solutions of the equations
(3) necessarily imply that the equations for the dynamics of
the scalar field (5) are satisfied [1].

3. Stealth cosmological field

In this section, we briefly review the stealth fields to be stud-
ied, namely, scalar fields in a homogeneous and isotropic uni-
verse, described by the FLRW metric:

ds2 = −dt2 +
dr2

1− kr2

+ a2
(
r2dΘ2 + r2 sin2(Θ)dφ2

)
, (6)

a = a(t) is the scale factor (the valuea(t) = 0 corresponds to
the moment of the Big Bang, which implies a singularity. In
contrast,a(t) = 1 represents the value of the scale factor for
the current universe) andk describes the curvature of space-
time, whose values can bek = −1, 0, or 1. In this work, we
will only consider the case of a flat universe, that is,k = 0.
The source is a perfect fluid with an energy-momentum ten-
sor:

T (m)
µν = (ρ + p)uµuν + pgµν , (7)

whereρ = ρ(t) is the energy density,p = p(t) is the intrinsic
pressure of the universe, anduµ denotes the 4-velocities of
the fluid, with the property thatuµuν = −1.

Starting from Eq. (3), and assuming the validity of Ein-
stein’s equations together with the condition (4), we obtain a
system of equations from which the expressions forρ andp
can be derived.

ζkρ = − d

dt
ln(φ) · d

dt
ln

(
a6ζφ1/2

)
− V (φ)

φ2
, (8)

and

ζkp = −ζ
d

dt
ln(φ) · d

dt
ln

(
φ(1−4ζ)/2ζ

a4φ̇2

)
+

V (φ)
φ2

. (9)

We are interested in the case when the pressure is zero (p =
0), known as dust. The system is reduced by isolating the
termV (φ)/φ2 in Eq. (9) and substituting it into Eq. (8). Now,
we reduced to solve the following equation

kρ(t) =
(

d

dt
ln(φ)

)
· d

dt
ln

(
φ̇φ(2ζ−1)/ζ

a2

)2

. (10)

For convenience, we make the change of variableφ(t) →
φ(a(t)), due to this change, all the variablesφ, ρ, p, V now
depend on the scale factor. Additionally, the energy density
for the dust case is given byρ = ρ0a

−3. From here, we can
rewrite Eq. (10) as

φ′′

φ
− 3

2a

(
φ′

φ

)
+

(2ζ − 1)
2ζ

(
φ′

φ

)2

=
3

2a2
, (11)

wheredφ/da = φ′. In the described scenario, there are four
branches of solutions that depend on the range ofζ reported
in Ref. [1] and shown in Table I.
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4. Non-geometrical stealth field perturbations

Perturbation is a mathematical method used to find approxi-
mate solutions to complicated equations. It assumes knowl-
edge of the exact solution to a problem and studies whether
a small modification yields an approximate solution or a so-
lution to a new problem that is a slight modification of the
known one. This method is challenging to implement for GR
because one must also make the perturbation on the back-
ground space, which changes the point at which a tensorial
quantity is evaluated (a good discussion of the perturbation
theory in GR can be found in the Ref. [14]). However, in
this work, a condition we require is that spacetime remains
invariant during the perturbation, which allows us to imple-
ment the classical perturbation method to obtain the quantity
F from the exact solutionF0, expressing it as a power series
of the parameterλ, i.e., F = F0 + λF1 + λ2F2 + O(λ3).

As mentioned, we study a perturbed stealth solution by
modifying the exact one without altering the background
space. The way to achieve this is by replacingφ → φ + λδφ
in Eq. (11), yielding

φ′′ + λδφ′′

φ + λδφ
− 3

2a

φ′ + λδφ′

φ + λδφ

+
(2ζ − 1)

2ζ

(
φ′ + λδφ′

φ + λδφ

)2

=
3

2a2
, (12)

expanding the above equation we get

φφ′′ − 3
2a

φφ′ +
2ζ − 1

2ζ
φ′2

+λ
[
δφφ′′+φδφ′′− 3

2a

(
δφφ′+φδφ′

)
+

2ζ − 1
ζ

δφ′φ′
]

+ λ2
[
δφδφ′′ − 3

2a
δφδφ′ +

2ζ − 1
2ζ

δφ′2
]

=
3

2a2
(φ2 + 2λφδφ + λ2δφ2). (13)

The current problem is to find the fieldδφ. In Eq. (13),
we impose the condition that matter density does not change;
physically, one can achieve this in different ways, similar to
perturbing a liquid without increasing its volume. Whileλ
quantifies how large or small the perturbation is, in our case,
we focus on the behavior ofδφ rather than its nature.

4.1. Perturbation solutions

The Eq. (13) looks like a series expansion in terms ofλ. The
zero-order term is the stealth equation, while the coefficients
of linear and quadratic terms are the perturbed equation (this
is more obvious whenλ = 1). In this case, the introduction
of the parameterλ = 1 shows that the terms of the square of
l are equal to those of the equation for the stealth. Because
of its particular form, we wonder what would happen if we
considered just the linear coefficient; instead of taking both,

we found that the contribution most important to the solution
comes from the linear coefficient.

The perturbed equation is

λ
[
δφφ′′ + φδφ′′ − 3

2a

(
δφφ′ + φδφ′

)
+

2ζ − 1
ζ

δφ′φ′
]

+ λ2
[
δφδφ′′ − 3

2a
δφδφ′ +

2ζ − 1
2ζ

δφ′2
]

=
3

2a2
(2λφδφ + λ2δφ2), (14)

which we solve using Runge-Kutta-Fehlberg (RKF45) meth-
ods to second-order ordinary differential equations [15].

After perturbing the scalar field, we will observeφ + δφ,
so it is worth contrasting withφ ( the following Table pro-
vides a summary of solutions reported in1). In the following
graphs, we show this contrast for all branches with the differ-
ent parameters

Branch 1

FIGURE 1. We show the solutionφ + δφ with different values of
λ, as a function of the scale factora, over the interval[1.0, 1.1].
The initial conditions areδφ(0.01) = 0, δφ′(0.01) = −1 and the
parametersζ = 0.3, φ0 = 1 andφ1 = 0.5.

Branch 2

FIGURE 2. We show the solutionφ + δφ with different values of
λ, as a function of the scale factora, over the interval[1.0, 1.1].
The initial conditions areδφ(0.01) = 0, δφ′(0.01) = 0 and the
parametersζ = 12/73, φ0 = −1 andφ1 = −1.
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TABLE I. The table presents the solutions from [Álvarez, Campuzano, Ćardenas 2019].φ0 andφ1 are integration constants.

Range ofζ Solution Constants and variables involved

ζ ∈ (−∞, 0) ∪ (12/73,∞)−1/4 (Branch 1) φ(a)=Φ0

((
a
a0

)5/4+β

−
(

a
a0

)5/4−β
) 2ζ

4ζ−1

a0 =
(

φ0
φ1

)1/2β

,

β =

√
ζ(73ζ−12)

4ζ
,

Φ0 =

(
φ

5/4+β
2β

0 − φ
5/4−β

2β

1

) 2ζ
4ζ−1

ζ = 12/73 (Branch 2) φ(a) = (φ1 ln(a)− φ0)
−24/25a−6/5

0 < ζ < 12/73 (Branch 3) φ(a) = φ0

(
a5/2(φ1 sin(γ)− φ2 cos(γ))

) 2ζ
4ζ−1

γ(a) =
√

12−73ζ

4
√

3
ln(a)

ζ = 1/4 (Branch 4) φ(a)± = φ1e
±φ0a1/2

a−3/2

Branch 3

FIGURE 3. We show the solutionφ+δφ with different values ofλ,
as a function of the scale factora, over the interval[1.0, 1.1].The
initial conditions areδφ(0.01) = 1, δφ′(0.01) = 1 and the param-
etersζ = 0.1, φ0 = 1, φ1 = −1 andφ2 = −1.

Branch 4

FIGURE 4. We show the solutionφ + δφ with different values of
λ, as a function of the scale factora, over the interval[1.0, 1.1].
The initial conditions areδφ(0.01) = 1, δφ′(0.01) = −1 with
ζ = 0.25, φ0 = 0 andφ1 = −1.

In branches 1 and 2, the numerical solution has unphys-
ical behavior toλ = 1; the solution is closer to the exact
thanλ < 1 which means more significant perturbation less
changes the system. The solutions behave as expected for
branches 3 and 4; small perturbations mean fewer changes to
the system.

As we pointed out above, we found it intriguin that the
quadratic term inλ replays the equation for stealth without
perturbing. Because of that, we ask if taking the linear term
in (14) is enough to consider this a good approximation to
the solution.We contrast the solutions between the linear term
and all terms to get an answer, shown in the following tables,
in which we present three values of the linear and complete
solutions (normalized) as a function ofa, computed with a
step size of 0.0000001.

Branch 1

TABLE II. Comparison between different values ofφ̂ (linear) and
φ̂ (complete), wherêφ = φ + λδφ.

λ a φ̂(linear) φ̂(complete)

0.1 1.0000001 0.9999999760 0.9999999760

0.1 1.5 0.9895267933 0.9896527704

0.1 1.1 0.9819492944 0.9824370606

Branch 2

TABLE III. Comparison between different values ofφ̂ (linear) and
φ̂ (complete), wherêφ = φ + λδφ.

λ a φ̂(linear) φ̂(complete)

0.1 1.0000001 0.9999760063 0.9999760063

0.1 1.5 0.9895178152 0.9896435279

0.1 1.1 0.9819492944 0.9824360391

Branch 3

TABLE IV. Comparison between different values ofφ̂ (linear) and
φ̂ (complete), wherêφ = φ + λδφ.

λ a φ̂(linear) φ̂(complete)

0.1 1.0000001 0.9938291366 0.9938291366

0.1 1.5 0.9897829985 0.9896993123

0.1 1.1 0.9889763119 0.9878341094
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Branch 4

TABLE V. Comparison between different values ofφ̂ (linear) andφ̂
(complete), wherêφ = φ + λδφ.

λ a φ̂(linear) φ̂(complete)

0.1 1.0000001 0.9988000023 0.9988000023

0.1 1.5 0.9823917582 0.9823974198

0.1 1.1 0.9886481641 0.9871320458

It is evident that with small values, there are no differ-
ences between the solutions up to10−10; then all contribu-
tions come from the linear term.

For this work, we get no information from the self-
interaction potential; however, we show some typical cases
in what follows.

Branch 1

FIGURE 5. Branch 1. We show the potentialV (φ + δφ) for the
solution and contrast it with the lineal term. In the graphV0 is the
greatest valor ofV over the interval[0.01, 1]. The initial condi-
tions areδφ(0.01) = 0, δφ′(0.01) = −1, and with the parameters
ζ = 0.3, φ0 = 1 andφ1 = 0.5. The blue line is the solution
potential and the red is the lineal approximation.

Branch 4

FIGURE 6. Branch 4. We show the potentialV (φ + δφ) for the
solution and contrast it with the lineal term. In the graphV0 is the
greatest valor ofV over the interval[0.01, 1]. The initial condi-
tions areδφ(0.01) = 1, δφ′(0.01) = −1, with ζ = 0.25, φ0 = 0,
φ1 = −1 andλ = 10−3. The blue line is the solution potential and
the red is the lineal approximation.

5. Conclusions and discussion

The lack of gravitating effects on spacetime is the most im-
pressive peculiarity of the stealth field. Moreover, there is no
direct interaction between electromagnetic and stealth fields,
which makes it harder to observe them. We wonder if there
is the possibility of observing the stealth; we seek an answer
about perturbing the stealth with the certainty that the per-
turbed field, in general, is not stealth either. In the present
work–at difference with the orthodox perturbation where the
spacetime point must perturbed too– we demand that the
background space and density remain invariant. The pertur-
bation is the simplest one,φ → φ+λδφ, where we introduce
an auxiliary scalar fieldδφ and a parameter,0 ≤ λ ≤ 1, as-
sociated with the intensity of the perturbation. We pretend to
determine whether these perturbations leave traces in space-
time and, if so, quantify them.

We solve Eq. (14) using Runge-Kutta-Fehlberg (RKF45)
methods to second-order ordinary differential equations [15]
and show its solutions in Figs. 1 to 4. However, analyzing
the results, we note that these perturbations also work to dis-
criminate between solutions. In branch 1, Fig. 1, the solution
with λ = 1 is closer to the exact, and in branch (4), it hap-
pens. However, branch 1 need more analysis to discard; but
definitively, the branch 4 has an unphysical behavoir. Addi-
tionally, due to the particular nature of the perturbed Eq. (13),
we noted that it looks like a series expansion of the param-
eter, where the zero-orderλ term correspond to the original
equation, the lineal term is a slight modification of the orig-
inal equation, and curiously the quadratic term has the same
equation as the zero-order. Because of this, we contrast the
solutions between the linear term and the complete equation,
and show the results in the Tables II-V. From these we ob-
serve that the contribution most important of solution com-
ing from the linear term. Leaving the open question when
and under what conditions it is possible to use this approxi-
mation.
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4. C. Campuzano, V. H. Ćardenas, and R. Herrera, Mim-
icking the LCDM model with Stealths,Eur. Phys. J.
C 76 (2016) 12, https://doi.org/10.1140/epjc/
s10052-016-4546-2 .

5. C. Delaunay, T. Ma, and Y. Soreq, Stealth decaying Spin-1 dark
matter,J. High Energy Phys.(2021) 2,https://doi.org/
10.1007/jhep02(2021)010 .

6. E. Di Valentino et al., In the realm of the Hubble tension-
A review of solutions,Class. Quantum Gravity38 (2021) 15,
https://doi.org/10.1088/1361-6382/ac086d .

7. A. Joyce, B. Jain, J. Khoury, and M. Trodden, Beyond the cos-
mological standard model,Phys. Rep.568(2015) 1-98.

8. K. Koyama, Cosmological tests of modified gravity,Rep.
Prog. Phys.79 (2016) 4,https://doi.org/10.1088/
0034-4885/79/4/046902 .

9. P. J. E. Peebles and B. Ratra, The cosmological constant and
dark energy,Rev. Mod. Phys.75 (2003) 2,https://doi.
org/10.1103/revmodphys.75.559 .

10. S. Perlmutteret al., Measurements ofΩ and Λ from 42
High-Redshift supernovae,Astrophys. J.517 (1999) 565-586,
https://doi.org/10.1086/307221 .

11. A. G. Riesset al., Observational evidence from supernovae for
an accelerating universe and a cosmological constant,Astron.
J. 116 (1998) 1009-1038,https://doi.org/10.1086/
300499 .

12. T. P. Sotiriou and V. Faraoni, f(R) Theories of gravity,Rev. Mod.
Phys.82 (2010) 451-497,https://doi.org/10.1103/
revmodphys.82.451 .

13. B. Schutz, A First Course in General Relativity, Cambridge
University Press (2022),https://doi.org/10.1017/
9781108610865 .
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