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Avenues for a number density interpretation of dihadron fragmentation functions
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In this letter, we reassess the underlying physics of the number sum rule for dihadron fragmentation functions. We will argue that, currently,
there are no settled constraints on what constitutes a valid number density interpretation for multihadron fragmentation functions. Imposing
overly restrictive criteria might lead to misinterpretating the data. Most importantly, and on the basis of phenomenological analyses, the
slightly varying definitions used in previous work are not excluded from possessing legitimate number density interpretations (up to the usual
issues with ultraviolet divergences and renormalization), so long as they are paired with appropriate factorization theorems. We advocate for
further theoretical analyses to be challenged with experimental data, available at JLab or at the future EIC.
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Some of the most interesting future uses of both single
and multihadron fragmentation functions involve the detailed
study of hadron structure. As such, a careful accounting of
their interpretations is timely and important.

A recent article [1] criticizes certain types of definitions
of dihadron fragmentation functions on the grounds that they
do not adequately satisfy a number density interpretation in
a field theoretical treatment of QCD. Central to the authors’
argument is thetotal multiplicity interpretation of the inte-
gral and sum over final states, which appears as Eq. (6) and
Eq. (12) of Ref. [1]. Equation (6) is

∑

h1∈H

∑

h2∈H

∫ 1

0

dz2

∫ 1−z2

0

dz1

∫
d2P1T

×
∫

d2P2T Dh1h2/i = 〈N(N − 1)〉, (1)

whereN is the total number of hadrons produced from par-
ton i andDh1h2/i is a dihadron fragmentation function. In
Ref. [1], it is suggested that formal manipulations of the op-
erators in the multihadron fragmentation function definitions
must preserve Eq. (1) if a number density interpretation is to
remain valid. Furthermore, it is argued that previously used
definitions are excluded from having a number density inter-
pretation on this basis. A specific definition is then provided,
which is claimed to be capable of proving the validity of this
number sum rule.

As recently shown in Ref. [1], however, the derivation of
this type of sum rule fails due to the orthogonality between

the fragmenting quark states and the true asymptotic hadronic
final states. The same problem arises already for multiplic-
ity sum rules in single hadron fragmentation functions, which
appears as Eq. (12) of Ref. [1], and is

∑

h∈H

∫ 1

0

dzdh/j(z) = 〈N〉 , (2)

with the sum being over all hadron species in a fragmenting
quark flavorj, dh/j(z) is the ordinary fragmentation func-
tion, and〈N〉 is the total multiplicity of hadrons in the frag-
menting quark. Since quark number is strictly conserved in
QCD, the fragmenting quark state|q〉 has zero overlap with
thephysical statesthat constitute|X〉. Whenever those states
are chosen to come from the completeness relation involving
physical states,

∑∫ |X〉〈X| = 1, the assertion that the quantity
〈N〉 is the expectation value for the total number of hadrons
produced by the fragmentation of the quark causes the proof
to break down. For the overlap to satisfy

〈q|X ′〉 6= 0 , (3)

where |q〉 is the state created by the action of a light-cone
quark creation operator on the vacuum, all final states in|X ′〉
must be included, hence extending the Fock space with a
basis for non-hadronic asymptotic states. That is, since the
fragmenting quark state|q〉 has quark number 1, the states
in |X ′〉 have quark number 1 or multiples that form hadrons
plus 1. Unlike the physical states involved in Eqs. (S19) and
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(S27) of Ref. [1], that lead to a vanishing overlap with single-
particle states, the completeness relation in Ref. [2] requires
the inclusion of extra “orphan” quarks, to obtain a corrected
multiplicity relation.

The result is that a total multiplicity sum rule interpreta-
tion is ambiguous byat leastorder 1 hadron (see Eq. (16)
of Ref. [2] ) for ordinary fragmentation functions. That am-
biguity increases with multihadron fragmentation functions
due to the multiple applications of the number operator. The
ultraviolet divergences in integrals over transverse momen-
tum exacerbate the ambiguities further. It is important to rec-
ognize that the change in the final state Fock space is not a
minor modification. It means that the right side of Eq. (1)
cannot be interpreted purely in terms of hadronic state, and
the size of the effect cannot be estimated without a detailed
treatment of nonperturbative final states.

While the total multiplicity interpretation breaks down,
a numberdensityinterpretation does apply to fragmentation
functions, up to the usual issues with renormalization and ul-
traviolet divergences. A density needs to be differential in
some quantity, and a choice needs to be made when one starts
with the number operator̂Nh for hadrons of typeh within
some specific momentum phase space. See, for example,
Eq. (12.35) of Ref. [3]. Note that changes in variables, or
a choice to make the number of hadrons differential in some
other type of phase space does not imply that a number den-
sity interpretation no longer exists at all. If two different vari-
able choices are related by a simple JacobianJ ,

dN̂h

dΦ
= J

dN̂h

dΦ′
, (4)

then dN̂h/dΦ and dN̂h/dΦ′ both have equally valid num-
ber density interpretations in terms of their respective phase
spaces,dΦ or dΦ′, as also discussed right after Eq. (13) of
Ref. [1]. At lowest order in perturbation theory, the Jacobian
factor can simply be absorbed into the overall hard factor to
maintain consistency with a factorization formula. In mul-
tihadron fragmentation functions, the setup is the same, but
there are multiple applications of the number operator. The
multihadron phase space is more complicated, with a wider
set of choices for how it may be parametrized and in which
variables. It is plausible that different choices have practical
advantages and disadvantages over one another. In particu-
lar, the factorization theorems are valid only for restricted re-
gions of final state hadron momenta in a complete cross sec-
tion, and certain choices for parametrizing phase space may
be more natural or useful than others when accounting for
this. Moreover, the form of the variables will affect the exact
form of the evolution kernels when going beyond a pure par-
ton model description. Thus, it is important to maintain some
flexibility regarding this choice. However, this is a technical
issue rather than one of interpretation. The only concern re-
garding interpretation is to ensure that the overall factors in
the hard contributions of particular factorization formulas are
consistent with the Jacobians in transformations like Eq. (4).
It is also important to recognize that the number density inter-

pretation cannot be taken literally due to the presence of ul-
traviolet divergences and the need for renormalization. This
is especially the case in the connection between transverse
momentum dependent and collinear versions of such objects.
However, for most ordinary applications they can be treated
as if they are number densities, and they retain the properties
of a quasiprobability distribution.

Fortunately, this means that the ability to interpret previ-
ously used definitions of dihadron fragmentation functions in
terms of number densities is not undermined by the results
of Ref. [1]. Such previous definitions include those of the
pioneering dihadron work in Refs. [4,5] and subsequent phe-
nomenological applications based on it, such as Refs. [6,7].

Like most first principle-based constraints, a misinter-
preted sum rule can have practical (numerical) consequences
in phenomenological analyses. As discussed in [2,8], the
semi-inclusive deep inelastic scattering measurements that
occur at moderate hard scales, including at facilities like Jef-
ferson Lab, have typical hadron multiplicities around 5, while
at a future EIC they are expected to be about 12 to 13 [9].
Moreover, only a fraction of the hadrons will lie within the
current fragmentation region. Thus, ambiguities of order a
few hadrons are significant.

Therefore, we propose that, rather than appealing to total
multiplicity sum rules, the task of refining the precise and op-
timal definitions for objects like multihadron fragmentation
functions, and for determining their evolution, should instead
be guided by the requirements for useful factorization the-
orems [10]. This involves the consideration of the specific
regions of final state phase space where the factorization ap-
proximations are most accurate, a procedure that becomes in-
creasingly complex with multihadron final states. Likewise,
evolution needs to be understood in terms of specific choices
for how ultraviolet divergences in transverse momentum in-
tegrals are regulated, and which regions of final state phase
space they include. Already in 2014, a proposal to access
multiplicities for dihadron SIDIS at JLab [8] complemented
the (unpublished) COMPASS measurements [11], which in
turn would have been used to test the evolution of dihadron
ff to the scales relevant fore+e− scattering thanks to Belle
data [12]. Such proposals could be explored further, both
from the theory and phenomology points of view. Interesting
avenues for research lie in this direction.
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