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Exact solvability of the Gross-Pitaevskii equation
for general potentials with bound states
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In this paper we present the analytic solution of the bound state problem for the Gross-Pitaevskii (GP) equation in 1D and its properties, in
the presence of external potentials such as finite square wells and attractive Dirac deltas, as well as stable solitons for repulsive defects. We
show that the GP equation can be mapped to a first-order non-autonomous dynamical system, whose solutions can sometimes be written in
terms of known functions. The formal solutions of this non-conservative system can be written with the help of Glauber-Trotter formulas
or a series of ordered exponentials in the coordinatex. With this we illustrate how to solve any nonlinear problem based on a construction
due to Mello and Kumar for the linear case (layered potentials). For the benefit of the reader, we comment on the difference between the
integrability of a quantum system and the solvability of the wave equation.
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1. Introduction

In this paper we employ a method of quadratures to solve
the nonlinear Schrödinger equation in 1D for bound states
in a general potential,i.e. solitons with discrete spectra. It
is sometimes suggested that only a finite list of potentials
allows analytical expressions for stationary waves and ener-
gies. This statement is usually motivated by the factorization
method in the sense of Infeld and Hull [1]. Here, however, we
give a formal solution to any stationary problem with bound
states by working out the specific cases of constant piecewise
potentials and point-like defects; then the results are general-
ized to any potential by taking the limit of an infinite number
of coalescent regions. This shows that explicit wave func-
tions can always be found, as well as transcendental equa-
tions that determine the energy eigenvalues, albeit the need
of numerical evaluations for obtaining the spectrum. This
method is in compliance with the definition of boundary con-
ditions at infinity.

From the first treatments of the nonlinear Schrödinger
equation [2–9] it was already evident that nonlinearities could
pose additional challenges for the computation of waves and
spectra. The impact of new analytical solutions of this prob-
lem reaches many areas with diverse applications [10–15].
Although it is known that the Jacobi Elliptic functions solve
the nonlinear equation with piecewise constant external inter-
actions [16,17], the method of wave function matching across
boundaries is applicable only when full multi-parametric so-
lutions are given explicitly; in this paper, we show that this
can be done by our quadrature method. In the linear case,
there is a counted list of potentials with closed solutions for
energies and wave functions [18–22], as well as their super-
symmetric extensions [23], but so far nothing has been re-
ported for the Gross-Pitaevskii (GP) equation (we note that

in the Thomas-Fermi limit there are explicit forms of the so-
lution, but always in approximate form).

In order to put our contribution in context, it is important
to mention that the most general form of stationary solutions
for the linear case is simply given by the2 × 2 scattering
matrix and its pole structure, even for bound states with van-
ishing conditions at infinity and purely imaginary poles in
thek plane. Formally, one can write the solutions of second-
order differential equations by mapping the system to a two-
dimensional dynamical problem [24, 25] of a lesser degree,
i.e. a vector first-order equation. The idea of interpreting the
coordinatex as a quasi-time was recently given in [16]. For
the case of a general piecewise potential, gluing all pieces
together by boundary matching can be done with square po-
tentials, as well as a series of Dirac deltas, whichever is con-
venient. It is important to underscore that any measurable po-
tential can be approximated arbitrarily well by this procedure,
as indicated later in Eq. (30), where the results are guaranteed
by Lebesgue integration. For the linear problem, the corre-
sponding energy-dependent Green’s functions and their con-
nection with the scattering matrix are well known [26–28],
but in the nonlinear case there are no such constructions; the
Green’s function is not available. It is interesting to note that
Mello and Kummar indicated a layered construction for the
general scattering problem [29] that, for convenience, can be
reduced to a differential equation for thescattering matrix
and not for thewave function. Now, in a similar construc-
tion, we generalize the treatment for the nonlinear case and
the wave function.

Perhaps the most important motivation of these studies,
in recent times, belongs to the quantum mechanical realiza-
tion of the GP equation in Bose-Einstein condensation (BEC)
and the existence of multiple nonlinear bound states in a po-
tential well or lattice trap [30]. These bound solitons, men-
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tioned in [16,31,32], undergo multilevel transitions that may
be employed in the construction of qubits, qutrits and the like.
Various numerical methods to attack the problem are given
in [33–36], also in connection with spinorial BEC general-
izations and the application of magnetic fields. The present
study of the 1D GPE is well supported and motivated by ex-
perimental realizations of cigar-shaped BECs. Some of the
most representative reports on the field are [37–40].

Structure of this paper: In Sec. 2 we briefly review the
quadrature method. In Sec. 3 we solve the bound state prob-
lem for a delta defect and a square well potential using Ja-
cobi Elliptic functions. The energies are obtained by solving
a transcendental equation with the graphic method. In Sec. 4
we generalize the method to arbitrary potentials in the con-
tinuous limit of layered defects; we do this for the linear as
well as the nonlinear problem, arriving at a dynamical set
of equations in the spatial coordinate. In Sec. 5 we discuss
the general solutions in the context of classical and quantum-
mechanical integrability. In Sec. 6 we provide a detailed
comparison between our method and traditional Runge-Kutta
implementations for boundary value problems; in this section
we also comment on the connection with BECs. Conclusions
are drawn in Sec. 7.

2. Gross-Pitaevskii equation

In the description of a stationary-state BEC in a static
trap given by a potentialVext(x), we deal with the time-
independent differential equation

{
− ~

2

2m

d2

dx2
+ g|φ(x)|2 + Vext(x)

}
φ(x) = Eφ(x). (1)

This is deduced from a mean field theory considering only
contact interactions, the particles are in the same state, and
the state function of a single particle is sufficient to de-
scribe the complete bosonic system. Here,m is the particle’s
mass,~ is the reduced Planck constant,E

parameter
is the spec-

tral parameter that generalizes the energy of the stationary
state, andg is related to the scattering lengtha of s−state
throughg3D = (4π~2a)/m [2] and its dimensional reduc-
tion in the weakly-interacting limit isg = g1D = g3D/2πa2

⊥
in terms of the transverse widtha⊥ of an elongated trap
[41, 42]ii. The map to a dynamical system with quasi-time
τ =

√
2mx/~ (proportional tox) is defined by a complex

coordinateX(τ) = φ(x) and its velocityẊ(τ) = dφ(x)/dτ .
A first-order differential equation emerges, involving a com-
plex vector with components(Ẋ,X):

d

dτ

(
Ẋ
X

)
=

(
0 V − E + g|X|2
1 0

)(
Ẋ
X

)
. (2)

It is important to note that the complex character ofX(τ)
makes the system two-dimensional, and in this kind of map-
ping, the polar coordinates(r, ϕ) in the complex plane rep-
resent the densityr2 = |φ|2 and the phaseϕ = arg(φ), i.e.,

X = φ = reiϕ. If we substitute in Eq. (2), we obtain

r̈ − rϕ̇2 − (V − E − gr2)r = 0, 2ṙϕ̇ + rϕ̈ = 0. (3)

When the potentialV is constant in a region, these equations
are autonomous and possess two conserved quantities,U and
J , which correspond to energy and angular momentum in our
mechanical analogy. The use of such integrals of the motion
lowers the degree of differential equations as follows [16]

U =
1
2
ṙ2 +

1
2
r2ϕ̇2 +

1
2
(E − V )r2 − 1

4
gr4, r2ϕ̇ = J. (4)

In fact, computingU̇ andJ̇ leads directly to (3). In our com-
pact notation withX, the constantU henceforth known as
quasi-energy functional, is conserved (inτ or x) along the
solutionsX(τ):

U = |Ẋ|2/2 + Φ[X], (5)

with Φ[X] = (E − V )|X|2/2− g|X|4/4.
In general, ϕ does not vanish, and its variation can

be identified with the conserved probability currentJ =
r2dϕ/dx, dJ/dx = 0, which is in full parallel with the
conserved angular momentum of a particle in a planar space
under the influence of an isotropic potentialΦ[r] = (E −
V )r2/2 − gr4/4. Using the separability of the problem, the
radial coordinatefeelsthe action of an effective potential with
a centrifugal barrierΦeff [r] = Φ[r] + J2/2r2. As we have
shown in previous work [16], scattering solutions necessi-
tate a non-vanishingϕ and its inherent phase shift, but since
bound states are the main focus of the present discussion, we
can imposeϕ = 0.

It is important to remember that a key condition for the
existence of bound solutions is a vanishing current in 1D.
This comes from the continuity equation applied to nonlin-
ear problems, including solitons of the GPE. Free solitons
[43], on the other hand, are constituted by a localized en-
velopeu(x − vt) and the phase factor of a traveling wave
exp [i(mvx−mv2t/2)/~], but since our interest is to find
bound solitons,i.e., trapped by a static potential, both the
traveling part and the complex phase factor are eliminated in
this paper by settingv = 0, leaving us with real wave func-
tions.

The quadrature method consists in evaluating the integral
for the period or lapseτ and solve forr alone, whereE and
r0 are the only parameters:

τ =
∫

r0

dr√
2(U − Φeff [r])

. (6)

This greatly simplifies the equations above, as well as the ef-
fective potential; we haveΦeff [r] = Φ[r] andX real. Under
a change of variablesη = r2, this quadrature (6) is trans-
formed into the integral representation of the Jacobi Elliptic
function [16], where the limits of integration are compatible
with the turning points of the potentialΦ, i.e., where the ex-
pression inside the radical is a third-order polynomialP (η)
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FIGURE 1. Roots of the polynomials that define the elliptic Jacobi functions.

with real roots and positive values. Depending on the sign
of g, the polynomialP (η) has a specific ordering of its roots
ηi, i = 1, 2, 3. This is shown in Fig. 1. In what follows, we il-
lustrate the method of solution for particles bound by simple
potentials using boundary matching conditions.

3. Nonlinear bound states in delta and box po-
tentials

Two simple models are solved in order to illustrate the bound-
ary matching method in nonlinear systems; from these two
examples, we may construct more complicated cases.

3.1. Dirac delta

We solve the GP equation for bound states in 1D. As a result,
we shall find that, contrary to the linear case, positive Dirac
deltas can support bound states up to a threshold negative
couplingg. Similarly, a negative delta may lose its binding
capabilities if a positive nonlinear couplingg is sufficiently
strong. We start with the equation

{
− d2

dτ2
+ Vext(τ) + γψ2(τ)

}
ψ(τ) = Eψ(τ), (7)

where a convenient rescaling is usedτ =
√

2mx/~,
ᾱ =

√
2mα/~, γ =

√
2mg/~, Vext(τ) = ᾱδ(τ), ψ =

(2m)1/4φ/
√
~. We divide the problem into two regions: 1

denotesτ < 0 and 2 corresponds toτ > 0. Then the
matching conditions are given byψ2(0) = ψ1(0), ψ̇2(0) =
ψ̇1(0) + ᾱψ1(0). The following two cases can be distin-
guished: generalized bright solitons and logarithmic quadra-
tures, which are shown below.

3.1.1. Bright solitons

For bright solitons,E < 0 andγ < 0, there are bound states
given by

1. Repulsive defect

ψᾱ>0(τ) =





√
2E
γ sech

(√
|E|(τ + τ̄)

)
if τ < 0

√
2E
γ sech

(√
|E|(τ − τ̄)

)
if τ > 0

(8)

with ᾱ = 2
√
|E| tanh (

√
|E|τ̄) and0 ≤ ᾱ ≤ 2

√
|E|.

2. Attractive defect

ψᾱ<0(τ) =





√
2E
γ sech

(√
|E|(τ − τ̄)

)
if τ < 0

√
2E
γ sech

(√
|E|(τ + τ̄)

)
if τ > 0

(9)

with ᾱ = −2
√
|E| tanh (

√
|E|τ̄) and−∞ ≤ ᾱ < 0.

In both cases

E = − ᾱ2

4
+

γ

2
ψ2(0). (10)

FIGURE 2. Bright solitons in repulsive barrier.ψα>0(0) andα are
fixed. Whenγ → 0, ψᾱ>0(−τ̄) = ψᾱ>0(τ̄) →∞ andτ̄ →∞.

Rev. Mex. Fis.72040401
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FIGURE 3. Bright solitons. Repulsive defect and negative cou-
pling. The bound state is repelled but not destroyed by the point-
like potential.

The results are displayed in Figs. 2 and 3, where the ef-
fect of the delta potential changes the shape of the soliton
according to its sign. In the repulsive case, we observe that
in the limit when γ → 0, the energy remains negative
E → −α2/4, if the amplitude at the defect is kept constant,
for whichψᾱ>0(−τ̄) = ψᾱ>0(τ̄) →∞ andτ̄ →∞, i.e., the
amplitude and the two maxima of the soliton increase, as we
can see in Fig. 2.

3.1.2. Solution associated to a logarithmic quadrature

Here we havēα < 0, E < 0 andγ > 0, representing bound
states. In this case, the equation for quasi-energy conserva-
tion becomes

U1 =
1
2
ψ̇1

2
(τ) + Φeff(ψ1), τ < 0; (11)

U2 =
1
2
ψ̇2

2
(τ) + Φeff(ψ2), τ > 0; (12)

Φeff(ψi) =
1
2
Eψ2

i (τ)− γ

4
ψ4

i (τ). (13)

The only admissible solution is obtained withU1 = 0 = U2,
ψ1(0) = ψ2(0) = ψ0, ψ̇1(0) = (ᾱψ0)/2 = −ψ̇2(0),
ψ0 =

√
(ᾱ2 − 4|E|)/2γ, i.e.,

FIGURE 4. Bright solitons. Attractive defect and negative cou-
pling. Both contributions make the binding mechanism stronger.

−
√
|E||τ | = log





(1 + 2
√
|E|)ψ(τ)

√
1− 4|E|

(√
2|E|

γ +
√

ψ2(τ) + 2|E|
γ

)





, (14)

FIGURE 5. Wave functions computed with a logarithmic quadra-
ture, valid for positive nonlinear coupling. When the densities are
properly normalized, the localization length ofγ = 0 andγ > 0
can be compared, and the loosely bound state can be identified by
its larger width.

under the conditions̄α ≤ −√2γψ0 = αcrit, E = γψ2
0/2 −

ᾱ2/4 ≤ 0. From (14) it is possible to recover the explicit
wave function in terms of exponentials or hyperbolic func-
tions, by trivially solving forψ(τ). We show the results in
Fig. 5. The intensity parameterγ of the nonlinearity modifies
the width of the soliton, hence the localization of the wave,
for a fixedᾱ.

It is important to note that bound states exist ifᾱ satisfies
the inequalities above. This is in sheer contrast with the lin-
ear case, where any attractive potential in 1D is able to bind
a particle (in 2D or higher dimensions, an attractive potential
needs a critical depth to produce at least one bound state).
The nonlinear case demands sufficient attraction to surpass
the positive contributionγφ2

0.
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3.2. Square box

The boundary matching method divides the problem into three regions; 1 and 3 correspond to the exterior of the trap and 2
corresponds to the interior. As in the linear case, the continuity of the wave function and its derivative provide a transcendental
equation for the allowed energy eigenvalues. For the nonlinear problem, this equation is a generalization of the familiar relation
k tan k = const in the linear case, and shall be derived in terms of Jacobi amplitudes below. The graphic method of solution
will be presented as well. The GP equation with a square box potential is given by

{
− d2

dτ2
+ gφ2(τ) + Vext(τ)

}
φ(τ) = Eφ(τ), τ =

√
2m

~
x, (15)

Vext(τ) =





−V0 if |τ | ≤
√

2m
~ x0 = τ0

0 if |τ | >
√

2m
~ x0 = τ0

, V0 > 0. (16)

The quasi energy in the three regions and the effective potential are

Ui =
1
2
φ̇2

i (τ) + Φeff [φi(τ)] = const., (17)

Φeff [φi(τ)] = −g

4
φ4

i (τ) +
1
2
[E − V (τ)]φ2

i (τ), (18)

wherei = 1, 2 and 3. We defineφ1(τ) andU1 in τ < −τ0, φ2(τ) andU2 in the region−τ0 ≤ τ ≤ τ0, andφ3(τ) andU3 in
τ0 < τ . The plots of the effective potentials are similar to the well-knownMexican-hatshape and are shown in Figs. 6 and 7.

The boundary matching relations are, in this case, strictly continuous:φ1(−τ0) = φ2(−τ0), φ̇1(−τ0) = φ̇2(−τ0), φ2(τ0) =
φ3(τ0) andφ̇2(τ0) = φ̇3(τ0). Since the external potential is symmetric, there are two families of solutions given by symmetric
functions, which fulfillφ̇2(0) = 0 and antisymmetric functions, with the propertyφ2(0) = 0. Then the two casesg > 0 and
g < 0 are treated separately as indicated in the following.

3.2.1. Positive nonlinear couplingg

Using the elliptic integral and consistency with matching relations at±τ0 leads, forτ ≤ −τ0, to

−
√
|E|(τ0 + τ) = log





[√
2|E|

g +
√

φ2
1(τ) + 2|E|

g

]

[√
2|E|

g +
√

φ2
1(−τ0) + 2|E|

g

] φ1(−τ0)
φ1(τ)





, (19)

FIGURE 6. Effective potentialΦeff outside of the wellVext.

FIGURE 7. Effective potentialΦeff inside of the wellVext.
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FIGURE 8. Energy curves for the graphic method. Upper panel,
g > 0: V0 = 6, g = 1, φ0 = 0.5127, τ0 = 1. Lower panel,g < 0:
V0 = 6, g = −1, φ0 = 0.4310, τ0 = 1.

FIGURE 9. Ground state for both coupling cases. The curvatures
display qualitatively different features.

while−τ0 ≤ τ ≤ 0 yields

φ2(τ) =
√

η2 cos {α1(τ)} ,

α1(τ) = Am
[√

gη3

2
(τ + τ0) + F

(
arcsin

{
φ1(−τ0)√

η2

}
,

√
η2

η3

)
,

√
η2

η3

]
− π

2
. (20)

Here, the rootsη associated with the turning points ofΦ are given by

η1 = 0, η2 =
E + V0

g
−

√(
E + V0

g

)2

− 2V0

g
φ2

1(−τ0),

η3 =
E + V0

g
+

√(
E + V0

g

)2

− 2V0

g
φ2

1(−τ0). (21)

For the symmetric case, we make use of the cosine function ofα in the interior, giving rise to the energy quantization condition
α1(0) = nπ, n = 0, 1, 2, ..., and for the antisymmetric caseα1(0) = (n + 1/2)π, n = 0, 1, 2, .... These conditions are derived
here for the first time, and they lead to the graphic method displayed in Figs. 8 and 9, whereα is plotted againstE, and its
intersection with the quantized values yields the discrete energies sought for bound states.

3.2.2. Negative nonlinear couplingg

We proceed as in the previous case, but with different locations for the roots ofP (η). Forτ ≤ −τ0, we have:

φ1(τ) =

√
2E

g
sech

[√
|E|(τ0 + τ) + arcsech

(√
g

2E
φ1(−τ0)

)]
, (22)

and in the region−τ0 ≤ τ ≤ 0,

φ2(τ) =
√

η3 cos {α2(τ)} ,

α2(τ) = Am




√
|g|(η3 − η1)

2
(τ + τ0)− F


arcsin





√
η3 − φ2

1(−τ0)
η3



 ,

√
η3

η3 − η1


 ,

√
η3

η3 − η1


 , (23)

with the following explicit forms of the turning points:

η1 =
E + V0

g
−

√(
E + V0

g

)2

+
2V0

|g| φ2
1(−τ0), η2 = 0,

η3 =
E + V0

g
+

√(
E + V0

g

)2

+
2V0

|g| φ2
1(−τ0). (24)
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FIGURE 10. First excited state for both cases, when values ofg

andV allow its existence.

For the symmetric case, we now have the following quan-
tization conditionα2(0) = nπ, n = 0, 1, 2, ..., while an-
tisymmetric waves require the modified relationα2(0) =
(n + 1/2)π, n = 0, 1, 2, .... We note here that the symmetric
quantum number starts atα = 0, but this is consistent with
the previous caseg > 0 in the limit g → 0, i.e., the energy
curves for the ground state are continuous. Note, however,
that fixing the value of the wave functions at±τ0 forces all
solutions to depend on this specific amplitude (contrary to the
linear case, where overall scales of wave functions are irrele-
vant) and they are not immune to normalization. Although it
is possible to use the total number of particles

∫
dx|φ|2 = N

as a parameter, this lengthy expression shall be avoided here
for simplicity. As a consequence, the energy levelsare con-
tinuous functions ofg, but their slope exhibits akinkatg = 0,
as can be shown explicitly by differentiating the quadrature
with respect tog and employing the chain rule. We provide
further comment on this below. The resulting wave functions
are plotted in Figs. 8, 9 and 10 for the ground state and first
excited state. The curvature changes significantly as a func-
tion of g, as well as the width of the distributions (the binding
capabilities of the potential depend on the sign ofg and can
be characterized by a typical localization length conveniently
defined by the second moment of the distribution).

In Fig. 11 we show the evolution of energy levels with
the nonlinear coupling. As expected, there is always a criti-
cal value ofg > 0 for whichV cannot bind a particle, as the
energy curves reachE = 0 at the top of the plot. We can also
observe the kink in the curveE vs g at g = 0. The curves
are continuous, but their derivative has a jump in the transi-
tion between attractive and repulsive self-interactions. This
can be explained easily by means of the quadrature, since
for symmetric and antisymmetric bound states, the functions
α1(0) andα2(0) are parameterized in different ways accord-
ing to the sign ofg; meanwhileg is contained in both argu-
ments of the elliptic functionsF ( , ) andAm( , ) and we
must keep track of such a dependence when computing the
derivative with respect tog at g = 0. Wheng → 0, we see
thatα1(0) = α2(0) butdα1(0)/dg 6= dα2(0)/dg.

FIGURE 11. Ground state energy vs coupling for different depths.

4. Formal solution of the GP equation with
general potential

Our interest is to solve the GPE for a variety of potentials
that support bound states, taking advantage of the previous
results. Although such cases seem to be too specialized (iso-
lated wells or barriers), they can be employed constructively
to approach any other problem. This establishes a clear con-
nection with the general purpose of this paper. The best way
to proceed is by defining a general potential in the sense of
measurable functions, even for the linear case. The method
generalizes the transfer matrix to a nonlinear set of recur-
rences between free solutions valid in interstitial regions. For
the benefit of the reader, we start with the linear case and then
move on to GPE via Jacobi elliptic functions. In addition, the
boundary matching method is supplemented by the reduction
to phase-space variables as described in (2). In this sense, the
question of solvability and integrability for general potentials
is better put into context, but the details are left for Sec.5..

Indeed our phase-space differential equations (5.) are
non-autonomous and their integration is given only through
iterative series. The existence of solitons or localized solu-
tions requires, in general, the existence of critical points of
such dynamical systems. These are not trivial for GPE. Fur-
thermore, the integral form of the equation is not usefulper
sebefore iteration. Therefore, the culmination of our treat-
ment comes in the form of a composition law of ordered ex-
ponentials that can be fed from the analytical solutions for the
caseg = 0, giving rise to expressions of the Glauber-Trotter
type [44] for products of operators. This shall be demon-
strated below.

It is important to mention that our novel method is re-
duced to the constructive form of the scattering matrix ex-
plained by Melloet al. [29]; in the linear case, it is enough
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to analyze the transmission and reflection coefficients in the plane of complex energies to obtain the solutions according to
their boundary conditions. Here we must go one step further by generalizing the use of the scattering matrix (non-existent for
GP) and finding the most general possible wave with parametric dependence on the energy.

Let the external potential be given by the continuous limit of a Dirac comb

Vext(x) =
N∑

i=0

viδ(x− xi), (25)

with the definitionsvi = Vi∆x = Veff(xi)∆x, xi = i∆x + x0, and∆x = L/N ; L is the range or support of the external
potential. By rescaling Eq. (1), for bound states or solitonsφ, we obtain

{
− d2

dτ2
+ gφ2(τ) +

N∑

i=0

v′iδ(τ − τi)

}
φ(τ) = Eφ(τ), (26)

with τ = lx, l =
√

2m/~, v′i = V̄i∆τ , and since∆τ = l ∆x, the potential is not rescaled,i.e., V̄i = Vi = Veff(xi). The
continuity of the wave function and the discontinuity in its derivative give us the relations

φi+1(τi) = φi(τi), (27)

φ̇i+1(τi) = φ̇i(τi) + v′iφi(τi), (28)

φi = φi(τ), τi−1 ≤ τ ≤ τi, i = 1, ..., N. (29)

In the continuous limit, we recover any desired potentialV whose integral is well-defined. We have

lim
N→∞, ∆τ→0

N∑

i=1

∆τViδ(τ − τi) =
∫

dτ ′V (τ ′)δ(τ − τ ′) = V (τ). (30)

Our approach is then well justified.

4.1. Linear case

We consider firstg = 0. In the interstitial region, between successive deltas, the solution is given byφi(τ) = Ai sin(
√

Eτ−αi),
with αi andAi real functions. The boundary matching conditions are

Ai+1 sin(
√

Eτi − αi+1) = Ai sin(
√

Eτi − αi), (31)
√

EAi+1 cos(
√

Eτi − αi+1) =
√

EAi cos(
√

Eτi − αi) + Vi∆τAi sin(
√

Eτi − αi). (32)

In the continuous limit we haveAi → A(τ), αi → α(τ), Ai+1 → A(τ + ∆τ), andαi+1 → α(τ + ∆τ), such that

A(τ + ∆τ) sin(
√

Eτ − α(τ + ∆τ)) = A(τ) sin(
√

Eτ − α(τ)), (33)
√

EA(τ + ∆τ) cos(
√

Eτ − α(τ + ∆τ)) =
√

EA(τ) cos(
√

Eτ − α(τ)) + V (τ)∆τA(τ) sin(
√

Eτ − α(τ)). (34)

A two-component vector can accommodate the two rows above, with the definition

r(τ) =
(√

EA(τ) cos (
√

Eτ − α(τ))
A(τ) sin (

√
Eτ − α(τ))

)
, (35)

where the first component corresponds to (32) and the second to (31). We take the limit∆τ → 0 and with a Taylor series
approximation to first order, we obtain the differential equation

dr(τ)
dτ

= M̂(τ)r(τ), (36)

with a matrix operator containing the potential

M̂(τ) =
(

0 V (τ)− E
1 0

)
. (37)
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EXACT SOLVABILITY OF THE GROSS-PITAEVSKII EQUATION FOR GENERAL POTENTIALS WITH BOUND STATES 9

The general solution of this linear nonautonomous system is given by a series of ordered integrals. We must bear in mind that
τ is a quasi time that stands for position, so the general solution is a position-ordered exponential in the form

r(τ) = R̂ r0, R̂ ≡ exp :
∫

M̂(τ) : = I+
∞∑

n=1

∫ τ

τ0

dτ1

∫ τ1

τ0

dτ2 · · ·
∫ τn−1

τ0

dτnM̂(τ1)M̂(τ2) · · · M̂(τn). (38)

In scattering problems,r0 = r(τ0) is a vector with plane waves as components;A(τ) andα(τ) are set by causal conditions
of reflection and transmission. In the case of bound statesr(τ0) → 0 whenτ0 → ±∞, which happens only for some values of
E substituted inM̂(τ). The general solution can be simplified by performing the product of matricesiii:

R̂(τ) =




∑
n even

∫
Dτ

n/2∏
k=1

f2k−1

∑
n odd

∫
Dτ

(n−1)/2∏
k=1

f2k−1

∑
n odd

∫
Dτ

(n−1)/2∏
k=1

f2k

∑
n even

∫
Dτ

n/2∏
k=1

f2k


 , (39)

where

r = R̂ r0, fn = V (τn)− E, (40)

and in Feynman’s style we have
∫

Dτ =
∫ τ

τ0

dτn

∫ τn

τ0

dτn−1

∫ τn−1

τ0

dτn−2 · · ·
∫ τ2

τ0

dτ1. (41)

The lower matrix elements of̂R in the asymptotic limit define the behavior of the wave; it is therefore important to name
such functions and, in particular, the modulus of their joint contribution. We define thespectral functionF in full analogy with
the special functions of the previous cases, as the limits

F(E) = lim
τ→±∞

∣∣∣∣∣∣
∑

n odd

∫
Dτ

(n−1)/2∏

k=1

f2k

∣∣∣∣∣∣
+ lim

τ→±∞

∣∣∣∣∣∣
∑

n even

∫
Dτ

n/2∏

k=1

f2k

∣∣∣∣∣∣
. (42)

It is important to note that the boundary conditions for bound states imply a vanishingF . These conditions correspond to
the evolution of the wave function alongx. Meanwhile, the conditions in the upper row ofR̂, corresponding to the evolution
of the derivative, are automatically satisfied due to the Prüfer analysis criterion in Sobolev-type functions (in other words, they
are redundant). The function (42) defines the quantized spectral parameters of the system through the transcendental equation

F(En) = 0, n = 0, 1, ..., nmax. (43)

This expression involves all the possibilities of exactly solvable problems for bound states. For the GPE this generalizes the
concept of eigenvalues to quantized spectral parameters. The set of solutionsEn is listed here as discrete, but it is well-known
that some pathological potentials can exhibit mixed behavior [45], such as bound states in the continuum. This shall be explored
elsewhere.

4.2. Non linear case

We address the problem of bound states. In the interstitial region, Eq.(26) is

d2φ(τ)
dτ2

= gφ3(τ)− Eφ(τ), (44)

with φ(τ) real and bounded, andE < 0. The solution for this equation isφ(τ) = A sn(kτ − α; m). Similarly to the linear
case, the boundary conditions are

Ai+1sn(ki+1τ − αi+1; mi+1) = Aisn(kiτ − αi; mi), (45)

Ai+1ki+1cn(ki+1τ − αi+1;mi+1)dn(ki+1τ − αi+1; mi+1) = Aikicn(kiτ − αi; mi)dn(kiτ − αi; mi)

+ Vi∆τAisn(kiτ − αi; mi). (46)
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10 M. MIRÓN AND E. SADURŃI

We apply the continuous limit again, with the aim of writing a closed differential equation,

A(τ + ∆τ)sn[k(τ + ∆τ)τ − α(τ + ∆τ); m(τ + ∆τ)] = A(τ)sn[k(τ)τ − α(τ);m(τ)], (47)

A(τ + ∆τ)k(τ + ∆τ)cn[k(τ + ∆τ)τ − α(τ + ∆τ); m(τ + ∆τ)]dn[k(τ + ∆τ)τ − α(τ + ∆τ)m(τ + ∆τ)]

= A(τ)k(τ)cn[k(τ)τ − α(τ); m(τ)]dn[k(τ)τ − α(τ); m(τ)] + V (τ)∆τA(τ)sn[k(τ)τ − α(τ); m(τ)]. (48)

Following similar steps that led to (36) from (35), the matching conditions (47) and (48) can be Taylor-expanded to first order
in ∆τ and thus establish an ordinary differential equation; we show the details in Appendix4.2.. Therefore, we obtain

dr(τ)
dτ

= M̂g(τ)r(τ), (49)

with

M̂g(τ) =
(

0 1
V (τ)− E + gψ2(τ) 0

)
, r(τ) =

(
ψ(τ)
ϕ(τ)

)
, (50)

and

ψ(τ) = A(τ)sn[k(τ)τ − α(τ); m(τ)], ϕ(τ) = A(τ)k(τ)cn[k(τ)τ − α(τ); m(τ)]dn[k(τ)τ − α(τ); m(τ)]. (51)

In two-component form, this equation is rewritten as a linear term and a source term

d

dτ

(
ψ(τ)
ϕ(τ)

)
−

(
0 1

V (τ)− E 0

) (
ψ(τ)
ϕ(τ)

)
= gψ2

(
0 0
1 0

) (
ψ(τ)
ϕ(τ)

)
. (52)

We use the following ordered exponential that takes care of the linear part

R̂0 = R̂0(τ) = exp
[
:
∫ (

0 1
V (τ)− E 0

)
dτ :

]
, (53)

d

dτ
R̂0

−1
= −R̂0

−1
(

0 1
V (τ)− E 0

)
. (54)

This is done in order to simplify the expressions in (52) such that

R̂0
d

dτ

(
R̂0

−1
(

ψ(τ)
ϕ(τ)

))
=

d

dτ

(
ψ(τ)
ϕ(τ)

)
−

(
0 1

V (τ)− E 0

)(
ψ(τ)
ϕ(τ)

)
. (55)

Then our system resembles aninteraction picture, where the nonlinearity acts like the source or perturbation:

R̂0
d

dτ

(
R̂0

−1
(

ψ(τ)
ϕ(τ)

))
= gψ2

(
0 0
1 0

)(
ψ(τ)
ϕ(τ)

)
. (56)

Left-multiplication byR̂0 and a redefinition of the spinor leads to the simplified system:

d

dτ

(
ψ̃
ϕ̃

)
= gψ2σ̃−

(
ψ̃
ϕ̃

)
,

(
ψ̃
ϕ̃

)
= R̂0

−1
(

ψ
ϕ

)
, σ̃− = R̂0

−1
(

0 0
1 0

)
R̂0. (57)

Both sides can be integrated in order to build an iterative integral series for a small time step∆τ

(
ψ̃
ϕ̃

)

∆τ

−
(

ψ̃
ϕ̃

)

0

=
∫ ∆τ

0

gψ2σ̃−

(
ψ̃
ϕ̃

)
dτ = ∆τgψ2(0)σ̃−(0)

(
ψ̃(0)
ϕ̃(0)

)
+ O2(∆τ) (58)

= ∆τgψ2(0)
(

0 0
1 0

)(
ψ(0)
ϕ(0)

)
+ O2(∆τ). (59)

Without approximations we note that

exp
(

∆τgψ2(0)
(

0 0
1 0

))
= I+ ∆τgψ2(0)

(
0 0
1 0

)
, (60)
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which allows to write (59) as
(

ψ̃
ϕ̃

)

∆τ

'
(
I+ ∆τgψ2(0)

(
0 0
1 0

))(
ψ(0)
ϕ(0)

)
' exp

(
∆τgψ2(0)

(
0 0
1 0

)) (
ψ(0)
ϕ(0)

)
, (61)

accurate to order 2, and our small-step solution reads
(

ψ
ϕ

)

∆τ

' R̂0 exp
(

∆τgψ2(0)
(

0 0
1 0

))(
ψ(0)
ϕ(0)

)
. (62)

It is advantageous to view this solution as a composition of two exponential maps corresponding to linear and nonlinear
contributions. In general, the successive composition for infinitesimal time steps is the following ordered product

(
ψn

ϕn

)

τ

' R̂0(n, n− 1)exp
(

∆τgψ2
n−1

(
0 0
1 0

))
R̂0(n− 1, n− 2)exp

(
∆τgψ2

n−2

(
0 0
1 0

))

× · · · · · · R̂0(1, 0)exp
(

∆τgψ2
0

(
0 0
1 0

))(
ψ(0)
ϕ(0)

)
. (63)

Finally, we apply the limit whenn → ∞, ∆τ → 0 but τ finite. This leads to the familiar form of theTrotter limit [46]iv for
which the product of exponentials can be expressed as a single exponential map:

R̂ = lim
n→∞

n∏

j=1

R̂0(j, j − 1)egτσ−ψ2
n−1/n. (64)

The instructions to utilize this formula for exact solutions to any desired order are iterative: First buildR̂ for a givenn, say
n = 1, and apply it to the spinorΨ1 = (ψ1, ϕ1)T. Then, substituten = 2 in R̂ and apply it to getΨ2 = (ψ2, ϕ2)T, and so on.
The last function gives rise to a closed expression forR̂ as in (64), whose elements are set as

Fg(E) = lim
τ→±∞

[
|R̂21|+ |R̂22|

]
, (65)

and this is our spectral function for nonlinear problemsFg(E) = 0, whose roots yield the required solutions.

5. Remarks on classical and quantum integra-
bility

As announced in the previous section, exact solutions require
integrability conditions that can be stated in terms of phase-
space variables. It is crucial to provide a broad analysis in
this context. It is clear that classical and quantum-mechanical
equations of motion yield different results for general poten-
tials beyond harmonic approximations. Concretely, the quan-
tum and classical cases differ in the solvability criteria: In
one scenario, Newton’s 2nd law is solved for canonical vari-
ables of the dynamical system and, in the other case, the wave
equation is solved for a complex amplitude. However, the
Heisenberg picture produces the same Hamilton equations,
but now for operators; if there are not enough separation con-
stants, neither classical nor quantum cases can be solved (e.g.
by quadratures, but quantum-mechanically translates into a
deficiency of conserved compatible operators). So even if
the classical case allows solvability by quadratures –here the
1D system with conserved energyH guarantees solutions by
integrals– we are left with a stationary wave equation that it-
self represents a non-trivial classical dynamical system, such
as (36) and its nonlinear version (49) analyzed throughout the
present paper.

To show that this system is a nontrivial one, let us start
with the stationary wave equation and build the dynamical
systemx → t, ψ(x) → X(t), ψ′(x) → Ẋ(t) = P (t) with
the following nonautonomous form

d

dt

(
X
P

)
=

(
0 1

E − V (t) 0

)(
X
P

)
. (66)

The energyU = 1
2 (P 2 + [E − V (t)] X2) is no longer con-

served, so for arbitraryV (t) this is, in general, a noninte-
grable system in the classical sense, despite being a quan-
tum system with conservedH

system
. It can present nonlinear

phenomena such as dynamical localization and chaos (also
classical). The energyU gives rise to the very famous Hill
equation [47] when it is perturbed, and it is the subject of
various stability studies when such small perturbation has the
form V (t) = V0(t) + δV (t), based on specific behaviors of
the corresponding solutions forV0(t) (see stability gaps or
Arnold tongues [48, 49]). There is a finite list ofV0 that are
considered as solvable. Indeed,δV can produce highly non-
trivial effects,e.g.chaos, and requires the explicit evaluation
of the spectral functionF(E). So even though the GP equa-
tion has been formally solved for all possible potentials in
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12 M. MIRÓN AND E. SADURŃI

this paper,

FIGURE 12. a): Linear stable equilibrium. b): Nonlinear stable
and unstable equilibria. Whenγ < 0, the bright solitons (only
bound states) correspond to a critical point(X(τ) = 0, P (τ) =
0) in phase space. Wheng > 0, we have dark solitons (un-
bounded). These correspond to points away from the origin,i.e.,(
X(τ) = ±

√
(E − V (τ))/g, P (τ) = 0

)
.

the evaluation ofF involves a high degree of complexity and
some interesting surprises might await for us.

Regards nonlinearitiesV → V +g|X|2, we have showed
by construction that, indeed, it is possible to obtain a for-
mal expression for waves and spectral functions that solve
the problem. Two observations are in order:

a) It is expected that every Liouville flow will solve any
Hamiltonian dynamical system (formal solution) but
that does not mean that the expression is easy to eval-
uate for energiesE that satisfy the boundary condition
X(t) → X∞, t → ±∞.

b) Quantum nonintegrability implies the classical one at
the level of the equations followed by observables.
However, quantum integrability seen as a complete set
of compatible and conserved observables does not en-
sure analytically solvable wave equations. For this
reason, there are some reservations when defining the
concept of quantum chaos, and we work within more
modest limits. A distinction proposed by Berry [50],
“chaos” versus “chaology”, deals with chaotic wave-
like systems conceived as those whose classical limit
yields a system that presents mixing, ergodicity and
sensitivity to initial conditions.

A phase space diagram comparing the two casesg 6= 0
andg = 0 is provided in Fig. 12. The construction is ex-
plained in Appendix B.

6. Analytical and numerical examples

Now that the general method of solution by layers has been
formulated, we are ready to compute spectral parameters and
wave functions for any potential of interest. In particular, the
harmonic oscillator trap is a typical example with frequent
occurrence in experimental setups, and has been addressed
only with numerical means. Also, by comparison, we com-
pute numerically the wave functions of the square well in

order to find the (negligible) deviations from our analytical
method.

FIGURE 13. Numerical ground state for both coupling cases. The
large curves are computed by shooting+Runge-Kutta of 4th or-
der+bisection. The inset contains the analytical solution.

FIGURE 14. First excited state for both couplings. As before,
Fig. ”13, the numerical solution is given by shooting+Runge-Kutta
of 4th order+bisection.

6.1. Square well potential

A Runge-Kutta method of 4 point quadrature is implemented,
together with a shooting method for the boundary conditions
(wave functions and derivatives) and a bisection routine (for
energies). This long numerical method is compared with the
efficiency of our graphical method described in Sec. 3.2. In
Figs. 9 and 10 we gave special parameters for the ground and
the first excited state, respectively. Now, in Figs. 13 and 14
we provide the numerical results with excellent agreement,
both in shape (wave function) and energy values. Both meth-
ods take as initial conditionφ(τ = −4) = 5 × 10−9 for the
ground state (not zero, avoiding the trivial fixed point) in a
well of width 2τ0 = 2 and depthV0 = 6, obtaining energies
with a relative error∆E = |Enum − Eana|/|Eana| = 0.035
for g[10−6] = 1 and 0.037 forg[10−6] = −1. The same
exercise can be done for the excited state. Given the scaling
properties of the potentialg|φ|2, we have chosen in this ex-
ample an order of magnitudeN ∼ 106, comparable with a
realistic number of particles in a BEC. The value of the cou-
pling scales inversely,i.e., g ∼ 10−6. It is easy to modify
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this value to other situations where the number of atoms can
reach109 (a current record).

6.2. Harmonic oscillator potential

As in the previous case, we give a comparison between two
methods. The harmonic oscillator cannot be solved in closed
form for GPE, but can be approximated arbitrarily well by
our layered method. The specifications are given in the fol-
lowing sections.

6.2.1. Nonlinear recurrence vs traditional numerical
method

We work with a potentialV (τ) = 0.5τ2, corresponding to a
frequencyω =

√
2 as the mass is1/2. The full wave func-

tion is constructed by means of the recurrence (47) and (48)
starting from a initial amplitude at the rightmost point and
propagating to the left (retropropagation). The initial ampli-
tude isA(τ = 2) = 10−1, the phaseα(τ = 2) = −0.29π
and interstitial step∆τ = 0.001. The results for the ground
state and the first excited state are shown in Figs. 15 and
16. Meanwhile, for the first excited state we start from
A(τ = 2) = 10−1, α(τ = 2) = −0.55π and the same∆τ .
In both figures we observe an important shift in the energy as
a function ofg andN . It is important to note that for a fixed
g andN , the energies are quantized and, in principle, form

FIGURE 15. Ground state for different couplings. The curvatures
display qualitatively different features.

FIGURE 16. First excited state for three coupling cases. The cur-
vature and localization width of the wave vary accordingly.

FIGURE 17. Results from the nonlinear recurrence. a):g < 0.
b): g > 0. For approximately the same number or particles, the
energies are shifted.

an infinite ladder. In our evaluation we restrict ourselves to a
finite interval, thus producing only the first two levels. These
results must be compared with the RK4+shooting+bisection
method.

The results in Figs. 17 and 18 are found under the follow-
ing conditions: a)Ground state:initial condition φ(−2) =
0.0592, relative error in energy∆E = 0.001 and relative
error in particle number∆N = 0 for g = −2 (good agree-
ment); forg = +2 the condition isφ(−2) = 0.0462 with
relative errors∆E = 0 and∆N = 0 (excellent agreement
to three decimal places). b)First excited state:initial con-
dition φ(−2.6) = 0.0732 and relative errors∆E = 0.0004
and∆N = 0 for g = −2; meanwhile, forg = +2, we have
φ(−2.6) = 0.0646, ∆E = 0 and∆N = 0.

6.3. Discussion of results

For the paradigmatic case of the oscillator trap, we can com-
pare the efficiency and accuracy of our new recurrence. A
good agreement is found (three decimal places) between the
spectral parameters and particle numbers for various values
of g. Although,g andN are independent parameters, when
a solution is found for a specific energy, the value ofN must
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14 M. MIRÓN AND E. SADURŃI

be calculated using the normalization integral. As to the wavefunctions, the shapes are surprisingly similar, as displayed in

FIGURE 18. Results from RK4+shooting+bisection. Similar results as in Fig. 17.

FIGURE 19. Ground state for negative nonlinear coupling and rel-
ative error between RK4+shooting+bisection and nonlinear recur-
rence. The differences are indistinguishable.

FIGURE 20. Ground state for positive nonlinear coupling and rela-
tive errors. The same comments as in Fig. 19 apply.

the insets of Figs. 19, 20, 21 and 22, where very small relative
errors are reported.

6.3.1. A connection with BECs

Along this paper we have assumed that all solutions represent
stable configurations of an atomic ultracold gas, so it is im-
portant to put our results into context. In Ref. [51] the authors

show that couplings can be tuned via Feshbach resonance
in order to produce negative interaction energies and bright

FIGURE 21. First excited state for negative nonlinear coupling.
The curves are identical, but the relative error spikes aroundτ = 0
as the wave function vanishes.

FIGURE 22. First excited state for positive nonlinear coupling.
Same comments as in Fig. 21 apply.

solitons after a BEC of7Li has been formed. Indeed, the con-
densate has a finite lifetime, which is large compared with the
period of an elongated harmonic trap. The literature also re-
ports23Na, with scattering lengtha = 2.75 nm in traps of
an aspect ratio of roughly 1:10. It is important to note that

Rev. Mex. Fis.72040401



EXACT SOLVABILITY OF THE GROSS-PITAEVSKII EQUATION FOR GENERAL POTENTIALS WITH BOUND STATES 15

both strong and weak regimes of the coupling constant can
be achieved [37–40]

On experimental grounds, excited states of condensates
in traps have been probed and measured in [52, 53]. To this
effect it is required that once the BEC is formed all the parti-
cles belong to the same state,e.g. the excited state of a trap
or potential well. Our spectral parameter (not an eigenvalue)
follows a rigorously derived quantization condition, but one
comment is in order: the allowed values are determined by
the potential parametersand the wave amplitude, therefore
a variation of N shifts the energies continuously. Once N is
fixed, what the linear and nonlinear solutions share in com-
mon is the number of nodes, parameterized byn in our dis-
cussion.

It should be noted that stability analysesà la Bogoliubov
of the GPE abound in the literature. A very detailed study is
given in [54]. For scattering states this analysis was carried
out in [16]. In most cases it boils down to a reality condition
for the square root that determines the energy as a function of
the wave number and the nonlinear coupling constantg, i.e.,
k =

√
E − gψ2.

As to the broad applicability of our method, it is con-
venient to compare convergence and accuracy for potentials
with untamed oscillations and waves with nontrivial interfer-
ence effects. The traditional RK4 is not better suited in such
cases, due to a poor estimate of quadratures. We expect our
layer method to perform better in situations of interest, such
as Anderson localization of BECs [55], but in a strong cou-
pling regime [56].

7. Conclusions

In this work we have solved two paradigmatic problems
of bound states for the nonlinear Schrödinger equation: a de-

fect in the form of a Dirac delta (both negative and, sur-
prisingly, positive with an attractive nonlinear interaction)
and the square well potential. The equation that determines
the allowed energies is solved using an improved graphical
method for the GP equation, not reported in the literature.
Then, we used the layered construction made of Dirac combs
to show that the solution method for bound states is also ef-
fective for the nonlinear case. In this way, we approached
the 1D equation with a general potential. In the continuous
limit, a generalization of the Mello and Kumar equationvi

was found and we showed that the nonlinear form of these
equations is identical to a mapping of the Gross-Pitaevskii
equation to phase space. We also showed that any stationary
Schr̈odinger equation, both linear and nonlinear, has formal
solutions given by a series of ordered exponentials in the po-
sition variable; so technically any problem is solvable, not
just the harmonic oscillator. We may conclude, from our dis-
cussions, that the complexity of the general problem resides
in the spectral equationsF(E) = 0, whereF is expressed as
a limit. To find the corresponding roots will sometimes re-
quire numerical techniques of evaluation, as the ordered se-
ries may not have a recognizable form. However, we note
that, by construction, the wave functions are closed expres-
sions for any potential and this settles the issue of exact solv-
ability for 1D integrable quantum mechanical systems. In the
last section we gave a comparison between our technique and
other methods, mainly numerical, available in the literature.
This gave us the opportunity of providing a clear connection
with dimensional reductions together with experimental pa-
rameters for potential applications.

Appendix

A. Deduction of equations for the nonlinear case

The Jacobi elliptic functionφi(τ) = Aisn(kiτ − αi; mi) satisfies the differential equation

d2φi(τ)
dτ2

=
2m2

i k
2
i

A2
i

φ3
i (τ)− k2

i (1 + m2
i )φi(τ). (A.1)

If we compare the Eqs. (44) and (A.1), we obtain(2m2
i k

2
i /A2

i ) = g andE = k2
i (1 + m2

i ), i.e., (2m2(τ)k2(τ)/A2(τ)) = g
andE = k2(τ)(1 + m2(τ)).

We expand the Eqs. (47) and (48) to first order in∆τ , and retain the derivatives, which give the following answers:

d

dτ
[A(τ)sn (k(τ)τ − α(τ); m(τ))] = k(τ)A(τ)cn (k(τ)τ − α(τ); m(τ)) dn (k(τ)τ − α(τ); m(τ)) , (A.2)

d

dτ
[k(τ)A(τ)cn (k(τ)τ − α(τ); m(τ)) dn (k(τ)τ − α(τ); m(τ))] = k2(τ)A(τ)sn (k(τ)τ − α(τ); m(τ))

× [
2m2(τ)sn2 (k(τ)τ − α(τ); m(τ))− (1 + m2(τ))

]
. (A.3)
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We define the wave functions as

ψ(τ) = A(τ)sn[k(τ)τ − α(τ); m(τ)], (A.4)

ϕ(τ) = A(τ)k(τ)cn[k(τ)τ − α(τ); m(τ)]dn[k(τ)τ − α(τ); m(τ)], (A.5)

such that

d

dτ

(
ψ(τ)
ϕ(τ)

)
=

(
0 1

V (τ)− k2(τ)(1 + m2(τ)) + 2m2(τ)k2(τ)

A2(τ)
ψ2(τ) 0

)(
ψ(τ)
ϕ(τ)

)
.

Then, we obtain Eq. (B.1).

B. Evolution in phase-space and critical points for the nonlinear problem

In the nonlinear case, we consider a first order nonlinear spinor differential equation.

d

dτ

(
ψ(τ)
ϕ(τ)

)
=

(
0 1

V (τ)− E + gψ2(τ) 0

)(
ψ(τ)
ϕ(τ)

)
. (B.1)

If we want to analyze this system in phase space, we must defineX(τ) = ψ(τ) and P (τ) = ϕ(τ). The resulting
nonautonomous system evolves in time with the possibility of self-intersecting trajectories in(X, P ). The critical points are
such thatdX(τ)/dτ = 0 anddP (τ)/dτ = 0, and define the existence of bright and dark solitons. ThenP (τ) = 0 and
(V (τ)− E)X(τ) + gX2(τ) = 0. For the linear case, the only critical point is(X(τ) = 0, P (τ) = 0) and this corresponds to
the bound state. In the general case, the critical point(X(τ) = 0, P (τ) = 0) is the bright soliton withg < 0; moreover, the

points
(
X(τ) = ±

√
(E − V (τ))/g, P (τ) = 0

)
are the dark solitons withg > 0, see Fig. 12.
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i.(Parameter). For condensates,E = µ is the chemical potential
whenever

∫
ρ(x)d3x = N is normalized to particle number

N . Note the change in normalization for 1D by a factor,i.e.,∫ |φ(x)|2dx = N ∝ N [41].

ii. The use of an effective coupling constant in the dimensional
reduction covers both weakly and strongly interacting cases.
In [41] it was argued thatg = g1D = 3g3D/(4πa2

⊥
√

2aN ) is
more suitable in the strong regime.

iii. The sums resemble a Dyson series. The first term is defined as
1 for the diagonal entries of̂R and 0 for off-diagonal elements.

iv. Sometimes also associated to Glauber, although the name
Zassenhaus is mentioned more often when the Baker-
Campbell-Hausdorff series terminates.

v.(system). We highlight here that an effectively two-dimensional
system without integrals of motion (X and t are two dimen-
sions) does not predict the existence of solutions by separabil-
ity, which makes the concept of quantum solvability and inte-
grability more demanding.

vi. In the context of transport theory, this is known as Dorokhov-
Mello-Pereyra-Kumar (DMPK) equation.
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