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Added mass estimation for a pivoted cylinder
undergoing vortex induced vibrations
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In the present article, we propose and solve an inverse problem to estimate hydrodynamic parameters relevant to the vortex induced vibrations
of a pivoted cylinder in laminar flow. For the analysis, we utilized published results from high-performance simulations of this scenario. The
study focuses on estimating the added mass parameter, which is crucial in the design of fluid-structure interaction devices and certain
numerical techniques for general fluid-structure interaction solvers. We obtain a quadratic relationship between the added mass parameter
and the angular acceleration of the cylinder. Moreover, not only are the results significant, but the methodology employed in this article is
adaptable to other numerical or experimental fluid-structure interaction results and can assist in determining important design parameters for
fluid-structure interaction devices.
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1. Introduction

Fluid structure interaction (FSI) is a complex phenomenon
that combines the governing equations of fluid mechanics
with those of solid mechanics. It presents challenging math-
ematical problems and has attracted significant attention due
to its physical richness and diverse applications. Examples of
FSI can be found in Refs. [13,14,16].

A specific type of FSI problem is the vortex induced vi-
bration (VIV) of bodies immersed in fluid flow. This phe-
nomenon occurs when the vortex shedding frequency of bluff
bodies in a flow approaches the natural frequency of the struc-
ture, leading to oscillations caused by fluctuating hydrody-
namic forces.

FSI has been extensively studied over the decades, with
excellent references on the general theoretical framework in-
cluding [1,2,15,18,19]. In particular, the VIV of circular
cylinders in different configurations has been examined both
experimentally [9,10,19] and numerically [3,8,11]. These
studies reveal the existence of distinct response ’branches’
characterized by variations in amplitude and frequency based
on the system’s physical parameters. For example, recent
studies involving pivoted circular cylinders can be found in
Ref. [5,6].

A widely used numerical strategy for solving FSI prob-
lems is the partitioned approach, where the fluid and struc-
ture solvers are executed separately and coupled iteratively.
This method allows the use of pre-existing fluid and struc-
ture programs, which makes it very attractive in the field of
high performance computing (HPC). An example of the im-
plementation of the partitioned approach in the HPC frame-
work, with some examples of applications can be found in

Refs. [4], and an application of this approach to study the hu-
man heart with a partitioned multicode numerical scheme is
presented in Ref. [17].

The general theoretical framework of the partitioned so-
lution scheme and the main difficulties in both theoretical
and practical aspects have been widely studied; for exam-
ple, [20,21]. One of the most challenging problems is the
existence of the added mass effect, which occurs in incom-
pressible flow and is influenced by the densities of the fluid
and solid, potentially leading to unstable partitioned numeri-
cal schemes as noted by [22,23]. This effect becomes critical
when the densities of the fluid and the solid are similar. To
treat this instability, different mathematical techniques have
been utilized. Some are based on static or dynamic relaxation
factors, such as the Aitken relaxation factor, [7] or the inter-
face ‘Quasi-Newton’ methods, [12]. However, the most chal-
lenging cases of interest require a large number of coupling
iterations or the use of extremely small relaxation factors. In
both cases, the resulting computational scheme is suboptimal.

In the present article, an in-depth analysis of a particu-
lar case of VIV involving a pivoted cylinder is conducted
to explore the relations of relevant parameters, such as the
added mass parameter and the magnitude of the hydrody-
namic forces, with the displacement of the structure. The
insights gained from this canonical case can assist in develop-
ing general solution algorithms for FSI problems where the
influence of added mass is significant. Based on the pub-
lished results of numerical simulations from [5], an inverse
problem is posed to estimate the added mass parameter, re-
sulting in a function that relates the added mass with the
cylinder’s acceleration. Also, it is noteworthy that the pre-
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FIGURE 1. Pivoted cylinder in a fluid flow with contours of con-
stant pressure studied in Ref. [5]. The angleΦ is measured from
the vertical axis in the transverse direction of the flow.

sented methodology can be easily extended to use other FSI
numerical or experimental results.

2. Problem statement

The VIV of a pivoted finite height circular cylinder of aspect
ratio (length/diameter)AR = 10 for laminar flow was inves-
tigated in Ref. [5]. It was demonstrated that in the regime
of small amplitude oscillations, the classical forced damped
oscillator equation is a valid model for the movement of the
cylinder in the direction perpendicular to the current, that is

Φ̈ + βyΦ̇ +
(

2π

ur

)2

Φ ≡ F̃y, (1)

whereΦ is the oscillation angle,βy is the damping parame-
ter, and2π/ur = ω0 is the non-dimensional natural angular
frequency of the movable structure. In the context of VIV,
the use of the reduced velocityur is widely adopted, so the
results will be presented in terms ofur in this work. F̃y is the
force exerted on the structure by the surrounding fluid, which
induces the VIV.

The oscillation amplitude obtained in the same reference
in the transverse direction as a function ofur is illustrated
in Fig. 2. Three response branches are identified: the ini-
tial branch, where the VIV starts and relatively small oscil-
lation amplitudes are obtained; the upper branch, where the
maximum oscillation amplitudes are observed; and the lower
branch, where the amplitude of oscillations diminishes before
desynchronization occurs.

Considering that the value of the added mass parameter
is generally difficult to obtain and is unknown for this case,
we propose using inverse parameter identification problems
to obtain this value along with other relevant physical quan-
tities using the published results of [5]. To make possible
the estimation of the added mass parameter, it is proposed to
decompose the hydrodynamic force asF̃y into different con-

FIGURE 2. Amplitude of oscillation as a function of the reduced
velocity from [5].

tributions: one proportional to the angular acceleration via
the added mass coefficientma, another proportional to the
angular velocity through a drag coefficientcd, an oscillatory
term that drives the movement of the structure with ampli-
tudesAy andBy, and a constant termCy,

F̃y = −maΦ̈− cdΦ̇ + Ay sin (ωyt) + By cos (ωyt) + Cy,

with this decomposition, the following equation is obtained

Φ̈(1 + ma) + Φ̇(β + cd) +
(

2π

ur

)2

Φ

= Ay sin (ωyt) + By cos (ωyt) + Cy, (2)

whereωy is the oscillation frequency of the hydrodynamic
force acting on the structure, which is close to the natural
frequency2π/ur = ω0 when synchronization is obtained.
Note that the signs of the added mass contribution and the
drag contribution are chosen to oppose the movement of the
structure. Furthermore, it should be emphasized that Eq. (2)
is not restricted to laminar cases and can also be applied to
turbulent scenarios, as long as the requisite number of forc-
ing frequencies relevant to the case under consideration are
included in the decomposition.

Equation (2), can be integrated twice in the interval(t0, t)
to pose an inverse problem, obtaining

Φ(t)− Φ0 − Φ̇0(t− t0) +
β + cd

1 + ma

× [F (t)− Φ0(t− t0)] +
[2π/ur]2

1 + ma

∫ t

t0

F (s)ds

=
Ay

1 + ma

∫ t

t0

I(s)ds +
By

1 + ma

∫ t

t0

J(s)ds

+
Cy

1 + ma

(
t2 − t20

2
− t0(t− t0)

)
, (3)
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where

Φ0 = Φ(t0), Φ̇0 = Φ̇(t0),

F (t) =
∫ t

t0

Φ(s)ds, I(t) =
∫ t

t0

sin (ωys)ds,

J(t) =
∫ t

t0

cos (ωys)ds,

in order to simplify Eq. (3) the following parameters and
functions are defined

a =
β + cd

1 + ma
, b =

[2π/ur]2

1 + ma
, c =

Ay

1 + ma
,

d =
By

1 + ma
, e =

Cy

1 + ma
,

C1(t) = F (t)− Φ0(t− t0),

C2(t) =
∫ t

t0

F (s)ds, C3(t) =
∫ t

t0

I(s)ds,

C4(t) =
∫ t

t0

J(s)ds, C5(t) =
t2 − t20

2
− t0(t− t0).

We obtain

Φ(t) = Φ0 + Φ̇0(t− t0)− aC1(t)− bC2(t)

+ cC3(t) + dC4(t) + eC5(t), t > t0. (4)

Equation (4) is a model based on the force decomposi-
tion proposed in Eq. (2), the integrals needed to define the
functionsF (t), I(t), J(t), andCi(t) can be computed using
data from the HPC simulations carried out in Ref. [5]. To this
end,n pointsΦ̃k, corresponding to timestk = h, 2h, ..., nh,
for k ∈ 0, 1, 2, ..., n from the numerical simulations were
chosen. The number of selected points was varied but was
approximately 70 points per oscillation cycle in all cases.

With the valuesΦ̃k, the frequencyωy and the functions
Ci(t) from Eq. (4) were calculated, and in this way, an ap-
proximation forΦ(t) based on the model proposed is ob-
tained. The error at each selected pointtk can be calculated
as the differenceEk = Φ̃k − Φ(tk), which can be inter-
preted as a function of the parametersa, b, c, d, e. Defining

C0(tk) = Φ̃k − Φ0 − Φ̇0(tk − t0) the error at each point is

Ek(a, b, c, d, e) = C0(tk) + a C1(tk) + bC2(tk)

− c C3(tk)− dC4(tk)− e C5(tk),

and the sum of squared errors is

E(a, b, c, d, e) =
n∑

k=1

(Ek(a, b, c, d, e))2 . (5)

At this stage, the least squares method can be employed to
obtain the parameters that minimize the previous equation,
transforming the inverse problem into an algebraic system of
equations that can be solved numerically.

3. Results

Estimates of the physical parameters are recorded in Table I
and plotted as a function of the reduced velocityur = 2π/ω0

in Fig. 3. It can be observed that the added mass parameter
decreases monotonically as the reduced velocity increases.
Additionally, the force coefficientcd has a maximum be-
tweenur = 3 andur = 5 coinciding with the region of max-
imum oscillation amplitudes that occur in the upper branch.
Furthermore, as expected, the constant termCy is close to
zero, since in they direction the cylinder oscillates around
y = 0.

To assess the effectiveness of the parameters identifier,
Eq. (2) is solved using a fourth-order Runge-Kutta method
with the parameters listed in Table I. The solution is com-
pared to the HPC simulations from [5]. Figure 4 shows the
comparison for the caseur = 7. It can be observed that the
model with the estimated parameters accurately reproduces
the oscillations observed in the FSI HPC simulations.

This means that the model given by Eq. (2) is equivalent
to the original VIV configuration, resulting in an estimation
for the added mass parameter. Other values ofur follow sim-
ilar trends.

It is also noted that the resulting parameters are of the
same order of magnitude as those predicted by the potential
flow theory for cylinders in ideal fluid flow. This point is sig-
nificant because, as is well known, inverse problems can

TABLE I. Estimated parameters in they∗ direction.

ur ma cd Ay By Cy

3.4 2.276288 -0.040848 0.000643 -0.000940 0.000250

4 1.743349 0.726861 -0.014885 0.057982 -0.000136

5 0.913285 0.255111 -0.005992 -0.022085 -0.000269

6 0.812994 0.045761 0.003157 -0.003236 3.02× 10−5

7 0.570051 0.061857 -0.000344 0.004169 0.000207

8 0.437175 0.011848 -0.000164 0.001019 0.000377

9 0.351795 0.050827 -0.000963 0.001963 0.000331
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FIGURE 3. Graph of the parameters found in they∗ direction.

FIGURE 4. Comparison forur = 7 in y∗ direction.

lead to over-determined algebraic situations where multiple
solutions exist. Therefore, it is crucial to consider theoreti-
cal results that can help to distinguish between possible solu-
tions.

3.1. Added mass as a function of angular acceleration

Now that we have a reliable approximation for the parameters
representing the various contributions of the hydrodynamic
force, we propose a function that approximately describes
how the added mass parameter relates to the body’s accelera-
tion. It is anticipated that as acceleration increases, the effect
of the added mass also increases. A representative value of
the angular acceleration for eachur case is calculated using
the root mean square (RMS) value of the time history of the
corresponding angular accelerationΦ̈(t).

A quadratic fit using the least squares method was per-
formed, obtaining a mean square errorMSE = 0.064. Con-
sidering the accuracy and the simplicity of this fit, the func-
tion proposed to describe the relationship between the added
mass parameter and the angular acceleration is presented be-
low, with its graph illustrated in Fig. 5.

FIGURE 5. Adjustment for added massma in they∗ direction.

ma(Φ̈) = 0.71815151

− 3.23594105Φ̈ + 7.98034256Φ̈2. (6)

With the function given by Eq. (6), we can approximate
the added mass parameter by knowing the angular acceler-
ation of the cylinder. It is important to note that Eq. (6)
was obtained from an inverse problem related to the damped
forced oscillator equation, which can model a broad spectrum
of VIV scenarios and even more general FSI problems. Ad-
ditionally, it can be used to model the local behavior of small
sections of deformable bodies. This leads the authors to think
that Eq. (6) (or a variation of it) can assist in determining the
added mass parameter for numerous applications.

4. Conclusions

Thanks to the interpretation of the hydrodynamic forces on
the pivoted cylinder presented in Eq. (2), it became possible
to propose and solve an inverse problem to estimate the added
mass, the drag coefficient, and the forces driving the move-
ment of a pivoted cylinder undergoing vortex induced vibra-
tions. This resulted in a deeper understanding of the fluid-
structure interaction inherent in this system. A quadratic
function linking the added mass parameter to the angular ac-
celeration of the cylinder was derived in Eq. (6). Through
applied mathematics, a more precise comprehension of this
system was attained.

The methodology followed in the present article is highly
valuable, allowing for the analysis of other similar VIV cases
through this inverse problem technique. Important design pa-
rameters can be identified if numerical or experimental data
are available. Moreover, since turbulence is more common
than not in real-life applications, it is noted that turbulent
cases can be addressed similarly, provided a sufficient num-
ber of forcing frequencies are included in the hydrodynamic
force decomposition in Eq. (2).
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Finally, the relationship between the added mass param-
eter value and the angular acceleration given in Eq. (6) holds
significant potential to improve the performance of general
FSI simulations in the partitioned scheme. Flexible body
sections can be viewed as collections of damped forced os-
cillators, allowing for the computation of local angular ac-
celerations, and the ratio of the added mass parameter to the
forcing amplitude can be estimated. With this information,
an appropriate local under-relaxation factor would be readily
available. Future work in this area is anticipated.
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