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Electric current from Schwinger’s time-ordered propagator
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The quasistatic electric current density of fermions in the presence of an external electric field is determined through the utilization of a
time-ordered Schwinger propagator. The study encompasses the necessary conditions for establishing a well-defined time-ordered propa-
gator within the Schwinger formalism, specifically concentrating on constant and uniform electromagnetic fields. Within this theoretical
framework, a chemical potential is introduced, resulting in non-zero values for the electric current and charge number density. Consequently,
the dependence of electric conductivity on the strength of the electric field and the charge number density is investigated.

Keywords: Schwinger’s proper-time method; external electromagnetic field; electric conductivity.

DOI: https://doi.org/10.31349/RevMexFis.72.010801

1. Introduction

Schwinger’s proper time method has been a crucial tool for
studying the effect of external electromagnetic fields in quan-
tum field theory [1]. In particular, the Green’s function con-
structed by this method is often used in quantum field theory
for the description of particles propagating under the influ-
ence of an external magnetic field, with the versatility of be-
ing expressed as an integral in proper time, in power series of
Landau levels or expanded in magnetic field powers [2,3].

The effect of the electric field in the Schwinger formal-
ism has been intensively studied due to the prediction of pair
production in vacuum [1,4]. But recently, there has been a
growing interest in studying the effects of the electric field in
the context of relativistic heavy-ion collisions, in particular
for peripheral collisions or collisions with different ions such
as Au-Cu [5,6]. This has motivated the study of quark and
hadronic matter under external electric and magnetic fields
by investigating the modifications of different parameters in
systems in thermal equilibrium [7-11] with particular interest
in chiral restoration and deconfinement [12-16], as well as
anomalous transport phenomena [17-21] and also analogous
systems in (2+1) dimensions [22-24].

The problem to be studied here concerns how to regular-
ize the Schwinger’s Green function. Integral expressions in
the Schwinger propagator are commonly regulated by an in-
finitesimal constant that coincides with the time-ordered reg-
ulator in vacuum. However, this is not the general case, and
there are some details that are not usually considered in the
treatment of this method, as was clearly detected in Ref. [25],
concluding that the Schwinger propagator is a Green’s func-
tion, not a propagator itself, so some care must be taken when
considering these Green’s functions.

The correct integration of momentum in the complex
plane is full of subtleties, particularly when considering
medium effects such as temperature and chemical poten-
tial. This has been addressed, also including the effects
of a constant and uniform external magnetic field [26-29].

The presence of an external electric field introduces an ad-
ditional problem, since it deals with time components, and
therefore certain considerations must be taken into account
when describing these systems in a real time formalism. This
was studied in Ref. [25] using light-cone coordinates, and in
Ref. [20,21] with in- and out-state expectation values. The
following discussion outlines the prerequisites for construct-
ing Schwinger’s time-ordered propagator in the presence of
constant electric and magnetic background fields. Next, the
general regularization of the propagator in the Schwinger for-
malism is introduced. The specific case of external uniform
electric field is obtained, ending with the derivation and anal-
ysis of the electric charge density and electric current density
for quasistatic motion.

2. Time ordered propagator

The usual prescription for regularizing a time-ordered prop-
agator in momentum space is to shift the momentump2 →
p2 + iε in the Green’s function. This can be considered as a
general statement if the Green’s function is analytic near the
poles ofp2, assuming poles on the real axis. If the Lorentz
symmetry is broken, the prescription must be generalized as
p0 → p0 + iεp0, which must be taken into account, for exam-
ple, if the chemical potential term is present [26]. This is also
general if the Green’s function is analytic near the poles of
p0, assuming real poles. In the case of the Schwinger prop-
agator with a uniform external magnetic field and chemical
potential, this regularization can be applied with some modi-
fications in the integration in proper time [27].

The case of an external electric field is not as straightfor-
ward as that of a pure magnetic field, since its presence could
introduce a non-local time component in Green’s function
through the Schwinger phase. Therefore, we need to avoid
this situation in order to have a well-defined time-ordered
propagator.
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Let us begin by considering the Green’s function for
fermions in configuration space

G(x, x′) = 〈x′| i

/Π−m
|x〉, (1)

where the conjugate momenta operator is defined asΠν =
p̂ν + qAν(x̂) + µgν0, whereq the charge (q = −|e| in the
case of the electron),̂x is the position operator,̂p is the mo-
mentum operator,A is the electromagnetic vector potential,
µ is a chemical potential.

As it was remarked in Ref. [25], the expression in Eq. (1)
is just a Green function. However, we know that in the ab-
sence of external electromagnetic fields, or in the presence
of an external uniform magnetic field, this Green’s function
becomes local in time coordinates, so that a well-defined
Fourier transform can be performed, such that the prescrip-
tion p0 → p0 + iεp0 makes sense.

If electric field is present, the locality argument is not in
general valid, unless we consider the condition∂0A(x) = 0.
In that case,̂p0 commutes with all other operators, and there-
fore Green’s function becomes local in time coordinates.

G(x, x′) → G(x0 − x′0; x, x′). (2)

The time fourier transform can then be performed on the
Green’s function, or equivalently, a set of complete eigen-
states of̂p0 can be introduced, leading to

G̃(p0; x, x′) =
∫

dt eip0t G(t;x,x′). (3)

We know that once Schwinger’s procedure is applied, the
Green’s function can be written in terms of a local function
multiplied by the Schwinger’s phase, which is non-local:

G(x, x′) = eiΦ(x,x′)S(x− x′), (4)

where the Schwinger phase can be written as

Φ(x, x′) = q

∫ x

x′
dξ · Ã(ξ), ξ = xt + x′(1− t), (5)

with the vector potential̃A defined asÃν = Aν + gν0 µ/q.
Let’s see in detail what happens with the Schwinger

phase. Since we are dealing with constant electromagnetic
fields, considering the imposed condition that∂0A(x) = 0,
the components of the vector potential will be

Ã0(x) = −Eixi + µ/q, Ãi(x) =
1
2
εijkBjxk, (6)

where the symmetric gauge forAi was considered. The
Schwinger phase is then

Φ(x, x′) = (µ−qE ·x̄) (x0−x′0)− [qB×x̄] ·(x−x′), (7)

wherex̄ ≡ (1/2)(x + x′) is the average position. Now we
can do the Fourier transform with respect tox− x′ obtaining
as a result a Green’s function in momentum space, but also

as a function of the average position of the correlation. The
time-ordered, or Feynman propagator, is then

GF (p; x̄) = S̃(P0 + iεp0,P ), (8)

whereS̃ is the Fourier transform ofS in Eq. (4), with conju-
gate moments

P0 = p0 + µ− qE · x̄, P = p + qB × x̄. (9)

We can see how the electric field immediately introduces a
chemical potential term corresponding to the Coulomb poten-
tial for a constant electric field. This is nothing new, since the
chemical potential is commonly introduced as a zero compo-
nent of the gauge electromagnetic field. However, this chem-
ical potential is position-dependent, so we have to see how to
interpret it.

3. Schwinger’s Green function regularization

The Schwinger Green function is commonly regularized by
introducing an infinitesimal term to ensure that the integrals
in proper time remain well-behaved and do not diverge. The
regulator will be incorporated by expressing the Green func-
tion in Eq. (1) as

G(x, x′) = 〈x′| /Π + m

iH
|x〉, (10)

where the Hamiltonian is defined as

H = −/Π2 + m2 = −Π2 +
q

2
Fµνσµν + m2. (11)

Subsequently, Eq (10) can be formulated in integral form

G(x, x′) =
∫ ∞

0

ds〈x′|[/Π + m]e−isH |x〉. (12)

To integrate, avoiding divergences, a regulator is introduced
by shiftingH → H − iη. If η is positive, the convergence
of the integration ins is guaranteed. Alternatively, ifη is
negative, Eq. (10) can be formulated as

G(x, x′) = −
∫ 0

−∞
ds〈x′|[/Π + m]e−isH |x〉, (13)

which is the same procedure as described in Ref. [27]. For
the general case with an unknown regulatorη, the Green’s
function can be written as

G(x, x′) =
∫ ∞

−∞
ds rs(η) Gs(x, x′), (14)

with rs the general regulation function andGs the integrand
of Eqs. (12) and (13) which can be written as

rs(η) = e−sη[θ(η)θ(s)− θ(−η)θ(−s)], (15)

Gs(x, x′) = 〈x′(0)|[/Π(0)−m]|x(s)〉. (16)
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The Green’s function can also be expressed in momentum
space if we separate the correlation coordinates asx =
x̄ + (1/2)∆x andx′ = x̄ − (1/2)∆x, and then we apply
the Fourier transform with respect to∆x:

G(p; x̄) =
∫ ∞

−∞
ds rs(η) Gs(p; x̄). (17)

The regulatorη is not restricted to being a constant, but can
be a function of coordinates and/or momentum, so in prin-
ciple it can be expressed differently in configuration space
than in momentum space. In fact, in the absence of external
electromagnetic field, but with finite chemical potential, the
regulator in momentum space isη = εp0(p0 + µ).

4. Electric field

Let us now calculate the Schwinger’s Green’s function in the
presence of an external uniform electric field along the third
direction E = Eê3. In this case, calculating the Fourier
transform of the integrand of the Green’s function of Eq. (16),
the following expression is obtained:

Gs(p; z) = exp
{

is
[
τsP

2
‖ + p2

⊥ −m2
]}

×
{

/P ‖
[
1 + tanh2(qEs)− 2 tanh(qEs)γ0γ3

]

+ (/p⊥ + m) [1− tanh(qEs)γ0γ3]
}

,

(18)

with

τs = tanh(qEs)/qEs, (19)

P‖ = (p0 + µ− qEz, 0, 0, p3), (20)

p⊥ = (0, p1, p2, 0), (21)

z =
1
2
(x3 + x′3), (22)

and where the Minkowski metric convension used isgµν =
g
‖
µν + g⊥µν . This result is directly derived from the general

Schwinger Green’s function [1,30].
The Feynman propagator is then obtained by shifting

p0 → p0 + iεp0. The chemical potential plus the Coulomb
potential now plays the role of an effective chemical potential

µ̃ = µ− qEz, (23)

so, the following is obtained:

η = ετs 2p0(p0 + µ̃). (24)

Since0 ≤ τs ≤ 1, this function can be absorved in the in-
finitesimal parameterε. This regulator is the same regulator
with a chemical potential. Finally, the Feynman propagator
in momentum space is

GF (p; z) =
∫ ∞

−∞
ds rs

(
εp0(p0 + µ̃)

)
Gs(p; z). (25)

5. Electric current and charge number density

The expectation values of bilinear fermion operators are de-
fined as

〈ψ̄(x) Γ ψ(x)〉 = −tr[ΓG(x, x)], (26)

where in this caseG refers to a time-ordered propagator that
includes interactions. The leading order expectation values
for the electric current density operator and the charge num-
ber density operator are then

j = q 〈ψ̄γ3ψ〉 = −q tr
∫

d4p

(2π)4
γ3GF (p; z), (27)

n = 〈ψ†ψ〉 = −tr
∫

d4p

(2π)4
γ0GF (p; z), (28)

respectively. Both quantities depend now on the coordinate
z, which can be understood as the distance from the source
of the constant magnetic field. In the absence of a refer-
ence system, this interpretation is ambiguous, so thez coor-
dinate should be treated merely as a parameter that changes
the value of the chemical potential. However, as pointed out
in Ref. [31], under a gauge transformation, the chemical po-
tential must be redefined to obtain the same physical system.
Then, unambiguously, we can calculate the electric current as
a function of the number density and the electric fieldj(n,E)
parameterized by the effective chemical potentialµ̃(n,E).

Using Eqs. (18) and (25), tracing over spin and integrat-
ing the spatial components of momentum, the current density
and charge number density are then

j =
1

2π5/2

∫ ∞

−∞
ds fs

q2E
√

τs√
is

,

n =
1

2π5/2

∫ ∞

−∞
ds fs

[
1 + τ2

s (qEs)2
]

2s
√

τs

√
is

,

with

fs ≡
∫ ∞

−∞
dp0 rs

(
εp0(p0 − µ̃)

)
ip0 eis[τs p2

0−m2], (29)

and whereτs was defined in Eq. (19). Note that the propaga-
tor in Eq. (18) involves only hyperbolic functions, in contrast
to the case with an external magnetic field, where trigono-
metric functions appear in the denominator. As a result, there
are no poles here except ats = 0, and therefore a Wick rota-
tion is not required. If a magnetic field were also considered,
it might be more convenient to perform a Wick rotation. In
that case, the electric field would be expressed in trigono-
metric functions, which would require a different treatment.
Integrating Eq. (29) in p0 according to the different sign pos-
sibilities of the chemical potential and the proper times, the
electric current density and the charge number density be-
comes

j =
sign(µ̃)
2π5/2

∫ ∞

0

ds gs
q2E

s3/2
√

τs
, (30)

n =
sign(µ̃)
2π5/2

∫ ∞

0

ds gs
1 + τ2

s (qEs)2

2s5/2 τ
3/2
s

, (31)
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with

gs ≡ sin
(
sm2 − π

4

)
− sin

(
s(m2 − τsµ̃

2)− π

4

)
, (32)

where the phase factorπ/4 comes from the
√

i terms that
appears in Ecs. (30) and (31).

6. Results

To obtain the electric current density as a function of the
charge number density and the external electric field, we have
to obtain the values ofn for different values of the effective
chemical potential and the electric field. The integrand of
the number densityn in Eq. (31) is strongly divergent when
s → 0, making numerical integration difficult. However, this
can be handled by adding and subtracting its value in the limit
E → 0, but keeping the effective chemical potential finite

n(µ̃, E) = [n(µ̃, E)− n(µ̃, 0)] + n0(µ̃), (33)

wheren0 is the well known value of the number density in
vacuum at finite chemical potential

n0(µ) =
ε(µ)
3π2

θ(|µ| −m)(µ2 −m2)3/2. (34)

It is more illustrative to show the electric conductivity
σ = j/E. The conductivity will be represented in one case as
a function of the number density for a fixed value of the field
E, and in the other case as a function of the external electric
field for a fixed value ofn.

The case of electric current density as a function of exter-
nal electric field for different values of charge number density
is shown in Fig. 1. For all number density values, the elec-
trical conductivity starts from the same point atE = 0, and
then begins to oscillate asE increases. Let’s call this initial
value asσ0 whose expression is

FIGURE 1. Electric conductivity normalized bymq2 as a function
of the external electric field number in units of the fermion mass
for different values of the charge density.

FIGURE 2. Electric conductivity normalized bymq2 as a func-
tion of the number charge density in units of the fermion mass for
different values of the external electric field.

σ0 =
q2m

π2
. (35)

Apparently, the only difference between the different values
of the charge number density is a sort of phase in the oscilla-
tion aroundσ0. Although they look very similar, the oscilla-
tion amplitudes vary for the different cases, and their values
are almost twice as large aboveσ0 than belowσ0.

Caution is needed when interpreting this result for large
electric fields, as the quasistatic motion assumption does not
account for the induced magnetic field. In this context, the
apparent oscillations may not necessarily have physical sig-
nificance. These results are more reliable in the regime of
weak electric fields.

The electrical conductivity as a function ofn is plotted in
Fig. 2 for different values of the external electric field. It is
interesting to note the case whereE = 0 in which the con-
ductivity becomes independent ofn (gray line). When the
electric field is turned on, the value of the conductivity grows
rapidly from zero toσ0 and then oscillates around this value.
As the external electric field increases, the wider the oscilla-
tions.

Observing the behavior of the conductivity forE 6= 0, it
can be seen that all the curves start fromσ = 0 whenn = 0.
Therefore, it can be deduced that the case withn = 0 and
E = 0 the conductivity must be zero. In other words, the
conductivity jumps from 0 toσ0 as soon as a charge distribu-
tion appears in the system.

It is important to emphasize that quantities derived from
time-ordered propagators are often associated with long-lived
excitations or equilibrium properties of the system. This con-
trasts with retarded propagators or correlators, such as those
appearing in the Kubo formula, which describe the causal,
dissipative response of a system to external perturbations and
are inherently tied to non-equilibrium or transient phenom-
ena.

It is also important to remark that the aim here is to ex-
plore what a well-defined time-ordered propagator should be
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in the Schwinger proper-time formalism in the presence of an
electric field, and to examine its consequences. In this sense,
it is not applicable when performing calculations of the ther-
modynamic potential through the summation of Matsubara
frequencies.

7. Conclusions

In this paper, the electric current density is obtained by means
of a time-ordered Schwinger propagator for fermions im-
mersed in a constant and uniform external electric field. The
time-ordered propagator can be well defined if we consider a
time-independent electromagnetic vector potential.

In this scheme, the Schwinger phase is considered as a
non-local effective chemical potential term corresponding to
the Coulomb potential, which depends on the mean position
of the fermion correlator. The effective chemical potential
is an adjustable parameter that depends on the value of the
number charge density and electric field.

This interpretation makes sense if one considers that the
Coulomb potential for a constant electric field is ambiguous,
and only the potential difference has physical meaning since

it depends on the reference frame. These types of interpre-
tations are necessary because we are considering an electric
field that permeates the entire space, so that no source of the
field can be correctly identified or located.

The electrical conductivity obtained shows oscillations
for electric field values beyond the leading order approxi-
mation. This oscillation occurs around the conductivity near
E ∼ 0. The electrical conductivity in the limitE → 0 be-
comes independent of the number density, but vanishes in the
absence of net charges. Sincen corresponds to the number
of fermions minus the number of antifermions in the system,
this behavior should be independent of the pair creation pre-
dicted by Schwinger’s theory for a strong electric field.

A comparison between this proposal and the formalism
based on in- and out-state expectation values becomes nec-
essary [20,21]. The expectation value for operators with ex-
ternal electric and magnetic field at finite temperature will be
reported elsewhere.
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