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A numerical study on regularization and key rheological parameters
in the evolution of rigid zones in Herschel-Bulkley fluids
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Regulating the formation of rigid zones in viscoplastic fluids is essential for accurate numerical modeling and practical applications. This
paper presents a numerical study on the control and minimization of rigid zones in Herschel-Bulkley fluids during flow at the yield stress
threshold within a confined square domain. The Papanastasiou regularization method is employed to ensure a smooth transition between
fluid and rigid-like zones. This study systematically analyzes the influence of key rheological parameters and the regularization approach
on the suppression and reduction of these zones. The influence of the regularization parameter m on rigid zone formation during flow is
investigated, along with the effect of the critical shear rate for different values of this parameter. Additionally, the impact of inlet pressure on
the rigid zone area is examined, followed by an in-depth analysis of its effect for various critical shear rate values to explore their combined
influence. Furthermore, the study explores the influence of the consistency factor and the power-law index on rigid zones during flow. The
findings highlight optimal parameter selection strategies to suppress or minimize rigid zones at the yield stress threshold, ensuring improved
numerical accuracy in viscoplastic fluid simulations.
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1. Introduction

Non-Newtonian fluids play a pivotal role across diverse nat-
ural phenomena and industrial processes. Their unique rheo-
logical behavior is critical in applications ranging from geo-
physical flows (e.g., mudslides and volcanic lava) to manu-
facturing sectors including food production, pharmaceutical
development, construction materials (like concrete and ce-
ramics), and coating technologies (inks, paints, and polymer
solutions) [1, 2]. A defining feature of these fluids is their
yield stress, which serves as a key parameter in rheological
modeling frameworks such as the Herschel-Bulkley formula-
tion.

The Herschel-Bulkley model has become a cornerstone
for characterizing viscoplastic fluids due to its nonlinear con-
stitutive aligns. This has spurred extensive research into
both theoretical analysis and computational modeling of such
flows. Notable contributions include Huilgol et al. [3], who
developed an innovative pipe flow analysis using extended
Lagrangian methods. Concurrently, Vajraveluet al. [4] ex-
amined hemodynamic applications, quantifying how pressure
gradients, yield stress, and vessel elasticity influence blood

flow dynamics when modeled as a Herschel-Bulkley fluid.
Complementing these studies, Saramito [5] made substan-
tial advances in numerical simulation techniques, identifying
key computational obstacles and accuracy limitations in yield
stress fluid modeling.

Herschel-Bulkley fluids exhibit a distinct transition in
their behavior. Below the yield stress threshold, they act as
rigid bodies. Once the applied stress exceeds this threshold,
they transition into a flowing state, behaving like a fluid [6].
However, numerical simulations of such fluids present sig-
nificant challenges due to their complex rheological proper-
ties, particularly the discontinuity in their constitutive laws.
To overcome these challenges, various regularization tech-
niques have been developed. Among them, the widely used
Papanastasiou model [7] introduces an exponential smooth-
ing function to enhance numerical stability. Alternative ap-
proaches, such as the Bercovier and Engelman regulariza-
tion [8] and viscous regularization [9], have also been em-
ployed to address the singularity at the yield stress threshold,
thereby improving computational accuracy. Additionally, the
models introduced in [10, 11] were specifically designed to
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resolve this singularity in viscoplastic fluids. Their effective-
ness has been assessed by comparing their results with those
obtained from previously established regularization methods.

Herschel-Bulkley fluids consist of dispersed particles
within a solvent. At low concentrations, these particles pri-
marily contribute to an increase in viscosity. However, as
their concentration rises, interactions and collisions between
particles intensify, leading to a pasty consistency and the
emergence of rigid zones. Several studies have explored the
formation and distribution of these rigid zones to assess the
impact of various parameters. For instance, Hassanet al.
[12] analyzed Rayleigh-B́enard convection in such fluids and
demonstrated how Rayleigh number influences the expan-
sion of flowing and non-flowing zones in confined domains.
Recent investigations [13, 14] have systematically evaluated
how dimensionless parameters including the Reynolds num-
ber, Oldroyd number, power-law index, and Papanastasiou
regularization coefficient affect the formation and position-
ing of stagnant zones in yield stress fluids. The choice
of the Papanastasiou parameter m remains particularly con-
tentious, as this value critically governs yield surface conti-
nuity. A comparative analysis by Syrakoset al. [15] revealed
nearly indistinguishable yield surfaces form = 1000 and
=10000, though the former produced smoother interfacial
transitions, prompting its widespread preference. This aligns
with broader observations [16–20] documenting jagged, ir-
regular yield lines when excessively highm values are em-
ployed.

Notably,m = 1000 has emerged as a de facto standard in
many studies [15, 19, 21], yet substantial discrepancies per-
sist. For example, Jeong [22] implemented an unusually low
= 0.3, whereas Patelet al. [23] adopted an extreme value of
m = 107, underscoring the ongoing difficulty in establish-
ing a universally optimal parameter that reconciles computa-
tional efficiency with phenomenological precision.

Equally critical is the determination of the threshold shear
rateγc, which dictates the identification of rigid zones. Re-
ported values exhibit remarkable variability: Linet al. [24]
identifiedγ = 0.01 s−1 for kaolinite suspensions (at PH=5
across varying concentrations), while Mossazet al. [25] em-
ployed a significantly lowerγ = 0.0001 s−1 for polymer gel
systems.

This study seeks to examine the suppression and mini-
mization of rigid zones during the flow of a Herschel-Bulkley
fluid at the yield stress threshold. It focuses on analyzing how
rheological parameters and the regularization approach influ-
ence the formation and reduction of rigid zones during flow.
Special attention is given to the role of Papanastasiou’s regu-
larization parameter, the critical shear rate, and inlet pressure
in controlling these zones. Additionally, the study examines
the impact of the consistency factor and power-law index on
the extent of rigid zones, providing insight into optimal pa-
rameter selection to mitigate their formation and ensure im-
proved numerical accuracy in viscoplastic fluid simulations.

FIGURE 1. Domain of flow.

TABLE I. Rheological characteristics of the used concrete [26].

Material ρ (kg/m3) τy (Pa) k (Pa· sn) n

Concrete 1370 5 2.42 0.552

2. Problem description

In this numerical study, the flow of fresh concrete, mod-
eled as a Herschel-Bulkley fluid, is analyzed within a two-
dimensional confined square domain. This simulation is con-
ducted in an unsteady state. Figure 1 illustrates the compu-
tational setup, where the square domain has a side length of
0.01 m. The flow is driven by an imposed inlet pressure of
p = 20 Pa, while the initial velocity is set touini = 0.001 m/s.
A no-slip condition is enforced on all walls. The rheological
properties of fresh concrete are summarized in Table I, as-
suming the material is incompressible and follows an isother-
mal, laminar flow regime.

3. Mathematical formulation

The governing aligns for fluid flow are the continuity align
and the momentum align, respectively, as follows:

∇ · U = 0, (1)

ρ
∂U

∂t
+ ρ(U · ∇)U = ∇ [−pI + τ ] + f. (2)

In the study of viscoplastic fluids, the Herschel-Bulkley
model is widely used to describe shear stressτ with a yield
stress thresholdτy. The constitutive align is expressed as fol-
lows [27]:

τ =





(
k|γ|n−1 +

τy

|γ|
)

γ, if |τ | > τy,

|γ| = 0, if |τ | ≤ τy.
(3)

In the Herschel-Bulkley viscoplastic model, the fluid ex-
hibits two distinct behaviors depending on the applied stress.
If the stress surpasses the yield limit, the fluid transitions into
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a flowing state, displaying pseudo-plastic behavior. Con-
versely, when the stress remains below the yield threshold,
the fluid does not flow and instead behaves as a rigid body,
with its viscosity tending to infinity,i.e. limγ →0 µ(γ) = ∞
[28, 29]. In this state, the material behaves as a rigid body
with zero deformation. Mathematically, these rigid domains
are characterized by null shear rate values, as specified in the
following relation [30]:

Ωr = {x ∈ Ω,≥ 0 : |γ(U(x, y))| = 0 }. (4)

In the Herschel-Bulkley formulation, a computational
singularity arises when the shear rate diminishes to zero, pos-
ing a challenge for numerical simulations. To overcome this,
several regularization techniques have been proposed in the
literature [31–33]. Among these approaches, the Papanas-
tasiou regularization method is employed to ensure a smooth
transition between the rigid and fluid-like states. This method
modifies the stress expression by introducing a regularization
parameterm, leading to the following formulation [34]:

τ = k|γ|n−1 +
(

τy

|γ|
) [

1− e−m|γ|
]
γ, (5)

and the viscosity takes the formula:

µ(γ) = k|γ|n−1 +
(

τy

|γ|
) [

1− e−m|γ|
]
. (6)

FIGURE 2. Comparison between the original Herschel-Bulkley
model Eq. (3) and its regularized version using the Papanastasiou
method Eq. (5) for various values of the regularization parameter
m.

To illustrate the effect of the regularization parameterm
on the constitutive behavior, Fig. 2 presents the shear stress
as a function of the shear rate, calculated from Eq. (3) and (5)
using the rheological parameters selected in this study. The
regularization parameterm is varied over values of 10, 20,
50, 100, and 250.

Figure 2 clearly demonstrates that larger values ofm pro-
duce a sharper transition from the rigid to the flowing state,
closely approaching the original Herschel-Bulkley model as
m →∞. In contrast, smaller values ofm result in a smoother
transition near zero shear rate, which helps avoid numerical
singularities and enhances the stability of simulations.

This conceptual illustration underlines the importance of
selecting an appropriatem value in numerical modeling, bal-
ancing physical accuracy and computational robustness.

Zones where the shear rate does not exceed the critical
shear rate,i.e., γ ≤ γc, which corresponds toτ ≤ τy, can be
classified as rigid zones forming during the flow [35]. Mathe-
matically, based on, these zones can be expressed as follows.
Since this study deals with unsteady flow, a time-dependent
term(t) is incorporated into the formulation:

Ωr =
{

x ∈ Ω, t ≥ 0 :
∣∣γ(U(x, y, t))

∣∣ ≤ γc

}
. (7)

In the COMSOL Multiphysics simulation, rigid zones
were identified by evaluating the local shear rate field|γ|
at each time step. A logical condition was applied in the
post-processing phase using theExpression feature in the
Results section.

Regions where the shear rate satisfies the condition|γ| ≤
γc were extracted and visualized as rigid domains evolving
over time.

The Papanastasiou regularization parameter was chosen
asm = 10. These values were used in the simulations, and
their influence on the results will be discussed in later sec-
tions.

4. Validation and grid study

To validate the numerical approach, we ensured the accuracy
of the steady-state solution, which serves as the initial con-
dition for unsteady flow simulations. This was achieved by
comparing the computed velocity domain with the exact an-
alytical solution derived from theoretical calculations. The
velocity domain is given byU = V u∗(y) ex. The analyt-
ical velocity profile is described by the following relations
Eq. (8) [36–40].

u∗(y) =
1
M

f∗ ×





(y0

H

)M

−
(

y0 − y

H

)M

, 0 ≤ y ≤ y0,
(y0

H

)M

, y0 ≤ y ≤ H − y0,

(y0

H

)M

−
(

y − (H − y0)
H

)M

, H − y0 ≤ y ≤ H,

(8)
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FIGURE 3. Numerical and theoretical comparison of axial velocity
profiles.

where,

M = 1 +
1
n

, f∗ =
(

fH

K

) 1
n H

V
, y0 =

H

2
− τy

f
.

A comparison has been made between the numerical ve-
locity profile produced atx = H/2 using COMSOL Multi-
physics 6.0 and the theoretical velocity profile derived from
the analytical relations. Strong agreement between the ana-
lytical and numerical conclusions is revealed by the velocity
distributions in Fig. 3, indicating the dependability of the nu-
merical model. Ensuring an accurate steady-state solution is
crucial for reliable transient flow simulations, as it prevents
numerical instabilities and ensures a physically realistic ini-
tial state. Comparing analytical and numerical velocity pro-
files reinforces confidence in the computational model’s ac-
curacy in capturing complex flow behaviors.

Choosing the grid for the numerical simulations carefully
is crucial to guaranteeing the correctness of the findings. In
this study, a structured mesh was generated, and different grid
sizes were tested to determine the appropriate mesh resolu-
tion.

Figure 4 displays the axial velocity profiles for four dif-
ferent grid sizes att = 0.05 s, the selected moment when
the fluid attains its final stabilized state. The velocity distri-
butions from Grid-3 and Grid-4 exhibit a strong similarity,
prompting the choice of Grid-3, which comprises 10,500 el-
ements.

Table II presents the influence of grid resolution on the
peak axial velocity at the mid-section of the domain. The rel-

TABLE II. Axial velocity and relative error for different mesh sizes.

Grid Number of Maximum Relative

number elements velocity (m/s) Error (%)

Grid-1 1500 0.0038490 1.66

Grid-2 9750 0.0039128 1.80

Grid-3 10500 0.0039834 0.41

Grid-4 34034 0.0039999 –

FIGURE 4. Axial velocity profiles along y direction in the centre-
line of the cross section for various grid sizes.

ative error between the velocities obtained with the last two
grids, Grid-3 and Grid-4, is only 0.41%. Therefore, Grid-3 is
adopted for all numerical simulations in this study.

5. Results and discussion

5.1. Combined influence of the regularization parame-
ter and critical shear rate on rigid zone formation

The results are presented to highlight the influence of the Pa-
panastasiou regularization parameterm on the formation of
rigid zones during flow, at a constant critical shear rate. This
study investigates how different values of this parameter af-
fect the development of these zones as the material deforms
beyond the yield stress threshold.

Figure 5 illustrates the temporal evolution of the rigid
zone area for different values of the Papanastasiou regular-
ization parameterm at a critical shear rate ofγc = 0.01 s−1.
The results show that for lower values ofm (e.g., m = 10 s),
the rigid zones remain minimal. However, asm increases

FIGURE 5. Evolution of the rigid zones area over time for various
values of the Papanastasiou regularization parameterm.
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FIGURE 6. Evolution of rigid zone percentage over time for vari-
ous regularization valuesm.

(e.g., 20, 50, and 100 s), these zones expand significantly,
with the most pronounced rigid zones observed atm = 100 s.
This trend indicates that the regularization parameter has a
substantial impact on the numerical depiction of rigid zones
during flow. Higher values ofm prolong the persistence of
these zones and increase their extent, which suggests that the
regularization influences the model’s ability to capture the
transition between flowing and non-flowing regions. This
expansion may not be purely physical but rather a numeri-
cal artifact associated with the way the regularization scheme
approximates the transition between yielded and unyielded
zones. Consequently, an appropriate selection ofm is crucial
to ensuring that the predicted rigid zones remain consistent
with the expected physical behavior of the fluid.

The increase in the size of rigid zones with higher values
of m is due to the numerical effects of this parameter rather
than the actual physical behavior of the fluid. In numerical
simulations, increasingm makes the transition between fluid
and rigid zones more abrupt, leading to an unrealistic repre-
sentation of rigid zones during flow. This effect arises be-
cause large values ofm numerically amplify the yield stress
effect, artificially increasing the apparent viscosity even after
exceeding the critical stress and preventing the rigid zones
from disappearing as expected physically. At lower values
of m, the transition is smoother, allowing the fluid to flow as
expected once the yield stress is exceeded, with minimal or
no rigid zones. However, asm increases, rigid zones become
more pronounced and persist for longer durations, indicating
that the choice of this parameter must be made carefully to
avoid misinterpreting numerical results.

Thus, the choice ofm directly impacts the numerical pre-
dictions of rigid zones, reinforcing the need for careful pa-
rameter selection to ensure meaningful and physically accu-
rate simulations.

To complement the absolute area data shown in Fig. 5,
the following figure presents the rigid zones as a percentage
of the total simulation domain area. This relative measure en-

FIGURE 7. Scenario of rigid zone formation for two representative
values of the Papanastasiou regularization parameter (m = 10 and
m = 100).

hances the understanding of the spatial significance of rigid
zones during the flow.

Figure 6 illustrates the evolution of the rigid zones area
expressed as a percentage of the total simulation domain area
over time for different values of the regularization parame-
ter m. Presenting the data in relative terms provides a clearer
understanding of how the rigid zones develop spatially within
the entire flow domain during the simulation.

Figure 7 illustrates the progression of rigid zone forma-
tion over time for two representative values of the Papanasta-
siou regularization parameter (m = 10 andm = 100). These
visual representations offer a clear perspective on the growth
and stabilization of rigid zones, emphasizing the impact of
the regularization parameter on the solidification process.

Expanding on the previous analysis of the Papanastasiou
regularization parameter at a fixed critical shear rate, the sub-
sequent analysis explores the combined effects of bothm and
γc on the formation of rigid zones during flow. By systemati-
cally varying these two parameters, this part of the study pro-
vides deeper insight into their interaction, highlighting how
their interplay influences the emergence and extent of rigid
zones during the deformation process.

Figure 8 illustrates the temporal evolution of the rigid
zone area during flow for various values of the critical shear
rateγc, analyzed across three different values of the Papanas-
tasiou regularization parameter (m = 10, 100, 250). The re-
sults demonstrate a clear interactive relationship betweenm
andγc in governing the formation and extent of rigid zones
during deformation. Specifically, increasingγc leads to more
pronounced rigid zones, particularly at higher values ofm.
For instance, whenm = 250 s, rigid zones persist even at
moderate critical shear rates and are only eliminated whenγc

is reduced to10−4 s−1. In contrast, form = 10 s, the rigid
zones become nearly absent already atγc = 10−3 s−1.

These results underscore the role of the regularization pa-
rameter in controlling the transition rate from rigid-like to
fluid-like behavior: higher values ofm prolong the rigid zone
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FIGURE 8. Variation of the rigid zone area over time for different critical shear rates and Papanastasiou regularization parameters (m = 10,
m = 100, andm = 250).

FIGURE 9. Scenario of rigid zone formation for different critical shear rate values at two Papanastasiou regularization parameters (m = 10

and 250).

response, necessitating lower values ofγc to initiate full flow.
Additionally, the response to changes inγc varies withm,
being more gradual at lowm, and significantly sharper at
highm. This indicates thatγc cannot be tuned independently,
but must be carefully coordinated with the selectedm value.
From this analysis, a fundamental guideline emerges: when
employing high critical shear rates, smaller values of the reg-
ularization parameter should be used to avoid artificial solid-
ification during flow. Conversely, for largem, a very lowγc

becomes essential. The findings highlight the importance of
a coupled calibration strategy betweenm andγc, ensuring a
realistic and physically consistent description of viscoplastic
flow without the emergence of nonphysical rigid zones.

Based on the previous analysis, Fig. 9 presents selected
snapshots from the simulation to illustrate the evolution of
rigid zones over time for different values of the critical shear
rate, across two representative cases of the regularization pa-
rameter (m = 10 andm = 250). These results reinforce the
understanding of how rheological parameters influence the
solidification dynamics and the development of rigid zones
during flow.

5.2. Impact of inlet pressure and critical shear rate on
rigid zones

In this study, the impact of the applied inlet pressure on the
area of rigid zones was analyzed during the flow. A constant
critical shear rate ofγc = 0.001 s−1 and a Papanastasiou reg-
ularization parameter ofm = 10 s were applied. The analysis
was conducted at a specific time when the rigid zones reached
their stabilized state.

The results, illustrated in Fig. 10, show the impact of in-
let pressure on the area of rigid zones during flow. It is ob-
served that increasing the inlet pressure leads to a gradual
decrease in the area of rigid zones, a behavior consistent with
the expected rheological response of viscoplastic fluids. At
lower pressures, despite the material being in a flowing state,
rigid zones persist due to locally insufficient shear stress. As
the pressure increases, the overall shear stress distribution be-
comes more uniform and intense, progressively reducing the
rigid zones until they become nearly negligible at higher pres-
sures.

Rev. Mex. Fis.72011702
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FIGURE 10. Impact of Inlet pressure on the area of rigid zones.

FIGURE 11. Variation of rigid zone area with Inlet pressure at dif-
ferent values of critical shear rates.

Since the study is conducted at the yield stress threshold, the
results indicate that pressure variations influence the extent
of rigid zones within the flowing material rather than trigger-
ing the onset of flow. As the inlet pressure rises, more zones
of the fluid experience shear stress values significantly above
the yield stress threshold, leading to a more homogeneous de-
formation field. At sufficiently high pressures, the influence
of the yield stress diminishes, and the material behaves in-
creasingly like a power-law fluid, where the contribution of
the yield stress to the overall resistance becomes negligible.
Furthermore, the findings confirm an inverse relationship be-
tween inlet pressure and the area of rigid zones, emphasizing
that even within the flowing regime, pressure variations play
a key role in modifying the rigid like structures embedded in
the viscoplastic material. This underscores the importance of
controlling inlet pressure in industrial applications to man-
age the spatial distribution of rigid zones and ensure stable
and efficient flow.

After analyzing the impact of the applied inlet pressure on
the rigid zones area at a fixed critical shear rate, an additional

study was conducted to explore how this area changes when
the critical shear rate is adjusted in each simulation, consider-
ing the impact of pressure. This analysis aims to understand
the interplay between these two parameters and determine the
optimal conditions to minimize rigid zones during flow.

Figure 11 depicts the variation of the rigid zone area as a
function of the applied pressure for different critical shear
rate values. The results show that choosing a low critical
shear rate, such asγc = 10−3 s−1, contributes to a reduction
in the rigid zone area during flow, particularly when com-
bined with sufficient applied pressure, which aligns with the
expected physical behavior of the material. However, it is
observed that at low pressure, even with a small critical shear
rate, the rigid zone area remains larger, while increasing the
pressure reduces this area, yielding results more consistent
with the material’s physical reality.

These results can be explained by relying on the dynamic
balance between the critical shear rate and the applied pres-
sure in the regularized Herschel-Bulkley model. A small crit-
ical shear rate makes the material more sensitive to deforma-
tion, reducing rigid zone formation. However, at low pres-
sure, this deformation may not be sufficient to fully break
down the rigid structure, leading to larger rigid zones than an-
ticipated. Conversely, when choosing a higher critical shear
rate, its influence on rigid zone evolution becomes more pro-
nounced, requiring higher pressure to ensure sufficient defor-
mation and reduce rigid zones. Therefore, the results indicate
that increasing the critical shear rate must be accompanied by
raising the applied pressure to achieve results that more ac-
curately reflect the material’s physical behavior during flow.

These findings highlight the importance of balancing the
critical shear rate and the applied pressure to achieve real-
istic and accurate simulations of viscoplastic material flow.
Selecting a small critical shear rate is a suitable choice to
minimize rigid zones, but it requires higher pressure to en-
sure their disappearance or significant reduction. Conversely,
when opting for higher critical shear rate values, the applied
pressure must be increased even further to prevent the persis-
tence of undesired rigid zones. This approach improves sim-
ulation accuracy and enhances the reliability of the results in
engineering and industrial applications.

5.3. Influence of consistency factor and power-law index
on the area of rigid zones

Numerical simulations were conducted to examine the evo-
lution of rigid zones during flow. by independently varying
the consistency factor and the power-law index while keep-
ing the other rheological properties constant. This approach
provides a clearer understanding of how each parameter indi-
vidually affects the evolution of rigid zones during flow.

Initially, the influence of the consistency factor on rigid
zones over time was examined. As shown in Fig. 12, the area
of rigid zones increases significantly with higher values of the
consistency factork. For highk values (e.g., k = 150 Pa·sn),
the material exhibits a greater tendency to solidify, and the
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FIGURE 12. Evolution of the rigid zones area over time for various
values of the effect consistency factor.

FIGURE 13. Effect of the power-law index on the area of rigid
zones.

rigid zone area expands markedly, reaching a steady state af-
ter a short period. In contrast, for low consistency factor val-
ues (e.g., k = 2.42 Pa· sn), the material becomes more fluid,
reducing the size of the rigid zones and slowing their forma-
tion.

On the other hand, Fig. 13 illustrates the influence of the
power-law index on the rigid zone area. The curve shows a
sharp decline in the rigid zone area as the power-law index
(n) increases from0.1 to 0.4. This behavior is attributed to
the fact that increasingn reduces the material’s viscosity in
low strain rate regions, decreasing its tendency to solidify,
and consequently shrinking or nearly eliminating the rigid
zones.

Integrating these findings highlights a complex inverse
correlation between the consistency factor and the power-law
index in governing the formation of rigid zones. While in-
creasing the consistency factor promotes rigid zone forma-
tion, this effect can be counterbalanced if accompanied by an
increase in the power-law index, mitigating the influence

FIGURE 14. Visualization of rigid zones under varying consistency
factors.

of the consistency factor. This interaction suggests the exis-
tence of a rheological equilibrium point where precise control
of rigid zone size is possible, opening avenues for optimizing
concrete mix designs to reduce unwanted solidification.

This analysis highlights that studying both parameters
together provides a deeper understanding of material evo-
lution during flow, which is crucial in applications such as
fresh concrete pumping. Adjusting rheological properties can
ensure material stability and prevent early solidification or
blockages in pipes and molds.

Thus, exploring the coupled effects ofk andn not only
enhances the understanding of non-Newtonian flow regimes
but also opens pathways for optimizing material formulations
to achieve desired flow behaviors, ultimately bridging the gap
between theoretical rheology and practical engineering appli-
cations.

To further illustrate these results, Fig. 14 presents visual
snapshots of the rigid zones for four distinct consistency fac-
tor values at the final stage of flow. These images reveal the
distribution of rigid zones, emphasizing how higher consis-
tency factors lead to larger and more stable rigid zones, while
lower factors limit rigid zone formation. Such visual rep-
resentations reinforce the numerical findings and provide an
intuitive understanding of the material’s behavior under vary-
ing rheological conditions.

6. Conclusion

In this numerical study, the flow of fresh concrete, mod-
eled as a Herschel-Bulkley fluid, is analyzed within a two-
dimensional confined square domain. This simulation is con-
ducted in an unsteady state. The study began with a valida-
tion step, where the numerically computed horizontal veloc-
ity profile in steady-state conditions was compared against an
analytical velocity distribution derived from theoretical for-
mulations. This comparison allowed for an assessment of
numerical accuracy. Following this, the study then explored
how the regularization parameterm influences the formation
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of rigid zones. Additionally, the effect of the critical shear
rate on shaping these zones was examined under different
values ofm (10, 100 and 250). The findings indicated that
increasing either parameter results in an enlargement of rigid
zones. To achieve reliable numerical outcomes, a low critical
shear rate should be paired with a high regularization param-
eter, or vice versa, to maintain flow stability and prevent arti-
ficial solidification. Further analysis was conducted to assess
the effect of inlet pressure on rigid zones. The results indi-
cate that as the inlet pressure increases, the fluid exhibits a
transition towards a behavior resembling that of a power-law
fluid. This suggests that under high-pressure conditions, the
apparent viscosity decreases, leading to a response closer to
that of a generalized Newtonian fluid. This effect was fur-
ther examined by varying the critical shear rate, showing that
higher values of the critical shear rate necessitate an increase
in inlet pressure to ensure numerical consistency in captur-
ing the fluid’s physical behavior. Finally, the influence of the
consistency factorK and the power-law indexn on the rigid
zones were analyzed. The study revealed that an increase in
K enhances the formation of rigid zones during flow, whereas
a highern reduces them. This highlights a rheological bal-
ance that could be leveraged to optimize material design and
mitigate undesirable solidification.

TABLE I. Nomenclature

A Area of the rigid zones (m2)

p Pressure (Pa)

I Unit tensor (1)

f External body forces (N/m3)

∇U Velocity gradient (s−1)

(∇U)T Transpose (s−1)

Ω Flow domain (1)

Ωr Rigid zones (1)

M, y0 Constants of theoretical velocity (1)

u∗ Non-dimensional velocity (1)

f∗ Non-dimensional gradient force (1)

γ Shear rate (s−1)

γc Critical shear rate (s−1)

µ Viscosity (Pa·s)

t Time of flow (s)

m Papanastasiou regularization parameter (s)

H Dimension of domain (m)

(x, y) Point coordinates (1)

V Reference velocity (m/s)

ρ Density (kg/m3)

k Consistency factor (Pa·sn)

n Power-law index (1)

τ Deviator shear stress (Pa)

τy Yield stress (Pa)

U Velocity domain (m/s)

uini Initial velocity (m/s)

pin Inlet pressure (Pa)
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