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1. Introduction D is either the conformable fractional derivative of Khalil
) ) ) _ et al.[14] (also see Abdeljawad [1] or Martinez al. [16])
In this paper we again examine a Sturm-Picone type oscillagr the nonconformable fractional derivative due tagsles

tion comparison theorem for fractional differential equations\gideset al. [12, 17, 20-22]. These are each defined in the
(see [7] for results of a somewhat different nature from thosgg|owing section.

obtained here). The basic idea is that the Sturm-Picone the- e problem studied in the paper [7] mentioned above
orem compares the oscillatory behavior of two second ordeyas for the comparison problem involving the equations
linear ordinary differential equations in the sense that under
certain conditions, the oscillation of one equation implies the N*(a(t)(Ny)()(t) + q(t) Fi(y) = 0
oscillation of the other one. The origin of this problem can be
traced to the seminal results of Sturm [24] and the subsequeghd
work of Picone [23] on this problem.

In this paper, we wish to obtain such a result for non- N (At (N*y)(t))(t) + Q(t) Fa(y) = 0,
linear differential equations involving fractional derivatives.
Let us first recall the well known Sturm-Picone comparisonwhere N is the nonconformable fractional derivative (de-
theorem; seee.g, Sec. 9.1 in Ref. [2]) or Theorem 1.2 in fined in the next section) and where € (0,1], a, 4, q,
Ref. [25]). Q:Ry — RyandF; : R — R, i = 1,2, are continu-
Theorem 1.If the equation ous, anduF;(u) > 0fori =1,2.

(p(t)2")" +q(t)x =0 L
2. Some Preliminaries
is oscillatory and

Some basic concepts of conformable and nonconformable
0<P(t) <p(t) and Q(t) =q(t), (SP)  fractional derivatives and integrals are defined as follows.
Definition 1. (Def. 2.1 in Ref. [14], Def. 1 in Ref. [16], p.

then the equation 57 in Ref. [1])Let f : [0,00) — R. The conformable frac-

(P()y') +Q(t)y =0 tional derivative off of ordera € (0,1] at¢ > 0 is defined
by
is also oscillatory. .
Here, when we say that an equation is oscillatory, we (D*F)(¢) = lim flt+eet )= ft)
mean that all solutions oscillate. We will consider the nonlin- e—0 € ’

ear fractional differential equations for all ¢ > 0, and the conformable fractional derivative @t

DY(a(t)(Dy())(t) + Fi(t,y(t), Dy(t)(t) =0 (1) IS definedagD®f)(0) = lim;_o(Df)(t).
BP0 16900 v M Definition 2. (Def. 2.1 in Ref. [12], Def. 1 in Ref. [22])et
and f :[0,00) — R. The nonconformable fractional derivative

of f of ordera € (0, 1] is defined by
D*(A@) (D y()(t) + Fa(t, y(t), Dy(1))(t) =0, (2)
Ft e ")~ f(t)

whereR = (—o00,@), Ry = [0,00), @« € (0,1], q, (D*f)(t) = gg% c )
A : R+ — R+ andFl : R+ X R X R — R,Z = 1,2,
are continuous functions,F; (¢, u,v) > 0fori = 1,2. Here, forall ¢ > 0.




2 JOHN R. GRAEF

Itis important to note that both of these fractional deriva- -point/limit-circle problem [6], boundary value problems,
tives satisfy the usual sum, product, and quotient rules as fand others.
ordinary (non-fractional) derivatives (see p. 66 in Ref. [14]
and Theorem 2.3 in Ref. [12], respectively). The corre- .
sponding fractional integrals are given in the following defi-3-  Main Results
nitions. The discussion of generalized fractional derivativeﬁn what follows. we will assume that
in Refs. [4,19] may be of interest to the reader on this point. '
Definition 3. (p. 5016 in Ref. [15], p. 58 in Ref. [1], Def. 3

>
in Ref. [16])Let f : [0, 00) — R. The conformable fractional a(t) = A(t) > 0 (3)
integral of f of ordera € (0, 1] on [u, v] is given by and
T ft
Jg‘f(x) = t{(—()x)dt’ Fl(t7U1,’LL2) < Fg(t, 1}1,’[}2)
u uy = vy )

where the integral is the usual Riemann improper integral.
Definition 4. (Def. 2 in Ref. [22])Let f : [0,00) — R. The
nonconformable fractional integral of of ordera € (0, 1)

for all t, U1, U2, V1, V2 with  uy 7é 0 75 1. (4)

Moreover, we assume that the inequalit@sgnd @) are not

is defined by simultaneously identities on any open interval.
t If fineH : R, — R
s = [ s we defineH : R, — R by
68
S Tem o pe [EOl® Dz (®)y(H) - AR D YO .
These types of fractional derivatives have been succedd(t)= o) )

fully used in the study of stability problems [3,5,10,11,
18,22], oscillation theory [13,22], the nonlinear limit and if we suppress the argumenthen no ambiguity exists,
| then

T

H(t) = D° (y) (D (0)u(®) ~ As(()Dy(0)] + £ D {a(D(0)y(0) ~ Acl) D"y(0)

- (LW Z AW (o eyt — An(t)D"y(0)

+ 2D (@(D*a(0)y(t) + a(D2() D (t) ~ D (AWDy(1))x(t) ~ AW(D x(1))(D"y(D)

w‘H

[a(D*(t))y? — Avy(D*e(t)(D*y(t)) — azy(D*x())((Dy(1)) + Aa*(Dy(t))?]

+

<8

[ = Fu(t.z, D*x(t))y + a(D"x(t)) Dy(t) + Fa(t,y, Dy(t))x — A(D"x(t))(Dy(t))]

_ a(Da())*y? — Azy(D*x()) (Dy(t)) — axy(D*x(1)) (Dy(1)) + Az>(Dy(t))?

y2
+ g [a(Dz(1))(Dy(t)) — A(D*x(t))(Dy(1))] + 5 [ = Fi(t,2, D*a(t))y + Fa(t,y, D*y(1))x]
_ a(Da())*y? — Azy(D*x()) (D*y(t) — ax(Dx(t))y((Dy(1)) + Az>(Dy(t))?

y2

 azy(Dox(t)) (D y(t))
y2

[y?2®|[Fa(t,y, Dy(t)) [y — Fi(t,, D*x(t))/x] + g[a(D%(t))(D“y(t)) — A(D*x(1))(Dy(t))]

[a(D%(t))y? — Avy(D*e(t))(D°y(t)) + Ac*[Dy())’]

+
‘»—l @M‘H

SRS
N

+ = [ = Fi(t,z, D%2(t))y + F(t,y, D*y(t))x].

Since

y*a? [Fa(t,y, D°y(t)  Fi(t,x, Dx(t))

y? Yy x '

g[ —yFi(t,z, D*x(t)) + xFa(t,y, Dy(t))] =
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and
[yDx(t) — 2Dy (t)]* = [D*x(t)]*y* — 2zy[Dx(t)][Dy(t)] + 2°[Dy(1))]?,

we arrive at the nonlinear fractional Picone type identity

_ [Falt,y, D2y(t))  Fi(t,z, D%x(t)) x2+A[yD“r(t) — xDy(t))?
Yy r y?

H{(t) +(a— A)[Dx(1)]. (6)
Suppose that(t) is solution of @) with z(¢;) = z(t2) = 0, wheret; < t» andy is a solution of 2) that does not have a
zero in(ty, t2). Integratingb) from ¢, to ¢ gives0 but from conditions3) and @) the integral of the right hand side @)(is
positive. This contradiction proves the following result.
Theorem 2. If equation(l) is oscillatory and condition§3) and (4) hold, then Eq(2) is oscillatory.
If Eq. (1) is replaced by

D (a(t)(Dy (1) (8) + F1(t, y(t), Dy (1))(t) = E(t, x), ()

whereE : R x R — Ris continuous and all other quantities are the same, it is not hard to se6)thatomes the nonlinear
fractional Picone type identity

_ [Fa(ty, D?y(t))  Fa(t,x, DYx(t)) x2+A[yD“$(t)—$D°‘y(t)]2

Hit
(t) " . "

+(a — A)[DYz(1))? + E(t,z(t)z(t). (8)

The presence of the terifi(¢, ) changes the dynamics
of the solutions of equatioril). For example, it is possible
for equation(7) to have oscillatory solutions (have arbitrarily
large zeros) that do not change signs. To see this, consider zE(t,x) > 0for (t,z) € Ry x R. 9)

the very simple example of a second order linear ordinary ) ) o
differential equation (sayy = 1 in Definition 1) It would then be possible to obtain some corollaries like the

following.

Corollary 1 If conditions(3), (4), and (9) hold and Eq.(7)
2 +x=1,t>0. has an oscillatory orZ-type solution, then every solution of
(2) is oscillatory or Z-type.
Corollary 2 If conditions(3), (4), (and(9)) hold and Eq(2)
has a nonoscillatory solution, then every solution(&) ((7))
r%s nonoscillatory.

Herex(t) = 1 + sint is an oscillatory solution but(¢) > 0

for all t > 0. Such solutions have been referred toZag/pe
solutions. As strange as it may seem, this type of solutio
may have the same asymptotic properties as do nonoscilla-

tory solutions (see, for example, [8, 9]). 4. Conclusions

o _Therefore_,” in whfathfollows_ we will cIan]lﬁr/] solutions as »q \ve wished to do, we have obtained a generalization of the
eingnonoscillatoryif there existsI” > 0 such that:(t) # 0 3116545 Sturm-Picone theorem to nonlinear fractional differ-

for ¢ > T, oscillatory if for every ¢; € R. there exists  oqia equations. we were also able to extent the results to

t2 € Ry with t5 > ¢, such that(t;)z(tz) < 0, or Z-typeif o0 ations involving a perturbation tet

it has arpltrarlly large zeros but is ultimately nonnegative or It would be interesting to see if the results here could be

nonpositive. obtained for equations of higher order. Additional results for
Notice that in an argument used to prove Theorem Zhon-homogeneous or perturbed equations would also be of

above in the case wherd)(is replaced by{) and x(t) interest. Also, notice that if equatiori$)(and @) are linear

is @ nonnegativeZ-type solution, the same contradiction is in « andv, respectively, say (¢, u, us) = q(t)u(t)g(Du)

reached. However, if(t) is a nonpositiveZ-type solution, andFx(t, vy, v2) = Q(¢t)v(t)G(Dv), then condition4) be-

no contradiction is immediately obtained. This situation cancomesq(t)g(D“u) < Q(t)G(D*v), which are seemingly

be remedied by the addition of the condition unconnected. This could lead to some interesting situations.
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