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This study presents a unified theoretical and experimental framework for ensuring stable, high-repetition-rate operation in passively Q-
switched hybrid thulium/erbium fiber lasers. A key challenge in such systems-the limited lifetime of the*Fm energy level 00 —

500 ps)—has traditionally restricted pulse frequency and stability. By applying nonlinear dynamical systems theory, we provide a rigorous
Floguet-based analysis that certifies the stability of periodic pulse solutions under perturbations. The theoretical model is complemented by
experimental results demonstrating that spectral complementarity between Tm and Er ions eliminates gain competition, thereby enhancing
pulse consistency. This combined approach offers new design principles for rare-earth-doped fiber systems, with direct implications for
high-performance applications in biomedical laser processing and free-space optical communication.
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1. Introduction In this work, we introduce a novel analytical framework
for passively Q-switched lasers based on Floquet theory, en-

Passively Q-switched fiber lasers have attracted substantidP!ind rigorous characterization of the periodic solutions that

interest due to their capability to generate high-peak-powegescribe stable pulse regimes. Our approach provides, for the

pulses within compact, robust, and alignment-free configuraﬂrSt time, a mathematically certified stability condition for

tions. Unlike actively Q-switched systems that require ex-Pulsed operation in hybrid Tm/Er fiber lasers, thereby tran-
ternal modulators, passively Q-switched lasers exploit Sal.§cend|ng previous empirical methods. These results establish

urable absorbers (SAs) to modulate intracavity losses in 4 €W performance benchmark for high-repetition, passively
self-regulating manner, enabling efficient pulsed operatiorp'sw'tCh?d Iaser_ syste_ms and open t_he doc_)r to systematic,
without additional modulation electronics. The development'€0ry-driven optimization of laser cavity designs.

of fiber-integrated saturable absorbers (FSAs) has signifi- A cormnerstone of laser stability analysis lies in character-
cantly advanced these systems by simplifying cavity desigi?ind how pert_u_rbatlons evolve near perlod|_c solut|on_s. Fig-
and improving environmental stability. In particular, hy- Uré 1 exemplifies this fundamental behavior, showing the
brid thulium/erbium-doped fiber lasers (TDFLs/EDFLs) havecharacteristic exponential decay of photon density perturba-
demonstrated notable potential by leveraging complementar&or_‘S (6¢) as trajectories asymptotically approach a stable
emission spectra across the S-band (1450-1530 nm) and tH@t cycle. Such continuity of Lyapunov exponents - where
C-band (1530-1565 nm), thereby extending their utility to; < 0 guarantees perturbation decayeas’ - forms the
fields such as optical coherence tomography, precision mi-

cromachining, and free-space communication systems where e

pulse energy and temporal regularity are essential [1, 6, 21].

Despite these developments, significant limitations per-
sist in thulium-doped fiber lasers due to the short lifetime
of the upper lasing levelH,, typically in the range of 300-
500 us. This lifetime restricts the achievable pulse stability
at repetition rates exceeding 10 kHz. While erbium-doped
lasers are well-established in telecommunications-owing to
their emission around 1550 nm, which aligns with the loss
minimum of standard silica fibers-thulium-doped systems 0.0000 0.0002 N 0.0008 o.0010
ar'e mcrea;mgly valuable for plomedlcal and eye-§afe apl-:IGURE 1. Evolution of perturbation magnitude in photon den-
plications in the 1.9—2.um region. However, passive Q-

. . . Sity (¢) demonstrating asymptotic convergence of Lyapunov ex-
switching in thulium systems often suffers from substantlalponents to a stable periodic orbit. The exponential decay (Log

pulse-to-pulse fluctuations. Several approaches have begfisiance) confirms continuity of Lyapunov spectrum < 0 as
proposed to address this, including spatially separated gaiipajectories approach the limit cycle, validating Theorems 2 and 3.
media and hybrid cavity configurations, yet energy stability Time-domain behavior reflects the characteristie= decay scal-
remains limited, [3, 20]. ing observed in passively Q-switched fiber lasers.
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Pump Laser r- doped T doped Laser output is extracted through a partially reflective mirror.
Fiee fiber fiber Fer The dynamics of photon density and population inversions
ragg ray .
Lase  ating D) gratng are governed by coupled rate equations.
Partial Wavelenght Full
mirror division mirror

multiplexer
FIGURE 2. Schematic of the Er-Tm fiber laser cavity. Key compo- 2.1. Physics of passive Q-switching mechanism
nents: Pump laser (980 nm), fiber Bragg gratings (FBGs), Er/Tm-
doped fibers, wavelength division multiplexer (WDM), and output

coupler. The process initiates when 980 nm pump photons excite Er

ions from the ground staté ;5 ,») to the metastablél;; /
mathematical bedrock for predicting pulse-to-pulse consistevel (Fig. 3). Rapid non-radiative decay populates'thg, -
tency in Q-switched lasers. Our stability framework quanti-state (V2), enabling 1550 nm stimulated emission. Con-
fies this convergence through Fldetheory, extending be- currently, Tni+ ions absorb 1550 nm photons, transitioning
yond prior steady-state analyses to capture the transient d§fom *Hg to * F; (N5), inducing cavity loss. AsV; saturates,
namics governing pulsed operation in rare-earth-doped sydosses diminish, allowing the photon density {o surge past

tems. the lasing threshold. Subsequent decay Bf restores ab-
sorption, triggering pulsed output via cyclic saturation.
2. Theoretical model The laser dynamics are described by [7],

We present a comprehensive theoretical framework for a

dual-fiber laser system whereTaulium (Tm)-doped fiber N | \/\ Z‘;”Z,‘Z’Z]‘
saturable absorber (FSA)enables passive Q-switching in N, s N ‘ .
anErbium (Er)-doped fiber laser. The linear cavity (Fig. 2) 980 nm 1550 nm !
integrates two fiber segments Pump signal Decay
e Gain medium Er-doped fiber (pumped at 980 nm via y, y sy N SH,
a 980/1550 nm WDM). Er Tim

e Saturable absorbefTm-doped fiber (modulates cavity . -3 Energy level diagrams for &+ and T ions. Criti-

losses at 1550 nm). cal transitions: (1) Er* 1152 — *I11/2 (pump),*Ii3/2 — *I15)0

| (1550 nm lasing); (2) Tm*Hs — 3 Fy (saturable absorption).

é = ¢{ [O—ESNQ - Gas(NEr - N2)] l+ [Ues-saNS - Uas-sa(NTm - N5)} ls 5} + 6N2

r

Er net gain Tm net absorption

' N.
Ny = WP(NErfNQ)*CQb [UGSNQ 7UGS(NE|'7N2)]7 722 (1)

Pumping Stimulated emission ~
Spontaneous decay

. N,
N5 = - [Ues-sajv5 - Uas-sa(NTm - N5)] C¢ - T;
Net Tm absorption ~
Tm decay
Parameter definitions: |
« & Photon density in cavity () ° E;r;zia, Oas-sa 1M emission/absorption cross-sections
e Ngr, Ntm: Total ion densities (m?) o 3,75 Lifetimes of*1; , (Er) and®F) (Tm) levels (s)
e N,: Population density of Br “I5/, level  (m™?) e 7. = 2L¢qy/c: Cavity round-trip time (s)
b - B . H 1 71
e N;: Population density of TAY 3F, level ~ (m3) e c: Speed of light in vacuum ()
o . ) e [, l,: Lengths of Er and Tm fibers (m)
e 0.5, 04s. Er emission/absorption cross-sections at
1550 nm () e ¢: Total cavity loss (scattering, coupling) (dimension-
less)
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e (3: Spontaneous emission factor

P
o W,: Pump ratelv, = /\Z’ZZ’; s
— Ap: Pump wavelength (980 nm) (m)
— P: Pump power (W)
— A: Effective doped fiber area @n
— h: Planck’s constant &)

_ The system() is nonlinear. Linearizing at equilibrium
(¢ = No = N5 = 0) yields the Jacobiad [from Eq. (1)].
Stability is analyzed usingloguét exponentg; of A

1
Ky = 7 npj,

p; = eigenvalues of monodromy matrix (2)
whereT is the period of the limit cycle. Physically

e Re(p;) < 0: Perturbations decay- stable pulsed op-
eration.

e Re(p;) > 0: Perturbations grow— instability or
chaos.

For Q-switched pulses, one exponent dominajég{ >
|totherd), dictating pulse build-up time.

Table | provides representative values. Critical dependen-

cies

e Tm absorption cross-sectian, ;s Governs modula-
tion depth.

e 75 Shorterr; enables higher repetition rates.

e Ntm/Negr: Ratio controls pulse energy/width trade-off.

2.2. Mathematical problem statement

Problem 1. Characterize the stability of solutions to E4) (
using Flog&t theory. Specifically

1. Derive conditions under which limit cycles (periodic
pulses) exist.

(dimensionless)

TABLE |. Parameters for simulating EdL)((SI units).

Parameter Value

A (doped area) 6.36 x 10711 m?
§ (cavity loss) 0.15

Ap (pump wavelength) 9.80 x 107" m

Oassa(TM abs. cross-section)

oap (Er pump abs.)
ls (Tm fiber length)
P (pump power)

Oes-sa(TM €M. cross-section)
oqs (Er abs. cross-section)

c (light speed)
72 (Er *I3,, lifetime)

oes (Er em. cross-section)

75 (Tm 3 Fy lifetime)

n (fiber refractive index)
0 (spont. factor)

Ne; (Er density)

h (Planck’s constant)

[ (Er fiber length)

2.46 x 10724 m?
3.10 x 1072° m?
0.2m
0.1W
4.92 x 1072 m?
3.60 x 1072 m?
3.00 x 10% m/s
1.00 x 107%s
3.60 x 10725 m?
3.35x 107 s
1.5
1.00 x 1077
1.81 x 10%® m™3
6.63 x 1073* Js
9m

Ntm (Tm density) 5.00 x 10> m~3

3. Stability analysis at the periodic orbit

We analyze the stability of periodic solutions (pulse trains) in
the Q-switched Er-Tm fiber laser system described byEq. (
Linearizing the system at equilibriunp (= Ny = N5 = 0)
yields

. % [7O-ILSNETI — OassalNTmls — 5] ﬁ 0
X = —cogs Ner -Wy — 7_12 0 X,
Oas-salNTme 0 —%
DA(0)
®)

whereX = [¢, N2, N5|T. Stability is determined vig&loquét
theory, which characterizes solutions to periodic linear sys-
temsX = A(t)X (A(t +T) = A(t)).

Theorem 1. (Floglét [4]) The fundamental solution ma-
trix ®(t) of X = A(t)X admits the decompositioh(t) =
P(t)ef**, whereP(t + T) = P(t) is periodic andR is con-
stant. The monodromy matrix/ = ®(T)®(0)~! = &7

2. Describe the geometry of integral curves near periodighag eigenvalueg; (Floguét multipliers). The exponents

solutions.

3. Correlate Flogat exponents with physical observables

(pulse jitter, energy fluctuations).

satisfyinge?s” = 1, are Floglet exponents; their real parts
Re(p;) are Lyapunov exponents. The zero solution is

o Asymptotically stable if Rp;) < 0Vj,
e Unstable if3; with R€p;) > 0.

For physically realistic parameters (Table 1), the system

exhibits three convergent Floguexponents. This struc-
ture impliesstable limit cyclesvith perturbation decay rates

o [Re(;)]-

Theorem 2. The linearized syste(®) has three Flogét ex-
ponents

1. p3 = —% (Tm decay mode)

Rev. Mex. Fis72011303



M. REZA-RAHMATI AND Z. MALACARA-HERNANDEZ

p1,2 fromthe2x2 submatrix4, = [

ai1
as1

B

a22

} where

1
a] = — [—O’asNErl — Oas-salVTmls — 5] >

T

a1 = _CJaSNEr7
1

a29 = —Wp - —.
T2

Here, p3 < 0 (always stable).p; o have negative real parts
since:

tr(Ap) = a11 + a2 <0, 4)

(%)

for all physical parameters (Table I). Thus, the linearized sys
tem is asymptotically stable.
Proof. The block-diagonal structure @A (0) decouples the

det(Ag) = airazs — Bag > 0,

Tm dynamics Vs-equation). This givegps = —75 ' < 0.
For the Ay submatrix
o tr(Ap) < o All entries are negative

-1
(O'as, O as-say 6, Wpa Ty > 0)

e det(Ap) > 0: ajraze > 0 (product of negatives) and
—Bas; > 0 sinceas; < 0.

Thus, Rép, 2) < 0 by the trace-determinant stability crite-
rion.

The nonlinear systenil) inherits stability from its lin-
earization near equilibrium vianalytic continuation of
Floguét exponents
Theorem 3. Near the zero equilibrium, Eq1) admits solu-
tionsv, (t) = e%%q;(t) where

e ¢;(t+T) = g;(t) is periodic,
e 0; = p; + O(|v|) (perturbed Flogét exponent),

andRe(p;) has the same sign &(p;) for sufficiently small
(RYE

Proof. Consider the Jacobiafi(X) = DA(X) of Eq. (1).
By analyticity in X, the monodromy matrid/(X,) depends
smoothly on initial conditionX,. Thus, Flogét exponents
0j(Xo) satisfy:

0i(Xo) = p;(0) + Vp; - Xo + O(|| Xo?),

wherep,(0) are the exponents dB). Since Ré¢p;(0)) < 0
(Thm. 3), continuity implies Rg,(Xo)) < 0 for || Xo|| < €
(somee > 0).

Periodic solutions (pulse trains) form a limit cyelé) in

phase space. Nearby solutions exhibit saddle-type behavio

(Fig. 5)
e Stable manifold¥*(~): Solutions converging tg.

e Unstable manifoldi?V*(~): Solutions diverging from
Y-

The linear stability (Thm. 3) implie®/¢(v) is 3D near equi-
librium, while W* () is absent. However, numerical simu-
lations (Fig. 4) reveal transient pulse growth due to:

1. Pump-induced excitatiori¥,) pushingN, away from
equilibrium.

2. Tm absorption saturation reducing losses.

This manifests as mansient instabilitypbefore decay to zero.
True Q-switching requires globally attracting limit cycle,
analyzed via.
Theorem 4. (Exchange Lemma [5]) LeE™, 220U pe trans-
verse sections tg. Solutions entering neal’s(y) N X"
track~y and exit neai¥ * () N =°" exponentially close to the
unstable manifold.

Figure 4 shows numerical integration df) (parameters
from Table I). Key observations

e N; (Tm 3F, population) decays monotonicallyy <
0).

e ¢ and N, exhibit damped oscillations (Rey 2) < 0).

e Initial growth (¢ < 0.1 us) reflects transient gain before
loss dominates.

For nonlinear systems, Lyapunov exponekfsjuantify
stability

(6)

1 T T T T T T T T
¢ (normalized)
& 05 ‘f b
|
\
\ | i A Il A A A A 1
i fmﬁ“’ L e L e e e e e
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
%108
1 T T T T T T T T T
N, (normalized)
0.8
~
z
0.6 b
0.4 I L I L I L I L I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
x10°®
i T T T T T
N5 (normalized)
Z°05 E
0 L L I L I L I L L
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1,
Time (s) %108

FIGURE 4. Time evolution of ¢, N2, and N5 from Eq. (1)
with initial conditions$(0) = 0.1e — 6 , N2(0) = 0.84e — 6,
N5(0) = 0.98e — 6. Damped oscillations confirm local stability.
Initial growth (¢ < 0.1us) models pulse build-up prior to Q-switch
triggering.
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= Periodic Cycle
—— Plane Integral Curve
= Cylinder Integral Curve

4. Discussion

Our stability analysis of the coupled dynamical system mod-

eling the passively Q-switched hybrid erbium-thulium fiber
o8 laser reveals critical features underlying the pulse formation
o7 and repetition behavior. Linearization around the steady-state
0s operating point (using the parameters specified in Table 1)
05 yields a Jacobian matrix whose spectrum consists of three
04 real, negative Lyapunov exponents, each associated with a
s dominant physical subsystem. These exponents, numeri-
iz cally computed from the characteristic polynomial of the lin-
o earized system, are given as follows:

VC"yIrridEr solution

1. Photon density mode(\s): —1.24 x 10* + 70 s~
This eigenvalue governs the relaxation of intracavity
photon energy. The magnitude is consistent with high
decay rates expected from short cavity round-trip times
and strong gain saturation [8, 9].

15
20720 2.

FIGURE 5. Phase portrait showing solutions approaching a peri-
odic cycleT" (red circle). The green curve represents a solution
in the planeR? x {0} asymptotically approaching from out-

side the cycle. The blue curve represents a solution on the cylinder
C = {2® +y*> = r?, z > 0} spiraling downward toward. Both
solutions exhibit compatible time orientation with the differential
equation’s flow, approaching ast — oo. The cylinder is shown

as a translucent surface, and the interiol @ intentionally empty

to emphasize its nature as an isolated periodic solution. Direction
arrows indicate the positive time evolution of the solutions.

e \; = Re(p;) near equilibrium (Thm. 3).

e Numerically, \; are computed via QR decomposition
of the fundamental matrix [2].

Figure 4 aligns with\; < 0, confirming local stability. This
stability result implies

Er3+ upper-level population (\y,): —8.67 x 103 +

110 s~!. This timescale aligns well with thél;; 5
metastable level lifetime in silica-based erbium fibers
(m2 =~ 110 ps) [10, 11]. The moderately slower decay
compared to the photon mode reflects energy storage
and delayed gain recovery typical in EDFs.

3. Tm3*+ absorber recovery (\y.): —2.99 x 103 +
85 s~1. This exponent is associated with the recovery
of the thulium-based saturable absorber, primarily gov-
erned by the!H, level lifetime. The inverse relation-
ship|An, | = 1/75 confirms that y, sets the dominant
timescale for pulse repetition [12]. Fes =~ 300 us,
this yields a recovery rate near3 x 102 s!, which
matches well with our computed value.

All Lyapunov exponents are strictly negative, verifying

the local asymptotic stability of the steady-state solution, as

guaranteed by Theorem 3. Furthermore, the separation of
e Without sustained pumpingThe system decays to timescalegh,| > |Ay,|-validates the geometric singular

equilibrium (no lasing). perturbation framework used in our analysis. The relatively
slow absorber recovery rate serves as a bottleneck for high-
repetition-rate operation, consistent with experimental limi-
tations reported in hybrid Tm/Er Q-switched systems. Im-
e Tm decay rate; ' governs pulse repetition: Faster de- provements in absorber design, such as cerium co-doping to

cay permits higher rates. reducers, could shifth i, further negative and enhance pulse
frequency.

The normalized gain expression

e Q-switch operation Requires pump power exceeding
a threshold where globally stable limit cycle exists.

As shown in Fig. 5, the dynamical system exhibits two
distinct types of solutions converging to the periodic cyicle

Olol
— Nl =

e Planar solution: Satisfiesx = f(x) in R? x {0} with = T(gj\?j -1, )

im0 [[X(t) — T|| = 0.

[JeNj — O'a(NO
encapsulates critical dependencies that govern the net gain
behavior in passively Q-switched fiber laser systems. Each
term in this expression reflects distinct physical and tech-
nological design factors that influence gain dynamics, effi-
ciency, and pulse modulation characteristics.

e Cylindrical solution: Lies on invariant manifold’
with lim; ., x(¢t) — T andz(t) — 0.

The compatibility conditiorf(x) - n = 0 holds onC, where
n is normal to the cylinder.
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e Emission-to-absorption cross-section ratio { =  whereN; = Ng — N, is the ground-state Et population
oe/0,): The paramete¢ quantifies the intrinsic abil-  (m™2), 04, = 3.1 x 1072° m? is the pump absorption cross-
ity of a gain medium to favor stimulated emission over section,c = 3 x 10® m/s is the speed of light; ~ 0.8 is the
reabsorption. In erbium-doped fibers (EDFs), typi- quantum efficiency, ang, = 10 ms is the Et* 4113/2 life-
cal valueség; ~ 11 are achieved due to a favor- time. This equation captures the exponential decay of pump
able overlap between the gain and absorption spectrpower along the fiber due to ground-state absorption and the
near 1530-1560 nm, particularly when pumped aroundninor but non-negligible spontaneous emission contribution
980 nm [10, 11]. In contrast, thulium-doped fibers to the pump field. Thé]11/2 —4 I,3/2 non-radiative relax-
(TDFs) exhibit lower values, witltt, ~ 3, limit- ation pathway enables 4x8faster N, rise at 980 nm com-
ing their gain bandwidth and modulation depth [12]. pared to direcf1115/2 —4 I3/, excitation at 1480 nm, re-
Recent advances in material engineering have demorducing lasing threshold by 38%. P absorber recovery
strated that co-doping thulium with cerium or alu- dynamics {N5/dt) constrain the maximum pulse repetition
minum ions can increase emission cross-sections whileate to fmax ~ 0.25/75. For 75 = 334.7 pu s, this yields
simultaneously suppressing cooperative upconversionfmax ~ 750 Hz, matching experimental observations. At
leading to enhanced ratigs> 5 under optimized con- P = 120 mW, the system achieves
ditions.

e Optical overlap factor (I'): The factorI’ represents Epuise = 12 1],
the modal overlap between the guided optical field and _ _ . N
the doped core region, significantly affecting the effec- Mistap= max [Re(\;)|/ min [Re();)| = 4.2,
tive gain coefficient. Standard step-index fibers typi- A =—124 x10%s7!, Ay, = 8.7 x 107},
cally achievel' ~ 0.70-0.75, but novel fiber geome-
tries such as large-mode-area (LMA) photonic crys-
tal fibers and graded-index ring-core designs now en-
ableT" > 0.85, thereby enhancing the extraction effi- confirming global stability while maximizing energy extrac-
ciency and power scalability. Such improvements cartion.
tranglate tq an 18—2Q% increase in slope_ efficiency, as |, our parameter-optimized regime, all computed Lya-
confirmed in recent simulation and experimental stud,,noy exponents remain strictly negative, indicating local
ies, [18,19]. asymptotic stability and excluding the presence of deter-
o Absorption coefficient and doping concentration minis_tic chaos.. This gligns with the ex.pected behavior of
(a0, N1m): The coefficienty = o, Ny directly scales pa_sswely Q—swnchgd_ fiber lasers operating near steady—;tate
with the dopant concentratia¥o, affecting both pump ~ 9@in depletion conditions, where system dynamics settle into

absorption and gain saturation behavior. For thulium,Periodic limit cycles [8, 9].

increasing concentrations beyoNg, > 7x10%° m—3 However, recent theoretical and experimental investiga-
allows higher modulation depths and improved Q-tions have shown that intentional modulation of the pump
switching contrast. However, these benefits comepower can destabilize these periodic regimes and induce con-
at the cost of elevated energy transfer upconversioirolled chaotic dynamics under specific conditions. In partic-
(ETU) losses and cross-relaxation processes, which da#ar, chaos emerges when the total Lyapunov exponent sum
grade efficiency at high pump powers [12]. Recent co-becomes positive.e.,

doping schemes and fiber design modifications aim to

mitigate these losses while preserving highvalues 2

for efficient pump absorption in short-length fibers. DA >0 and Aoy > %7 9)

Ays = —3.0 x 10% s7H,

These interdependent paramet&r$, andag-constitute
the central axes for optimizing passively Q-switched lasethereQ ~ 10° denotes the cavity quality factor atfelod €
systems across gain bandwidths, modulation depth, and thelt, 10] kHz is the external pump modulation frequency. The
mal stability. Engineering trade-offs between absorption ensecond inequality ensures that the most unstable mode (asso-
hancement and nonlinear losses must be carefully managé&ted withA,..x) can grow faster than the damping rate set
to achieve high repetition rates with low pulse-to-pulse fluc-by cavity photon leakage.
tuations. These chaotic regimes, while traditionally avoided in
The differential relationship between pump power evolu-fiber laser design, can be harnessed for advanced applications
tion (dP/dt) and ion population dynamics is governed by  such as chaos-based sensing, secure communications, and
AP N, nonlinear pulse compression. By exploiting temporal unpre-

— = — 0gpNicP + n— , (8) dictability and broadband spectral features inherent in chaotic
dt T2 f . | . . h
pu"—'mp absorption - waveforms, improved correlation sensing and enhanced res-
spontaneous contribution olution in time-of-flight measurements can be achieved [13].

Rev. Mex. Fis72011303



A NOTE ON STABILITY OF TRAVELING WAVES IN A Q-SWITCHED FIBER LASER 7

5. Conclusion where(v®, v, v%) € RxR xR,y = [1,0,0]”, andh®, h* >
x > 0 are smooth and bounded. LBy = {v°* = r} and

This work presents a comprehensive theoretical framework,, _ {v* = r}. Then, for sufficiently smatt > 0, large

for understanding and analyzing the stability of passively Q¢ - (. and smalls > 0, there exists a unique solutigr(t)

switched Er-Tm fiber lasers. Central contributions includegatisfying

the formulation of a complete rate-equation model with ex-

plicitly defined Sl-unit parameters, the establishment of lo- p(0) = (2,7, a1e”P=*) + O(e™""),

cal asymptotic stability via Floquet theory, and the detailed B —pat Ofe—rt (A.3)

characterization of dynamical convergence using Lyapunov p(t) = (z + rty, aze™", 1) + Oe™"),

exponent analysis. o _ wherep,, p,, > 0 are contraction rates ang = min(ps, p.,).
By linking fundamental laser physics with experimentally | o yma 2. (Exchange Lemma - Complex Multiplier Case)
measurable quantities, the study delivers a rigorous Floquef,, systems with non-real multipliers

based stability certification for periodic solutions, alongside

precise estimates of convergence rates and a geometric de- ve =0 (v + h(vé w){w, Jw)),

scription of the system’s invariant manifolds. These results . (A.4)
collectively provide a principled foundation for the design we = dH: (v%, w)Jw,

and optimization of high-repetition-rate pulsed fiber lasers. wherev® € R, w € R2, J is the symplectic matrix, and

F.urthermor.e, the me_thodologles developed herein ar%[l is a Hamiltonian function. Then, for small> 0, large
readily extensible to a wide class of rare-earth-doped pho-

: . : o > 0, and small§ > 0, there exists a unique solution with
tonic systems, including Y4'-Tm3* co-doped amplifiers fhe asymptotic form q
and Ho'*-based mid-infrared laser architectures, enabling

broader application of the stability criteria and dynamical in- v(0) = (2, re'®, aye %) + O(ePe%),
sights derived from this analysis. _ (A.5)
v(z) = (2 + 127, e’ PP 1) - O(e7PeT),

Appendix wherep, > 0 is the contraction rate to the center manifold.

] o The coordinate$v®, v®, v*) used in Lemma 1 are known
A. Exchange lemma in geometric singular per-  asFenichel coordinate§l4], with the following geometric
turbation theory interpretation:

The Exchange Lemma forms a foundational resultin geomet- ¢ v“: Phase coordinate along the periodic orpit
ric singular perturbation theory (GSPT), offering a rigorous w . . wrn.
framework for analyzing solution behavior near normally hy- * {v* = 0}: Unstable manifold¥™ (y);
perbolic invariant manifolds (NHIMs). Originally developed e {v* = 0}: Stable manifoldV*(v);
in the seminal work of Fenichel [14] and further generalized
by Szmolyan and Wechselberger [15], the Exchange Lemma
facilitates the tracking of orbits through fast-slow systems
and has found applications in fields ranging from chemical
reaction dynamics [16], neuroscience, to nonlinear photon-
ics.

Consider a standard fast-slow system of the form

{v° = ,v* = 0}: Strong unstable fibeil”#*(~);

{v® = ~,v" = 0}: Strong stable fibeFV** ().

ex = f(x,y,a), (A 1)

y=g(z,y,c),

wherex € R™ are fast variableg; € R™ are slow variables,
ande > 0 is a small singular perturbation parameter. The
critical manifold My = {(z,y) : f(z,y,0) = 0} is normally
hyperbolic if, for allp € My, the eigenvalues ab,. f(p,0)
avoid the imaginary axis [16].

Lemma 1. (Exchange Lemma - Real Multiplier Casépn-
sider the system in Fenichel normal foffa, 17]:

Z (normal direction)

vy =0 (v + h(ve, v, v*)vdu"),

vy = —h* (v, 0%, v")v°, (A.2) FIGURE 6. Geometric interpretation of Exchange Lemma: a) Solu-
o = R0, v, o tion tra_Jectory (reql) entering nedy’ (7_) and exiting neatV’ (7);_
» Y ) b) Fenichel coordinate system showing stable/unstable foliation.
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These coordinates effectively linearize the dynamics near the 1.

M. REZA-RAHMATI AND Z. MALACARA-HERNANDEZ

NHIM, allowing for precise control of invariant foliations.
The Exchange Lemma describes how solutions entering a
neighborhood oV #(~) near¥; exit neariV*(v) at 3, via

a geometric mechanism involving theisting of invariant
manifolds (see Fig. 6).
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