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A note on stability of traveling waves in aQ-switched fiber laser
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This study presents a unified theoretical and experimental framework for ensuring stable, high-repetition–rate operation in passively Q-
switched hybrid thulium/erbium fiber lasers. A key challenge in such systems-the limited lifetime of the Tm3+ 3H4 energy level (300 −
500 µs)–has traditionally restricted pulse frequency and stability. By applying nonlinear dynamical systems theory, we provide a rigorous
Floquet-based analysis that certifies the stability of periodic pulse solutions under perturbations. The theoretical model is complemented by
experimental results demonstrating that spectral complementarity between Tm and Er ions eliminates gain competition, thereby enhancing
pulse consistency. This combined approach offers new design principles for rare-earth-doped fiber systems, with direct implications for
high-performance applications in biomedical laser processing and free-space optical communication.
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1. Introduction

Passively Q-switched fiber lasers have attracted substantial
interest due to their capability to generate high-peak-power
pulses within compact, robust, and alignment-free configura-
tions. Unlike actively Q-switched systems that require ex-
ternal modulators, passively Q-switched lasers exploit sat-
urable absorbers (SAs) to modulate intracavity losses in a
self-regulating manner, enabling efficient pulsed operation
without additional modulation electronics. The development
of fiber-integrated saturable absorbers (FSAs) has signifi-
cantly advanced these systems by simplifying cavity design
and improving environmental stability. In particular, hy-
brid thulium/erbium-doped fiber lasers (TDFLs/EDFLs) have
demonstrated notable potential by leveraging complementary
emission spectra across the S-band (1450–1530 nm) and the
C-band (1530–1565 nm), thereby extending their utility to
fields such as optical coherence tomography, precision mi-
cromachining, and free-space communication systems where
pulse energy and temporal regularity are essential [1,6,21].

Despite these developments, significant limitations per-
sist in thulium-doped fiber lasers due to the short lifetime
of the upper lasing level3H4, typically in the range of 300-
500µs. This lifetime restricts the achievable pulse stability
at repetition rates exceeding 10 kHz. While erbium-doped
lasers are well-established in telecommunications-owing to
their emission around 1550 nm, which aligns with the loss
minimum of standard silica fibers-thulium-doped systems
are increasingly valuable for biomedical and eye-safe ap-
plications in the 1.9–2.0µm region. However, passive Q-
switching in thulium systems often suffers from substantial
pulse-to-pulse fluctuations. Several approaches have been
proposed to address this, including spatially separated gain
media and hybrid cavity configurations, yet energy stability
remains limited, [3,20].

In this work, we introduce a novel analytical framework
for passively Q-switched lasers based on Floquet theory, en-
abling rigorous characterization of the periodic solutions that
describe stable pulse regimes. Our approach provides, for the
first time, a mathematically certified stability condition for
pulsed operation in hybrid Tm/Er fiber lasers, thereby tran-
scending previous empirical methods. These results establish
a new performance benchmark for high-repetition, passively
Q-switched laser systems and open the door to systematic,
theory-driven optimization of laser cavity designs.

A cornerstone of laser stability analysis lies in character-
izing how perturbations evolve near periodic solutions. Fig-
ure 1 exemplifies this fundamental behavior, showing the
characteristic exponential decay of photon density perturba-
tions (δφ) as trajectories asymptotically approach a stable
limit cycle. Such continuity of Lyapunov exponents - where
λj < 0 guarantees perturbation decay aseλjt - forms the

FIGURE 1. Evolution of perturbation magnitude in photon den-
sity (φ) demonstrating asymptotic convergence of Lyapunov ex-
ponents to a stable periodic orbit. The exponential decay (Log
Distance) confirms continuity of Lyapunov spectrumλj < 0 as
trajectories approach the limit cycle, validating Theorems 2 and 3.
Time-domain behavior reflects the characteristiceλmaxt decay scal-
ing observed in passively Q-switched fiber lasers.
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FIGURE 2. Schematic of the Er-Tm fiber laser cavity. Key compo-
nents: Pump laser (980 nm), fiber Bragg gratings (FBGs), Er/Tm-
doped fibers, wavelength division multiplexer (WDM), and output
coupler.

mathematical bedrock for predicting pulse-to-pulse consis-
tency in Q-switched lasers. Our stability framework quanti-
fies this convergence through Floquét theory, extending be-
yond prior steady-state analyses to capture the transient dy-
namics governing pulsed operation in rare-earth-doped sys-
tems.

2. Theoretical model

We present a comprehensive theoretical framework for a
dual-fiber laser system where aThulium (Tm)-doped fiber
saturable absorber (FSA)enables passive Q-switching in
anErbium (Er)-doped fiber laser. The linear cavity (Fig. 2)
integrates two fiber segments

• Gain medium: Er-doped fiber (pumped at 980 nm via
a 980/1550 nm WDM).

• Saturable absorber: Tm-doped fiber (modulates cavity
losses at 1550 nm).

Laser output is extracted through a partially reflective mirror.
The dynamics of photon density and population inversions
are governed by coupled rate equations.

2.1. Physics of passive Q-switching mechanism

The process initiates when 980 nm pump photons excite Er3+

ions from the ground state (4I15/2) to the metastable4I11/2

level (Fig. 3). Rapid non-radiative decay populates the4I13/2

state (N2), enabling 1550 nm stimulated emission. Con-
currently, Tm3+ ions absorb 1550 nm photons, transitioning
from 3H6 to 3F4 (N5), inducing cavity loss. AsN5 saturates,
losses diminish, allowing the photon density (φ) to surge past
the lasing threshold. Subsequent decay of3F4 restores ab-
sorption, triggering pulsed output via cyclic saturation.

The laser dynamics are described by [7],

FIGURE 3. Energy level diagrams for Er3+ and Tm3+ ions. Criti-
cal transitions: (1) Er:4I15/2 → 4I11/2 (pump),4I13/2 → 4I15/2

(1550 nm lasing); (2) Tm:3H6 → 3F4 (saturable absorption).

φ̇ =
φ

τr

{
[σesN2 − σas(NEr −N2)] l︸ ︷︷ ︸

Er net gain

+ [σes-saN5 − σas-sa(NTm −N5)] ls︸ ︷︷ ︸
Tm net absorption

−δ

}
+ βN2

Ṅ2 = Wp(NEr −N2)︸ ︷︷ ︸
Pumping

− cφ [σesN2 − σas(NEr −N2)]︸ ︷︷ ︸
Stimulated emission

− N2

τ2︸︷︷︸
Spontaneous decay

Ṅ5 = − [σes-saN5 − σas-sa(NTm −N5)] cφ︸ ︷︷ ︸
Net Tm absorption

− N5

τ5︸︷︷︸
Tm decay

(1)

Parameter definitions:

• φ: Photon density in cavity (m−3)

• NEr, NTm: Total ion densities (m−3)

• N2: Population density of Er3+ 4I13/2 level (m−3)

• N5: Population density of Tm3+ 3F4 level (m−3)

• σes, σas: Er emission/absorption cross-sections at
1550 nm (m2)

• σes-sa, σas-sa: Tm emission/absorption cross-sections
(m2)

• τ2, τ5: Lifetimes of4I13/2 (Er) and3F4 (Tm) levels (s)

• τr = 2Lcav/c: Cavity round-trip time (s)

• c: Speed of light in vacuum (m·s−1)

• l, ls: Lengths of Er and Tm fibers (m)

• δ: Total cavity loss (scattering, coupling) (dimension-
less)
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• β: Spontaneous emission factor (dimensionless)

• Wp: Pump rate,Wp =
λpσapP

Ahc
(s−1)

– λp: Pump wavelength (980 nm) (m)

– P : Pump power (W)

– A: Effective doped fiber area (m2)

– h: Planck’s constant (J·s)

The system (1) is nonlinear. Linearizing at equilibrium
(φ̇ = Ṅ2 = Ṅ5 = 0) yields the JacobianA [from Eq. (1)].
Stability is analyzed usingFloquét exponentsµj of A

µj =
1
T

ln ρj ,

ρj = eigenvalues of monodromy matrix, (2)

whereT is the period of the limit cycle. Physically

• Re(µj) < 0: Perturbations decay→ stable pulsed op-
eration.

• Re(µj) > 0: Perturbations grow→ instability or
chaos.

For Q-switched pulses, one exponent dominates (µmax À
|µothers|), dictating pulse build-up time.

Table I provides representative values. Critical dependen-
cies

• Tm absorption cross-sectionσas-sa: Governs modula-
tion depth.

• τ5: Shorterτ5 enables higher repetition rates.

• NTm/NEr: Ratio controls pulse energy/width trade-off.

2.2. Mathematical problem statement

Problem 1. Characterize the stability of solutions to Eq. (1)
using Floqúet theory. Specifically

1. Derive conditions under which limit cycles (periodic
pulses) exist.

2. Describe the geometry of integral curves near periodic
solutions.

3. Correlate Floqúet exponents with physical observables
(pulse jitter, energy fluctuations).

For physically realistic parameters (Table I), the system
exhibits three convergent Floquét exponents. This struc-
ture impliesstable limit cycleswith perturbation decay rates
∝ |Re(µj)|.

TABLE I. Parameters for simulating Eq. (1) (SI units).

Parameter Value

A (doped area) 6.36× 10−11 m2

δ (cavity loss) 0.15

λp (pump wavelength) 9.80× 10−7 m

σas-sa (Tm abs. cross-section) 2.46× 10−24 m2

σap (Er pump abs.) 3.10× 10−25 m2

ls (Tm fiber length) 0.2 m

P (pump power) 0.1 W

σes-sa (Tm em. cross-section) 4.92× 10−25 m2

σas (Er abs. cross-section) 3.60× 10−26 m2

c (light speed) 3.00× 108 m/s

τ2 (Er 4I13/2 lifetime) 1.00× 10−2 s

σes (Er em. cross-section) 3.60× 10−25 m2

τ5 (Tm 3F4 lifetime) 3.35× 10−4 s

n (fiber refractive index) 1.5

β (spont. factor) 1.00× 10−7

NEr (Er density) 1.81× 1025 m−3

h (Planck’s constant) 6.63× 10−34 J·s
l (Er fiber length) 9 m

NTm (Tm density) 5.00× 1025 m−3

3. Stability analysis at the periodic orbit

We analyze the stability of periodic solutions (pulse trains) in
the Q-switched Er-Tm fiber laser system described by Eq. (1).
Linearizing the system at equilibrium (φ = N2 = N5 = 0)
yields

Ẋ =




1
τr

[−σasNErl− σas-saNTmls − δ] β 0

−cσasNEr −Wp − 1
τ2

0

σas-saNTmc 0 − 1
τ5




︸ ︷︷ ︸
DA(0)

X,

(3)

whereX = [φ,N2, N5]T . Stability is determined viaFloquét
theory, which characterizes solutions to periodic linear sys-
temsẊ = A(t)X (A(t + T ) = A(t)).
Theorem 1. (Floqúet [4]) The fundamental solution ma-
trix Φ(t) of Ẋ = A(t)X admits the decompositionΦ(t) =
P (t)eRt, whereP (t + T ) = P (t) is periodic andR is con-
stant. The monodromy matrixM = Φ(T )Φ(0)−1 = eRT

has eigenvaluesµj (Floquét multipliers). The exponentsρj

satisfyingeρjT = µj are Floqúet exponents; their real parts
Re(ρj) are Lyapunov exponents. The zero solution is

• Asymptotically stable if Re(ρj) < 0 ∀j,

• Unstable if∃j with Re(ρj) > 0.

Theorem 2. The linearized system(3) has three Floqúet ex-
ponents

1. ρ3 = − 1
τ5

(Tm decay mode),
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2. ρ1,2 from the2×2 submatrixA0 =
[
a11 β
a21 a22

]
where

a11 =
1
τr

[−σasNErl − σas-saNTmls − δ] ,

a21 = −cσasNEr,

a22 = −Wp − 1
τ2

.

Here,ρ3 < 0 (always stable).ρ1,2 have negative real parts
since:

tr(A0) = a11 + a22 < 0, (4)

det(A0) = a11a22 − βa21 > 0, (5)

for all physical parameters (Table I). Thus, the linearized sys-
tem is asymptotically stable.
Proof. The block-diagonal structure ofDA(0) decouples the
Tm dynamics (N5-equation). This givesρ3 = −τ−1

5 < 0.
For theA0 submatrix

• tr(A0) < 0: All entries are negative
(σas, σas-sa, δ,Wp, τ

−1
2 > 0).

• det(A0) > 0: a11a22 > 0 (product of negatives) and
−βa21 > 0 sincea21 < 0.

Thus, Re(ρ1,2) < 0 by the trace-determinant stability crite-
rion.

The nonlinear system (1) inherits stability from its lin-
earization near equilibrium viaanalytic continuation of
Floquét exponents.
Theorem 3. Near the zero equilibrium, Eq.(1) admits solu-
tionsvj(t) = e%jtqj(t) where

• qj(t + T ) = qj(t) is periodic,

• %j = ρj + O(|v|) (perturbed Floqúet exponent),

andRe(%j) has the same sign asRe(ρj) for sufficiently small
‖X‖.
Proof. Consider the JacobianJ(X) = DA(X) of Eq. (1).
By analyticity inX, the monodromy matrixM(X0) depends
smoothly on initial conditionX0. Thus, Floqúet exponents
%j(X0) satisfy:

%j(X0) = ρj(0) +∇ρj ·X0 + O(‖X0‖2),

whereρj(0) are the exponents of (3). Since Re(ρj(0)) < 0
(Thm. 3), continuity implies Re(%j(X0)) < 0 for ‖X0‖ < ε
(someε > 0).

Periodic solutions (pulse trains) form a limit cycleγ(t) in
phase space. Nearby solutions exhibit saddle-type behavior
(Fig. 5)

• Stable manifoldW s(γ): Solutions converging toγ.

• Unstable manifoldWu(γ): Solutions diverging from
γ.

The linear stability (Thm. 3) impliesW s(γ) is 3D near equi-
librium, while Wu(γ) is absent. However, numerical simu-
lations (Fig. 4) reveal transient pulse growth due to:

1. Pump-induced excitation (Wp) pushingN2 away from
equilibrium.

2. Tm absorption saturation reducing losses.

This manifests as atransient instabilitybefore decay to zero.
True Q-switching requires aglobally attracting limit cycle,
analyzed via.
Theorem 4. (Exchange Lemma [5]) LetΣin,Σout be trans-
verse sections toγ. Solutions entering nearW s(γ) ∩ Σin

trackγ and exit nearWu(γ)∩Σout exponentially close to the
unstable manifold.

Figure 4 shows numerical integration of (1) (parameters
from Table I). Key observations

• N5 (Tm 3F4 population) decays monotonically (ρ3 <
0).

• φ andN2 exhibit damped oscillations (Re(ρ1,2) < 0).

• Initial growth (t < 0.1 µs) reflects transient gain before
loss dominates.

For nonlinear systems, Lyapunov exponentsλj quantify
stability

λj = lim
t→∞

1
t

ln
‖δXj(t)‖
‖δXj(0)‖ , (6)

whereδXj(t) are perturbation vectors. For our system

FIGURE 4. Time evolution ofφ, N2, and N5 from Eq. (1)
with initial conditionsφ(0) = 0.1e − 6 , N2(0) = 0.84e − 6,
N5(0) = 0.98e − 6. Damped oscillations confirm local stability.
Initial growth (t < 0.1µs) models pulse build-up prior to Q-switch
triggering.
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FIGURE 5. Phase portrait showing solutions approaching a peri-
odic cycleΓ (red circle). The green curve represents a solution
in the planeR2 × {0} asymptotically approachingΓ from out-
side the cycle. The blue curve represents a solution on the cylinder
C = {x2 + y2 = r2, z ≥ 0} spiraling downward towardΓ. Both
solutions exhibit compatible time orientation with the differential
equation’s flow, approachingΓ ast → ∞. The cylinder is shown
as a translucent surface, and the interior ofΓ is intentionally empty
to emphasize its nature as an isolated periodic solution. Direction
arrows indicate the positive time evolution of the solutions.

• λj ≈ Re(ρj) near equilibrium (Thm. 3).

• Numerically,λj are computed via QR decomposition
of the fundamental matrix [2].

Figure 4 aligns withλj < 0, confirming local stability. This
stability result implies

• Without sustained pumping: The system decays to
equilibrium (no lasing).

• Q-switch operation: Requires pump power exceeding
a threshold where agloballystable limit cycle exists.

• Tm decay rateτ−1
5 governs pulse repetition: Faster de-

cay permits higher rates.

As shown in Fig. 5, the dynamical system exhibits two
distinct types of solutions converging to the periodic cycleΓ,

• Planar solution: Satisfiesẋ = f(x) in R2 × {0} with
limt→∞ ‖x(t)− Γ‖ = 0.

• Cylindrical solution : Lies on invariant manifoldC
with limt→∞ x(t) → Γ andz(t) → 0+.

The compatibility conditionf(x) · n = 0 holds onC, where
n is normal to the cylinder.

4. Discussion

Our stability analysis of the coupled dynamical system mod-
eling the passively Q-switched hybrid erbium-thulium fiber
laser reveals critical features underlying the pulse formation
and repetition behavior. Linearization around the steady-state
operating point (using the parameters specified in Table I)
yields a Jacobian matrix whose spectrum consists of three
real, negative Lyapunov exponents, each associated with a
dominant physical subsystem. These exponents, numeri-
cally computed from the characteristic polynomial of the lin-
earized system, are given as follows:

1. Photon density mode(λφ): −1.24 × 104 ± 70 s−1.
This eigenvalue governs the relaxation of intracavity
photon energy. The magnitude is consistent with high
decay rates expected from short cavity round-trip times
and strong gain saturation [8,9].

2. Er3+ upper-level population (λN2 ): −8.67 × 103 ±
110 s−1. This timescale aligns well with the4I13/2

metastable level lifetime in silica-based erbium fibers
(τ2 ≈ 110 µs) [10, 11]. The moderately slower decay
compared to the photon mode reflects energy storage
and delayed gain recovery typical in EDFs.

3. Tm3+ absorber recovery (λN5 ): −2.99 × 103 ±
85 s−1. This exponent is associated with the recovery
of the thulium-based saturable absorber, primarily gov-
erned by the3H4 level lifetime. The inverse relation-
ship|λN5 | ≈ 1/τ5 confirms thatλN5 sets the dominant
timescale for pulse repetition [12]. Forτ5 ≈ 300 µs,
this yields a recovery rate near3.3 × 103 s−1, which
matches well with our computed value.

All Lyapunov exponents are strictly negative, verifying
the local asymptotic stability of the steady-state solution, as
guaranteed by Theorem 3. Furthermore, the separation of
timescales-|λφ| À |λN5 |-validates the geometric singular
perturbation framework used in our analysis. The relatively
slow absorber recovery rate serves as a bottleneck for high-
repetition-rate operation, consistent with experimental limi-
tations reported in hybrid Tm/Er Q-switched systems. Im-
provements in absorber design, such as cerium co-doping to
reduceτ5, could shiftλN5 further negative and enhance pulse
frequency.

The normalized gain expression

[σeNj − σa(N0 −Nj)]l =
α0l

Γ
(ξÑj − 1), (7)

encapsulates critical dependencies that govern the net gain
behavior in passively Q-switched fiber laser systems. Each
term in this expression reflects distinct physical and tech-
nological design factors that influence gain dynamics, effi-
ciency, and pulse modulation characteristics.
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• Emission-to-absorption cross-section ratio (ξ =
σe/σa): The parameterξ quantifies the intrinsic abil-
ity of a gain medium to favor stimulated emission over
reabsorption. In erbium-doped fibers (EDFs), typi-
cal valuesξEr ≈ 11 are achieved due to a favor-
able overlap between the gain and absorption spectra
near 1530–1560 nm, particularly when pumped around
980 nm [10, 11]. In contrast, thulium-doped fibers
(TDFs) exhibit lower values, withξTm ≈ 3, limit-
ing their gain bandwidth and modulation depth [12].
Recent advances in material engineering have demon-
strated that co-doping thulium with cerium or alu-
minum ions can increase emission cross-sections while
simultaneously suppressing cooperative upconversion,
leading to enhanced ratiosξ > 5 under optimized con-
ditions.

• Optical overlap factor (Γ): The factorΓ represents
the modal overlap between the guided optical field and
the doped core region, significantly affecting the effec-
tive gain coefficient. Standard step-index fibers typi-
cally achieveΓ ≈ 0.70–0.75, but novel fiber geome-
tries such as large-mode-area (LMA) photonic crys-
tal fibers and graded-index ring-core designs now en-
ableΓ > 0.85, thereby enhancing the extraction effi-
ciency and power scalability. Such improvements can
translate to an 18–20% increase in slope efficiency, as
confirmed in recent simulation and experimental stud-
ies, [18,19].

• Absorption coefficient and doping concentration
(α0, NTm): The coefficientα0 = σaN0 directly scales
with the dopant concentrationN0, affecting both pump
absorption and gain saturation behavior. For thulium,
increasing concentrations beyondNTm > 7×1025 m−3

allows higher modulation depths and improved Q-
switching contrast. However, these benefits come
at the cost of elevated energy transfer upconversion
(ETU) losses and cross-relaxation processes, which de-
grade efficiency at high pump powers [12]. Recent co-
doping schemes and fiber design modifications aim to
mitigate these losses while preserving highα0 values
for efficient pump absorption in short-length fibers.

These interdependent parameters-ξ, Γ, andα0-constitute
the central axes for optimizing passively Q-switched laser
systems across gain bandwidths, modulation depth, and ther-
mal stability. Engineering trade-offs between absorption en-
hancement and nonlinear losses must be carefully managed
to achieve high repetition rates with low pulse-to-pulse fluc-
tuations.

The differential relationship between pump power evolu-
tion (dP/dt) and ion population dynamics is governed by

dP

dt
= − σapN1cP︸ ︷︷ ︸

pump absorption

+ η
N2

τ2︸︷︷︸
spontaneous contribution

, (8)

whereN1 = NEr − N2 is the ground-state Er3+ population
(m−3), σap = 3.1× 10−25 m2 is the pump absorption cross-
section,c = 3× 108 m/s is the speed of light,η ≈ 0.8 is the
quantum efficiency, andτ2 = 10 ms is the Er3+ 4I13/2 life-
time. This equation captures the exponential decay of pump
power along the fiber due to ground-state absorption and the
minor but non-negligible spontaneous emission contribution
to the pump field. The4I11/2 →4 I13/2 non-radiative relax-
ation pathway enables 4.8× fasterN2 rise at 980 nm com-
pared to direct4I15/2 →4 I13/2 excitation at 1480 nm, re-
ducing lasing threshold by 38%. Tm3+ absorber recovery
dynamics (dN5/dt) constrain the maximum pulse repetition
rate tofmax ≈ 0.25/τ5. For τ5 = 334.7 µ s, this yields
fmax ≈ 750 Hz, matching experimental observations. At
P = 120 mW, the system achieves

Epulse = 12 µJ,

Mstab = max |Re(λj)|/ min |Re(λj)| = 4.2,

λφ = −12.4× 103 s−1, λN2 = −8.7× 103s−1,

λN5 = −3.0× 103 s−1,

confirming global stability while maximizing energy extrac-
tion.

In our parameter-optimized regime, all computed Lya-
punov exponents remain strictly negative, indicating local
asymptotic stability and excluding the presence of deter-
ministic chaos. This aligns with the expected behavior of
passively Q-switched fiber lasers operating near steady-state
gain depletion conditions, where system dynamics settle into
periodic limit cycles [8,9].

However, recent theoretical and experimental investiga-
tions have shown that intentional modulation of the pump
power can destabilize these periodic regimes and induce con-
trolled chaotic dynamics under specific conditions. In partic-
ular, chaos emerges when the total Lyapunov exponent sum
becomes positive,i.e.,

∑
λj > 0 and λmax >

2πfmod

Q
, (9)

whereQ ≈ 105 denotes the cavity quality factor andfmod ∈
[1, 10] kHz is the external pump modulation frequency. The
second inequality ensures that the most unstable mode (asso-
ciated withλmax) can grow faster than the damping rate set
by cavity photon leakage.

These chaotic regimes, while traditionally avoided in
fiber laser design, can be harnessed for advanced applications
such as chaos-based sensing, secure communications, and
nonlinear pulse compression. By exploiting temporal unpre-
dictability and broadband spectral features inherent in chaotic
waveforms, improved correlation sensing and enhanced res-
olution in time-of-flight measurements can be achieved [13].
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5. Conclusion

This work presents a comprehensive theoretical framework
for understanding and analyzing the stability of passively Q-
switched Er-Tm fiber lasers. Central contributions include
the formulation of a complete rate-equation model with ex-
plicitly defined SI-unit parameters, the establishment of lo-
cal asymptotic stability via Floquet theory, and the detailed
characterization of dynamical convergence using Lyapunov
exponent analysis.

By linking fundamental laser physics with experimentally
measurable quantities, the study delivers a rigorous Floquet-
based stability certification for periodic solutions, alongside
precise estimates of convergence rates and a geometric de-
scription of the system’s invariant manifolds. These results
collectively provide a principled foundation for the design
and optimization of high-repetition-rate pulsed fiber lasers.

Furthermore, the methodologies developed herein are
readily extensible to a wide class of rare-earth-doped pho-
tonic systems, including Yb3+-Tm3+ co-doped amplifiers
and Ho3+-based mid-infrared laser architectures, enabling
broader application of the stability criteria and dynamical in-
sights derived from this analysis.

Appendix

A. Exchange lemma in geometric singular per-
turbation theory

The Exchange Lemma forms a foundational result in geomet-
ric singular perturbation theory (GSPT), offering a rigorous
framework for analyzing solution behavior near normally hy-
perbolic invariant manifolds (NHIMs). Originally developed
in the seminal work of Fenichel [14] and further generalized
by Szmolyan and Wechselberger [15], the Exchange Lemma
facilitates the tracking of orbits through fast-slow systems
and has found applications in fields ranging from chemical
reaction dynamics [16], neuroscience, to nonlinear photon-
ics.

Consider a standard fast-slow system of the form

εẋ = f(x, y, ε),

ẏ = g(x, y, ε),
(A.1)

wherex ∈ Rm are fast variables,y ∈ Rn are slow variables,
andε > 0 is a small singular perturbation parameter. The
critical manifoldM0 = {(x, y) : f(x, y, 0) = 0} is normally
hyperbolic if, for allp ∈ M0, the eigenvalues ofDxf(p, 0)
avoid the imaginary axis [16].
Lemma 1. (Exchange Lemma - Real Multiplier Case)Con-
sider the system in Fenichel normal form[14,17]:

vc
t = δ (γ + hc(vc, vs, vu)vsvu) ,

vs
t = −hs(vc, vs, vu)vs,

vu
t = hu(vc, vs, vu)vu,

(A.2)

where(vc, vs, vu) ∈ R×R×R, γ = [1, 0, 0]T , andhs, hu >
κ > 0 are smooth and bounded. LetΣ1 = {vs = r} and
Σ2 = {vu = r}. Then, for sufficiently smallr > 0, large
t > 0, and smallδ > 0, there exists a unique solutionp(t)
satisfying

p(0) = (z, r, a1e
−ρut) +O(e−ρt),

p(t) = (z + rtγ, a2e
−ρst, r) +O(e−ρt),

(A.3)

whereρs, ρu > 0 are contraction rates andρ = min(ρs, ρu).
Lemma 2. (Exchange Lemma - Complex Multiplier Case)
For systems with non-real multipliers,

vc
x = δ (γ + h(vc, w)〈w, Jw〉) ,

wx = dH1(vc, w)Jw,
(A.4)

wherevc ∈ R, w ∈ R2, J is the symplectic matrix, and
H1 is a Hamiltonian function. Then, for smallr > 0, large
x > 0, and smallδ > 0, there exists a unique solution with
the asymptotic form

v(0) = (z, reiθ0 , a1e
−iρx) +O(e−ρcx),

v(x) = (z + rxγ, a2e
i(ρx+φ), r) +O(e−ρcx),

(A.5)

whereρc > 0 is the contraction rate to the center manifold.
The coordinates(vc, vs, vu) used in Lemma 1 are known

as Fenichel coordinates[14], with the following geometric
interpretation:

• vc: Phase coordinate along the periodic orbitγ;

• {vu = 0}: Unstable manifoldWu(γ);

• {vs = 0}: Stable manifoldW s(γ);

• {vc = γ, vs = 0}: Strong unstable fiberWuu(γ);

• {vc = γ, vu = 0}: Strong stable fiberW ss(γ).

FIGURE 6. Geometric interpretation of Exchange Lemma: a) Solu-
tion trajectory (red) entering nearW s(γ) and exiting nearW u(γ);
b) Fenichel coordinate system showing stable/unstable foliation.
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These coordinates effectively linearize the dynamics near the
NHIM, allowing for precise control of invariant foliations.
The Exchange Lemma describes how solutions entering a
neighborhood ofW s(γ) nearΣ1 exit nearWu(γ) atΣ2, via
a geometric mechanism involving thetwisting of invariant
manifolds (see Fig. 6).

In our laser system (1), the Exchange Lemma justifies the
linear approximation (3) through

1. Decomposition into fast (photon densityφ) and slow
(population inversionsN2, N5) variables.

2. Identification of NHIM at equilibriumφ = N2 =
N5 = 0.

3. Exponential tracking estimates in Theorem 3.

The lemma provides rigorous error bounds for the approxi-
mation‖vnonlinear− vlinear‖ ≤ Ce−ηt used in Sec. 3 [5].
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