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Formation of optical solitons to the nonlinear
Kariat-X Equation via analytical techniques
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In this research, exact traveling wave solutions of nonlinear Kairat-X model are derived using modified F-expansion method and extended
hyperbolic function method. Different solutions to the proposed model has been constructed using these methods. Trigonometric function
solutions, soliton solutions, rational solutions and exponential solutions are obtained using modified F-expansion method. The solutions
obtained by extended hyperbolic function method are periodic, singular, bright, dark and periodic singular soliton solutions. The obtained
results are explained by plotting some graph8in 2D (line plots) and contour plots using Mathematica which demonstrates the structure

of solutions.
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1. Introduction pansion method [12], etc. In this paper the purposed model
has explored using two analytical techniques, modified F-

. - . . . i thod (MFEM) [13-15] and extended h boli
Nonlinear partial differential equations (PDEs) [1] and lin- ?J(r?ciirl)srlorzggﬁodo(E%FM) [36[5—18] Jand extended hyperbolic

earization techniques are now being studied due to develop-

ments in mathematical physics, energy problems and other . . . ]
fields. To study complex nonlinear physical phenomena [2], MFEM s a powerful mathematical technique used to find
nonlinear PDEs are crucial mathematical tools, where rela@PProximate solutions to nonlinear PDEs. On the other hand
tionship between variable is not linear. Nonlinear PDEs aré=HFM provides variety of solutions such as hyperbolic so-
commonly used in different scientific fields such as math_lutlons, ratlona_l func_tlon_al _solutlons bright and dark soliton
ematical physics, telecommunication engineering, p|asm§olut|ons_ and Ja_cobl elliptic solutions. Both the ext_ended
physics [3, 4] and fiber optics [5]. Recently, in both pure hyperbqllc function approach (EHFM) _and the modified F-
and applied mathematics nonlinear PDEs have become mof&Pansion approach offer more expansive and adaptable solu-
important. This increasing significant is linked to develop-tion structures than the conventional tanh methdtimodel
ments in computer technology, which have made it possibl€XPansion method ar@'/ G-expansion method. For produc-
for mathematicians to explore new horizons [6] while work- Ind trigonometric, hyperbolic, rational, and Jacobi elliptic so-
ing in a variety of applied disciplines. Iuthns, the Modlf!ed F-expgnsmn approach is especially ef_-
Many researchers have paid their attention in finding the exf€ctive; however, its algebraic structure may become compli-
act soliton solutions of nonlinear PDEs. The aim of this pa-ated. The EHFM is less efficient for elliptic or multi-soliton
per is to investigate nonlinear Kairat-X (K-X) equation [7,8], solutlons_, but it is easier to use and_ produ_ces a variety of
which considers the group velocity dispersion and second?yPerbolic-type solutions (solitons, Kinks, singular waves).
order spatiotemporal dispersion. This model has applicatiofS @ result, both techniques improve upon current methods
in many fields such as non-linear optics, optical fibers and?y Providing richer solution families at the expense of in-
ferromagnetic materials. The K-X equation is used to pro-réased algebraic complexity.

duce soliton solutions as they preserve their shape during

propagation, have applications ranging from telecommunica- The remaining detail steps of attaining a solution to the
tions to quantum physics and are stable. This equation exabove-mentioned problem have been segmented into follow-
plains how optical solitons propagate in non-linear mediumsing subsequent sections: Section 2 gives governing model.
Prior to this study, there was no research in which such solubescription and application of MFEM are discussed in Sec. 3
tions could be discovered. Several mathematical techniqueand Sec. 4 respectively. Description and application of
have been developed to solve nonlinear PDEs including gerEHFM are discussed in Sec. 5 and Sec. 6 respectively. Sec-
eralized Kudryashov's method [9], tanh method [10], sinh-tion 7 describes results and discussions. The conclusion of
Gordon equation expansion method [11] asfdmodel ex-  the article is in last section.
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2. Govering model wherehy, h;, h_; are constants. The balancing number that
) o results from balancing the nonlinear terms in E€).gnd the
The K-X equation [7,19,20] is given as follows: highest order derivatives af(¢) is represented by the integer
Wit + Waar — 3(WaWy)s = 0, 1) M. The Riccati equation is satisfied (&)
whereW = W (z,t). In both time(t) and spacdz) the R'(§) = E+ FR(&) + GR%*(€), (G #0), (10)

function changes and describes the behavior of system. The
considered model defines curve’s surface geometry and haghereE, F, G are constants.

applications in optical communication, quantum mechanics, Step 3 Substitute Eq.9) into Eq. 8) using Eq. [L0)

optical fibers and more. to turn the left-hand side of Eq8) into a finite series in
Following transformation can be used to drive the solitoan(g)m = 0,+1,+2,...,£M. R"(£) has coefficients of
solutions of Eq./T): power that can all be equal to zero to produce an algebraic

system of equations.

Wiz,t) = V(©),& = ke + At @ Step 4The resulting system of algebraic equations with
whereV () is pulse rate, wave number is denotedkgnd)\ ~ unknown parameteré;, h_j, c,.(r = 1,2,...,1), u was
represents the wave velocity. Following equation is obtainegolved in multiple families usingMATHEMATICA  or
on substituting Eq2) into Eq.(1): MAPLE .

3o " 22y Step & From Tablel, the exact solutions such as trigono-

KPVE AV = 3k5(VE) = 0. () metric function, soliton-like, rational and exponential solu-

By integrating Eq'8) with respect to\, the obtained result is: tions of Eq. 6) can be obtained.
V" + AV = 3k2V'"? 4 ¢ =0, 4)

wherec is the real integration constant. 4. Application of MFEM

Using the substitutio’ () = U(&), whereU (¢) is real
valued function, Eq.4) transforms into following ordinary
differential equation (ODE):

MFEM is applied in this section to derive travelling wave so-
lutions for Eq. [B). Considering homogeneous balance prin-
ciple in Eq. b), it yields toM = 2 and therefore, the solution

BU" + \U — 3k2U? + ¢ = 0. (5) toEQq.D)is supposed to be:

h_ h_
3. Modified F-expansion method 9(§) = ho + mR(§) + ﬁgl) + haR(E)* + Wgz’

A general nonlinear PDE with dependent variabland in-

. ) X wherehg, hi1, h_1, h_o are constants to be determined and
dependent variablgs:, xo, ..., x;, t) is following: W b2

& = kx 4+ At. For simplicity, takeh_; = hy andh_y = hs.
H (u, Dyu, Dyu, DyDyu, Dy Dy, u,...) = 0, (6) So the above equation becomes:

where the polynomial function af(z1, =2, ..., z;,t) IS repre-
sented byH. Following steps can be taken to find the exact
solution using modified F-expansion method:

Step 1 Take following transformation to find a traveling Equation B) is transformed into a finite series Ri*(£)(n =

h h
e ks

(11)

wave solution of Eq.6) —4,-3,-2,—-1,0,1,2,3,4) by substituting Eg.11) into
Eqg. B) and using Eq.X0). Equating every coefficient of
u(zy, T,y Ty, 1) = u(§), power of R™(¢) to zero results in the system of algebraic

€ = c1o01 + oty + o + iy + U, @) equations that follow:

wherecy, ca, ..., ¢;, v are constants, need to be determined. R : —3Rh2k* + hoX = 0,
Substituting Eq.[7) into Eq.[6), an ODE foru(¢)is obtained

9EaD a-6) (©) R' : —6hohik? + ghik® + hy A =0,
R?: —3h3k? — 6hohok? 4 4ghak® + hoX = 0,

R3 : —6hqhok? + 2hhi k3 =0,

D(u,u’,u”,...) = 0. (8)

Step 2 Assume following algebraic expression o).

M

) ) 4. 97212 3 _
u(€) = ho + Z (hjRI(€) + h_;R7(€)), R* : =3h3k” + 6hhok” = 0.
j=1
MATHEMATICA is used to solve above system to get fol-
(ha #0), ©) lowing solutions forhg, hy, ho :
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Set 1.
ho = 2EGk, hy =2FGEk, hy = 2%k,
g1=0, g2=0, \=—(F*—-4EG)k".
Set 2.
ho = %(FQ +2EG)k, hy =2FGk, ho = 2%k,
g1 =0, go=0, \=Fk*—4FEGkK>.

The following section provides solutions to E®) for sets
1 and2. As a result, Eq.1) yields numerous soliton-like,
trigonometric function, rational, and exponential solutions.

4.1. The soliton-like solutions to K-X equation

e WhenE = 0,F = 1,G = —1 then from Table I,
R(&) = (1/2) + (1/2) tanh([1/2]¢). Usingsetl and
set2, the exact solutions to Edl)(are found as:

k 1
Y1:—2k<2+tanh

-2 (3 g (3))
(g (5))

e WhenE = 0,F = —1,G = 1 then from Table I,
R(&) = (1/2) — (1/2) coth([1/2]¢). Employingset1,
exact solution to Eqll) is extracted as:

(5)) 2 (550 5))

e WhenE =1/2, F =0, G = —1/2 then from Table |,
R(§) = coth(€) £ csch(€) or tanh(§) + wsech(€). By
setl, the exact solution to Ecl) are found as:

1
Yo = —2k | =—= coth
k:<2 200‘5

k 1
Ys = -5 + 5k: (coth(§) + CSCh(f))Qa
E 1 2
Yi = —5 + 5k (tanh(&) % isech(€))”
Employing set 2, the exact solutions to Eql)(are
given as:
ko1 2
Y, = 5 + §k (coth(&) 4+ csch(§))”,
ko1 2
Ys = 5 + 5k (tanh(&) 4 wsech(€))”.
e WhenE = 1,F = 0,G = —1 then from Table I,
R(§) = tanh(§) or coth(§). By setl, the exact solu-

tions to Eq. /) are given as:

Y7 = —2k + 2k tanh(¢)?,
Yg = —2k + 2k coth(£)?%.

By set2, the exact solutions to Ed)( are obtained as:

2k

Yo=—— +2k tanh(€)?,

2
Yio = _?k + 2k coth(€)?,
whereé = kx + At.

4.2. The trigonometric function solutions to K-X equa-
tion

WhenFE = 1/2, F = 0, G = 1/2 then from Table I,

R(&) = sec(€) + tan(&) or csc(§) — cot(§). Using
setl, the exact solutions to Edl)(are obtained as:

TABLE |. Relation between the values of parametdfs:F, G and the corresponding solutions Bf¢) in Eg. (10)(the Riccati's equation).

E F G R(¢)
0 1 -1 3 + 3 tanh(3¢)
0 -1 1 1 — L coth(3¢)
1 0 -1 coth(€) + csch(€) or tanh(€) + tsech(€)
1 0 -1 tanh(&) or coth(&)
1 0 1 sec(€) + tan(€) or esc(€) — cot(€)
-1 0 -1 sec(&) — tan(&) or csc(€) + cot(€)
1(-1) 0 1(-1) tan() (cot(£))
0 0 #0 C£+A (X is an arbitrary constant)
arbitrary constant 0 0 A€
arbitrary constant #0 0 %
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Vit = 5 + gh (see(€) + tan(8))?,
Yio = g + %k (csc(€) — cot(£))?.

set?2 yields the exact solutions to Ed)(as follows:

Yig = & + gk (sec() + tan(@))?,

k1
Yig = ¢ + 5k (esc(€) — cot(€))”.
WhenE = —1/2, F = 0, G = —1/2 then from Ta-

ble I, R(§) = sec(&)—tan(€) orcsc(€)+cot(€). Using
set1, the exact solutions to EcL) are derived as:

Yis = 5 + 3k (sec(€) — tan(©))?,

E o1
Yi6 = 3 + 51{ (esc(€) + cot(f))2.
set2 yields the exact solutions to Ed)(as follows:

Yir = & 1 L (sec(é) — tan(€))?,

> ol
[\

Yig = st %k (csc(€) + cot(£))?.

WhenE = —1,F = 0, G = —1 then from Table I,
R(§) = cot(§).

set1 yields the exact solutions to Edl)(as follows:

Yig = 2k + 2k cot(€)*.

By set?2, the exact solution to Eq1) is found as:

2k
Yoo = 3 + 2k cot(€)?,
where§ = kx + At.

The rational solutions to K-X equation

When £ = F = 0, G # 0 then from Table I,
R(&) = —(1/[C& + A]) (X is an arbitrary constant).
Employingsetl andset2 , the exact solution to EdlL)
is found as:

Gk

6727

whereG is an arbitrary constant arfd= kx + At.

Yo =

The exponential solutions to K-X equation

WhenF # 0, G = 0, andE is an arbitrary constant
then from Table |R(£) = exp(B¢§) — A/B. By set2,
the exact solution to Eqlj is extracted as:

Fk
3/222?7

whereé = kx + At.

5. Extended hyperbolic function method

This section contains a detailed description of the extended
hyperbolic function (EHFM) approach.

Consider the nonlinear PDE and the wave transformation
that converts it into an ODE, as described in EG5(8). The
EHFM describes the solution of E@)(as:

M
u(€) = h;iN(), (12)
j=0

where M is obtained by homogeneous balancing rule and
hj # 0, F(§) is a real function.
Now, the following types of ODEs are satisfied By(£):
Type 1.

N'(§) = NVr+sN2, rseR. (13)

For above equation following solutions are obtained:
Case T Whenr > 0, s > 0, then

Ni(€) = —\/chchﬁ(f).

Case 2 Whenr < 0, s > 0, then

Ny(§) = ﬁsec V=r(§).

Case 3 Whenr > 0, s < 0, then

Naf) = | Lsecy(6),

Case 4 Whenr < 0, s < 0, then

Nu(§) = \/?CSC V=r(§).

Case 5 Whenr < 0, s > 0, then
N5 (&) = cosv/—r(&) + vsiny/—r(€).

Case 6 Whenr = 0, s > 0, then

where¢ = kx + St.

Rev. Mex. Fis72031302
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Type 2.
N'(€) =7+ sN?,

r,s € R. (14)

For above equation following solutions are obtained:
Case 1 Whenrs > 0, then

Na(€) = sgn<r>\/f tan(vFs(€)).

Case 2 Whenrs > 0, then

No(€) = —sgn<r>ﬁ ot (V75 (€).

Case 3 Whenrs < 0, then

Nio(€) = sgn<r>ﬁ tanh(v=75(€)).

Case 4 Whenrs < 0, then

Nu(e) = sgnmﬁ coth(v/=75(8))-

Case 5 Whenr =0, s > 0, then

1
s(&)
Case 6 Whenr < 0, s =0, then

Ni3(§) = s(§),

le(f) =

where¢ = kx + At.

Insert Eq./12) into Eq. B) and use Eqs1@) and (14) to
obtain the system of algebraic equatiokkathematica may
be used to solve the system and extract constant values.

6. Application of EHFM

EHFM is applied to Eq/5) in this section.

Type 1. By applying the homogeneous balancing rule,
yields M = 2 for Eqg. (5). The solution of the Eq\5} using
EHFM takes the form

q(&) = ho + b N(€) + haN?(€), (15)

where hg, hy and ho are constants to be determined and

¢ = kx + At. Substituting Eq.13) and Eq.L5) into Eq. 6),
Eqg. B) is converted into a finite series (&) (i = 1,2, 3),
by equating each coefficient of power & (¢) equal to zero
yields a system of algebraic equations f@t h,, ho. After
solving this system, following set is obtained:

Set 3.
A\ = 4rk3.

h1 = 07 hg = 25](17

KARIAT-X EQUATION VIA ANALYTICAL TECHNIQUES 5

By using these values ok, h1, he in the solutions of
Eq. (12), following results are obtained:
Case 1 Whenr > 0, s > 0, then

4
Yoz = %k + 2rk csch(y/7€)2.

Case 2 Whenr < 0, s > 0, then

drk
You = % — 2rksec(y/—r€)?.

Case 3 Whenr > 0, s < 0, then

Yo5 = % — 2rk sech(v/7€)%.

Case 4 Whenr < 0, s < 0, then

drk
Yo = % — 2rk csc(y/—r€)?.

where¢ = kx + At.

Type 2 Similarly, by substituting Eq/14) and Eq.[L5)
into Eq. 5), a system of equations is obtained. By solving
this system, the following set is obtained:

Set 4.

ho = 2rsk, h1 =0, he=2s*k, \=4rks.

Using these values @fy, k1, hs in the solutions of Eq/15),
following results are obtained:
Case 1 Whenrs > 0, then

Yo7 = 2rsk + 2rsk tan(y/rsx)?.
Case 2 Whenrs > 0, then
Yag = 2rsk + 2rsk cot(v/rsz)>.
Case 3 Whenrs < 0, then
Yoo = 2rsk — 2rsk tanh(y/—7rsz)?.
Case 4 Whenrs < 0, then
Y30 = 2rsk — 2rsk coth(v/—rsz)?.

Case 5 Whenr = 0, s > 0, then the following rational
solution is calculated as:

252k
sx?

Y3, = 2rsk +
Case 6 Whenr < 0, s = 0, then
Yao = 2rsk + 2rz?s’k,

where¢ = kx + At.
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7. Results and discussion solutions are obtained correspondingidz;, t). Bright soli-

ton solutions corresponding s (z, ¢) are given in Figs. 2
This section offers a thorough explanation of the outcome#ind 3 gives periodic singular soliton solutions that indicate a
that motivated this work. Firstly, MFEM and EHFM are used repeating process correspondingyi® (z,t). In Fig. 4 sin-
in Sec. 4 and Sec. 6 respectively to get the traveling wav@ular soliton solutions corresponding Ya3(z, t) are given.
solutions of nonlinear kariat-X equation. These technique&igure 5 represents bright soliton solutions agaifstz, t).
have free or relevant arbitrary constants and comprises varBright soliton solutions describes the localised intensity peak
ous solutions in the form of mathematical expressions. Thigibove the continuous wave background. Periodic singular
section also contains graphs of some solutions. Figures 1 toliton solutions againdt;(z,t) are obtained in Fig. 6. The
3 represent th8 D, 2D and contour plots corresponding to solutions generated for the solitons are novel, unique, and ex-
Yi(x,t), Yz(z,t) andYoo(z, ). Subgrapha) represents the tremely successful, and they have never been used in the ex-
3D plot while the subgraplb) represents theD plot and isting literature. The suggested methods are also simple and
subgraph(d) represents the contour plot. Similarly Figs. 4- useful for investigating various nonlinear equations. They
6 represent th8 D, 2D and contour plots corresponding to highlight the solution’s physical properties and are being used
Yo3(w,t), Yaos(x,t) andYar(z,t). In Fig. 1, periodic soliton  for the first time on the suggested model.

[ 1]
Lo

FIGURE 3. 3D, 2D and contour plot representationstgf (z, ¢t) for k = 1.
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FIGURE 6. 3D, 2D and contour plot representationstgf (x,t) fork = 2,9 = 1,h = 1.

8. Conclusion ered. Graphical behaviour of some of generated solutions
are explored usingD, 2D and contour plots. The exact so-

In this paper, two precise approaches, modified F-expansiolHtIonS of nonlinear Kalrat-?( eguaﬂons comprises 'penodlc,
ngular, dark, and periodic singular soliton solutions. In

method and extended hyperbolic function method, have beef! o X . . L
elecommunications industry and optical fibers, the findings

used to get exact traveling wave solutions to the nonIineanth. ¢ Vi tant. In fut th trat
Kairat-X problem. These methods have not previously beerf! "IS Paper are extremely important. In future, these strate-
es can be used to get solutions for numerous models. This

applied to this model and are regarded as the most modef . ) .

strategies for getting the suggested model’s soliton solution&.md.eI can be studied by different ways in future, thus there
These solutions add to one’s understanding of soliton phe'-S still some gaps have to be covered.
nomena and are novel contributions to the field. This re-
search has uncovered a mesmerizing range of solitons, eac
with unique features. The approaches used are straightfogthics approval
ward and steady. Many new solutions including hyperbolic,

trigonometric, exponential functions and rational are discovNot applicable.
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