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In a model-independent context, we perform a systematic and detailed study of the fermion flavor masses and mixings. In this analysis,
we present a most general parameterization form of the3× 3 mass matrix, as well as the Pontecorvo-Maki-Nakagawa-Sakata flavor mixing
matrix, in terms of the fermionic masses and some free parameters. A likelihood test using theχ2 statistic is implemented to evaluate whether
the theoretical expressions for the leptonic flavor mixing angles also reproduce the experimental data. The results of theχ2 fit show that the
theoretical expressions obtained for the Pontecorvo-Maki-Nakagawa-Sakata mixing matrix correctly reproduce the actual experimental data
on neutrino oscillations.
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1. Introduction

The fermionic sector of particle physics deserves an in-depth
exploration beyond the Standard Model for several funda-
mental reasons. The Standard Model, although successful,
has critical gaps in that sector [1-4], as it does not explain why
exactly three generations of fermions exist, nor does it pre-
dict their specific masses [1,5]. The hierarchy of fermionic
masses, from the neutrino to the top quark, spans more than
12 orders of magnitude without a satisfactory theoretical ex-
planation. The mixing patterns in the fermionic sector reveal
structures that suggest deeper underlying physics. The CKM
matrix for quarks and the PMNS matrix for neutrinos show
mixing angles that appear to follow specific patterns, but the
Standard Model offers no fundamental explanation for these
values. In concordance with experiments [6,7], neutrinos os-
cillation is given by impliying the massive neutrinos [1]. On
the other hand, the CP violation observed in the fermionic
sector is insufficient to explain the matter-antimatter asym-
metry of the universe. This suggests that additional sources
of CP violation exist in extended fermionic sectors. Many
dark matter candidates are fermionic (such as neutralinos in
supersymmetry). Exploration of the extended fermionic sec-
tor could reveal stable particles that constitute dark matter.
Standard Model fermions naturally fit into representations of
larger symmetry groups (such as SO(10) or E6), suggesting
that they are part of more fundamental structures. Explo-
ration of the fermionic sector transcends current limitations
and could reveal the fundamental architecture of physical re-
ality, connecting from microscopic structure to the deepest
cosmological mysteries.

Within the SM framework, neutrinos were originally con-
sidered massless particles, since they do not interact with

the Higgs field in the same way as other particles. How-
ever, in SM minimal extensions, such as the See-Saw mech-
anism, a natural explanation is introduced for the extremely
small neutrino masses. In this model, neutrinos acquire mass
through mixing with heavier particles, which results in neu-
trino masses being much smaller compared to other parti-
cles [8]. Although the absolute neutrino mass has not yet
been directly measured, very low upper limits (O(eV)) have
been set by experiments such as KATRIN [9]. These exper-
iments confirm that neutrinos have an extremely small, but
nonzero, mass.

This paper is organized as follow: Section 2 is addressed
to the fermionic mixing matrices, whereas Sec. 3 shows the
fermionic general mass matrix and its analysis; the orthog-
onal matrix associated to the diagonalization of the general
mass matrix is shown in Sec. 4. The analytic lepton flavor
mixing matrix and numerical analysis is provided in Sec. 5.
Finally, in Sec. 6 are given the conclusions.

2. Fermionic Mixing matrices

CKM matrix

The CKM matrixVCKM (Cabibbo, Kobayashi, Maskawa) is
of the order3×3 that describes quark mixings in SM context.
This one specifically refers how up (u, c, t)-down (d, s, b)
quarks mix through the weak interaction. This mixing is re-
lated with disintegration processes mediated forW± gauge
bosons (charged currents) and quarks flavor changing. The
VCKM has the form [1]:
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VCKM = UuU
†
d =




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb


 , (1)

whereUu andUd are unitary matrices that diagonalize the
mass matrix of the up- and down-quarks, respectively. The
elements of the CKM matrix[VCKM ]ij are complex numbers
that describe the transition probability from a quarki-th to a
quarkj-th. Since the CKM matrixVCKM is unitary, guaran-
tees the conservation of probability in transitions between

quarks. In an angle-phase parameterization, the matrix ele-
ments are related to three mixing angles (θ12, θ23, θ13), and
one Charge-Parity (CP)- violating phase,δCP . These mixing
angles determine the magnitude of mixing between quarks,
while the phase is responsible for CP symmetry violation in
weak interactions. The complex phase of theVCKM is the
source that introduces CP violation in the SM, a phenomenon
related to the fact that the laws of physics are not completely
symmetric under charge and parity inversion.

In the standard PDG parameterization, theVCKM is writ-
ten as [1]

VCKM =




c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13


 , (2)

wheresij ≡ sin θij andcij ≡ cos θij . The meaning of the
mixing angles are:θ12 represents the mixing between the first
and second generation of quarks, whereasθ23 angle repre-
sents the mixing between the second and third generation of
quarks, andθ13 angle represents the mixing between the first
and third generation of quarks. This angle is associated with
the complex phaseδCP , which is crucial for CP violation.
The elements of the CKM matrix are related to three mixing
angles in the following form [10],

sin2 θ12 =
|Vus|2

1− |Vub|2 ,

sin2 θ23 =
|Vcb|2

1− |Vub|2 ,

sin2 θ13 = |Vub|2. (3)

On the other hand, the Jarlskog invariant is a scalar quantity
that measures the magnitude of CP symmetry violation in the
quark sector of the Standard Model. It is defined from the ele-
ments of the CKM matrix; specifically, the Jarlskog invariant
is expressed as [11]:

J = Im {VudVcsV
∗
usV

∗
cd} . (4)

This invariant is particularly important because it does not
depend on the choice of the phase in the CKM matrix. Its
value is proportional to the magnitude of CP symmetry vio-
lation in quark interactions, serving as a direct indicator of
this phenomenon. In terms of the mixing angles, we have

J =
1
8

sin 2θ12 sin 2θ23 sin 2θ13 cos θ13 sin δCP . (5)

Thus, the phase factor in terms of the elements of theVCKM

can be written as:

sin δCP =
J (

1− |Vub|2
)

|Vcb||Vtb||Vub||Vud||Vus| . (6)

To arrive at the above expression, the fact that theVCKM is
unitary was used.

PMNS matrix

The PMNS matrix (Pontecorvo-Maki-Nakagawa-Sakata) is
analogous to the CKM matrix but applies to the lepton sector
instead of the quark sector (it is crucial for describing how
neutrinos change from one type to another, a phenomenon
known as neutrino oscillation). The PMNS matrix relates the
flavor states of leptons to their mass states. The leptonic fla-
vor mixing matrix PMNS arises from the mismatch between
the diagonalization of the charged lepton and neutrino mass
matrices, and is defined as [1],

VPMNS = U†
`Uν =




Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3


 , (7)

whereU` andUν are unitary matrices that diagonalize the
mass matrices of the charged leptons and neutrinos, respec-
tively. Each elementUαi of the PMNS matrix describes the
probability amplitude for a neutrino with flavorα (whereα
can bee, µ, or τ ) to be in the mass statei (wherei = 1, 2,
or 3). In the symmetric parametrization of the PMNS matrix,
three mixing angles (θ12, θ23, θ13) and three CP-violating
phases(φ12, φ13, φ23) are included [12]. In this parametriza-
tion, the PMNS matrix is written as [1]

VPMNS =




c12c13 s12c13e
−iφ12 s13e

−iφ13

−s12c23e
iφ12 − c12s23s13e

−i(φ23−φ13) c12c23 − s12s23s13e
−i(φ23+φ12−φ13) s23c13e

−iφ23

s12s23e
i(φ23+φ12) − c12c23s13e

iφ13 −c12s23e
iφ23 − s12c23s13e

−i(φ12−φ13) c23c13


 , (8)
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wheresij = sin θij andcij = cos θij . The relations between
the mixing angles and the entries of the PMNS matrix are

sin2 θ12 =
|Ue2|2

1− |Ue3|2
,

sin2 θ23 =
|Uµ3|2

1− |Ue3|2
,

sin2 θ13 = |Ue3|2 . (9)

In case of neutrino oscillations, the Jarlskog invariant is de-
fined as

J = Im
{
Ue1Uµ3U

∗
e3U

∗
µ1

}
, (10)

which in the symmetric parametrization takes the form

J =
1
8

sin 2θ12 sin 2θ23 sin 2θ13 cos θ13 sin δ, (11)

whereδ = φ13 − φ23 − φ12. In addition, the invariants

I1 = Im
{
U2

e2U
∗2
e1

}
,

I2 = Im
{
U2

e3U
∗2
e1

}
, (12)

associated with the Majorana phase factors [10] in the sym-
metric parametrization take the form

I1 =
1
4

sin2 2θ12 cos4 θ13 sin (−2φ12) ,

I2 =
1
4

sin2 2θ13 cos2 θ12 sin (−2φ13) . (13)

Then, the phase factors associated with CP violation can be
written as

sin δ =
J

(
1− |Ve3|2

)

|Ue1| |Ue2| |Ue3| |Uµ3| |Uτ3| ,

sin (−2φ12) =
I1

|Ue1|2 |Ue2|2
,

sin (−2φ13) =
I1

|Ue1|2 |Ue3|2
. (14)

The equivalence between the standard PDG parametrization
and the symmetric one can be expressed asUPDG = KUsim,
whereK = diag

(
1, ei(α21/2), ei(α21/2)

)
. Here, the Dirac-

type phase takes the formδ = φ13 − φ23 − φ12, while
the Majorana-type phases areα21 = −2φ12 and α31 =
−2 (φ12 + φ23).

3. Fermionic general mass matrix

In general, in the physics of elementary particles, the
fermionic mass matrix,Mf , does not have any particular
internal symmetry. Therefore, to diagonalize it through a

unitary transformation, bilinear forms must be constructed as
follows:

MfM
†
f and M†

fMf , (15)

which are Hermitian matrices. The matrices in Eq. (15) can
be brought to their diagonal form through the following uni-
tary transformations:

VfMfM
†
fV

†
f = ∆f,λ and

UfM
†
fMfU

†
f = ∆f,λ, (16)

where Uf and Vf are unitary matrices. Additionally,
∆f,λ = diag(λf1, λf2, λf3), where theλfi are the real
eigenvalues of the matricesMfM

†
f andM†

fMf . Therefore,
from the expressions in Eq. (16), we obtain

VfMfU
†
f = ∆f,Σ, or Mf = V†

f∆f,ΣUf , (17)

where∆f,Σ = diag(Σf1,Σf2, Σf3). TheΣfi ≡
√

λfi are
the singular values of the matrixMf , which may be complex
quantities.

In order to determine the explicit form of the unitary ma-
trices Uf and Vf , we will consider two possible internal
symmetries of the mass matrixMf . The first is to consider
the mass matrix as a Hermitian matrix, and the second is to
consider it as a complex symmetric matrix. In the case of
representing the mass matrix through a Hermitian matrix, the
conditionMf = M†

f must be satisfied. Then, from Eq. (17),
the self-adjoint matrix of the fermion mass matrix can be
written as

M†
f = U†

f ∆†
f,Σ Vf . (18)

By comparing the matrices in Eqs. (17) and (18), it fol-
lows that the unitary matrices satisfy the relationUf = Vf .
Moreover,∆f,Σ = ∆†

f,Σ, which implies that the elements of
the matrix∆f,Σ are real quantities. Consequently, and in ac-
cordance with the singular value decomposition theorem, in
this particular case the fermion mass matrix in Eq. (17) takes
the form

Mf = U†
f∆f,mUf ⇒ UfMfU

†
f = ∆f,m, (19)

where∆f,m = diag(mf1,mf2,mf3). In this case, the sin-
gular values and the eigenvalues of the matrixMf are equal.
Therefore, themfi = Σfi are the physical masses of the
fermions.

On the other hand, when representing the fermion mass
matrix through a complex symmetric mass matrix, the condi-
tion Mf = M>

f must hold. Then, starting from Eq. (17), the
transpose of the fermion mass matrix can be written as

M>
f = U>

f ∆>
f,Σ V∗

f . (20)

By comparing the matrices in Eqs. (17) and (20), it follows
that the unitary matrices satisfy the relationU>

f = V†
f or

Uf = V∗
f . Furthermore, the relation∆f,Σ = ∆>

f,Σ is au-
tomatically satisfied because the matrix∆f,Σ is a diagonal
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matrix. Consequently, the fermion mass matrix in Eq. (17)
takes the form

Mf = U>
f ∆f,ΣUf . (21)

In general, the elements of the matrix∆f,Σ are complex
quantities, so it can be written as

∆f,Σ = Kf∆f,mKf , (22)

where ∆f,m = diag(mf1,mf2,mf3) and Kf =
diag

(
ei(ϕf1/2), ei(ϕf2/2), ei(ϕf3/2)

)
, with mfi = |Σfi| and

ϕfi = arg {mfi}. From Eq. (22), the fermion mass matrix
in equation (21) can be expressed as

Mf = U>f ∆f,mUf ⇒ U∗f MfU†f = ∆f,m, (23)

whereUf = KfUf . The phase factors present in the diag-
onal matrixKf can be absorbed into the spinors of the mass
terms. It is common to associate these phase factors with the
CP-violating phases of the Majorana type.

In summary, the mass matrices given in Eqs. (19) and (23)
can be expressed in the following compact form:

Vj
f Mf Uj †

f = ∆f,m, j = 1, 2, (24)

where

U1
f = Uf , V1

f = Uf , for Mf = M†
f ,

U2
f = Uf , V2

f = U∗f , for Mf = M>
f ,

(25)

with Uf = KfUf .

3.1. Fermion mass matrix3× 3

The general fermion mass matrix of3 × 3 can be written in
the following expression:

Mf =




mf
11 mf

12 mf
13

mf
21 mf

22 mf
23

mf
31 mf

32 mf
33


 , (26)

where the superscriptf = u, d, `, ν denotes the up quarks,
down quarks, charged leptons, and neutrinos, respectively.
The elementsmf

ij of the matrixMf , with i, j = 1, 2, 3, are
complex quantities. The fermion mass matrixMf can be ro-
tated via the orthogonal transformation

MRf = Rβf
Mf R>

βf
or Mf = R>

βf
MRf Rβf

. (27)

In these expressions,Rβf
is a real symmetric rotation matrix

given as

Rβf
=




1 0 0
0 cos βf sin βf

0 − sin βf cosβf


 . (28)

On the other hand, in order to generate a zero in the(1, 3)
entry of the matrixMRf , it is required that the relation

tan βf =
mf

13

mf
12

, (29)

whereas, to generate a zero in the(3, 1) entry of the matrix
MRf , the relation must be hold

tan βf =
mf

31

mf
21

. (30)

By comparing the expressions in Eqs. (29) and (30), it can be
observed that both refer to the same rotation angleβf , and
therefore, the relation

mf
13

mf
12

=
mf

31

mf
21

. (31)

In order for the definition of the angleβf to be a real quantity,
and corresponds to a pure rotation, the relation must hold

arg
{

mf
13

}
= arg

{
mf

31

}
,

arg
{

mf
21

}
= arg

{
mf

12

}
.

(32)

Thus, the rotated mass matrix,MRf , takes the form

MRf =




mf
11 Af 0

A′f B′
f Cf

0 C ′f D′
f


 , (33)

here in the following expressionstβf
≡ tan βf ,

Af = mf
12

√
1 + t2βf

, A′f = mf
21

√
1 + t2βf

,

B′
f =

m22 + m33t
2
βf

+ (m23 + m32) tβf

1 + t2βf

,

Cf =
m23 −m32t

2
βf

+ (m33 −m22) tβf

1 + t2βf

,

C ′f =
m32 −m23t

2
βf

+ (m33 −m22) tβf

1 + t2βf

,

D′
f =

m33 + m22t
2
βf
− (m23 + m32) tβf

1 + t2βf

.

(34)

Motivated by the hierarchical pattern of fermion masses
and mixings, where direct first–third family couplings are
suppressed with respect to nearest–neighbour interactions,
we work in an intermediate weak basis in which the(1, 3)
and(3, 1) entries of the mass matrix vanish. Such a structure
can arise from approximate flavour symmetries or from vac-
uum alignment conditions following the minimization of ex-
tended Higgs potentials. Exploiting weak–basis freedom, the
fermion mass matrix is therefore cast into a canonical form
with M13 = M31 = 0, which should be regarded as a basis
choice rather than a dynamical texture assumption. Requiring
this transformation to be implemented by a single real rota-
tion leads to the consistency conditions in Eqs. (31) and (32),
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ensuring that both entries are simultaneously eliminated. The
resulting matrix, given in Eq. (33), represents the most gen-
eral mass matrix within this canonical class. The analysis
is then performed in two complementary scenarios, Hermi-
tian and complex symmetric mass matrices, corresponding to
Dirac and Majorana fermion mass terms, respectively. The
general Dirac mass matrices can be diagonalized through bi-
unitary transformations, equivalently associated with the di-
agonalization of Hermitian mass combinations carrying the
same physical content [1,13-26].

In this analysis of the mass matrices and flavor mixing,
two possible internal symmetries in the fermion mass ma-
trices will be considered. The first internal symmetry to
consider is representing the fermion mass matrix as a Her-
mitian matrix, Mf = M†

f . An immediate consequence
of this internal symmetry is that the rotated matrix satisfies
MRf = M†

Rf . Thus, the elements of the matrixMRf ful-
fill the relationsA′f = A∗f , C ′f = C∗f , B′

f = B
′∗
f , and

D′
f = D

′∗
f . From the previous expressions, it can be con-

cluded that the diagonal elements are real quantities,mf
11 =

mf∗
11 , mf

22 = mf∗
22 , mf

33 = mf∗
33 , and that the off-diagonal

elements satisfymf
21 = mf∗

12 , mf
31 = mf∗

13 , mf
32 = mf∗

23 .
The second internal symmetry that will be considered here
is to treat the fermion mass matrix as a complex symmetric
matrix,Mf = M>

f . An immediate consequence of the pre-
vious symmetry is that the rotated matrix satisfies the relation
MRf = M>

Rf . Therefore, the elements of this matrix satisfy
A′f = Af andC ′f = Cf . Additionally, the off-diagonal ele-
ments of the matrixMf satisfy the conditionsmf

12 = mf
21,

mf
13 = mf

31, mf
23 = mf

32.
The matrixMRf can be expressed in polar form, there-

fore,

MRf = Qf M̄Rf Pf , (35)

whereQf = P†f for the case whenMf is Hermitian, and
Qf = P>f for whenMf is a complex symmetric matrix.
The explicit form of the phase factor matrix is

Pf = diag
{

1, eiϑf,a , ei(ϑf,c+ϑf,a)
}

for Mf = M†
f ,

Pf = diag
{

1, eiϑf,a , ei(ϑf,c−ϑf,a)
}

for Mf = M>
f , (36)

where ϑf,a = arg {Af} and ϑf,c = arg {Cf}. Ad-
ditionally, for the caseMf = M>

f , the following rela-
tions must hold:arg {Bf} = 2 arg {Af} andarg {Df} =
2 (arg {Cf} − arg {Af}). The real symmetric matrix,̄MRf ,
can be written as

M̄Rf = mf
11I3×3 +Mf , (37)

whereI3×3 = diag (1, 1, 1),

Mf =




0 Af 0
Af Bf Cf

0 Cf Df


 , (38)

where for both internal symmetries in the fermion mass ma-
trix, it holds thatAf = |Af |, Bf = Bf , Cf = |Cf |,
Df = Df . For a Hermitian mass matrixMf ,

Af = |mf
12|

√
1 + t2βf

,

Bf =
m22 + m33t

2
βf

+ (m23 + m∗
23) tβf

1 + t2βf

−mf
11,

Cf =

∣∣∣∣∣
m23 −m∗

23t
2
βf

+ (m33 −m22) tβf

1 + t2βf

∣∣∣∣∣ ,

Df =
m33 + m22t

2
βf
− (m23 + m∗

23) tβf

1 + t2βf

−mf
11.

(39)

On the other hand, a complex symmetric mass matrixMf ,

Af = |mf
12|

√
1 + t2βf

,

Bf =

∣∣∣∣∣
m22 + m33t

2
βf

+ 2m23tβf

1 + t2βf

∣∣∣∣∣−mf
11,

Cf =

∣∣∣∣∣∣
m23

(
1− t2βf

)
+ (m33 −m22) tβf

1 + t2βf

∣∣∣∣∣∣
,

Df =

∣∣∣∣∣
m33 + m22t

2
βf
− 2m23tβf

1 + t2βf

∣∣∣∣∣−mf
11.

(40)

Without loss of generality, heremf
11 is considered a real

quantity. This is possible because the matrixPf always al-
lows a phase factor to be factored out, which would be ab-
sorbed by the spinors of the mass term. With the help of the
expressions in Eqs. (35) and (37), the mass matrix in Eq. (27)
can be rewritten as

Mf = R>
βf

Qf

(
mf

11I3×3 +Mf

)
PfRβf

. (41)

The real symmetric matrixMf can be diagonalized through
the following orthogonal transformation

Mf = Of∆f,σO>
f , (42)

where∆f,σ = diag(σf1, σf2, σf3), here theσfi are the
eigenvalues of the real symmetric matrixMf and are known
as the running masses of the fermions [27]. Thus,

Mf = R>
βf

QfOf

(
mf

11I3×3 + ∆f,σ

)
O>

f PfRβf
.

(43)

From the above mass matrix, Eq. (43), for the quark sector
when the mass matrix is represented by a Hermitian matrix,
it takes the form

Mq = U†
q∆q,mUq, (44)

Rev. Mex. Fis.72050801
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whereq = u, d denotes the up-type and down-type quarks,
andUq = O>

q PqRβq is the unitary matrix that diagonalizes
the quark mass matrix. While in the case when the quark
mass matrix is represented by a complex symmetric matrix,
we have

Mq = U>
q ∆q,mUq, (45)

with q = u, d denotes the up-type and down-type quarks, and
Uq = O>

q PqRβq
is the unitary matrix that diagonalizes the

quark mass matrix. Furthermore, in the previous expressions
∆q,m = diag(mq1,mq2,mq3) is a diagonal matrix of the
physical masses of the quarks.

In contrast, for the lepton sector when the mass matrix is
represented by a Hermitian matrix, the expression in Eq. (43)
can be rewritten as

Ml = Ul∆l,mU†
l , (46)

where l = `, ν denotes the charged leptons and neutrinos.
Furthermore,Ul = R>

βl
P†l Ol is the unitary matrix that diag-

onalizes the lepton mass matrix. For the case when the lepton
mass matrix is represented by a complex symmetric matrix,

Ml = Ul∆l,mU>
l , (47)

where l = `, ν denotes the charged leptons and neutrinos.
Additionally, Ul = R>

βl
P>l Ol is the unitary matrix that di-

agonalizes the lepton mass matrix. Thus, in the previous ex-
pressions,∆l,m = diag(ml1,ml2,ml3) is a diagonal matrix
of the physical masses of the leptons.

The hierarchy between fermionic masses is taken into ac-
count considering the normal hierarchy (NH), it is assumed
that the first two fermions have small masses and are closer
to each other, while the third is considerably heavier.

mf,1 < mf,2 ¿ mf,3, withf = l, ν. (48)

In the inverted hierarchy (IH), consistent just with neutrinos,
the two heavier fermions are nearly degenerate, while the
third is considerably lighter. In terms of the mass differences:

mν3 ¿ mν1 < mν2. (49)

Despite his scenario is less intuitive as NH, it is compatible
with the experimental data available so far. It has not yet been
confirmed which of the two mass hierarchies is correct, but
future experiments such as DUNE (Deep Underground Neu-
trino Experiment) [28] and JUNO (Jiangmen Underground
Neutrino Observatory) aim to determine the neutrino hierar-
chy as one of their main objectives.

From the expression in Eq. (43), we obtain

σfi = s imfi −mf
11, (50)

which relates the physical masses of the fermions with their
running masses. In this expression, thes i (i = 1, 2, 3) is
a sign that take values±1, such thatA2

f ≥ 0 is guaran-
teed. Changing the sign of one of the eigenvalues is equiv-
alent to performing a rotation in the eigenvalue space. In
other words, for fermion fields, the sign of the mass is ir-
relevant, as the sign can be changed via a chiral transforma-
tion: fR → f ′R = eiγ5(π/2)fR andfL → f ′L = eiγ5(π/2)fL.
These transformations change the sign of the eigenvalues, but
leave invariant the rest of the Lagrangian.

4. Orthogonal matrix in terms of the fermion
masses

The square of the matrixMf is

M2
f = M†

fMf

=




A2
f AfBf AfCf

AfBf A2
f + B2

f + C2
f BfCf + CfDf

AfCf BfCf + CfDf C2
f +D2

f


 . (51)

Therefore, M2
f = O>

f ∆2
f,σOf where ∆2

f,σ =

diag
(
σ2

f1, σ
2
f2, σ

2
f3

)
. The invariants of the matrixMf sat-

isfy the relations

Tr {Mf} = Tr {∆f,σ} ⇒ Bf +Df = σf1 + σf2 + σf3,

det{Mf} = det{∆f,σ} ⇒ −A2
fDf = σf1σf2σf3,

χ {Mf} =
1
2

(
Tr

{M2
f

}− Tr {Mf}2
)

,

A2
f − BfDf + C2

f = −σf1σf2 − σf1σf3 − σf2σf3. (52)

Thus, the elements of the real symmetric matrixMf in terms
of the running masses of the fermions take the form

Af =
√

σf1σf2σf3

Df
, (53a)

Bf = s3σf3 + s2σf2 + s1σf1 −Df , (53b)

Cf=

√
(s3σf3−Df ) (Df−s2σf2) (Df−s1σf1)

Df
. (53c)

The parametersmf
11 andDf must satisfy the conditions:
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For a normal hierarchy in the fermion mass spectrum:σf3 > σf2 > σf1

mf1 > mf
11,

σf3 > Df > σf2, Df 6= −σf1 + σf2 + σf3, for mf1 → −|mf1|, s1 = −1, s2 = +1, s3 = +1,

σf3 > Df > σf1, Df 6= +σf1 − σf2 + σf3, for mf2 → −|mf2|, s1 = +1, s2 = −1, s3 = +1,

σf2 > Df > σf1, Df 6= +σf1 + σf2 − σf3, for mf3 → −|mf3|, s1 = +1, s2 = +1, s3 = −1.

(54)

For an inverted hierarchy in the fermion mass spectrum:
σf2 > σf1 > σf3

mf3 > mf
11,

σf2 > Df > σf3, Df 6= −σf1 + σf2 + σf3, for mf1 → −mf1, s1 = −1, s2 = +1, s3 = +1,

σf1 > Df > σf3, Df 6= +σf1 − σf2 + σf3, for mf2 → −mf2, s1 = +1, s2 = −1, s3 = +1,

σf2 > Df > σf1, Df 6= +σf1 + σf2 − σf3, for mf3 → −mf3, s1 = +1, s2 = +1, s3 = −1.

(55)

In agreement with experimental data on neutrino oscilla-
tions, the inverted hierarchy is only present in the neutrino
mass spectrum.

The real symmetric matrixMf can be brought to its di-
agonal form by means of the orthogonal transformation in
Eq. (42). The orthogonal matrixOf is constructed using the
eigenvectors of the matrixMf , and it has the following ex-
pression:

Of = (s1|M1〉, s2|M2〉, s3|M3〉) . (56)

The form of the eigenvector for a general matrixMf ,
Eq. (26), is [29]:

|Mk 〉= 1
Ni




(λi−m22)m13+m12m23

(λi−m11)m23+m21m13

(λi−m11) (λi−m22)−m12m21


 . (57)

In this expression,λi (i = 1, 2, 3) correspond to the eigen-
values of the matrixMf , andNi ≡

√
〈Mi |Mi 〉 are the

normalization constants. The orthogonal matrixOf that di-
agonalizes the mass matrixMf takes the expression



s1

√
σf2σf3ξf1

Df1
s2

√
σf1σf3ξf2

Df2
s3

√
σf1σf2ξf3

Df3√
σf1Df ξf1

Df1

√
σf2Df ξf2

Df2

√
σf3Df ξf3

Df3

−
√

σf1ξf3ξf2
Df1

s1s2

√
σf2ξf3ξf1

Df2
s3

√
σf3ξf1ξf2

Df3




,

(58)

where σf1 = s1mf1 − mf
11, σf2 = s2mf2 − mf

11,
σf3 = s3mf3 − mf

11, ξf1 = (Df − s1σf1), ξf2 =
s3 (Df − s2σf2), ξf3 = (σf3 − s3Df ),

Df1 = Df (σf2 + s3σf1) (σf3 + s2σf1) ,

Df2 = Df (σf3 + s1σf2) (σf2 + s3σf1) ,

Df3 = Df (σf3 + s1σf2) (σf3 + s2σf1) .

(59)

5. Lepton flavor mixing matrix

In this case, the unitary matrix that diagonalizes the mass ma-
trix of the leptons takes the form

Ul = R>
βl

P†l Ol, for Ml = M†
l ,

Ul = R>
βl

P>l Ol, for Ml = M>
l .

(60)

Therefore, the lepton flavor mixing matrix, PMNS, which is
defined asVPMNS = U†

`Uν [1], takes the form

VPMNS = O>
` P`Rβ`ν

P†νOν , for Ml = M†
l ,

VPMNS = O>
` P†`Rβ`ν

PνOν , for Ml = M>
l .

(61)

In the above expressions, we have

Rβud
=




1 0 0
0 cos (β` − βν) sin (β` − βν)
0 − sin (β` − βν) cos (β` − βν)


 . (62)

In the particular case when the rotation angle is the same in
both lepton sectors,β` = βν , the matrices in Eq. (61) take
the form

VPMNS = O>
` P`νOν , (63)

whereP`ν = P`P†ν for Ml = M†
l , while P`ν = P†`Pν for

Ml = M>
l . In explicit form

P`ν = diag
(
1, eiΦa , eiΦc

)
for Ml = M†

l ,

P`ν = diag
(
1, eiΦa , eiΦc

)
for Ml = M>

l .
(64)

Here,Φa = ϑ`,a−ϑν,a andΦc = ϑ`,c−ϑν,c for Ml = M†
l ,

andΦa = ϑν,a − ϑ`,a andΦc = ϑν,c − ϑ`,c for Ml = M>
l .
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The difference between representing the mass matrix of the
leptons with a Hermitian matrix or with a complex symmetric
matrix mainly lies in the diagonal phase factor matrixPud.
However, as the lepton flavor mixing matrix PMNS is de-
fined in Eq. (63), it is not possible to obtain direct informa-
tion about whether the mass matrix is complex symmetric or
Hermitian.

The values of the mass ratios of the quarks are more stable
with respect to changes in the energy scale than the masses
of the quarks themselves. In other words, the value of the
mass ratios of the quarks has the same order of magnitude
regardless of the energy scale [27,30]. In this work, the mass
matrices, as well as the PMNS flavor mixing matrix, are nor-
malized with respect to the masses of the heavier leptons.
The charged leptons are normalized with respect tomτ , ob-
taining σ̃e = m̃e − m̃`

11, σ̃µ = m̃µ + m̃`
11, σ̃τ = 1 − m̃`

11,
ξ̃`1 = D̃` − σ̃e, ξ̃`2 = D̃` + σ̃µ, ξ̃`3 = σ̃τ − D̃`,

D̃̀ 1 = D̃` (σ̃µ + σ̃e) (σ̃τ − σ̃e) ,

D̃̀ 2 = D̃` (σ̃τ + σ̃µ) (σ̃µ + σ̃e) ,

D̃̀ 3 = D̃` (σ̃τ + σ̃µ) (σ̃τ − σ̃e) , (65)

wherem̃e = me/mτ , m̃µ = mµ/mτ , m̃`
11 = m`

11/mτ ,
σ̃e = σe/mτ , σ̃µ = σµ/mτ , σ̃τ = στ/mτ , ξ̃`1 = ξ`1/mτ ,
ξ̃`2 = ξ`2/mτ , ξ̃`3 = ξ`3/mτ , D̃` = D`/mτ . In the case
of neutrinos with a normal hierarchy,mν3 > mν2 > mν1,
in the mass spectrum we havẽσν1 = m̃ν1 − m̃ν

11, σ̃ν2 =
m̃ν2+m̃ν

11, σ̃ν3 = 1−m̃ν
11, ξ̃ν1 = D̃ν−σ̃ν1, ξ̃ν2 = D̃ν+σ̃ν2,

ξ̃ν3 = σ̃ν3 − D̃ν ,

D̃ν1 = D̃ν (σ̃ν2 + σ̃ν1) (σ̃ν3 − σ̃ν1) ,

D̃ν2 = D̃ν (σ̃ν3 + σ̃ν2) (σ̃ν2 + σ̃ν1) ,

D̃ν3 = D̃ν (σ̃ν3 + σ̃ν2) (σ̃ν3 − σ̃ν1) , (66)

where m̃ν1 = mν1/mν3, m̃ν2 = mν2/mν3, m̃ν
11 =

mν
11/mν3, σ̃ν1 = σν1/mν3, σ̃ν2 = σν2/mν3, σ̃ν3 =

σν3/mν3, ξ̃ν1 = ξν1/mν3, ξ̃ν2 = ξν2/mν3, ξ̃ν3 =
ξν3/mν3, and D̃ν = Dν/mν3. In the case of neutrinos
with an inverted hierarchy,mν2 > mν1 > mν3, in the mass
spectrum we havẽσν1 = m̃ν1 − m̃ν

11, σ̃ν2 = 1 + m̃ν
11,

ξ̃ν1 = D̃ν − σ̃ν1, σ̃ν3 = m̃ν3 − m̃ν
11, ξ̃ν2 = D̃ν + σ̃ν2,

ξ̃ν3 = σ̃ν3 − D̃ν ,

D̃ν1 = D̃ν (σ̃ν2 + σ̃ν1) (σ̃ν3 − σ̃ν1) ,

D̃ν2 = D̃ν (σ̃ν3 + σ̃ν2) (σ̃ν2 + σ̃ν1) ,

D̃ν3 = D̃ν (σ̃ν3 + σ̃ν2) (σ̃ν3 − σ̃ν1) , (67)

where m̃ν1 = mν1/mν2, m̃ν3 = mν3/mν2, m̃ν
11 =

mν
11/mν2, σ̃ν1 = σν1/mν2, σ̃ν2 = σν2/mν2, σ̃ν3 =

σν3/mν2, ξ̃ν1 = ξν1/mν2, ξ̃ν2 = ξν2/mν2, ξ̃ν3 =
ξν3/mν2, and D̃ν = Dν/mν2. For the particular case
of performing a chiral rotation on the second eigenvalue,
mf2 = −|mf2|, which implies thats1 = +1, s2 = −1
ands3 = +1, the PMNS matrix takes the form

Vth
PMNS =




V th
e1 V th

e2 V th
e3

V th
µ1 V th

µ2 V th
µ3

V th
τ1 V th

τ2 V th
τ3


 , (68)

The elements of the PMNS mixing matrix are expressed as

V th
e1 =

√
σ̃µσ̃τ σ̃ν2σ̃ν3ξ̃`1ξ̃ν1

D̃̀ 1D̃ν1

+

√
σ̃eσ̃ν1

D̃̀ 1D̃ν1

(√
D̃`D̃ν ξ̃`1ξ̃ν1e

iΦa +
√

ξ̃`2ξ̃`3ξ̃ν2ξ̃ν3e
iΦc

)
,

V th
e2 = −

√
σ̃µσ̃τ σ̃ν1σ̃ν3ξ̃`1ξ̃ν2

D̃̀ 1D̃ν2

+

√
σ̃eσ̃ν2

D̃̀ 1D̃ν2

(√
D̃`D̃ν ξ̃`1ξ̃ν2e

iΦa +
√

ξ̃`2ξ̃`3ξ̃ν1ξ̃ν3e
iΦc

)
,

V th
e3 =

√
σ̃µσ̃τ σ̃ν1σ̃ν2ξ̃`1ξ̃ν3

D̃̀ 1D̃ν3

+

√
σ̃eσ̃ν3

D̃̀ 1D̃ν3

(√
D̃`D̃ν ξ̃`1ξ̃ν3e

iΦa −
√

ξ̃`2ξ̃`3ξ̃ν1ξ̃ν2e
iΦc

)
,

V th
µ1 = −

√
σ̃eσ̃τ σ̃ν2σ̃ν3ξ̃`2ξ̃ν1

D̃̀ 2D̃ν1

+

√
σ̃µσ̃ν1

D̃̀ 2D̃ν1

(√
D̃`D̃ν ξ̃`2ξ̃ν1e

iΦa +
√

ξ̃`1ξ̃`3ξ̃ν2ξ̃ν3e
iΦc

)
,

V th
µ2 =

√
σ̃eσ̃τ σ̃ν1σ̃ν3ξ̃`2ξ̃ν2

D̃̀ 2D̃ν2

+

√
σ̃µσ̃ν2

D̃̀ 2D̃ν2

(√
D̃`D̃ν ξ̃`2ξ̃ν2e

iΦa +
√

ξ̃`1ξ̃`3ξ̃ν1ξ̃ν3e
iΦc

)
,

V th
µ3 = −

√
σ̃eσ̃τ σ̃ν1σ̃ν2ξ̃`2ξ̃ν3

D̃̀ 2D̃ν3

+

√
σ̃µσ̃ν3

D̃̀ 2D̃ν3

(√
D̃`D̃ν ξ̃`2ξ̃ν3e

iΦa −
√

ξ̃`1ξ̃`3ξ̃ν1ξ̃ν2e
iΦc

)
,

Rev. Mex. Fis.72050801



SYSTEMATIC ANALYSIS OF FERMIONIC MASSES AND FLAVOR MIXINGS: A MODEL-INDEPENDENT APPROACH 9

V th
τ1 =

√
σ̃eσ̃µσ̃ν2σ̃ν3ξ̃`3ξ̃ν1

D̃̀ 3D̃ν1

+

√
σ̃τ σ̃ν1

D̃̀ 3D̃ν1

(√
D̃`D̃ν ξ̃`3ξ̃ν1e

iΦa −
√

ξ̃`1ξ̃`2ξ̃ν2ξ̃ν3e
iΦc

)
,

V th
τ2 = −

√
σ̃eσ̃µσ̃ν1σ̃ν3ξ̃`3ξ̃ν2

D̃̀ 3D̃ν2

+

√
σ̃τ σ̃ν2

D̃̀ 3D̃ν2

(√
D̃`D̃ν ξ̃`3ξ̃ν2e

iΦa −
√

ξ̃`1ξ̃`2ξ̃ν1ξ̃ν3e
iΦc

)
,

V th
τ3 =

√
σ̃eσ̃µσ̃ν1σ̃ν2ξ̃`3ξ̃ν3

D̃̀ 3D̃ν3

+

√
σ̃τ σ̃ν3

D̃̀ 3D̃ν3

(√
D̃`D̃ν ξ̃`3ξ̃ν3e

iΦa +
√

ξ̃`1ξ̃`2ξ̃ν1ξ̃ν2e
iΦc

)
. (69)

The parameter̃Dl, with l = `, ν, for a normal hierarchy
in the neutrino mass spectrum, must satisfy the condition:

m̃f
11 < m̃f1, σ̃l3 > D̃l > σ̃l1,

D̃l 6= +σ̃l1 − σ̃l2 + σ̃l3 for ml2 → −|ml2|.
(70)

For an inverted hierarchy in the neutrino mass spectrum, the
next condition must be satisfied:

m̃ν
11 < m̃ν3, σ̃ν1 > D̃ν > σ̃ν3,

D̃ν 6= +σ̃ν1 − σ̃ν2 + σ̃ν3 para mν2 → −|mν2|.
(71)

5.1. Numerical analysis

To evaluate how well the theoretical expressions fit the exper-
imental data, a likelihood fit is implemented here, where the
χ2 statistic is used as the measure. Theχ2 statistic measures
the difference between the observed and expected values ac-
cording to the theoretical model. The method seeks the op-
timal values of the model parameters that minimize the error
between the data and the model.

In this case, theχ2 statistic takes the form:

χ2 =
3∑

i<j

(
sin2 θexp

ij − sin2 θth
ij

)2

σ2
θij

. (72)

In this expression for theχ2 statistic, the superscript “th” is
used to denote the theoretical expressions of the mixing an-
gles of the leptons, which are obtained from the expressions:

sin2 θth
12 = |V th

e2 |2
1−|V th

e3 |2 , sin2 θth
23 = |V th

µ3 |2
1−|V th

e3 |2 ,

sin2 θth
13 =

∣∣V th
e3

∣∣2 .

(73)

Meanwhile, the terms with the superscript “exp” denote the
experimental data with an uncertaintyσθij for the mixing an-
gles of the leptons.

For this likelihood analysis, the results from the global fit
of neutrino oscillation parameters reported in Refs. [31,32]
are considered. The values of the differences of the squares
of the neutrino masses,∆m2

ij = m2
νi−m2

νj , at BFP±1σ are

∆m2
21

(
10−5 eV2

)
= 7.50+0.22

−0.20,

∆m2
31

(
10−3 eV2

)
= 2.55+0.02

−0.03 for NH,

∆m2
13

(
10−3 eV2

)
= 2.45+0.02

−0.03 for IH.

(74)

The values of the differences in the mixing angles of the
leptons at BFP±1σ are

FIGURE 1. Regions of parameters for̃D` andD̃ν , where the white star represents the best fit point (BFP). The regions delimited by the white
and black lines represent the allowed region at 1σ and 2σ C.L., respectively.
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sin2 θexp
12

(
10−1

)
= 3.18± 0.16,

sin2 θexp
23

(
10−1

)
= 5.74± 0.14 for NH,

sin2 θexp
23

(
10−1

)
= 5.78+0.10

−0.17 for IH,

sin2 θexp
13

(
10−2

)
= 2.200+0.069

−0.062 for NH,

sin2 θexp
13

(
10−2

)
= 2.225+0.064

−0.070 for IH.

(75)

From the definition of∆m2
ij , two of the neutrino masses can

be written as

mν2 =
√

∆m2
21 + m2

ν1

mν3 =
√

∆m2
31 + m2

ν1

}
for NH,

mν1 =
√

∆m2
13 + m2

ν3

mν3 =
√

∆m2
21 + ∆m2

13 + m2
ν3

}
for IH,

(76)

wheremν1 andmν3 are the mass of the lightest neutrino for
NH and IH, respectively. Furthermore, for each type of hier-
archy, this neutrino mass is considered the only free parame-
ter in the previous expressions, as the∆m2

ij are determined
by the experiment.

From the expressions in Eqs. (65)-(67), (69) and (73), it
is easy to conclude that for the normal [inverted] hierarchy,
the χ2 statistic depends on the parametersm̃e, m̃µ, m̃ν1[3],
m̃ν2[1], m̃`

11, m̃ν
11, D̃`, D̃ν , Φa, andΦc. However, in this

likelihood analysis, the parameters̃me, m̃µ, andm̃ν2[1] will
not be considered as free parameters since their values are
determined by experimental data.

So, the statistic parameterχ2 depends of seven free pa-
rameters:

χ2 = χ2
(
m̃ν1[3], m̃

`
11, m̃

ν
11, D̃`, D̃ν , Φa, Φc

)
. (77)

However, theχ2 statistic depends only on three experi-
mental values, which correspond to the leptonic flavor mix-
ing angles. Therefore, if the seven parameters are simulta-
neously considered as free in the likelihood analysis, we can

only determine the values of these parameters at the best-fit
point (BFP). To search for the BFP through likelihood fitting,
we will consider the following values for the charged lepton
masses [1]

me = 0.51099895000± 0.0000000015 MeV,

mµ = 105.6583755± 0.0000023 MeV,

mτ = 1776.93± 0.09 MeV.

(78)

To minimize theχ2 statistic, we perform a scan of the param-
eter space in which the differences of the squares of the neu-
trino masses and the charged lepton masses are fixed at their
central values, which are given in Eqs. (75) and (78). For a
normal hierarchy, we obtain the following values at the BFP
for the seven free parameters and the mixing angles, with a
value of theχ2 statistic equal to3.6184× 10−3:

mν1 = 4.09× 10−3 eV, m̃`
11 = 2.98× 10−7,

m̃ν
11 = 1.15× 10−5, D̃` = 5.54871× 10−1,

D̃ν = 4.60288× 10−1, Φa = 39◦, Φa = 300◦,

sin2 θth
12 = 3.17242× 10−1, sin2 θth

13 = 2.20018× 10−2,

sin2 θth
23 = 5.74517× 10−1. (79)

On the other hand, for an inverted hierarchy we obtain the fol-
lowing for a value of theχ2 statistic equal to6.26357×10−3:

mν3 = 2.82× 10−2 eV, m̃`
11 = 1.02× 10−6,

m̃ν
11 = 3.60× 10−1, D̃` = 4.00000× 10−1,

D̃ν = 1.31000× 10−1, Φa = 87◦, Φa = 248.5◦,

sin2 θth
12 = 3.18278× 10−1, sin2 θth

13 = 2.22517× 10−2,

sin2 θth
23 = 5.79041× 10−1. (80)

FIGURE 2. Parameter regions for̃m`
11 andm̃ν

11, where the white star represents the BFP. The regions bounded by the white and black lines
represent the allowed region at 1σ and 2σ C.L., respectively.
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FIGURE 3. Parameter regions forΦa andΦc.

Now, since we already know the numerical values of the
seven free parameters at the BFP, the next step is to perform
new likelihood fits in which the values of five or six free pa-
rameters are fixed so that theχ2 statistic has one or two de-
grees of freedom.

In order to determine the allowed regions of the free pa-
rameters, the values of∆m2

ij and the charged lepton masses
are fixed at the BFP values given in Eqs. (74) and (78). Mean-
while, m̃ν1[3], m̃`

11, m̃ν
11, D̃`, D̃ν , Φa, andΦc are fixed at the

values given in Eqs. (79) and (80).
Thus, in the case where the statistic isχ2 =

χ2
(
D̃`, D̃ν

)
, this implies one degree of freedom, yielding

the following results at1σ C.L.

D̃` =

{ (
5.549+1.428

−2.339

)× 10−1 for NH,
(
4.00+0.16

−0.14

)× 10−1 for IH,

D̃ν =

{ (
4.603+0.196

−0.349

)× 10−1 for NH,
(
1.3100+0.0008

−0.0007

)× 10−1 for IH.

(81)

For the normal and inverted hierarchies, we obtainχ2 =
5.41 × 10−3 andχ2 = 3.59 × 10−4 respectively. In Fig. 1,
we show the parameter regions for̃D` and D̃ν , where the
white star represents the BFP. The regions bounded by the
white and black lines represent the allowed region at 1σ and
2σ C.L., respectively. The left panel corresponds to the nor-
mal hierarchy, with both parameters of order10−1. The right
panel corresponds to the inverted hierarchy, where both pa-
rameters are also of order10−1.

In the case where the statistic isχ2 = χ2
(
m̃`

11, m̃
ν
11

)
,

this implies one degree of freedom, yielding the following
results at1σ C.L.

m̃`
11 =

{ (
2.98+451.65

−2.88

)× 10−7 for NH,
(
1.02+286.55

−1.00

)× 10−6 for IH,

m̃ν
11 =

{ (
1.15+265.81

−1.14

)× 10−5 for NH,
(
3.600+0.010

−0.007

)× 10−1 for IH.

(82)

For the normal and inverted hierarchies, we obtainχ2 =
3.20 × 10−3 andχ2 = 5.98 × 10−3, respectively. In Fig. 2,
we show the parameter regions form̃`

11 andm̃ν
11, where the

white star represents the BFP. The regions bounded by the
white and black lines represent the allowed region at 1σ and
2σ C.L., respectively. The left panel corresponds to the nor-
mal hierarchy, where the parameterm̃`

11 is of order10−4 and
the parameter̃mν

11 is of order10−3. The right panel corre-
sponds to the inverted hierarchy, where the parameterm̃`

11 is
of order10−4 and the parameter̃mν

11 is of order10−1.
In the case where the statistic isχ2 = χ2 (Φa, Φc), this

implies one degree of freedom, yielding the following results
at1σ C.L.

Φa =

{ (
39+4.0
−3.0

)◦
for NH,

(
87+28
−17

)◦
for IH,

Φc =

{ (
300+2.0

−3.0

)◦
for NH,

(248.5± 3.0)◦ for IH.

(83)

For the normal and inverted hierarchies, we obtainχ2 =
2.58 × 10−3 andχ2 = 6.33 × 10−3, respectively. In Fig. 3,
we show the complete parameter regions for the phase factors
Φa andΦc. In Fig. 4, we show a zoom-in of the parameter re-
gions forΦa andΦc, where the white star represents the BFP.
The regions bounded by the white and black lines represent
the allowed region at 1σ and 2σ C.L., respectively. The left
panel corresponds to the normal hierarchy. The right panel
corresponds to the inverted hierarchy.

In the case where the statistic isχ2 = χ2
(
mν1[3]

)
, this

implies two degrees of freedom, yielding the following re-
sults at1σ C.L.

mν1 =
(
4.09+0.13

−0.12

)× 10−3 eV for NH,

mν3 = (2.82± 0.01)× 10−2 eV for IH.
(84)

For the normal and inverted hierarchies, we obtainχ2 =
3.39× 10−3 andχ2 = 6.15× 10−3, respectively.
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FIGURE 4. Amplification of the parameter regions forΦa andΦc, where the white star represents the BFP. The regions bounded by the
white and black lines represent the allowed region at 1σ and 2σ C.L., respectively.

From the results obtained in the previous likelihood fits,
for a normal hierarchy, the leptonic mixing angles have the
following average values at1σ C.L.

sin2 θth
12 =

(
3.172+0.051

−0.057

)× 10−1,

sin2 θth
13 =

(
2.199+0.046

−0.066

)× 10−2,

sin2 θth
23 =

(
5.744+0.054

−0.097

)× 10−1,

(85)

whereas for an inverted hierarchy at1σ C.L.

sin2 θth
12 =

(
3.183+0.054

−0.060

)× 10−1,

sin2 θth
13 = (2.225± 0.069)× 10−2,

sin2 θth
23 =

(
5.787+0.073

−0.059

)× 10−1.

(86)

With these values for the flavor mixing angles, it can be seen
that the current experimental values for neutrino oscillations
are correctly reproduced.

6. Conclusions

A systematic and detailed model-independent analysis of
fermionic flavor masses and mixings was developed. First,

we have demonstrated that fermion mass matrices can be
consistently cast into a canonical weak–basis form with van-
ishing(1, 3) and(3, 1) entries, motivated by the hierarchical
structure of fermion masses and mixings and without invok-
ing dynamical texture assumptions. This formulation natu-
rally encompasses both Hermitian and complex symmetric
cases, providing a unified description of Dirac and Majorana
fermion mass terms. Then, it is required that the rotated ma-
trix satisfies the internal symmetry of being either Hermitian
or complex symmetric, in order to express it in polar form
and factor out the phases. Both the real symmetric matrix
and the PMNS flavor mixing matrix are expressed in terms
of the fermion masses and some free parameters.

To evaluate how well the theoretical expressions for the
leptonic flavor mixing angles reproduce experimental data, a
likelihood test using theχ2 statistic was implemented. The
results of theχ2 fit show that the theoretical expressions ob-
tained for the PMNS flavor mixing matrix correctly repro-
duce the current experimental data on neutrino oscillations.
The difference between representing the lepton mass matrix
as Hermitian or as complex symmetric lies solely in the form
of the diagonal matrix of phase factors.
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The S3 flavour symmetry: Neutrino masses and mixings,
Fortschritte der Physik61 (2013) 546,https://doi.org/
10.1002/prop.201200121

27. F. Gonźalez Canaleset al., Quark sector of S3 models:
classification and comparison with experimental data,Phys.
Rev. D88 (2013) 096004,https://doi.org/10.1103/
PhysRevD.88.096004

28. R. Acciarri et al., Long-Baseline Neutrino Facility (LBNF)
and Deep Underground Neutrino Experiment (DUNE): Con-
ceptual Design Report, Volume 1: The LBNF and DUNE
Projects (2016),https://doi.org/10.48550/arXiv.
1601.05471

29. E. Barradas-Guevara, O. Félix-Beltrán, and F. Gonzalez-
Canales, Deviation to the Tri-Bi-Maximal flavor pattern and
equivalent classes,Int. J. Mod. Phys. A38 (2023) 2350031,
https://doi.org/10.1142/S0217751X23500318

30. O. Félix-Beltrán et al., Analysis of the quark sector
in the 2HDM with a four-zero Yukawa texture using
the most recent data on the CKM matrix,Phys. Lett.
B 742 (2015) 347, https://doi.org/10.1016/j.
physletb.2015.02.003

31. P. F. De Salaset al., Chi2 profiles from Valencia neutrino global
fit,https://doi.org/10.5281/zenodo.4726908.

Rev. Mex. Fis.72050801

https://doi.org/10.1103/PhysRevD.110.030001�
https://doi.org/10.1103/PhysRevD.110.030001�
https://doi.org/10.1016/ j.ppnp.2019.103727�
https://doi.org/10.1016/ j.ppnp.2019.103727�
https://doi.org/10.1103/PhysRevD.101.035020�
https://doi.org/10.1103/PhysRevD.101.035020�
https://doi.org/10.48550/ arXiv.2306.01019�
https://doi.org/10.48550/ arXiv.2306.01019�
https://books.google. com.mx/books?id=QHRfAQAACAAJ.�
https://books.google. com.mx/books?id=QHRfAQAACAAJ.�
https://doi.org/10.1103/PhysRevLett.81.1158�
https://doi.org/10.1103/PhysRevLett.81.1158�
https://doi.org/10.1103/PhysRevLett.89.011301�
https://doi.org/10.1103/PhysRevLett.89.011301�
https://doi.org/10.1016/ 0370-2693(77)90435-X�
https://doi.org/10.1016/ 0370-2693(77)90435-X�
https://doi.org/10.1103/PhysRevLett.123. 221802�
https://doi.org/10.1103/PhysRevLett.123. 221802�
https://doi.org/10.1103/ PhysRevD.97.035003�
https://doi.org/10.1103/ PhysRevD.97.035003�
https://doi.org/10.1007/BF01565198�
https://doi.org/10.1007/BF01565198�
https://doi.org/10.1103/ PhysRevD.22.2227�
https://doi.org/10.1103/ PhysRevD.22.2227�
https://doi.org/10.1016/0370-2693(77)90408-7�
https://doi.org/10.1016/0370-2693(77)90408-7�
https://doi.org/10.1016/0550-3213(79)90362-6�
https://doi.org/10.1016/0550-3213(79)90362-6�
https://doi.org/10.1016/0370-2693(68)90150-0�
https://doi.org/10.1016/0370-2693(68)90150-0�
https://doi.org/10.1016/S0146-6410(00)00102-2�
https://doi.org/10.1016/S0146-6410(00)00102-2�
https://doi.org/10.1093/oso/9780198503996.001.0001�
https://doi.org/10.1093/oso/9780198503996.001.0001�
https://doi.org/10.1016/0550-3213(79)90316-X�
https://doi.org/10.1016/0550-3213(79)90316-X�
https://doi.org/10.1016/0550-3213(93) 90112-3�
https://doi.org/10.1016/0550-3213(93) 90112-3�
https://doi.org/10.1016/ 0550-3213(93)90159-M�
https://doi.org/10.1016/ 0550-3213(93)90159-M�
https://doi.org/10.1016/S0370-2693(00)00193-3�
https://doi.org/10.1016/S0370-2693(00)00193-3�
https://doi.org/10.1016/0370-2693(86)90659-3�
https://doi.org/10.1016/0370-2693(86)90659-3�
https://doi.org/10.1103/PhysRevD.62. 073004�
https://doi.org/10.1103/PhysRevD.62. 073004�
https://doi.org/10.1016/0370-2693(96)01079-9�
https://doi.org/10.1016/0370-2693(96)01079-9�
https://doi.org/10.1103/ PhysRevD.90.095001�
https://doi.org/10.1103/ PhysRevD.90.095001�
https://doi.org/10.1002/prop. 201200121�
https://doi.org/10.1002/prop. 201200121�
https://doi.org/10.1103/PhysRevD.88.096004�
https://doi.org/10.1103/PhysRevD.88.096004�
https://doi.org/10.48550/arXiv.1601.05471�
https://doi.org/10.48550/arXiv.1601.05471�
https://doi.org/10.1142/S0217751X23500318�
https://doi.org/10.1016/j.physletb.2015.02.003�
https://doi.org/10.1016/j.physletb.2015.02.003�
https://doi.org/10.5281/zenodo.4726908.�
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