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In a model-independent context, we perform a systematic and detailed study of the fermion flavor masses and mixings. In this analysis,
we present a most general parameterization form o8tke3 mass matrix, as well as the Pontecorvo-Maki-Nakagawa-Sakata flavor mixing
matrix, in terms of the fermionic masses and some free parameters. A likelihood test usidgthtstic is implemented to evaluate whether

the theoretical expressions for the leptonic flavor mixing angles also reproduce the experimental data. The resyftdiostiamy that the
theoretical expressions obtained for the Pontecorvo-Maki-Nakagawa-Sakata mixing matrix correctly reproduce the actual experimental date
on neutrino oscillations.
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1. Introduction the Higgs field in the same way as other particles. How-
ever, in SM minimal extensions, such as the See-Saw mech-
The fermionic sector of particle physics deserves an in-deptinism, a natural explanation is introduced for the extremely
exploration beyond the Standard Model for several fundasmall neutrino masses. In this model, neutrinos acquire mass
mental reasons. The Standard Model, although successfyhrough mixing with heavier particles, which results in neu-
has critical gaps in that sector [1-4], as it does not explain whyrino masses being much smaller compared to other parti-
exactly three generations of fermions exist, nor does it pregjes [8]. Although the absolute neutrino mass has not yet
dict their specific masses [1,5]. The hierarchy of fermionicpheen directly measured, very low upper limig(eV)) have
masses, from the neutrino to the top quark, spans more th§ben set by experiments such as KATRIN [9]. These exper-

planation. The mixing patterns in the fermionic sector reveahonzero, mass.

structures that suggest deeper underlying physics. The CKM

matrix for quarks and the PMNS matrix for neutrinos ShoWto the fermionic mixing matrices, whereas Sec. 3 shows the

mixing angles that appear to follow specific patterns, but th o ; . o
; ermionic general mass matrix and its analysis; the orthog-
Standard Model offers no fundamental explanation for these . . . o
. : : onal matrix associated to the diagonalization of the general
values. In concordance with experiments [6,7], neutrinos os- L . .
o L . . mass matrix is shown in Sec. 4. The analytic lepton flavor
cillation is given by impliying the massive neutrinos [1]. On _ .~ ) . . . .
2 . .~ . mixing matrix and numerical analysis is provided in Sec. 5.
the other hand, the CP violation observed in the ferm|on|cF. : . .
L . . : inally, in Sec. 6 are given the conclusions.
sector is insufficient to explain the matter-antimatter asym-
metry of the universe. This suggests that additional sources
of CP violation exist in extended fermionic sectors. Many
dark matter candidates are fermionic (such as neL!tra_Ilnos B Eermionic Mixing matrices
supersymmetry). Exploration of the extended fermionic sec-
tor could reveal stable particles that constitute dark matter. )
Standard Model fermions naturally fit into representations ofcKM matrix
larger symmetry groups (such as SO(10) or E6), suggesting
that they are part of more fundamental structures. ExploThe CKM matrixVcekm (Cabibbo, Kobayashi, Maskawa) is
ration of the fermionic sector transcends current limitationsof the order3 x 3 that describes quark mixings in SM context.
and could reveal the fundamental architecture of physical reFhis one specifically refers how up,(c, t)-down , s, b)
ality, connecting from microscopic structure to the deepestjuarks mix through the weak interaction. This mixing is re-
cosmological mysteries. lated with disintegration processes mediatedliof gauge
Within the SM framework, neutrinos were originally con- bosons (charged currents) and quarks flavor changing. The
sidered massless particles, since they do not interact witW cxm has the form [1]:

This paper is organized as follow: Section 2 is addressed
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quarks. In an angle-phase parameterization, the matrix ele-

Vud Vs Vb ments are related to three mixing anglés,( 6»3, 013), and
Vekm = UUUL = Vig Ve Vo |, (1)  one Charge-Parity (CP)- violating phase,. These mixing
Vie Vie Vi angles determine the magnitude of mixing between quarks,

whereU, andU, are unitary matrices that diagonalize the while t_he pha§e is responsible for CP symmetry vi.olation in

mass matrix of the up- and down-quarks, respectively. ThTEC BEER AR Jo8 SORRRE SR O Fae B0
ﬁ:g;n; :stir(i)l:eﬂlﬁ eC ::x];n“?;:ggﬁg]éﬁﬁirg?nm; ICTS;;QT(? er related to the fact that the laws of physics_aré not completely
guarkj-th. Since the CKM matrix¥V cky IS unitary, guaran- symmetric under charge and parity inversion.

tees the conservation of probability in transitions between In the standard PDG parameterization, ¥iexw is writ-

| tenas[1]
—is
C12€13 $12€13 s13e”"
is is
Vekm = | —s12¢23 — c12523513€" C12€23 — S12523513€" $23C13 ) 2
1) 1)
512823 — C12C23513¢€" —C12523 — 812¢23513€"°  C23C13

wheres;; = sinf;; andc;; = cosb;;. The meaning of the
mixing angles aref, ; represents the mixing between the firstlThus, the phase factor in terms of the elements oMbgwm
and second generation of quarks, wher@asangle repre- can be written as:
sents the mixing between the second and third generation of 5
quarks, and3 angle represents the mixing between the first sindcp = J (1 — V| ) )
and third generation of quarks. This angle is associated with [Veol[Vio| [V Vaa| [ Vaas|
the complex phaséqp, which is crucial for CP violation. To arrive at the above expression, the fact that¥hgu is
The elements of the CKM matrix are related to three mixingumtary was used.

angles in the following form [10],

(6)

2 PMNS matrix
gin? 015 = M
1 — Vi |?’ The PMNS matrix (Pontecorvo-Maki-Nakagawa-Sakata) is
i V|2 analogous to the CKM matrix but applies to the lepton sector
sin” fg3 = T |V’ instead of the quark sector (it is crucial for describing how
neutrinos change from one type to another, a phenomenon
sin? 013 = |V |*. (3)  known as neutrino oscillation). The PMNS matrix relates the

flavor states of leptons to their mass states. The leptonic fla-

On the other hand, the Jarlskog invariant is a scalar quantity,. mixing matrix PMNS arises from the mismatch between

that measures the magnitude of CP symmetry violation in the,e giagonalization of the charged lepton and neutrino mass
quark sector of the Standard Model. Itis defined from the ele;5trices. and is defined as [1]

ments of the CKM matrix; specifically, the Jarlskog invariant

is expressed as [11]: Uer Uea Ues
s Vpuns = UZUV = Uu Uwp Us |, (@
T =Im{VuaVes Vi Vgt - 4) Ui Uzo Uss

This invariant is particularly important because it does notwhereU, and U, are unitary matrices that diagonalize the
depend on the choice of the phase in the CKM matrix. Itsmass matrices of the charged leptons and neutrinos, respec-
value is proportional to the magnitude of CP symmetry vio-tively. Each element/,; of the PMNS matrix describes the
lation in quark interactions, serving as a direct indicator ofprobability amplitude for a neutrino with flaver (wherea
this phenomenon. In terms of the mixing angles, we have can bee, 1, or 7) to be in the mass staigwherei = 1,2,
1 or 3). In the symmetric parametrization of the PMNS matrix,
J = = sin 2015 sin 26093 8in 2013 cos f13sindcp.  (5)  three mixing anglesf(s, 623, 613) and three CP-violating

8 . . .
phasesdis, P13, P23) are included [12]. In this parametriza-
| tion, the PMNS matrix is written as [1]
‘ €12C13 _ 5120136%4_)12 81367@‘13
Veuns = *5120236@’12 - 612523313671(¢23f¢13) C12€23 — 812823813671(%#?127%3) sezcize 92 | (8)
S512803€"(#23H012) 150035150010 —C12893€'923 — s19Co3513e (P12 ¢13) €23C13
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wheres;; = sin 6;; andc;; = cos 0;;. The relations between unitary transformation, bilinear forms must be constructed as
the mixing angles and the entries of the PMNS matrix are follows:

oy Uef M;M} and M|M;, (15)
sin” bip = ——,
1 — [Ues| which are Hermitian matrices. The matrices in EtB)(can
U 3|2 be brought to their diagonal form through the following uni-
sin® Oy = —— tary transformations:
1-— |Ue3‘ fort
sin® 05 = |Uss)?. ) VMMV, =A;, and
. - o UMM, UL = A, (16)
In case of neutrino oscillations, the Jarlskog invariant is de-
fined as where U; and V; are unitary matrices. Additionally,
A, = diag(As1, Ar2, Ar3), where thely; are the real
J =Im{UaU,sU%U; }, (10)  eigenvalues of the matricad ;M andM M. Therefore,

from the expressions in EcL§), we obtain
which in the symmetric parametrization takes the form
) VMU =Ays, or M;=ViA;sU;,  (17)
J = 3 sin 2015 sin 2653 sin 2013 cos 013 sin 6, (12) whereA sy, = diag(Z1, 52, Bp). TheS i = /An are
the singular values of the matriM ¢, which may be complex
quantities.
In order to determine the explicit form of the unitary ma-
trices Uy and V¢, we will consider two possible internal
I, =Im {UZU}, (12)  symmetries of the mass matid ;. The first is to consider
the mass matrix as a Hermitian matrix, and the second is to
associated with the Majorana phase factors [10] in the symeonsider it as a complex symmetric matrix. In the case of

whered = ¢13 — ¢a3 — p12. In addition, the invariants

Iy = Im {USLU

metric parametrization take the form representing the mass matrix through a Hermitian matrix, the
1 conditionMy = M. must be satisfied. Then, from Ed4.7),
T, = - sin® 2015 cos” 013 sin (—2¢12) the self-adjoint matrix of the fermion mass matrix can be
4 written as
L. 2 :
ZQ = Z S 2013 COS 912 S11 (72@/)13) . (13) M} — U} A},Z Vf (18)
Then, the phase factors associated with CP violation can b8y comparing the matrices in Eqsld) and (8), it fol-
written as lows that the unitary matrices satisfy the relation = V.
) Moreover, Ay = A;E, which implies that the elements of
) J (1 — | Ves| ) the matrixA s are real quantities. Consequently, and in ac-
sind = Ut [ |Uea| [Ues| [Upus| [Ura]” cordance with the singular value decomposition theorem, in
cimestimest e e this particular case the fermion mass matrix in ) takes
sin (—2¢12) = _ L the form
Uat|? U]
| 1|I| 2 M;=UlA;, U = UMUL=Ap,, (19)
. _ 1
sin (—2¢13) = Ut [Us (14) whereA,,, = diag(m 1, mse, ms3). In this case, the sin-

gular values and the eigenvalues of the malix are equal.
The equivalence between the standard PDG parametrizatiofherefore, then;; = Xy; are the physical masses of the

and the symmetric one can be expressédasc = KUy,  fermions.

whereK = diag (1,61'(&21/2)’62'(&21/2)), Here, the Dirac- On the other hand, when representing the fermion mass
type phase takes the forth = ¢13 — ¢23 — ¢12, While  matrix through a complex symmetric mass matrix, the condi-
the Majorana-type phases atg; = —2¢12 andaz; =  tionM; = MJT must hold. Then, starting from EdlL7), the
—2(d12 + P23)- transpose of the fermion mass matrix can be written as

M) =U] Al Vi (20)
.. . f fF=rE vy
3. Fermionic general mass matrix _ o _
By comparing the matrices in Egdd) and R0), it follows
In general, in the physics of elementary particles, thethat the unitary matrices satisfy the relatibh; = V} or
fermionic mass matrixMy, does not have any particular Uy = V7. Furthermore, the relatiod; s, = A;E is au-
internal symmetry. Therefore, to diagonalize it through atomatically satisfied because the matdx s is a diagonal
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matrix. Consequently, the fermion mass matrix in Eii) (
takes the form

M; =UjA;sUy. (21)

In general, the elements of the matuX, s, are complex
guantities, so it can be written as

Ars =KrAfr Ky, (22)

where Ay, = diag(mysi,myp2,myp3) and Ky =
diag (ei(</’f1/2)7 ei(Sﬂfz/Q)’ ei(‘sz/Q)), with me; = |Zfi| and
vy, = arg{my;}. From Eq. 22), the fermion mass matrix
in equation/21) can be expressed as

My =U Aplly = UMU = Af,, (23)

wherel{; = K;Uy,. The phase factors present in the diag-
onal matrixK ; can be absorbed into the spinors of the mass
terms. It is common to associate these phase factors with the

CP-violating phases of the Majorana type.
In summary, the mass matrices given in E4S) and 23)
can be expressed in the following compact form:

Vi MUY = A =12 (29
where
Ub=U;, Vi=U; for M;=M}, 25
U3 =Up, Vi=Uj, for Mf:MJT,

with Z/{f = Kfo.

3.1. Fermion mass matrix3 x 3

The general fermion mass matrix ®fx 3 can be written in
the following expression:

f f f
my; Mip Mg

My = m£1 Mo mg:s ) (26)

f
m3; M3y Mag

where the superscript = u,d, ¢, v denotes the up quarks,

down quarks, charged leptons, and neutrinos, respectively.

The eIementSn{, of the matrixMy, with 4,5 = 1,2, 3, are
complex quantities. The fermion mass matik; can be ro-
tated via the orthogonal transformation

Mg =Rg, My;R; or M;=Rj Mg;Rg,. (27)

In these expressionR s, is a real symmetric rotation matrix
given as

1 0 0
Rg, = 0 cosBf sinpy (28)
0 —sinfBy cospfy

On the other hand, in order to generate a zero in(th8)
entry of the matrixM gy, it is required that the relation

tan By = }3, (29)
mig

whereas, to generate a zero in {8e1) entry of the matrix
Mgy, the relation must be hold

tan By = j’cl. (30)

By comparing the expressions in Ec¢@9)and 30), it can be
observed that both refer to the same rotation arnigleand
therefore, the relation

f f
mig — M3 . (31)
m{Q m£1

In order for the definition of the angle; to be a real quantity,
and corresponds to a pure rotation, the relation must hold

org {mly} = arg {m, ).

(32)
arg {mgl} = arg {m{Q} .
Thus, the rotated mass matri¥ r ¢, takes the form
m{l Ay 0
Mgy = Ay By Cp ), (33)
0 ¢} Dy
here in the following expressiorg, = tan 3y,
Ap=mi, /1 +t3, Ap= mi, /1 +13,,
, M2 + m33t%f + (ma3 +ma32) tg,
F L+13, ’
C; = Ma3 — m32t%f + (mss — ma2) tg,
1+, ’ (34)
M3z — Moty + (maz — maz) tg,
F 1+13 ’
,  Msst Mastd — (mas +m32) ts,
e L+1t3 '

Motivated by the hierarchical pattern of fermion masses
and mixings, where direct first—third family couplings are
suppressed with respect to nearest—neighbour interactions,
we work in an intermediate weak basis in which {ie3)
and(3, 1) entries of the mass matrix vanish. Such a structure
can arise from approximate flavour symmetries or from vac-
uum alignment conditions following the minimization of ex-
tended Higgs potentials. Exploiting weak—basis freedom, the
fermion mass matrix is therefore cast into a canonical form
with My3 = M3, = 0, which should be regarded as a basis
choice rather than a dynamical texture assumption. Requiring
this transformation to be implemented by a single real rota-
tion leads to the consistency conditions in Egs. (31) and (32),

Rev. Mex. Fis72050801
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ensuring that both entries are simultaneously eliminated. Thehere for both internal symmetries in the fermion mass ma-
resulting matrix, given in Eqg. (33), represents the most gentrix, it holds thatA; = |Ay|, By = By, Cf = |Cy|,

eral mass matrix within this canonical class. The analysiD; = D;. For a Hermitian mass matrixI ¢,
is then performed in two complementary scenarios, Hermi-

tian and complex symmetric mass matrices, correspondingto A, = |m{2| 1+ t%f’

Dirac and Majorana fermion mass terms, respectively. The
general Dirac mass matrices can be diagonalized through bi-
unitary transformations, equivalently associated with the di-

agonalization of Hermitian mass combinations carrying the

same physical content [1,13-26].

Mo + m33t[23f + (ma3 +m33) ts, f
= 2 —miy,
1+ tﬂf

mao3 — m;yf%f + (m33 — mgg) tgf

In this analysis of the mass matrices and flavor mixing, Cr = ‘ 1+ ’%f ’
two possible internal symmetries in the fermion mass ma- ) .
trices will be considered. The first internal symmetry to _ Mma3 + Mgty — (mas +m33) tg, o
consider is representing the fermion mass matrix as a Her- N 1+ tf,f =

mitian matrix, M; = M} An immediate consequence
of this internal symmetry is that the rotated matrix satisfie
Mgy = Mgf. Thus, the elements of the matdM ¢ ful-

fill the relations A, = A%, C} = Cj, B} = By, and
D} = D}*. From the previous expressions, it can be con-
cluded that the diagonal elements are real quantities, =
miy, mfy = mls, mi, = mi;, and that the off-diagonal
elements satisfyn], = m/3, mi, = m{:, ml, = mi;.
The second internal symmetry that will be considered here mo3 (1 - t%f) + (m33 — ma2) s,
is to treat the fermion mass matrix as a complex symmetric Cr= 1+ 2 )
matrix, M; = M. An immediate consequence of the pre- br

vious symmetry is that the rotated matrix satisfies the relation
Mgy = Mgf. Therefore, the elements of this matrix satisfy
A = Ay andC} = Cy. Additionally, the off-diagonal ele-

ments of the matridVI ; satisfy the conditionsn!, = mi,,
f

Ap = |myl\ T+ 2,

mag + m337«‘[23f + 2masts,
1+ t%f

f
—miy,

.-

mga3 + mggﬁ%f — 2masts,
1+t

f
miy-

Df:‘

(39)

%On the other hand, a complex symmetric mass matfix

(40)

— o f _
mig = M3z, Moz = M3y.

Without loss of generality, herm{1 is considered a real

The matrixMpr; can be expressed in polar form, there- quantity. This is possible because the maPix always al-

fore,

Mprs = Qf Mgy Py, (35)

whereQy = P} for the case wheM ¢ is Hermitian, and

Qr =

The explicit form of the phase factor matrix is
P, = diag{l,ez‘19f,a7ei(19f=(,+19f,a)} for M; = Mj“
P, = diag{l,ewfﬂ,ei(”f-fc‘”fva)} for M; = M/, (36)

where 9, = arg{A;} andd;, = arg{Cs}. Ad-
ditionally, for the caseM; = M]T the following rela-
tions must hold:arg {By} = 2arg{As} andarg{D;} =
2 (arg {C} — arg {A}). The real symmetric matrifyip ,
can be written as

Mgy :m{1]13><3+Mf7 (37)
wherels, 5 = diag (1,1, 1),
0 A 0
Mp=1| Af By Cy |, (38)
0 C; Dy

PJT for whenM; is a complex symmetric matrix.

lows a phase factor to be factored out, which would be ab-
sorbed by the spinors of the mass term. With the help of the
expressions in Eqs3E) and 37), the mass matrix in Eq2{)
can be rewritten as

M; = RJ, Qs (mfTsxs + My ) /Ry, (41)
The real symmetric matrid1; can be diagonalized through
the following orthogonal transformation

M;=0;A;,0/, (42)

where Ay, = diag(oy1,0¢2,0¢3), here theos; are the
eigenvalues of the real symmetric matWx ; and are known
as the running masses of the fermions [27]. Thus,

M; = R}, QO (m{\Tsxs + Az, ) O PRy,
(43)

From the above mass matrix, E4.3], for the quark sector
when the mass matrix is represented by a Hermitian matrix,
it takes the form

M, = UlA,.. U, (44)

Rev. Mex. Fis72050801
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whereq = u,d denotes the up-type and down-type quarks, From the expression in E438), we obtain

andU, = O, P,R, is the unitary matrix that diagonalizes

the quark mass matrix. While in the case when the quark

mass matrix is represented by a complex symmetric matrix, Ofi =SiMmp; — m'fl, (50)

we have . _ . . .
which relates the physical masses of the fermions with their

running masses. In this expression, the(i = 1,2,3) is
M, = UqTAq,qu, (45)  a sign that take values1, such thatA? > 0 is guaran-
teed. Changing the sign of one of the eigenvalues is equiv-
with ¢ = u, d denotes the up-type and down-type quarks, andilent to performing a rotation in the eigenvalue space. In
U, = O, P Ry, is the unitary matrix that diagonalizes the other words, for fermion fields, the sign of the mass is ir-
quark mass matrix. Furthermore, in the previous expressionglevant, as the sign can be changed via a chiral transforma-
A, = diag(mg, mg2, mys) is a diagonal matrix of the tion: fr — fj, = €(7/2) fr andf, — f; = 57/ f; .
physical masses of the quarks. These transformations change the sign of the eigenvalues, but
In contrast, for the lepton sector when the mass matrix ideave invariant the rest of the Lagrangian.
represented by a Hermitian matrix, the expression in&g). (

can be rewritten as 4. Orthogonal matrix in terms of the fermion
masses

— T
Mi = UiAim Uy, (46)  The square of the matrit ; is

wherel = /¢, v denotes the charged leptons and neutrinos.
FurthermorelU,; = Rgl PZTOZ is the unitary matrix that diag-

2 _ gt
onalizes the lepton mass matrix. For the case when the Ieptoan = MMy
mass matrix is represented by a complex symmetric matrix, Afc AsBy AsCy
= AyBy A?—G—B?—FC; B¢Cs; +CsDy . (51)

2 2
M, = UlAl,mUlT, (47) AiCy  ByCr+CyDy Cf + 'Df

2 _ T A2 2 —
where!l = /¢, v denotes the charged leptons and neutrinosTherefore’ M = 0;A;,0; where Ay, =

Additionally, U; = R, P, O, is the unitary matrix that di- diag a;‘ipa?z,oig)- The invariants of the matrid1; sat-

agonalizes the lepton mass matrix. Thus, in the previous exsfy the relations

pressionsA, ,,, = diag(my1, m2,my3) is a diagonal matrix

of the physical masses of the leptons. Tr{M;} =Tr{As,} = By + Dy =0 + 02+ 0y3,
The hierarchy between fermionic masses is taken into ac-

count considering the normal hierarchy (NH), it is assumed ~ det{M;} = det{A;,} = —AID; = of10520743,

that the first two fermions have small masses and are closer

. . . . 1
to each other, while the third is considerably heavier. XM} = 5 (Tr {M?} Ty {Mf}2> ’
My < mypy < mys,Withf =1, v. (48) A} = BfDy +C} = —0410p2 — 01043 — 02043, (52)

In the inverted hierarchy (IH), consistent just with neutrinos, Thus, the elements of the real symmetric matvity in terms
the two heavier fermions are nearly degenerate, while th€f the running masses of the fermions take the form
third is considerably lighter. In terms of the mass differences:

Ay = w’ (53a)
my3 <K My < Myo. (49) f
Despite his scenario is less intuitive as NH, it is compatible B = s303 + S202 +S1041 — Dy, (53b)

with the experimental data available so far. It has not yet been
confirmed which of the two mass hierarchies is correct, but
future experiments such as DUNE (Deep Underground Neu- » (s3073—Dy) (Dy—S2042) (Dy—S1041) (53¢)

trino Experiment) [28] and JUNO (Jiangmen Underground = Dy
Neutrino Observatory) aim to determine the neutrino hierar-
chy as one of their main objectives. The parameterm{1 andD; must satisfy the conditions:

Rev. Mex. Fis72050801
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For a normal hierarchy in the fermion mass spectrum: o3 > o2 > o1

miy1 >m{1,
of3 > Dy >0y, 'Df#—O'fl + o2+ oy3, for mf1—>—\mf1\, S1=-1,Sy =41, 53 =+1,
0f3>Df>0f1, Df7é+0'f170f2+0'f3, for mfgﬁf‘mfg‘, S1 =+41,8,=—-1,83 =+1, (54)
op2 > Dy > o041, Df#—i—ofl + o2 —0y3, for mf3—>—\mf3\, S1=+41,S, =+1,s3=—1.
For an inverted hierarchy in the fermion mass spectrum:
Of2 >0’f1 >O’f3
myg3 > m{l,
O’fQ>Df>O’f3, Df#*0f1+0'f2+0f3, for mygr — —mMmyi, 51:71,32:4*1, S3 = +1,
55
O’f1>Df>O'f3, Df;é—i—afl—afg—&-afg, for Mmyfo — —Myo, S1 =+41,Sy =—1, 53 =+1, ( )

O’f2>Df>O'f1, Df?é—l—dfl-l-afg—dfg, for myg3 — —My3, S1 =41, =+1,83=—1.

In agreement with experimental data on neutrino oscilla-
tions, the inverted hierarchy is only present in the neutrino
mass spectrum.

The real symmetric matrid1; can be brought to its di- 5
agonal form by means of the orthogonal transformation in™"
Eq. 42). The orthogonal matri is constructed using the |n this case, the unitary matrix that diagonalizes the mass ma-
eigenvectors of the matriX1y, and it has the following ex-  trix of the leptons takes the form
pression:

Lepton flavor mixing matrix

Oy = (S1|M1),S2|Ma),s3|Ms)) . (56) U, = R;P}Oz, for M; = ML (60)

The form of the eigenvector for a general matiM, U, = RglPlTOl, for M; = MZT.

Eq. (26), is [29]: . . _
Therefore, the lepton flavor mixing matrix, PMNS, which is

1 (Ai—maz) miz+miamas defined a&pwns = U} U, [1], takes the form
| My, >:ﬁ (Ai=ma1) mas+maimus . (57) T
¢\ (Ni—man) (Ai—ma2) —migma; Veuns = O/ PR, PJO,, for M; =M],

61
In this expression); (i = 1,2, 3) correspond to the eigen- Veuns = OZPZR%PVOV, for M, =M. e
values of the matriddM, and N, = /(M; |M,;) are the
normalization constants. The orthogonal mafdx that di-
agonalizes the mass matih ; takes the expression

In the above expressions, we have

1 0 0

R e Y e R, = 0 cos(B—5) snB-5) | (62

0 —sin(Be—0B,) cos(Be—py)

forDyéra Jor2DyEr2 [os3Dr&rs
Br1 Dr2 Drs ' In the particular case when the rotation angle is the same in
_ Jori€rséye or28r3851 035182 both lepton sectorsj, = 5, the matrices in Eql61) take
D S1S2 Dy- S3 Dy
7 2 I8 the form

(58) -
. , Vewuns = O, P, O, (63)

where Of1 = Si1myg — m{l, Of2 = SoMyfa — m{l, ; . ;
O3 = Samyg — mi,, € = (Dj—si0p), Ep2 = WherePg%: PeP; fpr M, = Mj, while P, = PP, for
S3(Dy —S2042), &3 = (0p3 —S3Dy), M; =M, . In explicit form

Df1 = Dy (0p2 +S3071) (0f3 +S2041) P, =diag(1,e'®e,e'®) for M, :M}, (64)

ng :Df (Ufg—l—SlUfg) (Ufz +33(Tf1)7 (59) P, = diag(Lei‘b@,ei‘I’C) for M, ZMZT.

D3 = Dy (043 +S1042) (043 + S201) - Here,®, = ¥y — 0, and®, = ¥y, — ¥, for M, = M,

and®, =49,, — V¢, and®. =9, . — 9. for M; = M.
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8 O. FELIX-BELTRAN et al,,

The difference between representing the mass matrix of the

leptons with a Hermitian matrix or with a complex symmetric _ -

matrix mainly lies in the diagonal phase factor matft,. D1 =D, (Gu2 +0u1) (Guz — 0u1),
However, as the lepton flavor mixing matrix PMNS is de- B.—D (5 N -
fined in Eq. 63), it is not possible to obtain direct informa- b2 =Dy (Gvs +002) (G2 +0u1),

tion about whether the mass matrix is complex symmetric or Dus =D, (Gus + 602) (5o — G01) (66)
Hermitian.

The values of the mass ratios of the quarks are more stab\’ét}ere M1 = my1/my3, My2 = My2 /M3, ﬂffl =
with respect to changes in the energy scale than the massBg1/"v3, dv1 = Tu1/My3, Ove = Oua/Mus, Ty3 =
of the gquarks themselves. In other words, the value of th@vs/mwss 1 = &ur/mus, &2 = &ua/mus, &us =

mass ratios of the quarks has the same order of magnitudes/™ws, andD, = D,/my3. In the case of neutrinos
regardless of the energy scale [27,30]. In this work, the mas¥ith an inverted hierarchyn,» > m.1 > m3, in the mass
matrices, as well as the PMNS flavor mixing matrix, are nor-SPectrum we have,, = m,, — miy, g,2 = 1+ mf;,
malized with respect to the masses of the heavier leptongs1 = Dv — 0v1, 0us = My — miy, &z = Dy + 0u2,
The charged leptons are normalized with respeehio ob- §uz =0u3 — Dy,

t@ining &, = five — iy, 5, = My, + Mky, & = 1 —mfy,
1 =Dp—~0c, 2 =Dy + 0y, 83 =0, — Dy, vi—

o
ok

v (5112 + 51/1) (51/3 - a:1/1> )

l

DUZ - Dl/ (51/3 + 5u2) (5u2 + 5V1) )
DZl - Df (gu + 56) (37 - 56) y BVS - 5zz (a:I/?) + 51/2) (51/3 - 51/1) 5 (67)
Dy =D (0, +7,) (G, + 0e), Where iy, = my1/mys, Mys = mys/mes, WY =
ADZ3 — 5£ (&T + &H) (57_ — &e) , (65) mil/mz/% §V1 = Uul/mz/27 §V2 = UVQ/mV27 §V3 =
Uu3/mVQa §V1 = gul/mu% §u2 = §u2/mu27 51/3 =

&us/mye, and D, = D,/m,q. For the particular case
wherem, = me/m,, m, = my/m.;, m§ = mi/m.,  of performing a chiral rotation on the second eigenvalue,
Ee = Ue/m‘ra 5&: Uu/m‘rr a:‘r = U‘r/m‘ra g@l = gll/mra Mmyo = —|mf2|, which ImpIIeS thatsl = +1, So = -1
Eoo = &ro/myr, Eoz = Euz/mr, Dy = Dy/m,. Inthe case andss = +1, the PMNS matrix takes the form
of neutrinos with a normal hierarchy,,3 > myo > my1,
in the mass spectrum we havg, = m,; — miy, 0,2 =
@yQ"’ﬁLlfl-&I{é’) = l_mlllbgl/l = Du_aulagl& =D,+0.2,
§y3 = 51/3 —D,,

Ve vy
Viws= | Vi vk V] 69)
Va Ve vy

| The elements of the PMNS mixing matrix are expressed as

]

v = ¢ Puatatnb | [ R (BB, G +anbubabac® ).
! Dy1 Dy Dy1Dyy

V= M SO ( BeDynbrae® +\/azagalase@c),
2 DD,z DD,

Vtél _ \/5H57'a;1/1&;u2g€15113 + ?ea';uii < ,5[5 gﬂg 361@‘1 . /@2&35 15 2€i‘1’c>

© DZlDz/B DélDVB

o \/565@2&33@2&1 [ Bubn < DD et + /7&1&3525361.%)
H D€2Dy1 D€2Du1 ’

Vth _ &egr@1§u3&25u2 + f/Lil/Q 5(5 &25 26iq>a + &15@35 15 36iq>c

" Dr2D,2 Dr2D,2 e v ey ’

Vth _ 5657'&1/1&1/2&251/3 a;tauiﬁ 5 5 £ id, T F F F id.
u3 = = == == Dy &eaéuze’™ " — 1\ En&3&iune ;

Dy2Dys D,
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v — \/eru@2{u3§e3§u1 4 | Z0n ( DD, Eyseei®e — &15@25125,,36@0) 7
! Dy3Dy1 Dy3Dy1
v (i [P ([ et Bt
! Dy3Dyo Dy3D, o ’
GeG,01502E03E, 5.5, == =, e
Vi = \/ U 2htstys ARy ks ( DD, Erséuse’® + 1\ Enlpbinéooe (I’C) . (69)
Dy3Dy3 Dy3Dy3

The parameteﬁl, with [ = ¢, v, for a normal hierarchy
in the neutrino mass spectrum, must satisfy the condition:

In this expression for thg? statistic, the superscript “th” is

~ f ~ ~ g ~
mi <1, o3> D> on, (70)  used to denote the theoretical expressions of the mixing an-

D, #4011 — 0o+ 013 for  myg — —|myal. gles of the leptons, which are obtained from the expressions:
. . . . , .
For an mv_eﬁed hierarchy in t_he neutrino mass spectrum, the G2 gt — vih Gn? ot — |vid
next condition must be satisfied: 127 Jve® BT ajve® (73)
~ ~ ~ = ~ . 2
my; < my3, 0,1 > D, > 0.3, sin2 9% _ |Vet§1 '

- (71)

D, # 40,1 — Ou2 + Guz param,s — —|myz|. Meanwhile, the terms with the superscript “exp” denote the

experimental data with an uncertainty,; for the mixing an-

gles of the leptons.

To evaluate how well the theoretical expressions fit the exper-  For this likelihood analysis, the results from the global fit

imental data, a likelihood fit is implemented here, where theof neutrino oscillation parameters reported in Refs. [31,32]

x?2 statistic is used as the measure. Riestatistic measures are considered. The values of the differences of the squares

the difference between the observed and expected values a-the neutrino massed\m?;, = m2, — m2,, at BFR:10 are

cording to the theoretical model. The method seeks the op-

timal values of the model parameters that minimize the error Am3, (107° eV?) = 7.5010:32,

between the data and the model. Am32, (1073 eV2) = 2557992 for NH,
In this case, the? statistic takes the form: '

. . 2
°. (sin” 6577 — sin” 611

=) — : (72)

5.1. Numerical analysis

(74)
Ami; (1072 eV?) = 2.4570 02 for IH.

The values of the differences in the mixing angles of the
leptons at BFR-10 are

i<j b3

7 1.313 7

1,312 1

1.311 1

. £
L 2 1310 3 &
3 s
1.309 4 2

2

1
1 1.308 4

0

T T T T T T 0 1.307 T T T T T T T
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 36 37 38 39 40 41 42 43 44

a) D, b) D; (1071)

FIGURE 1. Regions of parameters fd», andD,,, where the white star represents the best fit point (BFP). The regions delimited by the white
and black lines represent the allowed regionathd Zr C.L., respectively.
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10 O. FELIX-BELTRAN et al,

only determine the values of these parameters at the best-fit

sin? 0°%P (10 1) = 3.18 + 0.16, point (BFP). To search for the BFP through likelihood fitting,
we will consider the following values for the charged lepton
.2 nexp 1) _ +0.10
sin“ 6 1074) =5.78 for IH,
20" (107)) —0.17 (75) me = 0.51099895000 4 0.0000000015 MeV,
sin® 0737 (1072) = 2.20010 055 for NH,
m,, = 105.6583755 £ 0.0000023 MeV, (78)
sin® 073" (1072) = 2.22570 050 for IH.

m, = 1776.93 £ 0.09 MeV.

From the definition ofAm7;, two of the neutrino masses can

be written as To minimize they? statistic, we perform a scan of the param-
Mys = 1 /Amgl +m2, eter space in which the differences of the squares of the neu-
5 . for NH trino masses and the charged lepton masses are fixed at their
myg = \/Amg; +mg, central values, which are given in EqZ5) and (78). For a

(76) normal hierarchy, we obtain the following values at the BFP

for the seven free parameters and the mixing angles, with a
value of they? statistic equal t3.6184 x 10~3:

my1 = /Am2, +m2.
Y ' i for IH,
mys = /Amd; + Amiy +m2,

wherem,, andm, 3 are the mass of the lightest neutrino for N
NH and IH, respectively. Furthermore, for each type of hier-  m,1 =4.09 x 107% eV, m{; =298 x 1077,
archy, this neutrino mass is considered the only free parame- _, 5 o= _
ter in the previous expressions, as me are determined myy = 1.16x 1077, Dy = 5.54871 x 107,
by the experiment. D, =4.60288 x 1071, @, =39°, @, =300°,
From the expressions in Eq&5)-(67), (69) and [73), it
is easy to conclude that for the normal [mverted] h|erarchy, sin? 0% = 3.17242 x 107!, sin? 0%} = 2.20018 x 1072,
the x? statistic depends on the parametets m,, TMy1[3]s 1
~ o~ . . Ot = 5.74517 x 10 L. 79
o), My, MYy, De, Dy, ®,, and®.. However, in this sin® 033 (79)
likelihood analysis, the parameters., m,,, andm,, o Will
not be considered as free parameters since thelr values are
0
determined by experimental data.
So, the statistic parametgf depends of seven free pa-

n the other hand, for an inverted hierarchy we obtain the fol-
wing for a value of the? statistic equal t6.26357 x 10~3:

myz =2.82x 1072 eV, mf, =1.02x107°,

rameters:
2= 2 (ﬁlyl[g]’mzil’mfl’Ez’f)w%@c) . an mY, =3.60 x 107, Dy = 4.00000 x 107!,
However, they? statistic depends only on three experi- D, =1.31000 x 107!, ®, =87°, &, = 248.5°,

mental values, which cqrrespond to the leptonic fIavor_ MiX- 02 gth — 318278 x 1071, sin? 0% = 2.22517 x 1072,
ing angles. Therefore, if the seven parameters are S|multa—

neously considered as free in the likelihood analysis, we camin? 6% = 5.79041 x 1071 (80)
7 7 3.612 7}
6 6 36101 6
51 5 3.608 5

oA 4 T;3.606- 4

S % z ;9

31 3 jE3.6041 3
21 2 3.602 5
19 1 3.600 1 1
01 % ; ; . : : 0 3.598 1 : . . . . 0

0.0 0.2 0.4 0.6 0.8 1.0 1.2 00 05 1.0 1.5 2,0 2.5 3.0
a) mt, (107%) b) i, (107%)

FIGURE 2. Parameter regions fon¢; andmy;, where the white star represents the BFP. The regions bounded by the white and black lines
represent the allowed region at And 2r C.L., respectively.
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- 7 260 7
NH
< 240 6
250 220
5 5
200
AZOO 1 4 = 4
g % 180 *
B 3 o 3
150 1 160
2
. 140
100 1
1 120 1
50 T T T T T T 0 100+ T T T T T T T 0
50 100 150 200 250 300 0 50 100 150 200 250 300 350

a) 2, () b) (%)

FIGURE 3. Parameter regions fa@r, and®..

Now, since we already know the numerical values of the  For the normal and inverted hierarchies, we obtgin=
seven free parameters at the BFP, the next step is to perfortn20 x 10~2 andx? = 5.98 x 1073, respectively. In Fig. 2,
new likelihood fits in which the values of five or six free pa- we show the parameter regions f@¥, andm?;, where the
rameters are fixed so that thé statistic has one or two de- white star represents the BFP. The regions bounded by the
grees of freedom. white and black lines represent the allowed regioncaafd

In order to determine the allowed regions of the free pa20 C.L., respectively. The left panel corresponds to the nor-
rameters, the values (zﬁmz?j and the charged lepton masses mal hierarchy, where the paramefef, is of order10—* and
are fixed at the BFP values given in EG&4)and (78). Mean-  the parametefin}, is of order10~2. The right panel corre-
while, 7,13, mt,, mY,, D¢, D, ®,, and®, are fixed atthe sponds to the inverted hierarchy, where the parameferis

values given in Eqsl7@) and 80). of order10~* and the parameten?, is of order10—!.
Thus, in the case where the statistic & = In the case where the statisticig = x? (®,, ®..), this
x2 Qﬁe, D, ), this implies one degree of freedom, yielding implies one degree of freedom, yielding the following results
the following results ato C.L. atlo C.L.
5 (5.54975:428) % 10~ for NH, o _ (3974:9)° for NH,
(4.00791%) x 107 for IH, (87713)° for IH,
0.14 (81) 17 . (83)
5 _ (4.6031939) x 1071 for NH, [ (300%5:5) " for NH,
(1.3100%3:9998) x 10~ for IH. ‘ (248.5 + 3.0)° for IH.

For the normal and inverted hierarchies, we Obbaa'k For the normal and inverted hierarchies, we obtgin=
5.41 x 10~% andx? = 3.59 X_10_4 respectively. InFig. 1, 9 58 » 103 and\2 = 6.33 x 103, respectively. In Fig. 3,
we show the parameter regions fby and D,, where the e show the complete parameter regions for the phase factors
white star represents the BFP. The regions bounded by thg anda.. In Fig. 4, we show a zoom-in of the parameter re-
white and black _Ilnes represent the allowed regioncaad gions for®, and®,, where the white star represents the BFP.
20 C.L., respectively. The left panel correspolnds to the norThe regions bounded by the white and black lines represent
mal hierarchy, with both parameters of ordér . The right  the allowed region atd and 2 C.L., respectively. The left
panel corresponds to the inverted hierarchy, where both pasanel corresponds to the normal hierarchy. The right panel

rameters are also of ordeo™". iy corresponds to the inverted hierarchy.

_In the case where the statistic 8 =X (mfy,my,), _ In the case where the statisticy8 = x? (m,1[3), this
this implies one degree of freedom, yielding the following implies two degrees of freedom, yielding the following re-
results atlo C.L. sults atlo C.L.

+451.65 -7
=0 _ [ (2987557) < 1077 for NH, myy = (4.097923) x 10~% eV for NH,
T (1.0272865°) 1076 for IH ' (84)
oL ’ (82) my3 = (2.824+0.01) x 1072 eV for IH.
N (1.1517%9;%1) x 1072 for NH,
mi; = +0.010 . For the normal and inverted hierarchies, we obtgi =
(3.60055:507) x 10" for IH. 3.39 x 1073 andy?2 = 6.15 x 1073, respectively.
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7 260

255

250

. (%)

245

240

0 235
30 32 34 36 38 40 42 44 46 48 0

b)

20 40 60 80

@0 ()

100 120 140 160

50.0 T T T T T T T T 0 100+ T T T T T T T 1
312 314 316 318 320 322 324 326 328 330 200 220 240 260 280 300 320 340 360
¢) 3, (%) d) P, (%)

FIGURE 4. Amplification of the parameter regions fdr, and ®., where the white star represents the BFP. The regions bounded by the
white and black lines represent the allowed regioncatthd 2r C.L., respectively.

From the results obtained in the previous likelihood fits,we have demonstrated that fermion mass matrices can be
for a normal hierarchy, the leptonic mixing angles have theconsistently cast into a canonical weak—basis form with van-
following average values ab C.L. ishing (1, 3) and(3, 1) entries, motivated by the hierarchical

sinZgth  — (3 172+0_051) « 10-1 structure of fermion masses and mixings and without invok-
12 I Eo0.057 ’ ing dynamical texture assumptions. This formulation natu-
sin? 015 = (2.19910:05%) x 1072, (85) rally encompasses both Hermitian and complex symmetric
sinZoth  — (5 744+0_054) < 10-1 cases, providing a unified description of Dirac and Majorana
23 TR0.097 ’ fermion mass terms. Then, it is required that the rotated ma-
whereas for an inverted hierarchylat C.L. trix satisfies the mtemal _symmetry of being glther Hermitian
or complex symmetric, in order to express it in polar form
sin® 0t = (3.18310005) x 1071, and factor out the phases. Both the real symmetric matrix
sin? 0% = (2.225 £ 0.069) x 1072, (86) and the PMNS flavor mixing matrix are expressed in terms
of the fermion masses and some free parameters.
sin? 083 = (5.7871)0%) x 1071

To evaluate how well the theoretical expressions for the
With these values for the flavor mixing angles, it can be seeffeptonic flavor mixing angles reproduce experimental data, a
that the current experimental values for neutrino oscillationgikelihood test using the? statistic was implemented. The
are correctly reproduced. results of they? fit show that the theoretical expressions ob-
tained for the PMNS flavor mixing matrix correctly repro-
duce the current experimental data on neutrino oscillations.
The difference between representing the lepton mass matrix
A systematic and detailed model-independent analysis odis Hermitian or as complex symmetric lies solely in the form
fermionic flavor masses and mixings was developed. Firstpf the diagonal matrix of phase factors.

6. Conclusions
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