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Gauge structure of Yang-Mills theories with extra dimensions
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An effective Lagrangian for Yang-Mills theories with an arbitrary number of extra dimensions is constructed. We start from a field theory
governed by the extra-dimensional Poincaré groupISO(1, 3 + n) and by the extended gauge groupSU(N,M4+n), which is characterized
by an unknown energy scaleΛ and is assumed to be valid at energies far below this scale. Assuming that the size of the extra dimensions
is much larger than the distance scale at which this theory is valid, an effective theory with symmetry groupsISO(1, 3) andSU(N,M4) is
constructed. The transition between such theories is carried out via a canonical transformation that allows us to hide the extended symmetries
ISO(1, 3+n)⊗SU(N,M4+n) into the standard symmetriesISO(1, 3)⊗SU(N,M4), and thus endow the Kaluza-Klein gauge fields with
mass. Using a set of orthogonal functions{f (0), f (m)(x̄)}, which is generated by the Casimir invariantP̄ 2 associated with the translations
subgroupT (n) ⊂ ISO(n), the degrees of freedom ofISO(1, 3 + n) ⊗ SU(N,M4+n) are expanded via a general Fourier series, whose
coefficients are the degrees of freedom ofISO(1, 3) ⊗ SU(N,M4). It is shown that these functions, which correspond to the projection
on the coordinates basis{|x̄〉} of the discrete basis{|0〉

, |p(m)
〉} generated bȳP 2, play a central role in defining the effective theory. It

is shown that those components along the base statef (0) =
〈
x̄|0〉

do not receive mass at the compactification scale, so they are identified
with the standard Yang-Mills fields; but components along excited statesf (m) =

〈
x̄|p(m)

〉
do receive mass at this scale, so they correspond

to Kaluza-Klein excitations. In particular, it is shown that associated with any direction|p(m) 6= 0
〉

there are a massive gauge field and a
pseudo-Goldstone boson. Some resemblances of this mass-generating mechanism with the Brout-Englert-Higgs mechanism are stressed.
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1. Introduction

The realization that there could be more than four space-
time dimensions goes back a long time ago when G. Nord-
ström and T. Kaluza attempted to unify electromagnetism and
gravity by assuming the existence of an extra spatial dimen-
sion [1, 2]. Nevertheless, it was O. Klein who found out,
for the first time, that compactification could be used to ex-
plain the lack of observations of extra dimensions [3]. The
ulterior birth of string theory, as a description of strong in-
teractions [4–10], would eventually endow great relevance to
formulations of extra dimensions. The original string-theory
formulation already had this ingredient, as 26 spacetime di-
mensions were required to ensure unitarity [11]. The intro-
duction of fermions in string theory [12], which came along
with the discovery of supersymmetry [12, 13], and the pres-
ence of a massless particle of spin 2 [14], to be identified as
the graviton, were two main elements of superstring theory
that motivated its use to achieve a quantum theory of gravity,
always with the complicity of extra dimensions. Remark-
ably, the critical dimension of superstring theory turned out
to be just 10, as it was shown by J. H. Schwarz [15]. The
introduction of the Green-Schwarz mechanism [16], to elim-
inate quantum anomalies arising in string theory, then trig-
gered the first superstring revolution, during which five con-
sistent superstring formulations were given [17–20]. Further-
more, a connection, through compactification, between su-
perstring theory, featuring a 6-dimensional Calabi-Yau extra-
dimensional manifold [21], and 4-dimensional supersymme-

try was established [22]. A second superstring revolution
started with the emergence of theM -theory, by E. Wit-
ten [23], who showed that the five superstring formulations
known at the time are limits of this single theory, which is a
unifying fundamental theory set in 11 spacetime dimensions.
The existence ofD-branes, proposed by J. Polchinski [24]
for the sake of string duality, was a major event. It was also
shown that supergravity in 11 dimensions is a low-energy
limit of the M -theory [25, 26]. The ADS/CFT correspon-
dence, which establishes a duality of 5-dimensional theories
of gravity with gauge field theories set in 4 dimensions [27],
is a quite important result with remarkable practical advan-
tages regarding nonperturbative physics. Among the events
and advances experienced by string theory throughout the
years, and a plethora of papers on the matter, we wish to
emphasize that its development is the one that got modern
physics used to extra dimensions.

The most emblematic feature of extra-dimensional field
theories is, perhaps, the Kaluza-Klein (KK) towers, which
involve, for each extra-dimensional field, an infinite set of
4-dimensional fields, the so-called KK modes, characterized
by quantized mass spectra, determined by the compactifi-
cation scale. The interest in phenomenological effects pro-
duced by new physics involving extra dimensions arose af-
ter the works by Antoniadis, Arkani-Hamed, Dimopoulos
and Dvali [28–30], who argued that relatively large extra di-
mensions could be detected at the TeV scale. In this new-
physics approach, gravity is assumed to be the only inter-
action which propagates throughout the extra dimensions,
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thus explaining the relative weakness of gravitational inter-
action with respect to all other known interactions. So, the
Standard Model (SM) field content is assumed to lie ex-
clusively in the ordinary 4-dimensional spacetime. In this
framework, if only 1 extra dimension exists, its size would be
1013 cm [29], which has been discarded, since this would im-
ply deviations from Newtonian gravity at distances of order
of the solar system. For the case of 2 extra dimensions their
size is estimated to be∼ 10−2 cm [29], then introducing de-
viations from Newton gravity at submillimeter distances. If
more extra dimensions are assumed, they are predicted to be
smaller. Deviations from Newton’s gravitation law, generated
by graviton KK modes, have been investigated, for instance,
in Ref [31], whose authors executed a torsion-pendulum ex-
periment, thus arriving at the conclusion that the size of the
extra-dimensional space,R, is restricted asR < 47µm at
95% CL, in the case of 2 equally-sized extra dimensions. An
study, Ref. [32], by the ATLAS Collaboration has searched
for the possibility of new physics lying in final states pro-
duced by proton-proton collisions, colliding at a center-of-
mass energy of

√
s = 13TeV. By assuming a KK graviton

to be in such final state, the interpretation of the results of this
study has yielded the upper constraintR < 3.8 µm, at 95%
CL [33], again under the assumption that there are 2 extra
dimensions.

Another approach, in which extra dimensions are as-
sumed to be TeV-sized, was given by Randall and Sundrum,
in what has been called “models of warped extra dimen-
sions” [34, 35]. In the original version of this model, only
gravity is assumed to propagate in the extra dimension of
some 5-dimensional theory. This extra dimension is given
an Anti-de-Sitter structure, which aims at explaining the
conspicuously large difference among the electroweak and
the Planck scales. Subsequent theoretical formulations of
warped extra dimensions allowed for the propagation of SM
fields in the whole 5-dimensional spacetime [36–39]. A no-
torious alternative interpretation of warped extra-dimensions
models links strongly-correlated theories, set in 4 dimen-
sions, to 5-dimensional formulations with a warped extra di-
mension [27]. Under the assumption that only gravity prop-
agates throughout the one warped extra dimension, the CMS
Collaboration has performed an analysis of data from high-
mass diphoton events, then arriving at a constraint as strin-
gent as4.6 TeV < m

(1)
KKG [40], on the mass of the lightest

KK mode of the graviton,m(1)
KKG. Another investigation [41],

also performed by the CMS Collaboration, considers a ver-
sion of the Randall-Sundrum model in which not only grav-
ity but the whole SM can propagate in the extra dimension.
This study analyses data from dilepton final states, originated
in proton-proton collisions, and then finds constraints on the
warp parameter,kRS, which turn out to be as restrictive as
4.78 6 (kRS/MPl), with MPl the reduced Planck mass. The
mass of the first KK mode of the gluon has also been con-
strained in an investigation carried out by the ATLAS Col-
laboration [42]. By assuming that top-quark pairs are pro-
duced by the decays of new particles, the ATLAS Collabora-

tion finds that the mass of the first KK mode of the gluon is
lower-bounded asm(1)

g > 3.4TeV.
A further relevant model of extra dimensions is the one

dubbed “universal extra dimensions” [43], in which the extra
dimensions are assumed to be spacelike and flat, with all the
SM field content allowed to propagate in the whole space-
time. One of the main motivations behind the approach of
universal extra dimensions is that it provides a viable dark-
matter candidate [44–55], a role played by the lightest KK
mode of some neutral field, which could be, for instance, the
photon or some neutrino. Notably, models of universal ex-
tra dimensions introduce only one new parameter, namely,
the compactification scale,R−1, which makes them highly
predictive. Ref. [56] considers supersymmetry searches by
the LHC at center-of-mass energies of8TeV and 13TeV,
which is then used to set the lower bound1.4TeV . R−1.
Besides this, that paper establishes that consistency of this
model with cosmology restricts the compactification scale to
be within1.25TeV . R−1 . 1.5TeV. Similar results have
been reached by the authors of Ref. [57]. An investigation,
by the authors of Ref. [58], centered on the analysis of data
from the Large Hadron Collider, considering the Run 2. The
authors of that work conclude that lower bounds as restric-
tive as1.8TeV . R−1, on the compactification scaleR−1,
can be inferred. They also claim that this bound rules out
the minimal model of 1 universal extra dimension if standard
cosmology is assumed to be correct.

If large extra dimensions exist, they can affect low en-
ergy processes. Therefore, it is interesting to construct an
effective theory that allows us to explore their impact on low-
energy observables. The main goal of this paper is to discuss
the theoretical bases that lead to the formulation of such an
effective theory. The aspects which bear the most interest,
but at the same time the ones characterized by the greatest in-
tricacies, have to do with gauge invariance, so we will focus
our discussion on a pure (without matter fields) Yang-Mills
theory. Our study will be based on the well-known univer-
sal extra dimensions approach [43]. A study at the quantum
level of the material presented here has been already reported
by some of us [59]. Also, other results that are closely re-
lated with this work have been discussed by some of us in
Refs. [60–68]. However, these works do not exhaustively ad-
dress the structural bases of the theory at the classical level.
Our purpose is to deepen into these ideas and, at the same
time, to present a unified version of this topic at the classi-
cal level. Firstly, we will study the structure of the effective
theory that results from the compactification and integration
of the extra dimensions, identifying their degrees of freedom,
gauge invariances and mass spectrum.

Our approach will be based on the notion of “hidden sym-
metry”, a concept which serves as a powerful instrument that
allows to elegantly describe some subtle and complex scenar-
ios of fundamental physics. Hidden symmetry and sponta-
neous symmetry breaking (SSB) [69–72] are the cornerstone
of the SM of particle physics. The merger of both ideas is
the very essence of the famous Brout-Englert-Higgs mech-
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anism (BEHM) [73–75]. In this work, we follow this ap-
proach closely to lay the foundations of a Yang-Mills ex-
tension to extra flat dimensions. We consider, as a starting
point, an action for a field theory defined on a flat-spacetime
manifold: Md = M4 ⊗ Nn, which is the result of the
cartesian product of the four-dimensional Minkowski space-
timeM4 and somen-dimensional noncompact manifoldNn

that represents a spatial extension. We assume this higher-
dimensional theory to be invariant under the Poincaré group
ISO(1, 3 + n) and the gauge groupSU(N,Md), which is
a gauge group with all of its group parameters defined on
Md. Since this theory is not renormalizable in the Dyson’s
sense, it is given by a Lagrangian that includes an infinite
number ofISO(1, 3 + n) ⊗ SU(N,Md)-invariant terms of
all possible canonical dimensions. The lowest-dimensional
term corresponds to a direct(4 + n)-dimensional extension
of the standard4-dimensional theory, while those terms of
increasing canonical dimension are suppressed by inverse
powers of an unknown energy scaleΛ, which is assumed
to be far above the compactification scaleR−1. We as-
sume that the average size of the extra dimensions,R, is
so large compared with the distance scale at which this the-
ory is valid that extra dimensions can be practically con-
sidered as infinite. Thus, at energies far above the com-
pactification scaleR−1, this theory is governed by the ex-
tended groupsISO(1, 3 + n) ⊗ SU(N,Md). To describe
the physical phenomena at much-smaller energies, where the
compactness of the extra dimensions becomes apparent, we
need to hide theISO(1, 3 + n) ⊗ SU(N,Md) symmetry
into ISO(1, 3) ⊗ SU(N,M4). Observe thatSU(N,Md)
andSU(N,M4) coincide as Lie groups, but they differ as
gauge groups. It should be noted that the process of hiding
a symmetry does not mean moving from one theory to an-
other, but rather focusing on the same theory from another
perspective. This means that we must pass from the descrip-
tion based onISO(1, 3 + n)⊗ SU(N,Md) to that character-
ized byISO(1, 3) ⊗ SU(N,M4) through a canonical trans-
formation. As it occurs in theories with SSB, the physical
content is a matter of scales. In the SM one uses the groups
SU(3,M4)C ⊗ U(1,M4)e to describe physical phenomena
at energies of the order of the Fermi scalev, but at energies
far abovev theSU(3,M4)C ⊗ SU(2,M4)L ⊗ U(1,M4)Y

description must be used. In our case, at energies of the order
of the compactification scaleR−1, we use theISO(1, 3) ⊗
SU(N,M4) description. However, at energies far above the
R−1 scale, we use theISO(1, 3 + n)⊗ SU(N,Md) descrip-
tion, since at these energies we are exploring distances so
small that the compact dimensions would really look infinite.

The compactification program comprises a number of
nontrivial steps. First, one must define a canonical
transformation that maps covariant objets ofISO(1, 3 +
n) ⊗ SU(N,Md) into covariant objets ofISO(1, 3) ⊗
SU(N,M4). This transformation is crucial to hide the ex-
tended symmetry into the standard one. Second, since the
number of connections ofSU(N,M4) is smaller than that
of SU(N,Md), the difference will appear in tensorial rep-

resentations ofSU(N,M4). So from the perspective of the
standardSU(N,M4) gauge group, these connections can be
endowed with mass. Indeed, it is necessary to endow such
connections with mass at the compactification scaleR−1 be-
cause these new-physics effects must be of decoupling nature
in accordance with the Appelquist-Carazzone’s decoupling
theorem [76]. This means that some instrument analogous to
SSB must be available in order to generate such masses. Any
new particle that emerges as a consequence of the process
of hiding the symmetry must be endowed with mass through
that instrument. The pass from the extended symmetry to the
standard one should not spoil the gauge structure of the the-
ory, which means that we must be able to examine the physi-
cal phenomenon from both theISO(1, 3)⊗SU(N,M4) (low-
energies) andISO(1, 3 + n) ⊗ SU(N,Md) (high-energies)
points of view. As it occurs in theories with SSB, the hiding
of the gauge symmetry manifests itself through the presence
of two types of gauge transformations: the standard gauge
transformations (SGTs) of the groupSU(N,M4) and a set
of nonstandard gauge transformations (NSGTs). The NSGTs
are determined by gauge parameters which do not belong to
theSU(N,M4) gauge group (see Refs. [59–61, 63–65]). A
nontrivial consequence of hiding the extended symmetry into
the standard one is the presence of an infinite number of ba-
sic fields produced by the canonical map. These fields cor-
respond to the so-called KK towers; some of these towers
involve a field that can be identified with a standard gauge
field onM4 because it does not receive mass from the com-
pactification mechanism, while all the remaining KK fields
receive mass through this mechanism.

As we commented above, our approach is based on the
notion of hidden symmetry. Since this concept is central to
the SM, one of our main purposes is to establish a parallelism
of the KK mass generating mechanism with the BEHM, high-
lighting both similarities and discrepancies. An important
goal is to establish the sequence of hiding symmetries:

ISO(1, 3 + n)⊗ SU(N,Md)

R−1

−−−→ ISO(1, 3)⊗ SU(N,M4) . (1)

The rest of the paper has been organized as follows. In
Sec. 2, a qualitative discussion about the BEHM at the clas-
sical level is presented. The implications of the Lie alge-
bra of theISO(1, 3 + n) group and its subgroupsISO(1, 3)
and ISO(n) on the constants of motion of the system are
discussed. In Sec. 3, the conceptual and technical ingredi-
ents behind the derivation of the extended four-dimensional
Yang-Mills theory are presented. In Sec. 5, a summary of
our results is presented. In Appendices A and B we collect
several conventions and integrals that have been used in our
derivations.

2. Preliminaries

One of the purposes of this section is to present a qualita-
tive discussion, at the classical level, of the main features of
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the BEHM. Another point to be discussed has to do with the
Lie algebra of the spacetime groups and their associated con-
stants of motion.

2.1. The Brout-Englert-Higgs mechanism

In order to establish an appropriate context for our discus-
sion, let us briefly recall the main ingredients of theories with
SSB. The degrees of freedom of some gauge field theory un-
der consideration are characterized by connections and ten-
sorial representations of a gauge groupG. In the jargon of
particle physics, the former are known as “gauge fields” and
the latter are called “matter fields”. This classification has
profound consequences at the quantum level because gauge
symmetry only allows mass terms for those fields that appear
in tensorial representations ofG. Mass terms for gauge fields
spoil gauge invariance, so, from theG-group perspective,
they are necessarily associated with massless particles. To
endow with mass this class of fields, we need to approach the
theory from another perspective, in which some of the gauge
fields ofG look like matter fields. This change of perspective
can be implemented through a canonical transformation that
allows us to map covariant objets ofG into covariant objets
of one of its subgroups,H. Since the number of connections
of H is smaller than that ofG, the connections that do not
belong toH will appear in tensorial representations of it. So,
to endow some of the connections ofG with mass, one needs
to hide theG symmetry into theH symmetry. This does not
mean that theG symmetry is lost, since the canonical map
can be reversed. The concept of hidden symmetry is central
to the BEHM [73–75], which allows us to generate masses
for gauge fields through the phenomenon of SSB [69–72].

The SSB of a continuous symmetry occurs in the pres-
ence of an infinitely-degenerate vacuum, which has its origin
in a scalar potential with very peculiar features. In the sim-
plest scenario, this potential defines a spherical surface of ra-
dius v on which the system has its minimal energy. All the
points on the sphere are physically equivalent because they
are related by theG group. To breakdownG into H, a par-
ticular point of the sphere, characterized by a constant vector
Φ0, must be chosen. It is said that the groupG is broken
into its subgroupH at the scalev, in the sense that theΦ0

direction is left invariant by theH group, that is,Φ0 is anni-
hilated by the generatorsT ā of H. If the symmetry is global,
we have the Goldstone theorem, which tells us that for each
broken generator ofG (those generatorsT â of G such that
T âΦ0 6= 0) there is an associated massless scalar particle
(Goldstone boson). IfG is a gauge group, the gauge fields
associated with the broken generators ofG acquire a mass
proportional to the scalev. This is the celebrated BEHM. Its
physical meaning is very interesting: at energy scales of or-
der ofv, the phenomenology is explained by theH group, but
at energies far above ofv, we must use theG perspective to
describe the physical phenomena. Thus, whether we describe
phenomena through the groupG or the groupH is a matter

matter of energy scales. Below, we follow this approach
closely to construct a Yang-Mills extension to extra dimen-
sions.

2.2. Spacetime constants of motion

In a flat d-dimensional spacetime, withd = 4 + n, the
Poincaŕe groupISO(1, d − 1) is defined through its gener-
ators, whose number is equal to(1/2)d(d + 1). d of such
generators, denoted byPM , belong to the group of transla-
tions,T(1, d− 1), while the remaining(1/2)d(d− 1) gener-
ators, denoted byJMN , are associated with the Lorentz group
SO(1, d− 1). These generators satisfy the Poincaré algebra

[PM , PN ] = 0 , (2)

[JMN , PR] = i (gMRPN − gNRPM ) , (3)

[JMN , JRS ] = i
(
gMRJNS − gMSJNR

− gNRJMS + gNSJMR

)
. (4)

It is not difficult to see that there are two merged subalge-
bras in this algebra. One of them corresponds to the standard
Poincaŕe groupISO(1, 3),

[Pµ , Pν ] = 0 , (5)

[Jµν , Pρ] = i (gµρPν − gνρPµ) , (6)

[Jµν , Jρσ] = i
(
gµρJνσ − gµσJνρ

− gνρJµσ + gνσJµρ

)
, (7)

whereas the other is associated with the inhomogeneous or-
thogonal group inn dimensions,ISO(n):

[Pµ̄ , Pν̄ ] = 0 , (8)

[Jµ̄ν̄ , Pρ̄] = i (δν̄ρ̄Pµ̄ − δµ̄ρ̄Pν̄) , (9)

[Jµ̄ν̄ , Jρ̄σ̄] = i
(
δµ̄σ̄Jν̄ρ̄ − δµ̄ρ̄Jν̄σ̄

− δν̄σ̄Jµ̄ρ̄ + δν̄ρ̄Jµ̄σ̄

)
. (10)

By identifying P0 with the Hamiltonian of the system,
we can see, from Eqs. (2) and (3), that the generatorsPµ, Pµ̄,
Jij , andJµ̄ν̄ are all constants of motion. This in turn implies
that all the generators of the inhomogeneousISO(n) group
are constants of motion. As we will see later, this fact plays a
central role in the mechanism to generate the KK mass spec-
trum. On the other hand, it is easy to see that the generators of
boostsJ0i andJ0µ̄ are not conserved quantities. Below, we
will profit from this discussion on constants of motion; the
Casimir invariantPµ̄Pµ̄ will be used to define a complete set
of orthogonal functions that determines (1) a canonical map
to change the perspective of the theory from extra dimensions
to four dimensions, and (2) a mass spectrum for KK modes
that is in accordance with the decoupling theorem.
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3. Yang-Mills theories with extra dimensions

The starting point is an effective gauge field theory governed
by the extended groupISO(1, 3 + n) ⊗ SU(N,Md), and
whose gauge parameters are defined all over the spacetime
Md = M4 ⊗Nn. The action of the theory is assumed to be
a functional of gauge fields. Since the theory is not renormal-
izable in the Dyson’s sense, the corresponding action consists
of an infinite series of Lorentz and gauge invariant terms of
increasing canonical dimension, that is,

Seff [Aa
M ]=

∫
d4xdnx̄L4+n (Fa

MN ,Da
AFa

MN , · · · ) , (11)

where

L4+n = −1
4
Fa

MNFMN
a

+
∑

d

λd

Λd L(d+d) (Fa
MN ,Da

AFa
MN , · · · ) , (12)

with

Fa
MN (x, x̄) = ∂MAa

N (x, x̄)− ∂NAa
M (x, x̄)

+ g4+nfabcAb
M (x, x̄)Ac

N (x, x̄). (13)

In this expression,g4+n andfabc are the coupling constant
and the structure constant of theSU(N,Md) group, respec-
tively. Under the extended gauge groupSU(N,Md), the
connection and curvature components transform as

δAa
M (x, x̄) = Dab

Mαb(x, x̄) , (14a)

δFa
MN (x, x̄) = g4+nfabcFb

MN (x, x̄)αc(x, x̄) , (14b)

where αa(x, x̄) are the gauge parameters andDab
M =

δab∂M−g4+nfabcAc
M (x, x̄) is the covariant derivative in the

adjoint representation of the group. In Eq. (12),L(d+d) repre-
sents gauge- and Lorentz-invariant interactions of canonical
dimension greater thand, formulated from curvaturesFa

MN

and its covariant derivativesDab1
M1
Db1b2

M2
· · · Dbk−1bk

Mk
Fbk

MN ,
multiplied by unknown coupling constantsλd/Λd. The first
term in the right-hand side of Eq. (12) corresponds to a
straightforward extension of the functional structure of the
well-known Yang-Mills Lagrangian from four dimensions to
d dimensions. Terms of greater canonical dimension are sup-
pressed by inverse powers of a fundamental scaleΛ, which
is assumed to be far above the explored energies. In fact, ac-
cording to the effective Lagrangian approach, this theory is
valid only for energies< Λ. We assume that the size of the
extra dimensions is so large compared with these energies
that it actually can be considered as infinite. This justifies
theISO(1, 3+n) description of the effective theory given by
Eq. (12). Note that the first term in Eq. (12) does not depend
on theΛ scale, although it does depend on the dimensionful
coupling constantg4+n, which must be rescaled to obtain the
correct dimensionless Yang-Mills coupling. As we see below,
this term plays a central role in theISO(1, 3)⊗ SU(N,M4)
description.

Our main goal is to construct a Yang-Mills extension de-
fined in extra dimensions. To do this, we need to define
canonical maps that allow us to descend towards low-energy
regimes in accordance with the pattern of symmetries hid-
ing that we schematized in Eq. (1). To carry out this pro-
gram, we stress thatSO(1, 3) andSO(n) are subgroups of
SO(1, 3 + n). Also, note that the gauge fieldsAa

M (x, x̄),
which are vector fields ofSO(1, 3 + n), can be seen as an
SO(1, 3)-vector field, with componentsAa

µ, andn SO(1, 3)-
scalars denoted byAa

µ̄; under theSO(n) group, the four com-
ponents ofAa

µ are scalar fields, whereasAa
µ̄ can be seen as a

vector.

3.1. Hiding the symmetry

From now on, we will focus on the first term of the effective
Lagrangian given by Eq. (12), which defines the action

S[Aa
M ] = −1

4

∫
d 4x dnx̄Fa

MN (x, x̄)FMN
a (x, x̄) . (15)

To hide the symmetryISO(1, 3 + n) ⊗ SU(N,Md) into
ISO(1, 3) ⊗ SU(N,M4) means to hide theISO(1, 3 + n)
symmetry intoISO(1, 3), since implicit to this is the passing
from SU(N,Md) to SU(N,M4). We first map covariant
objets ofSO(1, 3 + n) into covariant objets of its subgroups
SO(1, 3) andSO(n):

SO(1, 3 + n) 7→ SO(1, 3)× SO(n) ,

Aa
M (x, x̄) 7→ {Aa

µ(x, x̄), Aa
µ̄(x, x̄)} . (16)

This map in turn leads to the curvatures

Fa
MN (x, x̄) 7→ {Fa

µν(x, x̄), Fa
µν̄(x, x̄), Fa

µ̄ν̄(x, x̄)} , (17)

with Fa
µν(x, x̄),Fa

µν̄(x, x̄), andFa
µ̄ν̄(x, x̄) transforming as 2-

form (0-form), 1-form (1-form), and 0-form (2-form) under
theSO(1, 3)(SO(n)) group, respectively.

The maps given by Eqs. (16) and (17) allow us to pass
from the action given in Eq. (15) to an action given by

S[Aa
µ,Aa

µ̄] = −1
4

∫
d4x dnx̄

[
Fa

µν(x, x̄)Fµν
a (x, x̄)

+ 2Fa
µν̄(x, x̄)Fµν̄

a (x, x̄) + Fa
µ̄ν̄(x, x̄)F µ̄ν̄

a (x, x̄)
]
, (18)

which is manifestly invariant under theSO(1, 3) andSO(n)
groups. Although from theSO(1, 3) perspective the extra-
dimensional symmetrySO(1, 3 + n) seems to have dis-
appeared, this is not actually the case, as one can triv-
ially pass from the action (18) to the action (15), in which
the larger symmetry is manifest. What really happened is
that the map (16) hid the SO(1, 3 + n) symmetry. We
can see that this map splits Eq. (14a) into two identi-
cal expressions for theAa

µ(x, x̄) and Aa
µ̄(x, x̄) connec-

tion components; whereas Eq. (14b) has been split into
three identical expressions for the curvature components
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{Fa
µν(x, x̄), Fa

µν̄(x, x̄), Fa
µ̄ν̄(x, x̄)}. This means that the ac-

tion (18) remains governed by the gauge groupSU(N,Md).
Evidently, this point map can easily be elevated to a canonical
map at the phase space.

The map given in Eq. (16) accommodates representations
of SO(1, 3 + n) into representations of the groupsSO(1, 3)
andSO(n). However, to move completely from the extended
symmetry to the standard one, we need to remove any de-
pendence on thēx coordinates from the theory. This step is
nontrivial because, in the original theory, these coordinates
play the role of labels that count degrees of freedom. In other
words, we need to define another canonical map that allows
us to hide any manifest dynamical role of theISO(n) sub-
group. To do this, assume that some compactification pro-
cedure on theNn submanifold has been carried out, and
let {f (m)(x̄)} be a complete set of orthogonal functions de-
fined on the compact manifold. Then, the fields appearing in
Eq. (16) and the gauge parameters,αa(x, x̄), can be decom-
posed in this basis as follows:

Aa
µ(x, x̄) =

∑

(m)

f (m)(x̄)A(m)a
µ (x) , (19a)

Aa
µ̄(x, x̄) =

∑

(m)

f (m)(x̄)A(m)a
µ̄ (x) , (19b)

αa(x, x̄) =
∑

(m)

f (m)(x̄)α(m)a(x) , (19c)

with analogous expressions forΠa
µ and Πa

µ̄, which are the
canonical conjugates ofAa

µ(x, x̄) andAa
µ̄(x, x̄), respectively.

The symbol
∑

(m) is defined in Appendix4.. In the above
map, the degrees of freedom are characterized by the infinite
set of fields{A(m)a

µ (x), A
(m)a
µ̄ (x)}, while thef (m)(x̄) func-

tions do not represent degrees of freedom. Assuming that
the functions of the set{f (m)(x̄)} are normalized, the above
maps can be reversed to obtain

A(m)a
µ (x) =

∫
dnx̄ f (m)(x̄)Aa

µ(x, x̄) , (20a)

A
(m)a
µ̄ (x) =

∫
dnx̄ f (m)(x̄)Aa

µ̄(x, x̄) . (20b)

On the other hand, using the orthonormality of thef (m)(x̄)
functions, it is easy to show that the fundamental Poisson’s
brackets

{Aa
µ(x, x̄), Πb

ν(x′, x̄′)}
= δab δµν δ(x− x′) δ(x̄− x̄′) , (21a)

{Aa
µ̄(x, x̄), Πb

ν̄(x′, x̄′)}
= δab δµ̄ν̄ δ(x− x′) δ(x̄− x̄′) , (21b)

become

{A(m)a
µ (x), π(n)b

ν (x′)} = δab δµν δ(mn) δ(x− x′) , (22a)

{A(m)a
µ̄ (x), π

(n)b
ν̄ (x′)} = δab δµ̄ν̄ δ(mn) δ(x− x′) . (22b)

Here the symbolδ(mn) stands for the following product of
Kronecker’s deltas:

δ(rs) = δr1 s1
δr2 s2

· · · δrn sn
. (23)

This shows that the transformations given by Eqs. (19a) and
(19b) correspond to a canonical map [64]. It should be
stressed that this result does not depend on the scheme used
to carry out the compactification, it only depends on the com-
pleteness of the{f (m)(x̄)} basis.

The canonical map given by Eqs. (19a) and (19b) clearly
preserves the covariant essence of the first canonical map,
Eq. (16), because it is immediate to establish that the
A

(m)a
µ (x) andA

(m)a
µ̄ (x) fields transform, underSO(1, 3), as

a vector andn scalars, respectively. However, it is not clear
how these objets transform under the standardSU(N,M4)
gauge group; this point remains dark so far. To clarify it, note
that the constant functionf (0) may be an element of the set of
functions{f (m)(x̄)}. From now on, we will assume that the
constant function belongs to this set of complete functions.
As already noted, according to map (16), the variation of the
connectionsAa

M (x, x̄) given by Eq. (14a) unfold into

δAa
µ(x, x̄) = Dab

µ αb(x, x̄) , (24a)

δAa
µ̄(x, x̄) = Dab

µ̄ αb(x, x̄) . (24b)

Then, taking into account the canonical map given by
Eqs. (19a) and (19b), and using the orthogonality of the set
{f (0), f (m)(x̄)} of functions, we have

δA(0)a
µ (x) = D(0)ab

µ α(0)b(x)

+ gfabc
∑

(m)

A(m)b
µ (x)α(m)c(x) , (25a)

δA(m)a
µ (x) = gfabcA(m)b

µ (x)α(0)c(x)

+
∑

(r)

D(mr)ab
µ α(r)b(x) , (25b)

δA
(0)a
µ̄ (x) = gfabcA

(0)b
µ̄ α(0)c(x)

+ gfabc
∑

(m)

A
(m)b
µ̄ (x)α(m)c(x)

+
∑

(m)

[∫
dnx̄f (0)∂µ̄f (m)

]
α(m)a , (26a)

δA
(m)a
µ̄ (x) = gfabcA

(m)b
µ̄ (x)α(0)c(x)

+ gfabcA
(0)b
µ̄ (x)α(m)c(x)

−
∑

(r)

D(mr)ab
µ̄ α(r)b(x) , (26b)
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where

D(mr)ab
µ = δ(mr)D(0)ab

µ − gfabc
∑

(s)

∆(mrs)A
(s)c
µ , (27a)

D(mr)ab
µ̄ = −δab

∫
dnx̄f (m)(x̄)∂µ̄f (r)(x̄)

+ gfabc
∑

(s)

∆(mrs)A
(s)c
µ̄ , (27b)

with D(0)ab
µ = δab∂µ − gfabcA

(0)c
µ the covariant derivative

in the adjoint representation ofSU(N,M4). In addition, to
match the zero modes with those of the usual theory, the di-
mensionful coupling constantg4+n has been rescaled to iden-
tify the 4-dimensional couplingg = f (0)g(4+n). Further, the
symbol∆(mrs) appearing in the above expressions is given
by

∆(mrs) =
1

f (0)

∫
dnx̄f (m)(x̄)f (r)(x̄)f (s)(x̄) , (28)

which will be defined more precisely later. In previous ex-
pressions, generic quantities of the wayϕ

(0)
A (x) andϕ

(m)
A (x)

are the components of fields or gauge parameters alongf (0)

and f (m)(x), respectively. Note that if we identify the
α(0)a(x) parameters as the gauge parameters of the standard
SU(N,M4) group, then, makingα(m)a(x) = 0, Eqs. (25a),
(25b), (26a), and (26b) become

δsA
(0)a
µ (x) = D(0)ab

µ α(0)b(x) , (29a)

δsA
(m)a
µ (x) = gfabcA(m)b

µ (x)α(0)c(x) , (29b)

δsA
(0)a
µ̄ (x) = gfabcA

(0)b
µ̄ α(0)c(x) , (29c)

δsA
(m)a
µ̄ (x) = gfabcA

(m)b
µ̄ (x)α(0)c(x) . (29d)

These expressions, which we call the SGTs, mean that
A

(0)a
µ (x) transform as connections, whereasA(m)a

µ (x),
A

(0)a
µ̄ (x), and A

(m)a
µ̄ (x) transform as matter fields (in the

adjoint representation) under this group. So far, everything
seems to be going well. However, we must take into account
the physical requirement that the standard pure Yang-Mills
theory must be recovered in the limit asR → 0. In other
words, the new-physics effects must decouple, in accordance
with the decoupling theorem [76]. Nevertheless, the usual
pure Yang-Mills theory does not have scalar fields, so the ex-
istence of such fields must be exclusively linked to the pres-
ence of extra dimensions. To establish this link, note that
the only element of the set of basis functions which does not
depend on the geometrical details of the compact manifold
is the constant functionf (0). It is inferred from this that, in
general, any field without standard counterpart does not have
component alongf (0). The fact that the constant function is
trivially even under the interchangēx → −x̄ suggests that the
basis{f (0), f (m)(x̄)} of functions can be reorganized into
two independent bases, one containing the even functions,
{f (0)

E , f
(m)
E (x̄)}, and the other containing the odd functions,

{f (m)
O (x̄)}. Then, we postulate that any field with standard

counterpart is even under the reflectionx̄ → −x̄, while those
without standard counterpart are odd with respect to such a
transformation. Accordingly, Eqs. (19a), (19b), (19c) take
the form

Aa
µ(x, x̄) = f

(0)
E A(0)a

µ (x) +
∑

(m)

f
(m)
E (x̄)A(m)a

µ (x) , (30a)

Aa
µ̄(x, x̄) =

∑

(m)

f
(m)
O (x̄)A(m)a

µ̄ (x) , (30b)

αa(x, x̄) = f
(0)
E α(0)a(x) +

∑

(m)

f
(m)
E (x̄)α(m)a(x) . (30c)

Also, this assumption eliminates Eqs. (26a), (29c) and re-
duces Eq. (26b) to

δA
(m)a
µ̄ (x) = gfabcA

(m)b
µ̄ (x)α(0)c(x)

−
∑

(r)

D(mr)ab
µ̄ α(r)b(x) , (31)

while Eqs. (27a), (27b) become

D(mr)ab
µ = δ(mr)D(0)ab

µ − gfabc
∑

(s)

∆(mrs)A
(s)c
µ , (32a)

D(mr)ab
µ̄ = −δabp

(mr)
µ̄ + gfabc

∑

(s)

∆′
(mrs)A

(s)c
µ̄ , (32b)

where

p
(mr)
µ̄ =

∫
dnx̄f

(m)
O (x̄)∂µ̄f

(r)
E (x̄) . (33)

Observe that, due to the parity properties of the basis func-
tions, the symbol given by Eq. (28) splits into the following
symbols:

∆(mrs) =
1

f (0)

∫
dnx̄f

(m)
E (x̄)f (r)

E (x̄)f (s)
E (x̄) , (34a)

∆′
(mrs) =

1
f (0)

∫
dnx̄f

(m)
O (x̄)f (r)

O (x̄)f (s)
E (x̄) . (34b)

Directly from their definitions, we can see that∆(mrs) is
symmetric in all its indices, while∆′

(mrs) is symmetric only
under the interchange of the first two indices. Note that the
determination of these symbols requires the specifcation of
the set of functionsf (m)(x̄).

In order to identify the variations of the fieldsA(0)a
µ (x),

A
(m)a
µ (x), andA

(m)a
µ̄ (x) under theSU(N,M4) group, we

have taken the parametersα(m)a(x) equal to zero, but such
parameters define transformations of these fields as well.
This fact should not surprise us, as it is inherent to the imple-
mentation of a canonical transformation to hide a gauge sym-
metry. When the map connects two different Lie groups, that
is, when it connects the gauge groupG to one of its subgroups
H, the parameters analogous toα(m)a(x) are those associ-
ated with the generators ofG which do not belong toH. In
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our case, the map is between two different gauge groups that
are identical as Lie groups. However, in both cases, the pres-
ence of these parameters tells us that there is a larger gauge
symmetry. The parametersα(m)a(x) play a central role in
quantizing the theory in the context of the field-antifield for-
malism. This problem has already been addressed by some
of us in previous works [59, 63] based on the BRST symme-
try [77–79].

It should be stressed that the gauge structure of the orig-
inal theory is not spoiled, since the algebra satisfied by the
constrains of the theory is given in terms of Poisson’s brack-
ets [80, 81], which are preserved by canonical maps (see
Ref. [64]). A direct consequence of this is the fact that the
KK excitationsA(m)a

µ (x) are gauge fields, although from the
SU(N,M4) perspective they transform as matter fields. The
α(m)a(x) parameters define the NSGTs according to

δnsA
(0)a
µ (x) = gfabc

∑

(m)

A(m)b
µ (x)α(m)c(x) , (35a)

δnsA
(m)a
µ (x) =

∑

(r)

D(mr)ab
µ α(r)b(x) , (35b)

δnsA
(m)a
µ̄ (x) = −

∑

(r)

D(mr)ab
µ̄ α(r)b(x) . (35c)

So far, we have completed the program of hiding the
ISO(1, 3+n)⊗SU(N,Md) symmetry into theISO(1, 3)⊗
SU(N,M4) symmetry through the canonical transforma-
tions (16), (30a), and (30b), together with the map of the
gauge parameters given in Eq. (30c). The original con-
nectionsAa

M (x, x̄) have been mapped into the infinite set
of fields {A(0)a

µ (x), A(m)a
µ (x), A(m)a

µ̄ (x)}. We have shown

that theA
(0)a
µ fields correspond to the connections of the

gauge groupSU(N,M4), whereas the infinite set of fields
{A(m)a

µ , A
(m)a
µ̄ }, which are recognized as the KK excitations

of A(0)a
µ , transform in the adjoint representation of this group.

As commented at the beginning of this section, when the
gauge symmetryG is hidden intoH, with H a subgroup of
G, the connections ofG, Aa

µ, are mapped into the connec-
tionsAā

µ, and matter fields,Aâ
µ, of H. From theH perspec-

tive, the fieldsAâ
µ can be endowed with mass, for which SSB

can be used. In our case, the{A(m)a
µ , A

(m)a
µ̄ } fields appear

as matter fields under theSU(N,M4) perspective, so they
can be endowed with mass. However, not all these fields can
be identified as gauge fields, since there must be a one-to-
one relation between gauge fields and gauge parameters. It
is not difficult to convince ourselves that the only possibility
is A

(m)a
µ (x) ↔ α(m)a(x), so theA(m)a

µ̄ fields are not gauge
fields, as it was expected. At this stage, we can ask the fol-
lowing question: What is the instrument analogous to SSB
that allows us to endow these fields with mass? We now an-
swer this question.

3.2. Mass spectrum

Previously, we have shown how to hide theISO(1, 3 +
n) ⊗ SU(N,Md) symmetry into the standardISO(1, 3) ⊗
SU(N,M4) symmetry through the canonical transforma-
tions (16) and (30a), (30b), (30c)). The next step is to identify
the mechanism that allows us to endow the gauge,A

(m)a
µ (x),

and scalar,A(m)a
µ̄ (x), fields with mass, proportional to the

compactification scaleR−1. In this respect, we observe
that such a mechanism is contained in the very structure of
the theory. To see this, note that the curvaturesFa

µν(x, x̄),
Fa

µν̄(x, x̄), andFa
µ̄ν̄(x, x̄) arex̄ even,x̄ odd, and̄x even, re-

spectively, so they can be expressed in the{f (0)
E , f

(m)
E (x̄)}

and{f (m)
O (x̄)} bases as follows:

Fa
µν(x, x̄) = f

(0)
E F (0)a

µν (x)

+
∑

(m)

f
(m)
E (x̄)F (m)a

µν (x) , (36a)

Fa
µν̄(x, x̄) =

∑

(m)

f
(m)
O (x̄)F (m)a

µν̄ (x) , (36b)

Fa
µ̄ν̄(x, x̄) = f

(0)
E F (0)a

µ̄ν̄ (x)

+
∑

(m)

f
(m)
E (x̄)F (m)a

µ̄ν̄ (x) . (36c)

Then, after integrating over the extra coordinates in the action
displayed in Eq. (18), we have an effective Lagrangian given
by

LYM
eff = LYM

v-v + LYM
v-s + LYM

s-s , (37)

with

LYM
v-v = −1

4
F (0)a

µν (x)F (0)µν
a (x)

− 1
4

∑

(m)

F (m)a
µν (x)F (m)µν

a (x) , (38a)

LYM
v-s =

1
2

∑

(m)

F (m)a
µν̄ (x)F (m)a µ

ν̄(x) , (38b)

LYM
s-s = −1

4
F (0)a

µ̄ν̄ (x)F (0)µ̄ν̄
a (x)

− 1
4

∑

(m)

F (m)a
µ̄ν̄ (x)F (m)µ̄ν̄

a (x) . (38c)

Note that the Lagrangians (38b) and (38c) correspond to a
scalar kinetic sector and to a scalar potential, respectively.
This means that masses for the gauge,A

(m)a
µ (x), and scalar,

A
(m)a
µ̄ (x), fields can arise from the Lagrangians (38b) and

(38c), respectively. The presence of quadratic terms in (38b)
and (38c) can be seen noting that the 1-form and 0-form that
define these Lagrangians have parts that are linear in fields:
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F (m)a
µν̄ = D(0)ab

µ A
(m)b
ν̄ −

∑

(r)

A(r)a
µ

∫
dnx̄f

(m)
O (x̄)∂ν̄f

(r)
E (x̄) + gfabc

∑

(rs)

∆′
(rsm)A

(r)b
µ (x)A(s)c

ν̄ (x), (39a)

F (m)a
µ̄ν̄ =

∑

(r)

A
(r)a
ᾱ

∫
dnx̄f

(m)
E (x̄)

[
δᾱν̄ ∂µ̄f

(r)
O (x̄)− δᾱµ̄ ∂ν̄f

(r)
O (x̄)

]
+ gfabc

∑

(rs)

∆′
(rsm)A

(r)b
µ̄ (x)A(s)c

ν̄ (x) , (39b)

F (0)a
µ̄ν̄ = gfabc

∑

(m)

A
(m)b
µ̄ (x)A(m)c

ν̄ (x) . (40)

The structures of Eqs. (39a) and (39b) are quite illuminating. Firstly, note that the functions∂µ̄f
(m)
E (x̄) and∂µ̄f

(m)
O (x̄) are odd

and even, respectively. This fact guarantees the existence of mass terms for the fieldsA
(m)a
µ (x) andA

(m)a
µ̄ (x), and suggests

how to define the set of orthonormal functions{f (0)
E , f

(m)
E (x̄), f

(m)
O (x̄)}.

4. The set of orthonormal functions

In the previous section, we have emphasized the crucial role played by the complete set of orthonormal functions{f (0)
E , f

(m)
E (x̄),

f
(m)
O (x̄)} to go from the description based onISO(1, 3 + n) ⊗ SU(N,Md) to the description governed byISO(1, 3) ⊗

SU(N,M4), using even and odd series. We can highlight the importance of this canonical map by noting that:(1) it allows us
to identify the degrees of freedom of the four-dimensional theory as the coefficients of these infinite series;(2) it allows us to
establish whether a given KK excitation is a gauge field or a matter field ofSU(N,M4); and(3) it allows us to render the KK
excitations massive.

To generate the complete set of functions{f (0)
E , f

(m)
E (x̄), f

(m)
O (x̄)}, we need some observable that can be associated

with extra dimensions. By observable we mean a Hermitian operator that allows us to generate an orthogonal basis which is
associated to a set of real eigenvalues. The eigenvalues of this observable must correspond to the masses of the KK fields.
In this respect, we note that we have at our disposal the Casimir invariants [82] of the inhomogeneousISO(n) group, whose
generators, as it was shown in Sec. 2, are all constants of motion. One of these invariants is the one associated with the
translations groupT(n), given byP̄ 2 = Pµ̄Pµ̄. The observablesPµ̄ andP̄ 2 generate a basis of simultaneous eigenkets{|p̄〉}
through the fundamental equations:

Pµ̄|p̄
〉

= pµ̄|p̄
〉
, (41a)

P̄ 2|p̄〉
= p̄2|p̄〉

, (41b)

wherep̄2 ≡ pµ̄pµ̄. The zero eigenvaluepµ̄ = 0 is the link that allows us to make contact with the usual Yang-Mills theory. In
general, the spectrum of eigenvalues can be continuous, but this can change when we make contact with the compact manifold.
We assume that the basis{|p̄〉} is normalized and complete, that is,

〈
p̄′|p̄〉

= δp̄′p̄ and
∑

p̄ |p̄
〉〈

p̄| = I. To make contact with
the compact manifold, we need to represent Eqs. (41a), (41b) in the coordinates basis. Let̄X† = X̄ be the Hermitian position
operator, which satisfies the commutation relation[Xµ̄, Pν̄ ] = iδµ̄ν̄ . This operator generates the position basis{|x̄〉} through
the eigenvalues equation

Xµ̄|x̄
〉

= xµ̄|x̄
〉
, (42)

which is orthonormal and complete in the Dirac’s sense:
〈
x̄′|x̄〉

= δ(x̄′ − x̄) , (43a)
∫

dnx̄|x̄〉〈
x̄| = I . (43b)

In this basisPµ̄ → −i∂µ̄, so Eq. (41b) becomes
(∇̄2 + p̄2

)
fp̄(x̄) = 0 , (44)

wherefp̄(x̄) =
〈
x̄|p̄〉

. Clearly, the solutions of this equation are plane wavesexp(ip̄ · x̄), that is, a linear combination of
n-dimensional sines and cosines. In an infinite space, the spectrum is continuous, but our manifold is compact. It is time to
define the geometry of our compact manifold. We assume that each coordinatex̄i is coiled in a circleS1 of radiusRi, which are
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assumed, for simplicity, to be all equal, namelyR1 = · · · = Rn ≡ R. So, up to this stage, our compact manifold is the direct
product ofn circles. This geometry introduces periodicity in our fields, that is, all our fields satisfyϕa(x, x̄+2πR) = ϕa(x, x̄).
This in turn implies that the series introduced previously are actually general Fourier series, that is, our set of base functions
are multidimensional sines and cosines. However, we have already seen that to make contact with the usual Yang-Mills theory,
we need to introduce a definite parity for all fieldsϕa(x, x̄) under the operation̄x → −x̄. To implement this symmetry we
introduce the cyclic groupZ2, which assigns to every point̄x of each circle its antipode−x̄. Introducing this symmetry turns
each circleS1 into the orbifoldS1/Z2. Then, we assume a compact manifold made ofn copies of theS1/Z2 orbifold. Then,
we demand that the odd functions (sines) satisfy Dirichlet’s boundary conditions and that the even functions (cosines) satisfy
Neumann’s boundary conditions, that is,

sin (pµ̄xµ̄)
∣∣∣∣
2πR

0

= 0 , ∂µ̄ [cos (pµ̄xµ̄)]
∣∣∣∣
2πR

0

= 0 . (45)

These boundary conditions lead to a discrete spectrum for the set of eigenvaluespµ̄, that is,p(m)
µ̄ = (m/R). This is a vector

with n entries, with at least one non-zero, but where all possibilities are considered (see Appendix A for notation). The null
eigenvaluepµ̄ = 0 will be considered separately, since it plays an important role in defining the standard fields (the zero
mode fields). Then, the basis generated by the observablesPµ̄ and P̄ 2 is discrete, which we thus denote by{|0〉

, |p̄(m)
〉}.

The corresponding eigenfunctions are given byf
(0)
E =

〈
x̄|0〉

and f
(m)
E (x̄), f (m)

O (x̄) =
〈
x̄|p̄(m)

〉
. So, our complete set

of orthonormal functions{f (0)
E , f

(m)
E (x̄), f (m)

O (x̄)}, introduced in the Subsec. 3.1, corresponds to the set of eigenfunctions
associated with the mass eigenvalues ofP̄ 2, given byp

(m)
µ̄ p

(m)
µ̄ ≡ m2

(m) = m2/R2, with f
(0)
E corresponding to the eigenvalue

p
(m)
µ̄ p

(m)
µ̄ = 0. The fact that the eigenfunctionf (0)

E is associated with an eigenvalue equal to zero means that the standard fields
do not receive mass at theR−1 scale. Accordingly, the set of maps (30a), (30b), (30c) and (36a), (36b), (36c) are given by even
or oddn-dimensional Fourier series. The set of functions{f (0)

E , f
(m)
E (x̄), f

(m)
O (x̄)} is given in Appendix4..

With the help of the set{f (0)
E , f

(m)
E (x̄), f

(m)
O (x̄)} shown in Appendix B, we can rewrite the expressions (39a) and (39b)

as follows:

F (m)a
µν̄ = D(0)ab

µ A
(m)b
ν̄ (x) + p

(m)
ν̄ A(m)a

µ (x) + gfabc
∑

(rs)

∆′
(rsm)A

(r)b
µ (x)A(s)c

ν̄ (x) , (46a)

F (m)a
µ̄ν̄ = p

(m)
µ̄ A

(m)a
ν̄ − p

(m)
ν̄ A

(m)a
µ̄ + gfabc

∑

(rs)

∆′
(rsm)A

(r)b
µ̄ A

(s)c
ν̄ , (46b)

where

p
(m)
µ̄ =

n∑
α=1

mα

Rα
δµ̄ 4+α , (47)

m2
(m) =

(
m1

R1

)2

+ · · ·+
(

mn

Rn

)2

= p
(m)
µ̄ p

(m)
µ̄ . (48)

Recall that we are assuming that all radiiRi are equal. On the other hand, the 2-form curvature components{F (0)a
µν (x),F (m)a

µν (x)}
are given by

F (0)a
µν (x) = F (0)a

µν (x) + gfabc
∑

(m)

A(m)b
µ (x)A(m)c

ν (x) , (49a)

F (m)a
µν (x) = D(0)ab

µ A(m)b
ν (x)−D(0)ab

ν A(m)b
µ (x) + gfabc

∑

(rs)

∆(mrs)A
(r)b
µ (x)A(s)c

ν (x) , (49b)

where

F (0)a
µν (x) = ∂µA(0)a

ν (x)− ∂νA(0)a
µ (x) + gfabcA(0)b

µ (x)A(0)c
ν (x) , (50)

are the curvature components associated with the standard gauge groupSU(N,M4). Note that the right-hand side of Eqs. (49b)
and (50) transform in the adjoint representation of this group, as it must be. Then, the Lagrangian (38a) contains the Yang-
Mills term associated with the standardSU(N,M4) group plus terms involving interactions among connection components and
matter fields. Note thatF (m)a

µν (x) contains the kinetic terms for the matter fields. This Lagrangian resembles the one emerging
from the Yang-Mills sector of the electroweak group. In this case, the role played by theSU(N,M4) group is analogous to
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the role played by the electromagnetic groupUe(1,M4) emerged from the implementation of SSB to the electroweak sector
of the SM, whereas the role played by the matter fieldsA

(m)a
µ evokes that of theW (0)±

µ bosons.
As far as the mass terms for the KKA(m)a

µ (x) fields are concerned, using the expression for the 1-form curvature, Eq. (46a),
the Lagrangian (38b) becomes

LYM
v-s =

∑

(m)

[1
2

(
D(0)ab

µ A
(m)b
ν̄

)(
D(0)acµA

(m)c
ν̄

)
+ p

(m)
ν̄ A(m)aµ

(
D(0)ab

µ A
(m)b
ν̄

)
+

1
2
m2

(m)A
(m)a
µ A(m)aµ

]

+ gfabc
∑

(mrs)

∆′
(rsm)

[ (
D(0)ad

µ A
(m)d
ν̄

)
A(r)bµA

(s)c
ν̄ +

g

2
fade

∑

(pq)

∆′
(pqm)A

(r)b
µ A

(s)c
ν̄ A(p)dµA

(q)e
ν̄

]
. (51)

Observe the resemblance of this term with a Higgs kinetic term. In fact, it has the same gauge and Lorentz structures of these
kind of terms. In particular, we would like to highlight the presence of mass terms for the KK vectorA

(m)a
µ fields and also the

presence of bilinear and trilinear interactions proportional to thep
(m)
ν̄ scale, which are essential ingredients of a Higgs kinetic

term.
From the term proportional toF (m)a

µ̄ν̄ F (m)µ̄ν̄
a , in the Lagrangian (38c), massive scalars and massless scalars (pseudo-

Goldstone bosons) arise. In the general case, the scalar fieldsA
(m)a
µ̄ show themselves in bilinear forms, so that, after proper

diagonalizations, one recognizes a pseudo-Goldstone boson, which we denote byA
(m)a
G , andn − 1 massive scalar fields,

represented here byA(m)a
n̄ , with n̄ = 1, 2, . . . , n− 1. Using the above expressions for the 0-form curvature components, it can

be seen that

LYM
s-s = −

∑

(m)

{
1
2
A

(m)a
µ̄ M

(m)
µ̄ν̄ A

(m)a
ν̄ + gp

(m)
µ̄

∑

(rs)

∆′
(rsm)

(
fabcA

(m)a
ν̄ A

(r)b
µ̄ A

(s)c
ν̄

)

+
g2

4

∑

(r)

[ (
feabA

(m)a
µ̄ A

(m)b
ν̄

)(
fecdA

(r)c
µ̄ A

(r)d
ν̄

)
+

∑

(spq)

∆′
(rsm)∆

′
(pqm)

(
feabA

(r)a
µ̄ A

(s)b
ν̄

)(
fecdA

(p)c
µ̄ A

(q)d
ν̄

) ]}
, (52)

where, for each possible value of(m), the correspondingn× n symmetric mass matrix is

M
(m)
µ̄ν̄ = m2

(m)δµ̄ν̄ − p
(m)
µ̄ p

(m)
ν̄ . (53)

This matrix, whose mathematical structure is directly dictated by gauge invariance, naturally leads to the existence of a massless
scalar field. To see this, we take the trace in Eq. (53) to obtain

δµ̄ν̄M
(m)
µ̄ν̄ = (n− 1)m2

(m) , (54)

which shows that there exist(n− 1) mass-degenerate physical scalar fields and a massless scalar field, which can be identified
with a pseudo-Goldstone boson. This matrix can easily be diagonalized by noting that it coincides with the inertia tensor, per
mass unit, of a single massive particle located atr † = (p5, . . . , pn+4), with respect to somen-dimensional Euclidean reference
system, rotating with angular velocityω about an arbitrary axiŝω = ω/ω. Hence,M(m)

µ̄ν̄ can be decomposed as

M
(m)
µ̄ν̄ = R(m)

µ̄µ̄′M
(m)
µ̄′ν̄′R(m)

ν̄ν̄′ . (55)

Here
(
M

(m)
µ̄′ν̄′

)
= diag(m2

(m),m
2
(m), . . . , m

2
(m), 0), andR(m) =

(
R(m)

µ̄µ̄′

)
is an orthogonal matrix that transforms the mass-

eigenvector componentsA(m)a
µ̄′ ≡ (A(m)a

n̄ , A
(m)a
G ) into A

(m)a
µ̄ , that is,

A
(m)a
µ̄ = R(m)

µ̄µ̄′A
(m)a
µ̄′ = R(m)

µ̄n̄ A
(m)a
n̄ +R(m)

µ̄G A
(m)a
G , (56)

wheren̄ = 1, 2, . . . , n− 1 and

R(m)
µ̄µ̄′R(m)

ν̄µ̄′ = δµ̄ν̄ and R(m)
µ̄µ̄′R(m)

µ̄ν̄′ = δµ̄′ν̄′ . (57)

In the above expressions, the primed indices denote mass eigenstates.

On the other hand, sinceR(m) is an orthogonal matrix with columns given by the principal-axes components, the useful
identity

p
(m)
ν̄ R(m)

ν̄ν̄′ = m(m)δν̄′G (58)
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follows. From this equation, together with Eq. (48), one obtains

R(m)
ν̄G =

p
(m)
ν̄

m(m)
. (59)

Observe that neitherF (m)
µ̄ν̄ norF (0)

µ̄ν̄ follow a covariant transformation rule underR(m). Hence, once expressed in terms of
the mass eigenvectors, Eq. (52) explicitly depends onR(m). In fact, inserting Eqs. (55) and (56) into Eq. (52) we obtain

LYM
s-s = −

∑

(m)

{
1
2
m2

(m)A
(m)a
n̄ A

(m)a
n̄ + gp

(m)
µ̄ R(m)

ν̄ν̄′
∑

(rs)

∆′
(rsm)R(r)

µ̄µ̄′R(s)

ν̄λ̄′

(
fabcA

(m)a
ν̄′ A

(r)b
µ̄′ A

(s)c

λ̄′

)

+
g2

4

∑

(r)

[
R(m)

µ̄µ̄′R(m)
ν̄ν̄′ R(r)

µ̄λ̄′R
(r)
ν̄ρ̄′

(
feabA

(m)a
µ̄′ A

(m)b
ν̄′

)(
fecdA

(r)c

λ̄′ A
(r)d
ρ̄′

)

+
∑

(spq)

∆′
(rsm)∆

′
(pqm)R(r)

µ̄µ̄′R(s)
ν̄ν̄′R

(p)

µ̄λ̄′R
(q)

ν̄ρ̄′

(
feabA

(r)a
µ̄′ A

(s)b
ν̄′

)(
fecdA

(p)c

λ̄′ A
(q)d

ρ̄′

) ]}
. (60)

From this Lagrangian we immediately recognize the massive fieldsA
(m)a
n̄ , with massm(m), and various trilinear- and quartic-

interaction terms among them. It is worth emphasizing that all the mass terms are generated by the curvature components
F (m)a

µ̄ν (x) andF (m)a
µ̄ν̄ (x), which in turn come from the extra-dimensional curvatureFa

MN (x, x̄), whose precise structure is
fixed by gauge invariance. So all masses originate in gauge symmetry and, in that sense, they can be properly called “gauge
masses”. As far as the massless scalarA

(m)a
G fields are concerned, they play the role of pseudo-Goldstone bosons, as they

can be removed from the theory through some sort of unitary gauge. The degrees of freedom that they represent appear as
the longitudinal polarization states of the vector KK excitationsA

(m)a
µ . The implementation of such unitary gauge can be

understood in terms of the NSGTs. To see this, consider a specific NSGT with infinitesimal gauge parameters given by

α(m)a =
A

(m)a
G

m(m)
. (61)

Then, at first order in the fields, the NSGTs given by Eqs. (35b) and (35c) become

A
′(m)a
µ = A(m)a

µ +
∂µA

(m)a
G

m(m)
, (62a)

A
′(m)a
n̄ = A

(m)a
n̄ , (62b)

A
′(m)a
G = 0 , (62c)

where use of relations (56) and (59) was done. This is what we called the unitary gauge, due to its similarity with the gauge used
in the SM in which all pseudo-Goldstone bosons are set to zero. In such a gauge one hasA

(m)a
µ̄ = R(m)

µ̄µ̄′A
(m)a
µ̄′ = R(m)

µ̄n̄ A
(m)a
n̄ .

Note that theLYM
s-s Lagrangian plays the role of a Higgs potential, as it allows us to determine the presence of pseudo-Goldstone

bosons and physical scalars.
The Lagrangian (51) is also affected by the orthogonal transformation (56). One has,

LYM
v-s =

∑

(m)

{
1
2

(
D(0)ab

µ A
(m)b
n̄

)(
D(0)acµA

(m)c
n̄

)
+

1
2

(
D(0)ab

µ A
(m)b
G

)(
D(0)acµA

(m)c
G

)
+ m(m)A

(m)aµ
(
D(0)ab

µ A
(m)b
G

)

+
1
2
m2

(m)A
(m)a
µ A(m)aµ + gfabc

∑

(rs)

∆′
(rsm)

[
R(m)

ν̄ν̄′ R(s)
ν̄µ̄′

(
D(0)ad

µ A
(m)d
ν̄′

)
A(r)bµA

(s)c
µ̄′

+
g

2
fade

∑

(pq)

∆′
(pqm)R(s)

ν̄µ̄′R
(q)

ν̄ν̄′A
(r)b
µ A

(s)c
µ̄′ A(p)dµA

(q)e

ν̄′

]}
, (63)

where the relation (59) was used. From the term proportional to them(m) scale in the above expression, one can identify

the presence of bilinear interactions between the vector KK excitationsA
(m)a
µ and their associated pseudo-Goldstone bosons

A
(m)a
G . This class of interactions are typical of Higgs kinetic terms.
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The canonical transformation given through the complete basis of functions{f (0), f (m)(x̄)} is enough to hide theISO(1, 3+
n) ⊗ SU(N,Md) symmetry intoISO(1, 3) ⊗ SU(N,M4), since it allows us to establish the covariant character of the new
fields under both the Poincaré group and the gauge group. The constant functionf

(0)
E (the base state|0〉

of P̄ 2) plays a central
role in identifying theSU(N,M4) gauge parameters and connections. The choice of theP̄ 2 observable is very important
because it allows us to endow the fields along thef (m)(x̄) directions with mass. The split of the{f (0), f (m)(x̄)} basis into the
sub-bases{f (0)

E , f
(m)
E (x̄)} and{f (m)

O (x̄)} is done in order to decouple effects of extra dimensions from the known physics.
In particular, fields alongf (0) cannot receive mass at the compactification scaleR−1, since the KK mechanism works through
derivatives, with respect to thēx coordinates, of the set{f (0), f (m)(x̄)} of functions. The choice of the Casimir invariant
associated with the subgroup of the translations of the inhomogeneous groupISO(n) is natural, given the structure of the cur-
vaturesF (m)a

µν̄ (x, x̄) andF (m)a
µ̄ν̄ (x, x̄). After all, this invariant has to do with the homogeneity of the flatNn space. Note that

for n = 1 there are no physical scalars, since in this case the curvaturesF (m)a
µ̄ν̄ (x, x̄) are absent. It is important to emphasize

the fact that in order to match the zero modes with those of the usual theory, the dimensionful coupling constantg4+n must be
rescaled to identify the four-dimensional coupling using the compactification scale, that is,g = g4+nf

(0)
E = g4+n/(2πR)

n
2 .

Continuing with the analogy between the KK and the Brout-Englert-Higgs mass-generating mechanisms, it should be
recalled that in the SM any mass, emerged after SSB, is given asσv, with v the Fermi scale andσ a dimensionless parameter,
so that a single dimensionful scale is enough to define all the masses of the model. In the model there coexist light and heavy
masses due to different values of the dimensionless parametersσ. This is an important feature of the BEHM. The KK mass-
generating mechanism (KKM) also possesses this feature. In fact, if, as it has been done throughout the work, we assume in
Eq. (48) that all radii are equal,R1 = · · · = Rn ≡ R, we have

m(m) = R−1
√

m2
1 + · · ·+ m2

n , (64)

which shows that the infinite KK mass spectrum is determined only by one dimensionful scale, namely,R−1. As in the case
of the BEHM, here some masses are heavier than others due to different values of dimensionless parameters, in this case, the
diverse combinations of Fourier indices. So, for a fixedR−1, we can have KK particles with increasing heavy masses by simply
increasing the values of the Fourier indices. The lightest mass corresponds to the lowest configuration of Fourier indices. On
the other hand, we can have a KK spectrum that is very heavy relative to the Fermi scalev by lettingR → 0, which eventually
would lead to the decoupling of these effects from low-energy observables, as it is established by the decoupling theorem [76].

Previously, we have highlighted some similarities of the KKM with the BEHM. However, there is an essential difference
between the two mechanisms that we would like to discuss now. For clarity, let us introduce a more compact notation. In terms
of the Lie’s basis{T a}, the gauge fields and gauge parameters of theG group can be written as follows:

Aµ = Aa
µT a = Aā

µT ā + Aâ
µT â , (65)

α = αaT a = αāT ā + αâT â . (66)

On the other hand, in terms of the basis generated by thePµ̄ andP̄ 2 observables,{|0〉, |p(m)〉}, the gauge fields and parameters
of theSU(N,Md) group can be thought of as vectors of the space expanded by this basis as followsi:

|Aµ(x)〉 = A(0)
µ (x)|0〉+

∑

(m)

A(m)
µ (x)|p(m)〉 , (67a)

|Aµ̄(x)〉 = A
(0)
µ̄ (x)|0〉+

∑

(m)

A
(m)
µ̄ (x)|p(m)〉 , (67b)

|α(x)〉 = α(0)(x)|0〉+
∑

(m)

α(m)(x)|p(m)〉 . (67c)

When the abstract expressions (67a), (67b), (67c) are represented in the coordinates basis{|x̄〉} as〈x̄|Aµ(x)〉 = Aµ(x, x̄),
etc., and the parity properties on their components are implemented, Eqs. (30a), (30b), (30c) are straightforwardly recovered.

In the context of the BEHM, assume that SSBG → H is implemented through the constant vectorΦ0 that is left invariant
by theH subgroup. Then, the gauge fields associated with the broken generatorsT â of G acquire mass. The corresponding
mass matrix emerges from the Higgs kinetic sector and is given by

(DµΦ)†(DµΦ) = g2
[
Φ†0 (AµAµ)Φ0

]
+ · · · = g2

[
Φ†0

(
ÂµÂµ

)
Φ0

]
+ · · · = g2

[
Φ†0 i

(
ÂµÂµ

)
ij

Φ0 j

]
+ · · · (68)

Rev. Mex. Fis.72040801



14 J. A. AHUATZI-AVENDA ÑO et al.,

On the other hand, in the case of the KK gauge fields, the corresponding mass matrix emerges from the KK kinetic sector as
follows:

∑

(m)

Tr
(
F (m)

µν̄ F (m)µ
ν̄

)
=

∑

(m)

p
(m)
ν̄ p

(m)
ν̄ Tr

(
A(m)

µ A(m)µ
)

+ · · ·

= Tr
[〈Aµ(x)|P̄ 2|Aµ(x)〉] + · · · =

∑

(rs)

p
(r)
ν̄ Tr

[
〈p(r)|A(r)

µ A(s)µ|p(s)〉
]
p
(s)
ν̄ + · · · (69)

where Tr denotes a trace on products of Lie generators, which we assume to be normalized asTr(T aT b) = δab/2.

The structures of Eqs. (68), (69) are quite suggestive. In
the BEHM context, one says that associated with each broken
generatorT â of the groupG, there are a massive gauge bo-
sonAâ

µ, a pseudo-Goldstone bosonAâ
G, and a gauge param-

eterαâ defining a NSGT. On the other hand, in the case of
the KKM, one says that associated with each eigenket|p(m)

〉

of Pµ̄, there are a massive gauge bosonA
(m)a
µ , a pseudo-

Goldstone bosonA(m)a
G , and a gauge parameterα(m)a defin-

ing a NSGT. Following with this analogy, one can say that
associated with each unbroken generatorT ā of G, there are
a gauge fieldAā

µ and a gauge parameterαā defining a SGT;
the set of generatorsT ā defining the Lie algebra of the sub-
groupH. On the other hand, in the KKM context, one says
that associated with the base state|0〉

of Pµ̄, there are a set of
gauge fieldsA(0)a

µ and a set of gauge parametersα(0)a defin-
ing SGTs; both sets of gauge fields and gauge parameters
defining the gauge groupSU(N,M4).

Then, we have the following result:In the context of
the KK mass-generating mechanism, we say that associated
with each excited vector{|p(m)

〉}, of the basis generated by
the Casimir invariantP̄ 2, there are a massive gauge boson,
A

(m)a
µ , a pseudo-Goldstone boson,A

(m)a
G , and a gauge pa-

rameter,α(m)a; the standard gauge bosonsA(0)a
µ and stan-

dard gauge parametersα(0)a being aligned along the base
state|0〉

.

5. Summary

In this paper, we have presented an extra-dimensional exten-
sion of Yang-Mills theories in whichn flat compact extra di-
mensions are incorporated to define an effective theory. Our
starting point has been a field theory that is valid at ener-
gies far above the compactification scaleR−1, which respects
the extendedISO(1, 3 + n) ⊗ SU(N,Md) symmetries. It
is assumed that the sizesRi of the extra dimensions are so
large, compared with the distance scales at which this theory
is valid, that they can be practically considered as infinite.

To describe the physical phenomena at energies of or-
der of the compactification scaleR−1, we resort to the no-
tion of hidden symmetry and to a mass-generating mecha-
nism, in this case the Kaluza-Klein mass-generating mech-
anism or compactification. In order to hide theISO(1, 3 +
n)⊗SU(N,Md) symmetries intoISO(1, 3)⊗SU(N,M4),
two canonical transformations were implemented. First, a

canonical map was implemented in order to accommodate
SO(1, 3 + n) representations intoSO(1, 3) representations.
This map allows one to hide theSO(1, 3 + n) symmetry
into theSO(1, 3) one. Next, a second nontrivial canonical
map was implemented in order to hide any manifest dynam-
ical role of the inhomogeneousISO(n) group. Crucial to
this map is the assumption of the existence of a set of or-
thonormal functions{f (0), f (m)(x̄)} defined on the compact
manifold. The presence of the constant functionf (0), which
may be common to any compactification scheme, plays a
central role in defining the connections and gauge parame-
ters of the standard gauge groupSU(N,M4). So, the com-
ponents ofAa

µ(x, x̄) and αa(x, x̄) along f (0) can be iden-
tified, respectively, as the gauge fields and gauge parame-
ters of theSU(N,M4) group, while their components along
the f (m)(x̄) directions emerge in the adjoint representation
of this group. This map also allows one to identify the KK
fieldsA

(m)a
µ (x) as genuine gauge fields because it turns out

that there is a one-to-one relation with the gauge parameters
α(m)a(x). As far as the scalar fieldsAa

µ̄(x, x̄) are concerned,
their components, either alongf (0) or alongf (m)(x̄), trans-
form in the adjoint representation of theSU(N,M4) group.
The components of bothAa

µ(x, x̄) andAa
µ̄(x, x̄) fields along

the f (m)(x̄) directions can be endowed with mass, since
they appear as matter fields from theSU(N,M4) group per-
spective. In general, this is enough to correctly identify the
ISO(1, 3)×SU(N,M4) covariant structure of the new basic
fields. This means that in order to hide the extended symme-
tries into the standard ones, it is not necessary to specify the
geometry of the compact manifold.

The fact that thef (0) direction allows us to identify
the connections of the standard gauge group, means that
any class of field with component along this direction does
not receive mass at theR−1 scale. In contraposition, only
those fields along thef (m)(x̄) directions are endowed with
mass by the Kaluza-Klein mechanism. In order to recover
the known particle spectrum of the standard theory, the ba-
sis {f (0), f (m)(x̄)} was divided into two sub-bases: a ba-
sis of even functions,{f (0), f

(m)
E (x̄)}, and a basis of odd

functions,{f (m)
O (x̄)}. It was postulated that, with respect

to the reflectionx̄ → −x̄, fields with standard counter-
part are necessarily even, while fields without standard coun-
terpart are odd. The Kaluza-Klein mass-generating mech-
anism operates through the generators of the translations
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groupT(n) of the inhomogeneous groupISO(n). Because
of this, it is natural to define the set of orthonormal func-
tions{f (0), f

(m)
E (x̄), f

(m)
O (x̄)} as the eigenfunctions of the

Casimir invariant ofISO(n) associated with the translations.
Parity was introduced by assuming a compact manifold made
of n copies of the orbifoldS1/Z2. Dirichlet boundary con-
ditions on the odd solutions were assumed, whereas Neu-
mann boundary conditions were imposed on the even so-
lutions. The eigenvalues of the Casimir invariant are the
squared masses of the Kaluza-Klein particles. The eigen-
function associated with the zero eigenvalue corresponds to
the constantf (0).

We have shown that there is an interesting parallelism
of the Kaluza-Klein mass-generating mechanism with the
Brout-Englert-Higgs mechanism. Common to both mecha-
nisms is the concept of hidden symmetry, which sets the stage
to endow gauge fields with mass. In the former case, we
perform a canonical map between two internal gauge groups
G

v−→ H; while in the latter one, the corresponding map takes

place between two spacetime groups,ISO(1, 3 + n) R−1

−−−→
ISO(1, 3). However, as to the mechanism that allows us to
generate the mass terms in the theory, we have found that

there is an essential difference between the two approaches.
In the case of the Brout-Englert-Higgs mechanism, SSB tells
us that there are a massive gauge boson, a pseudo-Goldstone
boson, and a gauge parameter associated with each broken
generator ofG; this set of gauge parameters define the NS-
GTs, which in turn allow us to define the unitary gauge.
In the same context, associated with each unbroken gener-
ator of G, there are a gauge field and a gauge parameter;
this kind of gauge parameters defines the gauge transforma-
tions associated with the subgroupH, which we have called
SGT. In contrast, in the context of the Kaluza-Klein mecha-
nism, we have shown that there are a massive gauge boson,
a pseudo-Goldstone boson, and a gauge parameter associated
with each vector|p(m) 6= 0〉 of the basis generated by the
Casimir invariant of the translations groupT(n) ⊂ ISO(n);
the complete set of this type of gauge parameters defines the
NSGTs, which, as in the standard case, serve to define uni-
tary propagators for the KK gauge excitations. In this case,
the gauge fields and gauge parameters of the standard group
SU(N,M4) are aligned along the base state|0〉. On the other
hand, both mechanisms share the property of generating a
mass spectrum that is given as the product of a dimensionless
constant by the dimensionful scale of the theory.

Appendix

A. Multiple sums

The symbol
∑

(m) summarizes a total of2n − 1 different series and coincides with the notation
∑′ used in Ref. [65]. In fact,

∑

(m)

T (m) :=
∞∑

m1=1

T (m1,0,...,0) +
∞∑

m2=1

T (0,m2,0,...,0) + . . . +
∞∑

mn=1

T (0,...,mn) +
∞∑

m1,m2=1

T (m1,m2,0,...,0)

+ . . . +
∞∑

mn−1,mn=1

T (0,...,0,mn−1,mn) . . . +
∞∑

m1,...,mn=1

T (m1,...,mn) . (A.1)

Since the positions of the Fourier indices in the spaces of(m) are not relevant, but only the number of them that have been
occupied, in practice one can use the following definition

∑

(m)

=
n∑

l=1

(
n
l

) ∞∑

(m1,··· ,ml)=1

. (A.2)

B. List of useful integrals and conventions

Recall that in Sec. 3, fields were defined on the base manifoldMd, which is the product of the Minkowsky spacetime manifold
in four dimensions,M4, and the compact manifold made ofn copies of the orbifoldS1/Z2. These fields were Fourier
expanded using their periodicity and parity. In order to make the notation manageable, the following constant and functions
were defined:
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f
(0)
E :=

1√
(2πR1) · · · (2πRn)

, (B.1)

f
(m)
E (p̄ · x̄) :=

√
2

(2πR1) · · · (2πRn)
cos (p̄ · x̄) , (B.2)

f
(m)
O (p̄ · x̄) :=

√
2

(2πR1) · · · (2πRn)
sin (p̄ · x̄) , (B.3)

wherep̄ · x̄ = (m1x1/R1) + . . . + (mnxn/Rn). To be precise, this scalar product should be written asp̄(m) · x̄ in order to
stress the fact that all possible combinations ofpµ̄ along the extra dimensions must be considered. The underlines on Fourier
indices in(m1x1/R1) + . . . + (mnxn/Rn) emphasizes this fact (see Ref. [65]).

The process of compactification involves integration on the extra dimensionsx = (x5, · · ·x4+n), of certain combinations
of products of the even and odd functions defined above. In this appendix we collect some useful integralsii.

Integral of one even/odd functionf (m),

∫ 2πRn

0

. . .

∫ 2πR1

0

dnx f
(m)
E (p̄ · x̄) =

∫ 2πRn

0

. . .

∫ 2πR1

0

dnx f
(m)
O (p̄ · x̄) = 0 . (B.4)

The orthonormality of the set{f (m)
E (p̄ · x̄), f

(m)
O (p̄ · x̄)},

∫ 2πRn

0

. . .

∫ 2πR1

0

dnxf
(m)
E (p̄ · x̄)f (k)

O (p̄ · x̄) = 0 , (B.5)

∫ 2πRn

0

. . .

∫ 2πR1

0

dnxf
(m)
E (p̄ · x̄)f (k)

E (p̄ · x̄) =
∫ 2πRn

0

. . .

∫ 2πR1

0

dnxf
(m)
O (p̄ · x̄)f (k)

O (p̄ · x̄) = δ(mk) . (B.6)

The integrals of combinations of the product of three even and/or odd functions with different Fourier modes,

∫ 2πRn

0

. . .

∫ 2πR1

0

dnxf
(m)
E (p̄ · x̄)f (k)

E (p̄ · x̄)f (r)
E (p̄ · x̄) = f

(0)
E ∆(mkr) , (B.7)

∫ 2πRn

0

. . .

∫ 2πR1

0

dnxf
(m)
O (p̄ · x̄)f (k)

O (p̄ · x̄)f (r)
E (p̄ · x̄) = f

(0)
E ∆′

(mkr) , (B.8)

∫ 2πRn

0

. . .

∫ 2πR1

0

dnxf
(m)
O (p̄ · x̄)f (k)

O (p̄ · x̄)f (r)
O (p̄ · x̄) = 0, (B.9)

∫ 2πRn

0

. . .

∫ 2πR1

0

dnxf
(m)
E (p̄ · x̄)f (k)

E (p̄ · x̄)f (r)
O (p̄ · x̄) = 0, (B.10)

where

∆(rms) =
1√
2

(
δm, r+s + δr, m+s + δs, r+m

)
, (B.11a)

∆′
(rms) =

1√
2

(
δm, r+s + δr, m+s − δs, r+m

)
. (B.11b)
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i. This is in the same way that in non-relativistic quantum me-
chanics the state vector|α(t)〉 is represented in a basis{|a〉}
generated by the observableA as: |α(t)〉 =

∑
a ca(t)|a〉, with

x playing the role of timet.

ii. Notice that the integral limits and the arguments of the even
and odd functions used here are a reparametrization of those
used in [65]. Also observe that throughout the paper we use, by
simplicity, f (m)(x̄) instead off (m)(p̄ · x̄).
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