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Thermal response of a Maxwell fluid in oscillatory
boundary layer flow over a wavy wall
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The thermal behavior of a viscoelastic fluid, modeled using the linear Maxwell model, is analyzed in oscillatory boundary layer flow over

a wavy wall. Based on a previously derived velocity field (Cuesiaal. J. Non-Newton. Fluid Mech. 321 (2023) 105125) that assumes

both a small oscillation amplitude and a Stokes layer thickness much smaller than the wall wavelength, the heat transfer equation is solvec
using a perturbation method. A time-harmonic temperature is prescribed at the wall, and a constant temperature is imposed at the oute
edge of the boundary layer. The first order solution corresponds to the thermal analogue of the Stokes’ second problem and is independer
of the viscoelasticity of the fluid. At second order, convective heat transport gives rise to a temperature field composed of a time-periodic
component and a steady distribution, analogous to the steady streaming observed in the corresponding flow problem. The non-vanishing
steady temperature at the edge of the inner thermal layer leads to a generalized form of the Rayleigh’s law of streaming for the thermal
viscoelastic case and, consequently, to the formation of an outer thermal layer whose thickness is estimated.
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1. Introduction layer, leading to the establishment of a persistent mean flow
in the outer region [13].
Oscillatory flows are central to numerous technological Rayleigh [14,15] provided the first theoretical explana-
applications-for instance, in enhancing heat [1,2] and maston of streaming generated by acoustic waves. By employ-
transfer [3,4], and in energy conversion devices [5]-andng a successive approximation method-where the solution to
also play a key role in natural phenomena within oceanothe linear problem serves as the forcing term in the second-
graphic [6,7] and physiological contexts [8,9]. The archetyp-order governing equations-this methodology has become the
ical oscillatory flow, the Stokes’ second problem [10], oftenprevailing analytical framework for studying steady stream-
emerges in the analysis of oscillatory boundary layer flowsng. Another significant contribution was made by Schlicht-
and commonly serves as a foundational reference for anang [16,17], who applied boundary layer theory to match
lyzing more intricate scenarios. While Stokes’ solution isthe solutions of the inner and outer layers in the problem
limited to linear viscous interactions of an oscillating fluid of an oscillating cylinder. A classification framework based
with a solid wall, convective terms introduce non-linear ef-on the streaming Reynolds numbé&,, was established by
fects that may lead to the steady streaming phenomenon [11$tuart [13], who showed that in the limR, > 1, a sec-
namely, a sustained recirculating flow induced by a primaryondary boundary layer of thickness(&y+/R;) develops,
oscillatory motion of zero mean, typically generated by vi-within which the steady streaming velocity decays to zero,
brating boundaries or periodic pressure fluctuations. This efwhereL is the characteristic length of the flow. In turn, Ri-
fect arises at second order within the framework of unsteadley made significant contributions by employing the method
boundary layer theory [12], where the nonlinear Reynoldof matched asymptotic expansions to investigate the phe-
stresses give rise to a non-vanishing time-averaged flow in theomenon [11,12,18,19].
near-wall region. A defining characteristic of steady stream- In the past few decades steady streaming has aroused
ing is its viscous penetration beyond the oscillatory boundangrowing interest owing to innovative microfluidic applica-
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tions that primarily employ acoustic techniques to generatdield finding that the interaction of first-order harmonic quan-
streaming [20]. For example, streaming induced by acoustitities within the boundary layer generates not only the well-
waves has been proposed as an effective strategy for enharigiown second-order time-averaged flow, but also a second-
ing mixing in microchannels [21,22] or for the manipulation order time-averaged temperature distribution. More recently,
of suspended particles [23]. Streaming vortices generated lthe use of acoustic streaming to enhance heat transfer has
fluid oscillation around a fixed cylinder in a microchannel attracted considerable attention [38-40]. This interest arises
have been employed to trap and suspend cells without sufrom the fact that the flow pattern modifications induced by
face contact [24]. Similarly, streaming flows produced byacoustic streaming around a solid body can influence the heat
microbubbles have been used to achieve particle sorting [25&xchange between the body and its surrounding medium, and
To explore how elasticity affects streaming, Bhoseleal. even enhance heat transfer under suitable conditions. In fact,
[26] studied oscillatory flow around a submerged soft cylin-the possibility of using the streaming phenomenon for heat
der. Their results revealed that soft structures generate motensfer enhancement in microchannels has been explored
pronounced streaming at lower frequencies, leading them t@11,42].
introduce the concept of soft streaming, which they suggest Based on a previous work where the oscillatory boundary
may be exploited by biological organisms due to their naturalayer flow of a Maxwell fluid over a wavy wall was analyzed
softness. [43], the present study aims to contribute to the understand-
Since many fluids in microfluidic and biological appli- ing of the thermal behavior of oscillatory boundary layers
cations exhibit non-Newtonian behavior, the study of oscil-incorporating the effects of viscoelasticity. The wavy wall
latory flows-particularly steady streaming-in non-Newtonianis introduced as a simplified representation of wall rough-
fluids is of significant relevance. However, aside fromness, given the importance of geometric perturbations at the
a few early studies on steady streaming flows in vis-microscale, as has been examined in various studies on mi-
coelastic fluids under classical conditions-such as oscillaterochannel flows of both Newtonian and non-Newtonian flu-
ing cylinders [27,28] and spheres [29,30] in quiescent fluidsids [44-46]. Given that wall waviness plays a crucial role
comprehensive investigations of this phenomenon in miin the emergence of steady streaming, it has a direct impact
crofluidic systems remain lacking. on the thermal behavior of the boundary layer. Our analy-
While the flow dynamics of oscillatory boundary lay- sis focuses particularly on how the thermal boundary layer
ers and steady streaming have been extensively investigatezharacteristics are modified by the viscoelastic properties of
their heat transfer characteristics have received comparativetire fluid, and how the steady streaming phenomenon, which
less attention. As an extension of dynamic studies, early inwas shown to be significantly affected by the fluid’s elastic-
vestigations examined the effect of streaming induced by osty [43], influences the heat transfer process. The results pro-
cillatory flows around cylinders and spheres on heat transfekide insights into the interplay between viscoelasticity, os-
For instance, Richardson [31] explored heat transfer aroundillatory flow, and thermal transport in boundary layer flows
a circular cylinder immersed in a fluid subjected to acousticover curved surfaces and generalize a classical problem of
streaming, focusing on the effects of the induced flow on thereurrent interest for microfluidic applications.
mal transport. Davidson [32] employed matched asymptotic
analysis and numerical simulations to study the heat trans:
fer from a vibrating heated cylinder in the regimes of low <
and high streaming Reynolds numbers. In turn, Gopinath

; . Wi i he h fer th kes place in th
and Mills [33] conducted a comprehensive study on hea}ae consider the heat transfer that takes place in the boundary

A . . . yer oscillatory flow of an incompressible viscoelastic fluid
transfer from a hot oscillating sphere immersed in a quies-
cent fluid. In addition, they examined steady heat transfer

Formulation of the problem

induced by streaming flow within a cylindrical duct, where U cos wt Quter Flow

a constant temperature gradient was maintained across th ~+«——————— Ty

duct ends[34]. Cuevas and Ramos [35] analytically stud- T T

ied the dynamic and thermal behavior of oscillatory bound- y Inner Flow 1) o+ A (1 — COS %Tx)
ary layer flow of an incompressible, electrically conduct-

ing Newtonian fluid under a magnetic field. They found /l\ ‘ A]\
that electromagnetic effects confine the streaming motion ¥ T
within the Stokes layer, in contrast to the hydrodynamic case, L

where streaming extends beyond it [13]. Motivated by the Tw= Tew+ Tacos wt
thermoacoustic streaming phenomenon of interest for thefr gyre 1. Sketch of the oscillatory boundary-layer flow over a
moacoustic refrigeration devices, in an experimental studyyavy wall under non-isothermal conditions. A harmonic potential
Gopinath and Harder [36] developed correlations for heatlow oscillates in the outer region above the wavy surface, gener-
transfer from a cylinder in a low-amplitude zero-mean oscil-ating a boundary-layer flow and associated heat trangfés.the
latory flow. In turn, Gopinath [37] treated the thermoacous-boundary layer thickness, whild and L are the amplitude and
tic streaming on a rigid sphere in a strong standing acousti#avelength of the wall.
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limited by a motionless infinite wavy wall which is described by the equatipn= A cos (27x/L), where A and L are
the amplitude and wavelength of the wall, whilds the streamwise coordinate. The flow is driven by a harmonic pressure
gradient applied in the-direction, in such a way that outside the boundary layer the fluid performs a unidirectional zero-mean
oscillatory irrotational motion whose axial velocity can be expresséd.asos wt, wherelU,, is the velocity amplitude and
is the angular frequency of the oscillation. The temperature in the outer flow takes a unifornifyg)weiile at the wavy wall
the temperature undergoes a periodic oscillation that can be expresBgd=a8.,, + T'4 cos wt, whereT 4 is the amplitude of
the oscillation. The configuration of the problem is schematically presented in Fig. 1.
The mass and momentum conservation equations along with the heat transfer equation can be expressed in the form

V-u=0, (1)
p(gl:Jr(u'V)u)—VpVﬁ', 2
pC, ((Z + (u- V)T) = kV?T, (3)

whereu is the velocity field,p is the pressure fieldr is the stress tensof, is the temperature fielgh is the mass density,
C, is the specific heat at constant pressure /iglthe thermal conductivity. Natural convection and viscous dissipation are

disregarded in the present study.
The viscoelastic character of the fluid is introduced through the upper convected Maxwell model whose constitutive equa-
tion in the linear approximation is expressed as [43,47,48]

y do
"ot
wheret,, is the Maxwell relaxation time and is the dynamic viscosity. Note that whep = 0, the constitutive equation for
a Newtonian fluid is recovered.
It can be shown [43] that conservation Ecf)-(3) can be combined with Eq4) so that, for a two-dimensional flow,
governing equations can be expressed as

—u[Vu + (Vu)'] - o, (4)

ou Ov

O\ [ou Ou Ou] 1 o\ Op pu [(0%u O%u
(vomge) [t g0 5] =5 (1 mae) o+ (5 ) ©

0 v ov v 1 d\ Op v 0%
1 — tu— o | =——(1 7
( +m a){aﬁ“ax”ay} p< +m 8t>8 o <8x2+8y2>’ 0
aiT_;’_uaiT_’_vaiT—i 827T+827T (8)

ot ox oy pC, \ 022 = Oy?

wherew andv are the velocity components in the streamwise and transverse directions, respectively. We now introduce the
following non-dimensional variables

2 L T Ty
e, XDyl gl W Iv g

L’ 5’ Uso’ pwUs L’ U’  Ta ©

whered is the Stokes layer thickness= /2v/w, beingr = u/p the kinematic viscosity. We assume that the wavelength of

the wavy wall significantly exceeds the thickness of the Stokes layer, thatis,d. As it is shown in Ref. [43], under this
approximation axial viscous diffusion terms as well as the transverse pressure gradient can be neglected, therefore, governin
equations in dimensionless form reduce to a boundary layer problem

ou ov
ox Ty =0 (10)
0 ou ou ou 0\ 9Ip 0%u
(”D@aT) [287+2 (“ax* aY)] (HD aT) ax T ave (1)
00 ,09  08] _ 0%
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which must satisfy the non-slip condition and the oscillating temperature at the wavy wall and the matching of the streamwise
velocity and temperature outside the boundary layer, namely,

u=v=0 at Y=Y, =acos(271X), (13)
u=-cosT as Y — oo, (14)
©=cosT at Y=Y, =acos(2rX), (15)
©=0; as Y — oo, (16)

wherea = A/4d is the dimensionless amplitude of the wall. Equatid® and [L2) involve relevant dimensionless parameters,
¢ = U /wL, De = wt,, and Pr = v/ar, wherear is the thermal diffusivity. The parametercan be interpreted as the
ratio of the displacement amplitude of the fluld,, /w, to the wavelength of the wall,. To ensure the absence of boundary
layer separation, we will assume that the small amplitude of oscillation condition holds, thatid, [13]. De is known as
the Deborah number and is the ratio of the Maxwell relaxation tipeand the characteristic time of the imposed oscillation,
1/w. Moreover,Pr is the Prandtl number which is the ratio of the viscous and thermal diffusivities.

In order to simplify the mathematical treatment, it is convenient to adopt a reference frame in which the wall appears flat.
This is accomplished by applying the following coordinate transformatjppn= X andn = Y — Y,,. According to this
transformation and the incompressibility condition, it can be shown [43] that the dimensionless outer flow can be expressed as

Ulx,7) = R{Us(x) €'}, 17)
whereR{} represents the real part of the quantity inside the brackets, while
Us(x) =14 a(l — cos (277)())}_1 . (18)

The outer irrotational flow must, in turn, satisfy the momentum balance equation:

0 ou ou 0\ op

which expresses the pressure gradient established to counterbalance the inertia outside the boundary layer. In fact, within
the framework of boundary-layer theory, the pressure distribution inside and outside the boundary layer is the same. For
completeness, the pressure field is presented in Appendix A. Taking into account the coordinate transformation d8) using (

to eliminate the axial pressure gradient, E4€),((11) and (.2) become

ou v Ov

g 2my) — = 2

o + 2am sin ( ﬂx)a 377 0, (20)
0 0 ou ou ) ou ou
(1 + Dea> <287' _ ) =9 (1 + Dea> {Uax — (6)( +2a7 sin (277)()(977) — van} ; (21)
00 1 32 00 . 00 00
25 _ ETUQ = —9¢ {u <3X + 2amw bln(QWX)an> + Uafn}, (22)
while

u=v=0 at n=0, (23)
u—U(x,7) as n— oo, (24)
O =R{e} at n=0, (25)
©—0 as n— oo, (26)

are the boundary conditions that must be satisfied.
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3. Perturbation solution

We now look for solutions for the streamwise and the transversal velocity componeantslv, and the temperatur®, as
perturbation expansions on the small paramefer arbitrary values oDe, Pr anda, that is,

u(x,n,7) = uo(x,n,7) + eur (x, 1, 7) + O(e?), (27)
U(X? m, T) = UO(X7 1, T) + Ev1 (X7 1, T) + 0(52)’ (28)
@(X> , T) = eO(Xa m, T) + 561 (Xa m, T) + 0(62)7 (29)

where subscripts 0 and 1 denote the first and second order approximations, respectively. The solutior26f &us.A1),
under the corresponding boundary conditions, were obtained in Ref. [43]. It was found that the relative motion between the
fluid and the motionless wavy wall serves as a source of vorticity, giving rise to a primary oscillatory flow atgegrand
a orderO(e!) secondary flow due to nonlinear effects. At ordde?), the problem reduces to the generalized Stokes’ second
problem for a Maxwell fluid, where the solution for the streamwise velocity component exhibits an underdamped behavior. At
orderO(e!), the flow consists of a superposition of a periodic component with twice the original frequency and a steady part,
commonly referred to as steady streaming arising from nonlinear Reynolds stresses.

In what follows, we will concentrate on solving the thermal behavior of the flow reported in Ref. [43].

3.1. First-order approximation
By substituting expansion&7), (28) and 29) in (22) and equating coefficients of powersafat O (<) we obtain

90, 1 0%,
or  Pr 0n?

=0, (30)

with boundary condition®, (0, 7) = ™ and© (oo, 7) = 0, which corresponds to a heat diffusion problem into a stagnant
fluid. Note that it corresponds precisely to the thermal equivalent of the Stokes’ second problem, whose solution is

Oo(1,7) = R{k(n)e’™} = Rfe VPriFIneTy, (31)
or explicitly
Oo(n,7) = e VP cog (’T —VPr 77). (32)

As expected, the temperature inside the fluid is out of phase with respect to the temperature on the wall, the delay being
modulated by the square root of the Prandtl number. Whenr- 0 (perfect thermal conductor), the temperature of the fluid

and the wall are in phase. Figure 2 shows the temperature distribution as a function of the transverse coauitif¢eent

times and a fixed Prandtl number, displaying the well-known dephasing of the Stokes’ problem. The thermal penetration depth,
o1, and the wavelength of the temperature distribution, can be expressed as

_ 0 _ |
6T— P - wa (33)

F
)\v 20[’1“ 1)

Ar = =om /=L =2 , 34

T v Pr i w 71-\/Pr (34)

where), = 270 is the wavelength for the viscous Stokes’ second problem. We can observe tad A\ coincide with their

viscous counterparts whetr = 1. Figure 3 shows the temperature distribution as a functiopfof different Prandtl values

at a given time, where it can be observed that the thermal penetration depth decreases as the Prandtl number increases. At tl
order, the solution is independent of the viscoelastic properties of the fluid.

3.2. Second-order approximation

At O(et), the temperature distribution satisfies the equation

90, 1 0°0, 90, _ 90, 90,
2? — Piff‘ 87’)2 = -2 |f,l;[) (8X + 2G7TSIH(27TX)677) + ’U()8777

(35)
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O G
= 1=0
=T11/3
—_ =712 — Pr=1
=— 1= 271/3 Pr=2
L -
3 2 n =7 — Pr=4
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-05 =513
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-1.0 I N 3><1—75 6

FIGURE 2. Temperature profile aD(c”) as a function of the  Figure 3. Temperature profile a0(c°) as a function of the
transversal coordinate for different times with- = 2. transversal coordinate for different Prandtl numbers= /2.

where the streamwise and transversal velocity components at@feey, v, andwv,, are expressed as [43]

uo (X1, 7) = R{Uo ()& (e}, (36)
o 7) = R { |~ reotn) — 2matipsin(m0g )| e | 37)

whereé, () has the form
o) == — (1), (39)

where

a=1\/V1+ De?—De, =11+ De?+ De.

Note that the right-hand side @%) includes convective terms proportionakies? = = (1 + cos 27)/2. Hence, in addition
to periodic terms of twice the original frequency, the convective contribution introduces time-independent terms that lead to a
steady temperature field. Therefof, can be expressed in the form
dU X T
o1 7) = R { 00 1) 4 Mru)e? ) | (39)
where the subscripts and s refer to the unsteady and steady parts, respectively. The equation that satisfies the unsteady
contribution of Eq./89) can be found by substitutin@€)-(39) into (35), that is,

1 d*Y 1,
Pr dn

+ 42’rlu = _)‘050(77)6_A0na (40)

with boundary conditions
T1,=0 n=0, and T=0 n— oo, (42)

wherelg = vV Pr(1 +1).

The solution of equatiordQ) with the corresponding boundary conditions is given by
)\0)\26—7](2/\0+2/\2+)\3)

)\2()\0 — /\3)2()\0 + /\3)2(/\0 + Ao — /\3)(/\0 + Ao + )\3)

+ (A3 + 200h + A3 — A3)enrotRAatAa) (\Z(ph, — 1)

Tiu(n) =

[N (— €100 (302 4 22005 + A3)

+A3(1 = nA2) + 200h2) + (A3 — A§)26"<*0+A2+A3>} (42)
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wherehg = A(1 +4), As = a+i8, A3 = V4 %, A\ =V Pr.
On the other hand, the boundary value problem satisfied by the stead¥ patis

1 9°7Tys 1 Ok —O0k
S — =- — — 43
Pr o 5 (§oan+§oan)> (43)
with boundary condition¥';5(0) = 0 andY5(c0) = 0. The overbar in Eq/43) represents the conjugate complex quantities.
As occurs in the fluid dynamic case, it is impossible to satisfy the conditiqn— 0 asn — oo, if the conditionY',(0) = 0

is imposed at the wall. Therefore, the conditionb, at infinity must be relaxed by enforcifg; ;(n) to take a finite value as

1n — oo. The solution of 43) that satisfies the relaxed boundary conditions is

Tis = [Ma+ 8)(a® + 52)(? + dad + % — 48X + 60%) + e 1TV (203 (a + B) (a® + da(A — B) + 5

4PN+ 20) cos((A — ) + ¢*(0® + 20A + B + 20\ — B)2(A(0%n — a + BBy — 1) cos(n)
—sin(nA) (@2 (A +2) — aX + B(BnA + 28 + X)) + 223(a® + 3028 — 306 4+ 202 (B — «)

/

Taking the limit whenDe — 0 (negligible viscoelastic effects44) reduces to the corresponding expression for a Newtonian
fluid:

+ 8afA — B2 sin(n(A — B))) 2002 + B2)(a® + 20\ + 2 + 20\ — 3))?]. (44)

DlimOTls = (/\ 4303 4 7O+ [2)\4 sin(n(A — 1)) + (A% = 1) A% cos(n(A — 1))
e—

n(\2 2000 _ . _ ¥ ] 1)

+€" (A +1)7 [(n— 1)Acos(nA) — (nA + 2) sin(nA)] ) (2 ) (45)
which depends only on the Prandtl number. Soluti@gi and @45) correspond to the thermal equivalent of the well known
steady streaming that appears in oscillatory flows as a result of nonlinear Reynolds stresses. In this case, the convective termn
are responsible for the appearance of the steady thermal distribution. In fact, the second-order steady temperature field can t
expressed as

0. = 01.(1.) = =g “T0.(1). (46)

Figure 4 shows the temperature fields (with superposed isotherms) within a wavelength of the wavy wall, obtairéd)from (
and @6) for a fixed Prandtl numbeiH{rr = 5) and different values of the Deborah number, assuming that both the dimensionless
wall amplitude,a, and the parameterare small ¢ = 0.01 ande = 0.01). For De = 0, 5 and 10, vertically antisymmetric
patterns are observed with a pair of elongated negative and positive temperature regions. As the Deborah number increase
(De > 10), regions with inverted temperature close to the wall appear below the two elongated temperature regions. Isotherms
of the steady temperature field present some similarity with the streamlines corresponding to the steady streaming flow [43].
The effect of the Prandtl number on the steady temperature is shown in Fig. 5 for a fixed Deborah dumbei)). For low
Prandtl numbersir < 1) the regions with inverted temperature near the wall with closed isotherms show a substantial size
which is reduced as the Prandtl number increases, and eventually disappdarsyar.

3.3. Thermal Rayleigh’s law of streaming

Figure 6 shows the behavior &f;; as a function of the transverse coordinatier different Prandtl and Deborah numbers. It
is found that for lowPr, negative values appear near the wavy wall. Using a Taylor series expansign afoundn = 0, it
is found that negative values arise when < (De? + 1)(—De + v/De? + 1), exhibiting a non-monotonic behavior. For the
case wherDe = 0 (Newtonian case) negative values®f, appear wherPr < 1.

The most salient feature of the steady functibp, observed in Fig. 6 is that for all cases, agrows, it tends to a
constant value that depends & and De. Analogous to the behavior of the second-order tangential velocity component in
the dynamical problem-which approaches a constant value rather than vanishing at the boundary layer edge, as described t
Rayleigh’s law of streaming [43] -thermal Rayleigh’s law of streamingan be formulated for a Maxwell fluid in the heat
transfer problem as follows

dUg

O, = EWF(De, Pr), (47)

Rev. Mex. Fis72020604
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FIGURE 4. Steady temperature distribution within a wavelengthsfer 0.01, a = 0.01, P, = 5 and different Deborah numbers.

where

F(De, Pr)= lim T15(n) =

n— 00

Mo+ B) (02 + B2 + 4ok — 46X + 6)2)

2 (a2 + 42 + 20\ + 2A(\ — B8))?

(48)

In the Newtonian limitDe — 0, Eq. 48) becomesF' (Pr) = (1 + 3Pr)/2Pr(1 + Pr)2. The nonzero value of the
temperature field at the edge of the boundary layer indicates the penetration of the steady temperature into the outer potential
temperature field. This confirms the existence of an outer thermal region where the steady temperature decays to zero. Equa-
tions 47) and 48) show that the value of the temperature at the edge of the boundary layer depends, thrarghDe, on
the diffusive and viscoelastic properties of the fluid. In fact, through asymptotic analysis, it is found that its maximum value is
reached for the conditionBr = 1 + (2//3), in the Newtonian limit De = 0), andPr = (1/6)(1 + 2De) whenDe >> 1.

3.4. Estimation of the thickness of the outer thermal layer

In his classical paper, Stuart [13] identified the importance of the paraigterU2 /wv, now named the streaming Reynolds
number, for determining how the steady streaming velocity at the edge of the boundary layer decays to zero with distance from
the wall. For small values oR,, the outer flow is dominated by diffusion and governed by the linear Stokes equations. In
contrast, for large values @, a secondary boundary layer (the outer layer) is formed, within which the steady flow driven by

Rev. Mex. Fis72020604
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FIGURE 5. Steady temperature distribution within a wavelengthefer 0.01, a = 0.01, De = 10 and different Prandtl number.

the non-zero velocity at the edge of the inner layer. (the Rayleigh’s law of streaming), tends to zero. The generalization of
this parameter for the flow of a Maxwell fluid is presented in Eq. [43].

Analogous to the steady streaming flow, we can defiseeaming Rclet numbegmamely,

Pe; = R,Pr = U;’OF(DE, Pr) (49)

waor

which determines how the steady temperature at the edge of the inner thermal boundary layer decays to zero as the distanc
from the wall increases. For small valuesioé,, a diffusion dominated heat transfer is established. In turn, for large values

of Pe, a secondary thermal boundary layer (the outer thermal layer) is formed. To match the internal temperature distribution
with the external one, the relaxed finite temperature vaidgdt the edge of the internal thermal boundary layer must be used

as a boundary condition for the temperature distribution in the outer boundary layer. Since the main transition in the steady
temperature pattern occurs for small values of the r&tigDe (i.e. Pr/De < 0.5, see Fig. 5), the limiting, value can be
approximated fo’r < 1. Hence, by expanding'( De, Pr) through a Taylor series, the thermal Rayleigh’s law of streaming

(47) reduces to

_ U, \/\/De2+1—De+\/\/De2+1+De

CH
dx 4y/D€e* + 1

VPr | . (50)
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FIGURE 6. T4, is plotted as a function af for P, = 1, 4, 8 and 20 and different Deborah numbers.

Finally, the thickness of the outer thermal boundary layer catemperature field in time and along the axial direction. Result
be estimated from the balance between the diffusive term an{b2), however, may be misleading because the contribution
the convective contribution responsible for the steady tem-
perature in the heat transfer equation, namely,

)
dsp=ce¢ top=cet . 51 157
T T TE (51)
which is independent of the viscoelastic properties of the
fluid. = 10}

3.5. Heat transfer

0.5¢
If we calculate the Nusselt number averaged over a wave-

length of the wavy wall and one temporal cycle, we obtain

27 1
. 00
(Nu) :/ / - —
0 0 on
. . FIGURE 7. Spatial distribution of the transversal temperature gra-
which means that the net heat flux from the wall to the fluid jig ¢ 86/877p for Pr — 5 De — 5 & — 0.01 andap: 0.01.g

is zero. This behavior arises from the periodic nature of the

0.0F ‘ !

dX dr =0, (52) 0.0 0.5 1.0 15 2.0 215 36
n=0 X
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of the steady thermal component is not fully captured. It is therefore useful to examine the spatial distribution of the steady
temperature gradien®©,/9n, as shown in Fig. 7, where periodic elongated regions of positive and negative heat flux appear
along the axial direction.

This makes the heat transfer over half of the wall wavelength especially relevant, since this interval defines the steady
cooling and heating regions. The Nusselt number over the first half-wavelepgthi(to x = 1/2) for a complete temporal
cycleis

while for the other half-wavelength is

(Nu) = /027r l/1;2 - (?)i)

Equations$3) and 64) characterize the stationary heat transfer zones along the wall.

dxl dr=—2maX (& + B(B—2))) / ((2a + 1) (&® 4+ 2aX + 5% — 28X +2)%)), (53)
n=0

dX] dr =2maX (o® + B(B—2X)) / (2a+ 1) (a® + 20X + 52 — 26X +20?)) . (54)
n=0

4. Conclusions

Inumbers. Specifically, foDe > 1, the maximum tem-

We investigated the thermal behavior of a Maxwell viscoelasperature value penetrating the outer potential flow occurs
tic fluid in the oscillatory boundary layer flow over a wavy whenPr = (1/6)(1 + 2De), while in the Newtonian limit
wall. The waviness of the wall is introduced to model surface(De = 0), the maximum temperature value at the edge of the
roughness, which plays a significant role at the microscaléboundary layer{ — oc) is obtained whe®r = 1+(2//3).
Building on a previously derived velocity field-obtained via ~ To characterize the outer thermal layer, where the steady
a perturbation method under the assumptions of small oscikemperature decays to zero, in analogy to the dynamic prob-
lation amplitude and a Stokes layer thickness much smalldem [13], a streaming &let number was introduced. When
than the wall wavelength [43]-we apply the same approachhis parameter is small, a diffusion-dominated region forms;
to solve the heat transfer equation, imposing a time-periodifor large values, a secondary thermal boundary layer devel-
temperature at the wall and a constant temperature at thgps. The matching of the inner and outer steady temperature
boundary layer’s outer edge. fields would require the use of the value given by the thermal

At first order (O(c°)) a purely diffusive temperature so- Rayleigh’s law of streaming as a boundary condition. Inter-
lution is found, corresponding to the thermal analogue ofstingly, the estimated thickness of the outer thermal bound-
Stokes’ second problem, with the temperature distributiord!y layer turned out to be independent of the fluid's viscoelas-
exhibiting a phase shift relative to the wall temperature. AttiCity.
this order, the thermal problem is not influenced by the mo- ~ Given the growing interest in streaming flows at the mi-
tion of the Maxwell fluid. Both the thermal penetration croscale, exploring their heat transfer characteristics has be-
depth and the wavelength of the temperature distributioffome a worthwhile subject of study, particularly for applica-
scale asy/v/Pr, therefore, overdamped temperature oscil-tions such as heat transfer enhancement.
lations result. Similarly to the fluid dynamic problem, the
second-order®(s!)) temperature solution comprises a time- Appendix
dependent distribution oscillating with twice the original fre-
quency and a steady distribution, analogous to the stead¥. Pressure distribution
streaming flow of the dynamical boundary layer problem.
This behavior is promoted by the convective terms that in-Considering perturbation expansions on the small parameter
volve the temperature field and velocity components at first, the pressure field can be expressed as
order, and therefore, fluid viscoelasticity becomes relevant. 9
Steady temperature fields resemble stream function patterns POGT) =po(x. 7) +epi(x, 7) + O(e). (A1)
of the steady streaming flow [43], displaying alternated coldgy substituting Eq./A.1) in (19), the corresponding equa-
and hot elongated regions whose topology changes as th@ns for the pressure field at different orders are obtained. At

Deborah and Prandtl numbers vary. O(£%) the pressure satisfies
Similarly to the fluid dynamics case, the steady tempera- op oU
ture distribution approaches a finite value as the edge of the —a—; = 26—, (A.2)
T

thermal boundary layer is reached, indicating the penetration
of the steady temperature into the outer potential flow. In thisvith the boundary conditiop, (0, 7) = Goe’™, whereGy is
context, a thermal generalization of Rayleigh’s law of stream-a constant. Therefore, the first-order approximation for the
ing was derived, which depends on the Deborah and Prandtpressure field is given by
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side of [A.4) contains convective terms that generate both un-

2itanh ™ [V=2a—Ttan(mx)] \ ,,
po(x, 7)=| Go— €.
T —2a—1
(A.3)
At O(et) the pressure field satisfies
8p1 oUu
——— =2U— A4

which is subject to the boundary conditign(0,7) = 0.

Similar to the velocity and temperature fields, the right-hand Pru(x) = p1s(x)

10.
11.

12.

steady contributions (at twice the oscillation frequency) and
steady components. Hengg,can be expressed as

62” +p18 (AS)

P 7) = R {pru(x) (X)}-

The solution for the unsteady and steady components of the
pressure field that satisfy the corresponding boundary condi-
tions are given by

1
2(acos(2wx) —a —1)%

2

(A.6)
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