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J. Carlos Doḿınguez-Lozoya
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The thermal behavior of a viscoelastic fluid, modeled using the linear Maxwell model, is analyzed in oscillatory boundary layer flow over
a wavy wall. Based on a previously derived velocity field (Cuevaset al. J. Non-Newton. Fluid Mech. 321 (2023) 105125) that assumes
both a small oscillation amplitude and a Stokes layer thickness much smaller than the wall wavelength, the heat transfer equation is solved
using a perturbation method. A time-harmonic temperature is prescribed at the wall, and a constant temperature is imposed at the outer
edge of the boundary layer. The first order solution corresponds to the thermal analogue of the Stokes’ second problem and is independent
of the viscoelasticity of the fluid. At second order, convective heat transport gives rise to a temperature field composed of a time-periodic
component and a steady distribution, analogous to the steady streaming observed in the corresponding flow problem. The non-vanishing
steady temperature at the edge of the inner thermal layer leads to a generalized form of the Rayleigh’s law of streaming for the thermal
viscoelastic case and, consequently, to the formation of an outer thermal layer whose thickness is estimated.
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1. Introduction

Oscillatory flows are central to numerous technological
applications-for instance, in enhancing heat [1,2] and mass
transfer [3,4], and in energy conversion devices [5]-and
also play a key role in natural phenomena within oceano-
graphic [6,7] and physiological contexts [8,9]. The archetyp-
ical oscillatory flow, the Stokes’ second problem [10], often
emerges in the analysis of oscillatory boundary layer flows
and commonly serves as a foundational reference for ana-
lyzing more intricate scenarios. While Stokes’ solution is
limited to linear viscous interactions of an oscillating fluid
with a solid wall, convective terms introduce non-linear ef-
fects that may lead to the steady streaming phenomenon [11],
namely, a sustained recirculating flow induced by a primary
oscillatory motion of zero mean, typically generated by vi-
brating boundaries or periodic pressure fluctuations. This ef-
fect arises at second order within the framework of unsteady
boundary layer theory [12], where the nonlinear Reynolds
stresses give rise to a non-vanishing time-averaged flow in the
near-wall region. A defining characteristic of steady stream-
ing is its viscous penetration beyond the oscillatory boundary

layer, leading to the establishment of a persistent mean flow
in the outer region [13].

Rayleigh [14,15] provided the first theoretical explana-
tion of streaming generated by acoustic waves. By employ-
ing a successive approximation method-where the solution to
the linear problem serves as the forcing term in the second-
order governing equations-this methodology has become the
prevailing analytical framework for studying steady stream-
ing. Another significant contribution was made by Schlicht-
ing [16,17], who applied boundary layer theory to match
the solutions of the inner and outer layers in the problem
of an oscillating cylinder. A classification framework based
on the streaming Reynolds number,Rs, was established by
Stuart [13], who showed that in the limitRs À 1, a sec-
ondary boundary layer of thickness O(L/

√
Rs) develops,

within which the steady streaming velocity decays to zero,
whereL is the characteristic length of the flow. In turn, Ri-
ley made significant contributions by employing the method
of matched asymptotic expansions to investigate the phe-
nomenon [11,12,18,19].

In the past few decades steady streaming has aroused
growing interest owing to innovative microfluidic applica-
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tions that primarily employ acoustic techniques to generate
streaming [20]. For example, streaming induced by acoustic
waves has been proposed as an effective strategy for enhanc-
ing mixing in microchannels [21,22] or for the manipulation
of suspended particles [23]. Streaming vortices generated by
fluid oscillation around a fixed cylinder in a microchannel
have been employed to trap and suspend cells without sur-
face contact [24]. Similarly, streaming flows produced by
microbubbles have been used to achieve particle sorting [25].
To explore how elasticity affects streaming, Bhosaleet al.
[26] studied oscillatory flow around a submerged soft cylin-
der. Their results revealed that soft structures generate more
pronounced streaming at lower frequencies, leading them to
introduce the concept of soft streaming, which they suggest
may be exploited by biological organisms due to their natural
softness.

Since many fluids in microfluidic and biological appli-
cations exhibit non-Newtonian behavior, the study of oscil-
latory flows-particularly steady streaming-in non-Newtonian
fluids is of significant relevance. However, aside from
a few early studies on steady streaming flows in vis-
coelastic fluids under classical conditions-such as oscillat-
ing cylinders [27,28] and spheres [29,30] in quiescent fluids-
comprehensive investigations of this phenomenon in mi-
crofluidic systems remain lacking.

While the flow dynamics of oscillatory boundary lay-
ers and steady streaming have been extensively investigated,
their heat transfer characteristics have received comparatively
less attention. As an extension of dynamic studies, early in-
vestigations examined the effect of streaming induced by os-
cillatory flows around cylinders and spheres on heat transfer.
For instance, Richardson [31] explored heat transfer around
a circular cylinder immersed in a fluid subjected to acoustic
streaming, focusing on the effects of the induced flow on ther-
mal transport. Davidson [32] employed matched asymptotic
analysis and numerical simulations to study the heat trans-
fer from a vibrating heated cylinder in the regimes of low
and high streaming Reynolds numbers. In turn, Gopinath
and Mills [33] conducted a comprehensive study on heat
transfer from a hot oscillating sphere immersed in a quies-
cent fluid. In addition, they examined steady heat transfer
induced by streaming flow within a cylindrical duct, where
a constant temperature gradient was maintained across the
duct ends[34]. Cuevas and Ramos [35] analytically stud-
ied the dynamic and thermal behavior of oscillatory bound-
ary layer flow of an incompressible, electrically conduct-
ing Newtonian fluid under a magnetic field. They found
that electromagnetic effects confine the streaming motion
within the Stokes layer, in contrast to the hydrodynamic case,
where streaming extends beyond it [13]. Motivated by the
thermoacoustic streaming phenomenon of interest for ther-
moacoustic refrigeration devices, in an experimental study
Gopinath and Harder [36] developed correlations for heat
transfer from a cylinder in a low-amplitude zero-mean oscil-
latory flow. In turn, Gopinath [37] treated the thermoacous-
tic streaming on a rigid sphere in a strong standing acoustic

field finding that the interaction of first-order harmonic quan-
tities within the boundary layer generates not only the well-
known second-order time-averaged flow, but also a second-
order time-averaged temperature distribution. More recently,
the use of acoustic streaming to enhance heat transfer has
attracted considerable attention [38-40]. This interest arises
from the fact that the flow pattern modifications induced by
acoustic streaming around a solid body can influence the heat
exchange between the body and its surrounding medium, and
even enhance heat transfer under suitable conditions. In fact,
the possibility of using the streaming phenomenon for heat
transfer enhancement in microchannels has been explored
[41,42].

Based on a previous work where the oscillatory boundary
layer flow of a Maxwell fluid over a wavy wall was analyzed
[43], the present study aims to contribute to the understand-
ing of the thermal behavior of oscillatory boundary layers
incorporating the effects of viscoelasticity. The wavy wall
is introduced as a simplified representation of wall rough-
ness, given the importance of geometric perturbations at the
microscale, as has been examined in various studies on mi-
crochannel flows of both Newtonian and non-Newtonian flu-
ids [44-46]. Given that wall waviness plays a crucial role
in the emergence of steady streaming, it has a direct impact
on the thermal behavior of the boundary layer. Our analy-
sis focuses particularly on how the thermal boundary layer
characteristics are modified by the viscoelastic properties of
the fluid, and how the steady streaming phenomenon, which
was shown to be significantly affected by the fluid’s elastic-
ity [43], influences the heat transfer process. The results pro-
vide insights into the interplay between viscoelasticity, os-
cillatory flow, and thermal transport in boundary layer flows
over curved surfaces and generalize a classical problem of
current interest for microfluidic applications.

2. Formulation of the problem

We consider the heat transfer that takes place in the boundary
layer oscillatory flow of an incompressible viscoelastic fluid

FIGURE 1. Sketch of the oscillatory boundary-layer flow over a
wavy wall under non-isothermal conditions. A harmonic potential
flow oscillates in the outer region above the wavy surface, gener-
ating a boundary-layer flow and associated heat transfer.δ is the
boundary layer thickness, whileA and L are the amplitude and
wavelength of the wall.
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limited by a motionless infinite wavy wall which is described by the equationyw = A cos (2πx/L), whereA andL are
the amplitude and wavelength of the wall, whilex is the streamwise coordinate. The flow is driven by a harmonic pressure
gradient applied in thex-direction, in such a way that outside the boundary layer the fluid performs a unidirectional zero-mean
oscillatory irrotational motion whose axial velocity can be expressed asU∞ cosωt, whereU∞ is the velocity amplitude andω
is the angular frequency of the oscillation. The temperature in the outer flow takes a uniform value,T∞, while at the wavy wall
the temperature undergoes a periodic oscillation that can be expressed asTw = T∞ + TA cos ωt, whereTA is the amplitude of
the oscillation. The configuration of the problem is schematically presented in Fig. 1.

The mass and momentum conservation equations along with the heat transfer equation can be expressed in the form

∇ · u = 0, (1)

ρ

(
∂u
∂t

+ (u · ∇)u
)

= −∇p−∇ · σ, (2)

ρCp

(
∂T

∂t
+ (u · ∇)T

)
= k∇2T, (3)

whereu is the velocity field,p is the pressure field,σ is the stress tensor,T is the temperature field,ρ is the mass density,
Cp is the specific heat at constant pressure andk is the thermal conductivity. Natural convection and viscous dissipation are
disregarded in the present study.

The viscoelastic character of the fluid is introduced through the upper convected Maxwell model whose constitutive equa-
tion in the linear approximation is expressed as [43,47,48]

tm
∂σ

∂t
= −µ[∇u + (∇u)T ]− σ, (4)

wheretm is the Maxwell relaxation time andµ is the dynamic viscosity. Note that whentm = 0, the constitutive equation for
a Newtonian fluid is recovered.

It can be shown [43] that conservation Eqs. (1)-(3) can be combined with Eq. (4) so that, for a two-dimensional flow,
governing equations can be expressed as

∂u

∂x
+

∂v

∂y
= 0, (5)

(
1 + tm

∂

∂t

)[
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y

]
= −1

ρ

(
1 + tm

∂

∂t

)
∂p

∂x
+

µ

ρ

(
∂2u

∂x2
+

∂2u

∂y2

)
, (6)

(
1 + tm

∂

∂t

)[
∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y

]
= −1

ρ

(
1 + tm

∂

∂t

)
∂p

∂y
+

µ

ρ

(
∂2v

∂x2
+

∂2v

∂y2

)
, (7)

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y
=

k

ρCp

(
∂2T

∂x2
+

∂2T

∂y2

)
, (8)

whereu andv are the velocity components in the streamwise and transverse directions, respectively. We now introduce the
following non-dimensional variables

τ = tω, X =
x

L
, Y =

y

δ
, u =

u

U∞
, p =

2p

ρωU∞L
, v =

Lv

δU∞
, Θ =

T − T∞
TA

, (9)

whereδ is the Stokes layer thickness,δ =
√

2ν/ω, beingν = µ/ρ the kinematic viscosity. We assume that the wavelength of
the wavy wall significantly exceeds the thickness of the Stokes layer, that is,L À δ. As it is shown in Ref. [43], under this
approximation axial viscous diffusion terms as well as the transverse pressure gradient can be neglected, therefore, governing
equations in dimensionless form reduce to a boundary layer problem

∂u

∂X
+

∂v

∂Y
= 0, (10)

(
1 + De

∂

∂τ

)[
2
∂u

∂τ
+ 2ε

(
u

∂u

∂X
+ v

∂u

∂Y

)]
= −

(
1 + De

∂

∂τ

)
∂p

∂X
+

∂2u

∂Y 2
, (11)

2Pr
∂Θ
∂τ

+ 2Prε

[
u

∂Θ
∂X

+ v
∂Θ
∂Y

]
=

∂2Θ
∂Y 2

, (12)
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which must satisfy the non-slip condition and the oscillating temperature at the wavy wall and the matching of the streamwise
velocity and temperature outside the boundary layer, namely,

u = v = 0 at Y = Yw = a cos (2πX), (13)

u = cos τ as Y →∞, (14)

Θ = cos τ at Y = Yw = a cos (2πX), (15)

Θ = 0; as Y →∞, (16)

wherea = A/δ is the dimensionless amplitude of the wall. Equations (11) and (12) involve relevant dimensionless parameters,
ε = U∞/ωL, De = ωtm andPr = ν/αT , whereαT is the thermal diffusivity. The parameterε can be interpreted as the
ratio of the displacement amplitude of the fluid,U∞/ω, to the wavelength of the wall,L. To ensure the absence of boundary
layer separation, we will assume that the small amplitude of oscillation condition holds, that is,ε ¿ 1 [13]. De is known as
the Deborah number and is the ratio of the Maxwell relaxation time,tm, and the characteristic time of the imposed oscillation,
1/ω. Moreover,Pr is the Prandtl number which is the ratio of the viscous and thermal diffusivities.

In order to simplify the mathematical treatment, it is convenient to adopt a reference frame in which the wall appears flat.
This is accomplished by applying the following coordinate transformation:χ = X andη = Y − Yw. According to this
transformation and the incompressibility condition, it can be shown [43] that the dimensionless outer flow can be expressed as

U(χ, τ) = <{
Uo(χ) eiτ

}
, (17)

where<{} represents the real part of the quantity inside the brackets, while

Uo(χ) = [1 + a(1− cos (2πχ))]−1
. (18)

The outer irrotational flow must, in turn, satisfy the momentum balance equation:

(
1 + De

∂

∂τ

)[
2
∂U

∂τ
+ 2εU

∂U

∂χ

]
= −

(
1 + De

∂

∂τ

)
∂p

∂χ
, (19)

which expresses the pressure gradient established to counterbalance the inertia outside the boundary layer. In fact, within
the framework of boundary-layer theory, the pressure distribution inside and outside the boundary layer is the same. For
completeness, the pressure field is presented in Appendix A. Taking into account the coordinate transformation and using (19)
to eliminate the axial pressure gradient, Eqs. (10), (11) and (12) become

∂u

∂χ
+ 2aπ sin (2πχ)

∂u

∂η
+

∂v

∂η
= 0, (20)

(
1 + De

∂

∂τ

)(
2
∂u

∂τ
− 2

∂U

∂τ

)
− ∂2u

∂η2
= 2ε

(
1 + De

∂

∂τ

)[
U

∂U

∂χ
− u

(
∂u

∂χ
+2aπ sin (2πχ)

∂u

∂η

)
− v

∂u

∂η

]
, (21)

2
∂Θ
∂τ

− 1
Pr

∂2Θ
∂η2

= −2ε
[
u

(
∂Θ
∂χ

+ 2aπ sin(2πχ)
∂Θ
∂η

)
+ v

∂Θ
∂η

]
, (22)

while

u = v = 0 at η = 0, (23)

u → U(χ, τ) as η →∞, (24)

Θ = R{eiτ} at η = 0, (25)

Θ → 0 as η →∞, (26)

are the boundary conditions that must be satisfied.
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3. Perturbation solution

We now look for solutions for the streamwise and the transversal velocity components,u andv, and the temperature,Θ, as
perturbation expansions on the small parameterε for arbitrary values ofDe, Pr anda, that is,

u(χ, η, τ) = u0(χ, η, τ) + εu1(χ, η, τ) +O(ε2), (27)

v(χ, η, τ) = v0(χ, η, τ) + εv1(χ, η, τ) +O(ε2), (28)

Θ(χ, η, τ) = Θ0(χ, η, τ) + εΘ1(χ, η, τ) +O(ε2), (29)

where subscripts 0 and 1 denote the first and second order approximations, respectively. The solution of Eqs. (20) and (21),
under the corresponding boundary conditions, were obtained in Ref. [43]. It was found that the relative motion between the
fluid and the motionless wavy wall serves as a source of vorticity, giving rise to a primary oscillatory flow at orderO(ε0), and
a orderO(ε1) secondary flow due to nonlinear effects. At orderO(ε0), the problem reduces to the generalized Stokes’ second
problem for a Maxwell fluid, where the solution for the streamwise velocity component exhibits an underdamped behavior. At
orderO(ε1), the flow consists of a superposition of a periodic component with twice the original frequency and a steady part,
commonly referred to as steady streaming arising from nonlinear Reynolds stresses.

In what follows, we will concentrate on solving the thermal behavior of the flow reported in Ref. [43].

3.1. First-order approximation

By substituting expansions (27), (28) and (29) in (22) and equating coefficients of powers ofε, atO(ε0) we obtain

2
∂Θ0

∂τ
− 1

Pr

∂2Θ0

∂η2
= 0, (30)

with boundary conditionsΘ0(0, τ) = eiτ andΘ(∞, τ) = 0, which corresponds to a heat diffusion problem into a stagnant
fluid. Note that it corresponds precisely to the thermal equivalent of the Stokes’ second problem, whose solution is

Θ0(η, τ) = <{κ(η)eiτ} = <{e−
√

Pr(1+i)ηeiτ}, (31)

or explicitly

Θ0(η, τ) = e−
√

Prη cos
(
τ −

√
Pr η

)
. (32)

As expected, the temperature inside the fluid is out of phase with respect to the temperature on the wall, the delay being
modulated by the square root of the Prandtl number. WhenPr → 0 (perfect thermal conductor), the temperature of the fluid
and the wall are in phase. Figure 2 shows the temperature distribution as a function of the transverse coordinateη at different
times and a fixed Prandtl number, displaying the well-known dephasing of the Stokes’ problem. The thermal penetration depth,
δT , and the wavelength of the temperature distribution,λT , can be expressed as

δT =
δ√
Pr

=

√
2αT

ω
, (33)

λT =
λv√
Pr

= 2π

√
2αT

ω
= 2π

δ√
Pr

, (34)

whereλv = 2πδ is the wavelength for the viscous Stokes’ second problem. We can observe thatδT andλT coincide with their
viscous counterparts whenPr = 1. Figure 3 shows the temperature distribution as a function ofη for different Prandtl values
at a given time, where it can be observed that the thermal penetration depth decreases as the Prandtl number increases. At this
order, the solution is independent of the viscoelastic properties of the fluid.

3.2. Second-order approximation

At O(ε1), the temperature distribution satisfies the equation

2
∂Θ1

∂τ
− 1

Pr

∂2Θ1

∂η2
= −2

[
u0

(
∂Θ0

∂χ
+ 2aπ sin(2πχ)

∂Θ0

∂η

)
+ v0

∂Θ0

∂η

]
(35)
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FIGURE 2. Temperature profile atO(ε0) as a function of the
transversal coordinate for different times withPr = 2.

FIGURE 3. Temperature profile atO(ε0) as a function of the
transversal coordinate for different Prandtl numbers.τ = π/2.

where the streamwise and transversal velocity components at orderO(ε0), u0 andv0, are expressed as [43]

u0(χ, η, τ) = <{U0(χ)ξ
′
0(η)eiτ}, (36)

v0(χ, η, τ) = <
{[
−dU0

dχ
ξ0(η)− 2πaU0 sin(2πχ)ξ′0(η)

]
eiτ

}
, (37)

whereξ0(η) has the form

ξ0(η) = η − 1
α + iβ

(
1− e−(α+iβ)η

)
, (38)

where

α =
√√

1 + De2 −De, β =
√√

1 + De2 + De.

Note that the right-hand side of (35) includes convective terms proportional tocos2 τ = (1+cos 2τ)/2. Hence, in addition
to periodic terms of twice the original frequency, the convective contribution introduces time-independent terms that lead to a
steady temperature field. Therefore,Θ1 can be expressed in the form

Θ1(χ, η, τ) = <
{

dU0(χ)
dχ

(Υ1s(η) + Υ1u(η)e2iτ )
}

, (39)

where the subscriptsu ands refer to the unsteady and steady parts, respectively. The equation that satisfies the unsteady
contribution of Eq. (39) can be found by substituting (36)-(39) into (35), that is,

− 1
Pr

d2Υ1u

dη
+ 4iΥ1u = −λ0ξ0(η)e−λ0η, (40)

with boundary conditions

Υ1u = 0 η = 0, and Υ = 0 η →∞, (41)

whereλ0 =
√

Pr(1 + i).
The solution of equation (40) with the corresponding boundary conditions is given by

Υ1u(η) =
λ0λ

2e−η(2λ0+2λ2+λ3)

λ2(λ0 − λ3)2(λ0 + λ3)2(λ0 + λ2 − λ3)(λ0 + λ2 + λ3)

[
λ2

2

(− e2η(λ0+λ2)
)(

3λ2
0 + 2λ0λ2 + λ2

3

)

+ (λ2
0 + 2λ0λ2 + λ2

2 − λ2
3)e

η(λ0+2λ2+λ3)
(
λ2

0(ηλ2 − 1)

+ λ2
3(1− ηλ2) + 2λ0λ2

)
+ (λ2

0 − λ2
3)

2eη(λ0+λ2+λ3)
]

(42)
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whereλ0 = λ(1 + i), λ2 = α + iβ, λ3 =
√

4λ2i, λ =
√

Pr.
On the other hand, the boundary value problem satisfied by the steady part,Υ1s, is

− 1
Pr

∂2Υ1s

∂η2
=

1
2

(
ξ0

∂κ

∂η
+ ξ0

∂κ

∂η

)
, (43)

with boundary conditionsΥ1s(0) = 0 andΥ1s(∞) = 0. The overbar in Eq. (43) represents the conjugate complex quantities.
As occurs in the fluid dynamic case, it is impossible to satisfy the conditionΥ1s → 0 asη →∞, if the conditionΥ1s(0) = 0
is imposed at the wall. Therefore, the condition onΥ1s at infinity must be relaxed by enforcingΥ1s(η) to take a finite value as
η −→∞. The solution of (43) that satisfies the relaxed boundary conditions is

Υ1s =

[
λ(α + β)(α2 + β2)(α2 + 4αλ + β2 − 4βλ + 6λ2) + e−η(α+λ)(2λ3(α + β)(α2 + 4α(λ− β) + β2

− 4βλ + 2λ2) cos(η(λ− β)) + eαη(α2 + 2αλ + β2 + 2λ(λ− β))2(λ(α2η − α + β(βη − 1)) cos(ηλ)

− sin(ηλ)(α2(ηλ + 2)− αλ + β(βηλ + 2β + λ))) + 2λ3(α3 + 3α2β − 3αβ2 + 2λ2(β − α)

+ 8αβλ− β3) sin(η(λ− β)))

]/[
2(α2 + β2)(α2 + 2αλ + β2 + 2λ(λ− β))2

]
. (44)

Taking the limit whenDe → 0 (negligible viscoelastic effects), (44) reduces to the corresponding expression for a Newtonian
fluid:

lim
De→0

Υ1s =
(

λ + 3λ3 + e−η(λ+1)
[
2λ4 sin(η(λ− 1)) +

(
λ2 − 1

)
λ3 cos(η(λ− 1))

+ eη
(
λ2 + 1

)2 [
(η − 1)λ cos(ηλ)− (ηλ + 2) sin(ηλ)

]])(
1

2 (λ2 + 1)2

)
, (45)

which depends only on the Prandtl number. Solutions (44) and (45) correspond to the thermal equivalent of the well known
steady streaming that appears in oscillatory flows as a result of nonlinear Reynolds stresses. In this case, the convective terms
are responsible for the appearance of the steady thermal distribution. In fact, the second-order steady temperature field can be
expressed as

Θs = εΘ1s(η, χ) = ε
dU0

dχ
Υ1s(η). (46)

Figure 4 shows the temperature fields (with superposed isotherms) within a wavelength of the wavy wall, obtained from (44)
and (46) for a fixed Prandtl number (Pr = 5) and different values of the Deborah number, assuming that both the dimensionless
wall amplitude,a, and the parameterε are small (a = 0.01 andε = 0.01). For De = 0, 5 and 10, vertically antisymmetric
patterns are observed with a pair of elongated negative and positive temperature regions. As the Deborah number increases
(De > 10), regions with inverted temperature close to the wall appear below the two elongated temperature regions. Isotherms
of the steady temperature field present some similarity with the streamlines corresponding to the steady streaming flow [43].
The effect of the Prandtl number on the steady temperature is shown in Fig. 5 for a fixed Deborah number (De = 10). For low
Prandtl numbers (Pr . 1) the regions with inverted temperature near the wall with closed isotherms show a substantial size
which is reduced as the Prandtl number increases, and eventually disappears forPr & 5.

3.3. Thermal Rayleigh’s law of streaming

Figure 6 shows the behavior ofΥ1s as a function of the transverse coordinateη for different Prandtl and Deborah numbers. It
is found that for lowPr, negative values appear near the wavy wall. Using a Taylor series expansion ofΥ1s aroundη = 0, it
is found that negative values arise whenPr < (De2 + 1)(−De +

√
De2 + 1), exhibiting a non-monotonic behavior. For the

case whenDe = 0 (Newtonian case) negative values ofΥ1s appear whenPr < 1.
The most salient feature of the steady functionΥ1s observed in Fig. 6 is that for all cases, asη grows, it tends to a

constant value that depends onPr andDe. Analogous to the behavior of the second-order tangential velocity component in
the dynamical problem-which approaches a constant value rather than vanishing at the boundary layer edge, as described by
Rayleigh’s law of streaming [43] -athermal Rayleigh’s law of streamingcan be formulated for a Maxwell fluid in the heat
transfer problem as follows

Θs = ε
dU0

dχ
F (De, Pr), (47)
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FIGURE 4. Steady temperature distribution within a wavelength forε = 0.01, a = 0.01, Pr = 5 and different Deborah numbers.

where

F (De, Pr) = lim
η→∞

Υ1s(η) =
λ(α + β)

(
α2 + β2 + 4αλ− 4βλ + 6λ2

)

2 (α2 + β2 + 2αλ + 2λ(λ− β))2
. (48)

In the Newtonian limitDe → 0, Eq. (48) becomesF (Pr) = (1 + 3Pr)/2Pr(1 + Pr)2. The nonzero value of the
temperature field at the edge of the boundary layer indicates the penetration of the steady temperature into the outer potential
temperature field. This confirms the existence of an outer thermal region where the steady temperature decays to zero. Equa-
tions (47) and (48) show that the value of the temperature at the edge of the boundary layer depends, throughPr andDe, on
the diffusive and viscoelastic properties of the fluid. In fact, through asymptotic analysis, it is found that its maximum value is
reached for the conditionsPr = 1 + (2/

√
3), in the Newtonian limit (De = 0), andPr = (1/6)(1 + 2De) whenDe À 1.

3.4. Estimation of the thickness of the outer thermal layer

In his classical paper, Stuart [13] identified the importance of the parameterRs = U2
∞/ων, now named the streaming Reynolds

number, for determining how the steady streaming velocity at the edge of the boundary layer decays to zero with distance from
the wall. For small values ofRs, the outer flow is dominated by diffusion and governed by the linear Stokes equations. In
contrast, for large values ofRs a secondary boundary layer (the outer layer) is formed, within which the steady flow driven by
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FIGURE 5. Steady temperature distribution within a wavelength forε = 0.01, a = 0.01, De = 10 and different Prandtl number.

the non-zero velocity at the edge of the inner layer (i.e., the Rayleigh’s law of streaming), tends to zero. The generalization of
this parameter for the flow of a Maxwell fluid is presented in Eq. [43].

Analogous to the steady streaming flow, we can define astreaming Ṕeclet number, namely,

Pes = RsPr =
U∞
ωαT

F (De, Pr) (49)

which determines how the steady temperature at the edge of the inner thermal boundary layer decays to zero as the distance
from the wall increases. For small values ofPes, a diffusion dominated heat transfer is established. In turn, for large values
of Pes a secondary thermal boundary layer (the outer thermal layer) is formed. To match the internal temperature distribution
with the external one, the relaxed finite temperature value (47) at the edge of the internal thermal boundary layer must be used
as a boundary condition for the temperature distribution in the outer boundary layer. Since the main transition in the steady
temperature pattern occurs for small values of the ratioPr/De (i.e. Pr/De < 0.5, see Fig. 5), the limitingΘs value can be
approximated forPr ¿ 1. Hence, by expandingF (De, Pr) through a Taylor series, the thermal Rayleigh’s law of streaming
(47) reduces to

Θs = ε
dU0

dχ




√√
De2 + 1− De+

√√
De2 + 1 + De

4
√

De2 + 1

√
Pr


 . (50)
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FIGURE 6. Υ1s is plotted as a function ofη for Pr = 1, 4, 8 and 20 and different Deborah numbers.

Finally, the thickness of the outer thermal boundary layer can
be estimated from the balance between the diffusive term and
the convective contribution responsible for the steady tem-
perature in the heat transfer equation, namely,

δsT = ε−1δT = ε−1 δ√
Pr

. (51)

which is independent of the viscoelastic properties of the
fluid.

3.5. Heat transfer

If we calculate the Nusselt number averaged over a wave-
length of the wavy wall and one temporal cycle, we obtain

〈Nu〉 =
∫ 2π

0

[∫ 1

0

− ∂Θ
∂η

∣∣∣∣
η=0

dχ

]
dτ = 0, (52)

which means that the net heat flux from the wall to the fluid
is zero. This behavior arises from the periodic nature of the

temperature field in time and along the axial direction. Result
(52), however, may be misleading because the contribution

FIGURE 7. Spatial distribution of the transversal temperature gra-
dient, ∂Θ/∂η, for Pr = 5, De = 5, ε = 0.01 anda = 0.01.
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of the steady thermal component is not fully captured. It is therefore useful to examine the spatial distribution of the steady
temperature gradient,∂Θs/∂η, as shown in Fig. 7, where periodic elongated regions of positive and negative heat flux appear
along the axial direction.

This makes the heat transfer over half of the wall wavelength especially relevant, since this interval defines the steady
cooling and heating regions. The Nusselt number over the first half-wavelength (χ = 0 to χ = 1/2) for a complete temporal
cycle is

〈Nu〉=
∫ 2π

0

[∫ 1/2

0

− ∂Θ
∂η

∣∣∣∣
η=0

dχ

]
dτ=− 2πaλ

(
α2 + β(β − 2λ)

)
/

(
(2a + 1)

(
α2 + 2αλ + β2 − 2βλ + 2λ2

))
, (53)

while for the other half-wavelength is

〈Nu〉 =
∫ 2π

0

[∫ 1

1/2

− ∂Θ
∂η

∣∣∣∣
η=0

dχ

]
dτ = 2πaλ

(
α2 + β(β − 2λ)

)
/

(
(2a + 1)

(
α2 + 2αλ + β2 − 2βλ + 2λ2

))
. (54)

Equations (53) and (54) characterize the stationary heat transfer zones along the wall.

4. Conclusions

We investigated the thermal behavior of a Maxwell viscoelas-
tic fluid in the oscillatory boundary layer flow over a wavy
wall. The waviness of the wall is introduced to model surface
roughness, which plays a significant role at the microscale.
Building on a previously derived velocity field-obtained via
a perturbation method under the assumptions of small oscil-
lation amplitude and a Stokes layer thickness much smaller
than the wall wavelength [43]-we apply the same approach
to solve the heat transfer equation, imposing a time-periodic
temperature at the wall and a constant temperature at the
boundary layer’s outer edge.

At first order (O(ε0)) a purely diffusive temperature so-
lution is found, corresponding to the thermal analogue of
Stokes’ second problem, with the temperature distribution
exhibiting a phase shift relative to the wall temperature. At
this order, the thermal problem is not influenced by the mo-
tion of the Maxwell fluid. Both the thermal penetration
depth and the wavelength of the temperature distribution
scale asδ/

√
Pr, therefore, overdamped temperature oscil-

lations result. Similarly to the fluid dynamic problem, the
second-order (O(ε1)) temperature solution comprises a time-
dependent distribution oscillating with twice the original fre-
quency and a steady distribution, analogous to the steady
streaming flow of the dynamical boundary layer problem.
This behavior is promoted by the convective terms that in-
volve the temperature field and velocity components at first
order, and therefore, fluid viscoelasticity becomes relevant.
Steady temperature fields resemble stream function patterns
of the steady streaming flow [43], displaying alternated cold
and hot elongated regions whose topology changes as the
Deborah and Prandtl numbers vary.

Similarly to the fluid dynamics case, the steady tempera-
ture distribution approaches a finite value as the edge of the
thermal boundary layer is reached, indicating the penetration
of the steady temperature into the outer potential flow. In this
context, a thermal generalization of Rayleigh’s law of stream-
ing was derived, which depends on the Deborah and Prandtl

numbers. Specifically, forDe À 1, the maximum tem-
perature value penetrating the outer potential flow occurs
whenPr = (1/6)(1 + 2De), while in the Newtonian limit
(De = 0), the maximum temperature value at the edge of the
boundary layer (η →∞) is obtained whenPr = 1+(2/

√
3).

To characterize the outer thermal layer, where the steady
temperature decays to zero, in analogy to the dynamic prob-
lem [13], a streaming Ṕeclet number was introduced. When
this parameter is small, a diffusion-dominated region forms;
for large values, a secondary thermal boundary layer devel-
ops. The matching of the inner and outer steady temperature
fields would require the use of the value given by the thermal
Rayleigh’s law of streaming as a boundary condition. Inter-
estingly, the estimated thickness of the outer thermal bound-
ary layer turned out to be independent of the fluid’s viscoelas-
ticity.

Given the growing interest in streaming flows at the mi-
croscale, exploring their heat transfer characteristics has be-
come a worthwhile subject of study, particularly for applica-
tions such as heat transfer enhancement.

Appendix

A. Pressure distribution

Considering perturbation expansions on the small parameter
ε, the pressure field can be expressed as

p(χ, τ) = p0(χ, τ) + εp1(χ, τ) +O(ε2). (A.1)

By substituting Eq. (A.1) in (19), the corresponding equa-
tions for the pressure field at different orders are obtained. At
O(ε0) the pressure satisfies

−∂p0

∂χ
= 2

∂U

∂τ
, (A.2)

with the boundary conditionp0(0, τ) = G0e
iτ , whereG0 is

a constant. Therefore, the first-order approximation for the
pressure field is given by
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p0(χ, τ)=

(
G0−

2i tanh−1
[√−2a−1 tan(πχ)

]

π
√−2a−1

)
eiτ .

(A.3)

At O(ε1) the pressure field satisfies

−∂p1

∂χ
= 2U

∂U

∂χ
, (A.4)

which is subject to the boundary conditionp1(0, τ) = 0.
Similar to the velocity and temperature fields, the right-hand

side of (A.4) contains convective terms that generate both un-
steady contributions (at twice the oscillation frequency) and
steady components. Hence,p1 can be expressed as

p1(χ, τ) = <{
p1u(χ)e2iτ + p1s(χ)

}
. (A.5)

The solution for the unsteady and steady components of the
pressure field that satisfy the corresponding boundary condi-
tions are given by

p1u(χ) = p1s(χ) =
1
2
− 1

2(a cos(2πχ)− a− 1)2
. (A.6)
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Flow of Maxwell fluids in porous media,Transp. Porous
Media 25 (1996) 167, https://doi.org/10.1007/
BF00135854

48. F. A. Morrison, Understanding rheology (Oxford University
Press, 2001).

Rev. Mex. Fis.72020604

https://doi.org/10.1017/jfm.2022. 525�
https://doi.org/10.1017/jfm.2022. 525�
https://doi.org/10.1007/ BF01595595�
https://doi.org/10.1007/ BF01595595�
https://doi.org/10. 1016/0377-0257(79)87003-2�
https://doi.org/10. 1016/0377-0257(79)87003-2�
https://doi.org/10.1017/ S0022112064001288�
https://doi.org/10.1017/ S0022112064001288�
https://doi.org/ 10.1016/0377-0257(92)80049-4�
https://doi.org/ 10.1016/0377-0257(92)80049-4�
https: //doi.org/10.1017/S0022112067001466�
https: //doi.org/10.1017/S0022112067001466�
https: //doi.org/10.1016/0017-9310(73)90163-4�
https: //doi.org/10.1016/0017-9310(73)90163-4�
https://doi.org/10.1115/1.2910684�
https://doi.org/10. 1115/1.2910882�
https://doi.org/10. 1115/1.2910882�
https: //doi.org/10.1007/978-94-011-4764-4_8.�
https: //doi.org/10.1007/978-94-011-4764-4_8.�
https: //doi.org/10.1016/S0017-9310(99)00138-6�
https: //doi.org/10.1016/S0017-9310(99)00138-6�
https://doi.org/10. 1098/rspa.2000.0619�
https://doi.org/10. 1098/rspa.2000.0619�
https://doi.org/10.1016/j. ijheatmasstransfer.2004.07.048�
https://doi.org/10.1016/j. ijheatmasstransfer.2004.07.048�
https://doi.org/10.1016/ j.icheatmasstransfer.2012.03.013�
https://doi.org/10.1016/ j.icheatmasstransfer.2012.03.013�
https://doi.org/10.1016/j. ijheatmasstransfer.2022.122834�
https://doi.org/10.1016/j. ijheatmasstransfer.2022.122834�
https://doi.org/10.1016/j.applthermaleng. 2023.121076�
https://doi.org/10.1016/j.applthermaleng. 2023.121076�
https://doi.org/ 10.1016/j.tsep.2025.103305�
https://doi.org/ 10.1016/j.tsep.2025.103305�
https://doi.org/10.1016/j. jnnfm.2023.105125�
https://doi.org/10.1016/j. jnnfm.2023.105125�
https://doi.org/10.1016/j.jnnfm. 2012.01.012�
https://doi.org/10.1016/j.jnnfm. 2012.01.012�
https: //doi.org/10.1016/j.colsurfa.2016.02.036�
https: //doi.org/10.1016/j.colsurfa.2016.02.036�
https://doi.org/10.31349/ RevMexFis.66.761�
https://doi.org/10.31349/ RevMexFis.66.761�
https://doi.org/10.1007/ BF00135854�
https://doi.org/10.1007/ BF00135854�

