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Light refraction in the Earth’s atmosphere IV. The rainbow
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We approach the study of the rainbow with two primary objectives: 1) to analyze the explicit dependence of the intensity and angular
position of the first-order rainbow on different parameters, critically, water temperature; 2) to compare the results of geometric optics with
those derived from wave theory. To achieve this, we implemented a discretization method to circumvent the obstacle posed by geometric
optics, where the cross-section, and thus light intensity, diverges at the minimum deviation angle. Wave phenomena were incorporated using
the Airy approximation. Through calculations spanning a broad range of parameter values, we derived analytical expressions that efficiently
compute both the light intensity at the first-order rainbow’s peak and its angular position, as functions of light wavelength, drop radius, and
water temperature.
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1. Introduction

This article is the fourth in a series we have titledLight re-
fraction in the Earth’s atmosphere, through which we aim
to advance the understanding of optical phenomena occur-
ring in the terrestrial atmosphere. Both inferior mirages, the
focus of our previous articles [1–3], and rainbows, the sub-
ject of this work, involve refraction processes. In mirages,
sunlight refracts as it passes through atmospheric layers with
varying refractive indices. In rainbows, refraction occurs at
the air-water interface. These and other atmospheric optical
phenomena have been of great interest to many researchers,
with a multitude of articles published over time. Although
their fundamental nature is well understood, increasingly ef-
ficient computational tools continue to emerge. Using these
advances, we can now explore previously unexamined as-
pects of these phenomena.

The rainbow, in particular, is a phenomenon for which
humans have sought rational explanations since Aristotle’s

time. Beginning with Descartes, who first concluded that
rainbows are formed by sunlight emerging from raindrops
after penetrating and reflecting internally, and Newton, who
explained the colors of the rainbow by accounting for the
wavelength-dependent refractive index of water, the phe-
nomenon has been analyzed through various theoretical
frameworks and at varying depths. The foundational works of
Young [4] and Airy [5] introduced wave phenomena within a
semiclassical approximation, while Mie [6] provided an exact
theory based on Maxwell’s equations. Modern contributions
such as those by Nussenzveig [7–9], Walker [10], Mobbs [11]
and Casini& Covello [12] represent just a few of countless
published studies. Extensive reviews and books on rainbows
and related optical phenomenae.g., [13–15] further enrich
this corpus.

Although the physics of the rainbow has been studied for
centuries, over recent decades the observation of this natu-
ral phenomenon has been transformed into a powerful diag-
nostic technique for engineering and science. In this way,
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theoretical findings have paved the way for techniques that
allow inferring the physical properties of liquid droplets and
thus characterize sprays created in different scenarios (fuel
injection in internal combustion engines, agricultural spray-
ing systems, cooling towers, atmospheric studies, etc.) by
examining the rainbow patterns they generate. In particular,
rainbow refractometry has established itself as a benchmark
non-intrusive optical technique for droplet characterization.
The foundations of this methodology, initially introduced by
Roth and colleagues [16,17], were further developed by Van
Beeck and Riethmuller [18], who demonstrated the feasibil-
ity of simultaneously determining the size and refractive in-
dex of spherical droplets by analyzing the rainbow pattern.
This is achieved by exploiting the dependence of the inter-
ference fringe spacing on droplet diameter, and the angular
position of the rainbow peak on the refractive index, and, con-
sequently, on temperature. This principle was expanded and
consolidated in the doctoral thesis of Van Beeck [19], which
integrated velocity measurement, thereby developing a triple-
diagnostic technique: size, temperature, and velocity. His
work also provides a detailed analysis of scattering patterns
for both spherical and non-spherical droplets, proposing ex-
perimental and theoretical improvements that strengthen the
applicability of the method to real sprays.

Rainbow refractometry became a standard for spray char-
acterization not only of water but also of other liquids and
in different scenarios. Using the global rainbow technique,
Saengkaew [20], for example, determined the droplet tem-
perature and size distribution of a biodiesel spray under am-
bient and combustion conditions. Also, Chanisa [21], us-
ing global rainbow refractometry, carried out refractive in-
dex measurements on free-falling water and ethanol droplets
under high pressure. The field has evolved towards address-
ing more complex scenarios, such as non-isothermal droplets.
In this context, Lvet al. [22] investigated the surface tem-
perature of oscillating droplets through surface tension mea-
surements. These surface temperatures were then compared
to those volume-averaged obtained via rainbow refractome-
try, in order to assess the accuracy and applicability of the
rainbow technique under dynamic heating and cooling con-
ditions.

While rainbows have been the subject of extensive the-
oretical and applied research, this and future work aim to
explore previously overlooked aspects. One such aspect is
their specific dependence on atmospheric conditions which,
in turn, determine the characteristics of the water drops re-
sponsible for rainbow formation.

In this article, we begin by examining the dependence of
rainbow appearance on drop size and water temperature. Al-
though it is well known that larger drops result in sharper
rainbows, we approach the subject with the aim of analyzing
the specific mathematical dependence of the rainbow light
intensity and the so-called rainbow angle on drop size. With
the same goal, we investigate the influence of water temper-
ature on the appearance of the rainbow, which can be done
by considering the dependence of the refractive index of wa-

ter on this parameter. As water is the most abundant liquid
on Earth, the behavior of its refractive index with tempera-
ture has gained increasing interest, particularly for industrial
and biophysical applications. Several studies [23, 24] have
addressed this topic and we build on their findings here.

In this article, it is also of interest to compare results ob-
tained within the framework of geometric optics with those
obtained by considering wave phenomena. When working
within the framework of geometric optics, we encounter a
serious hurdle if the so-called Descartes ray is involved. As
is well known, this theory predicts an infinite light intensity
for the minimum deviation angle. In order to overcome this
obstacle, we propose a possible solution by discretizing a dif-
ferential problem.

We organize this article as follows. In Sec. 2, we present
the analysis of the rainbow from the perspective of geometric
optics, separating the treatment into five subsections. In the
first subsection, we discuss the geometric aspect of the rain-
bow, revisiting well-known results that nevertheless need to
be reproduced here. Besides providing a suitable context for
nonspecialist readers, we require explicit expressions, written
in our own notation, that we use for our calculations in further
sections. In the second subsection, following the same logic,
we examine the energy aspect of the phenomenon by defining
transmittance and reflectance in terms of Fresnel coefficients.
In the third subsection, we address the problem of calculat-
ing the differential cross-section, tending to infinity near the
Descartes ray. Then, in the fourth subsection, we propose a
possible way to overcome this hurdle that arises within the
framework of geometric optics. Finally, in the fifth subsec-
tion we present expressions that arise from the dependence
of water refractive index on the wavelength of light and the
temperature of water. In Sec. 3, we present the expressions
we use to calculate the luminous intensity of the rainbow as a
function of different variables within the framework of Airy’s
theory, while also justifying our choice of this semi-classical
theory over others. Then, in Sec. 4, we present and discuss
our results, obtained within the framework of geometric op-
tics and Airy’s theory. Finally, in Sec. 5 we provide a brief
summary and present our conclusions.

2. Treatment of the rainbow within the frame-
work of geometric optics

2.1. Geometry and basic physics of the rainbow

Figure 1 depicts the widely known geometry of the ray path
that gives rise to the rainbow. It shows a light ray striking a
spherical water drop forming an angleα with the radial di-
rection and its subsequent trajectory inside the drop (which
forms an angleβ with the radial direction) after two suc-
cessive internal reflections. Denoting the refractive index of
the water byn and considering the refractive index of air
to be equal to 1, by successively applying Snell’s law (i.e.
sin α = n sinβ) it can be shown that all internal anglesβ
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FIGURE 1. Rainbow formation geometry. The diagram depicts an
incident light ray striking a water drop and three resulting emergent
rays corresponding to 0, 1, and 2 internal reflections.

are equal to each other, and all external anglesα are equal to
each other.

The figure also displays emergent rays from the drop cor-
responding to the transmitted portion of light, one of them
exiting through the back of the drop, another contributing
to the first-order rainbow, and the third contributing to the
second-order rainbow. By also applying Snell’s law, an ex-
pression can be found for the angle that each emerging ray
makes with the original direction of the incident ray:

γm = 2 (α− β) + m (π − 2β) , (1)

wherem represents the number of internal reflections under-
gone by the ray before emerging from the drop. Following
this notation,m = 0 corresponds to the light emerging from
the back of the drop (not visible to the observer),m = 1 to
the emergent light forming the first-order rainbow,m = 2 de-
scribes the emergent light forming the second-order rainbow,
etc. Writingβ as a function ofα from Snell’s law, Eq. (1)
can be expressed as follows:

γm = 2α− 2(m + 1) arcsin
(

sin α

n

)
+ mπ. (2)

By repeating the ray tracing procedure for different incident
angles we obtain a family of emerging rays that give rise
to each m-order rainbow. For example, in Fig. 2 we repre-
sent the families of rays that form the first- and second-order
rainbows. From this figure it becomes evident the existence
of minimum deviation angles which, in fact, make the exis-
tence of rainbows possible. These relative extremum in the
interval 0◦ ≤ α ≤ 90◦ for m > 0 can also be observed in
Fig. 3, whereγ as a function ofα is plotted form = 1 and
m = 2. Since in this section we only intend to show the gen-
eral behavior ofγ as a function ofα for different values of
m, this figure was constructed for a refractive index value of
n = 1.33, commonly adopted for water.

In order to calculate the relative extremum angles, we dif-
ferentiate Eq. (2) with respect toα, which gives:

dγm

dα
= 2− 2 (m + 1) cos α

n
√

1− sin2 α
n2

. (3)

FIGURE 2. Families of incident and emergent rays. Thin solid
lines represent a family of incident rays on a water drop, thick solid
lines show a family of emergent rays forming the first-order rain-
bow, and dashed lines depict a family of emergent rays forming the
second-order rainbow.

Equating Eq. (3) to zero we obtain the following expressions
for αm,MC , values ofα for which the relative extrema ofγm

occur:

cosαm,MC =

√
n2 − 1

m (m + 2)
,

sin αm,MC =

√
(m + 1)2 − n2

(m + 1)2 − 1
. (4)

In these expressions and henceforth, the subscriptMC stands
for Maximum, referring to all aspects related to the intensity
peak, andClassical, referring to classical physics within the
framework in which we work. It can also be verified that the
relative extrema occurring inαm,MC are, in fact, the min-
ima of the function given by Eq. (2). Thus, replacingα
with αm,MC given by Eq. (4), the minimum deviation angle,
γm,MC is obtained:

γm,MC = mπ + 2arcsin

[√
(m + 1)2 − n2

(m + 1)2 − 1

]

− 2 (m + 1) arcsin

[
1
n

√
(m + 1)2 − n2

(m + 1)2 − 1

]
. (5)

From these expressions and also from Fig. 3 it is verified that
αm,MC increases asm increases, whereas form = 0, it is
instead an increasing function ofα throughout the interval.

2.2. Energetic aspects of the rainbow

To calculate the fraction of light intensity leaving the drop
relative to the incident light, we must use the Fresnel co-
efficients, which represent ratios between the amplitudes of
reflected and incident, or transmitted and incident, electric
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FIGURE 3. a) The exit angleγ as a function of the entrance angleα is shown for a single internal reflection in a water drop and b) two
internal reflections.

waves (indicated asEoi, Eor andEot), vibrating parallel or
transverse to the incidence plane (indicated with symbols‖
and⊥, respectively). Beingni andnt the refractive indices
of the incident and transmitted media, andθi andθt the an-
gles of incidence and transmission, respectively, the Fresnel
coefficients are expressed as:

r‖ =
(

E0r

E0i

)

‖
=

nt cos θi − ni cos θt

nt cos θi + ni cos θt
, (6)

t‖ =
(

E0t

E0i

)

‖
=

2 ni cos θi

nt cos θi + ni cos θt
, (7)

r⊥ =
(

E0r

E0i

)

⊥
=

ni cos θi − nt cos θt

ni cos θi + nt cos θt
, (8)

t⊥ =
(

E0t

E0i

)

⊥
=

2 ni cos θi

ni cos θi + nt cos θt
. (9)

It is in terms of these coefficients that the reflectance
(R‖, R⊥) and transmittance (T‖, T⊥) are subsequently ex-
pressed, representing the fraction of incident light, whether
vibrating paralel or perpendicular to the incidence plane, that
is reflected or transmitted, respectively, at each interface. We
can then write:

R‖,⊥ =
(

E0r

E0i

)2

‖,⊥
= (r)2‖,⊥ ,

T‖,⊥ =
nt cos θt

ni cos θi

(
E0t

E0i

)2

‖,⊥
=

nt cos θt

ni cos θi
(t)2‖,⊥ . (10)

Taking into account the number of internal reflections occur-
ring before the light leaves the drop, and further considering
that all angles inside the drop are equal toβ and that both the
original angle of incidence of sunlight on the drop and all exit
angles from it are equal toα, the fractions of outgoing light,
vibrating parallel or perpendicular to the incidence plane, rel-
ative to the initially incident light afterm internal reflections
can be written as:

T‖ =
(
1−R‖

)2
Rm
‖ =

(
1−

(
n cos α− cosβ

n cos α + cos β

)2
)2

×
(

n cosα− cosβ

n cosα + cos β

)2m

,

T⊥ = (1−R⊥)2 Rm
⊥ =

(
1−

(
cos α− n cosβ

cos α + n cosβ

)2
)2

×
(

cos α− n cosβ

cos α + n cosβ

)2m

. (11)

2.3. Cross-section

Let I0 be the incident light per unit area and time in direction
rα, forming an angleα with the radial direction, andJ(γ) the
transmitted light per unit solid angle and time in directionrγ ,
forming an angleγ with the incident beam direction. Our ob-
jective is to determineJ(γ)/I0, known as the cross-section,
which can be approached as a problem of particles scattered
by a central potential. In this framework,I0 can be inter-
preted as the number of particles crossing any area element
perpendicular to the incident sunlight beam per unit area and
unit time.J(γ) is then interpreted as the number of particles
scattered in a directionrγ per unit solid angle and unit time.
CalculatingJ(γ) requires finding the particle deflection an-
gle as a function of the impact parameterb, denotedγ(b).
This angle is precisely the one indicated in Fig. 1 and repre-
sents the angle that the direction of scattered particles makes
with the direction of incident particles. In Fig. 2 the impact
parameterb is represented for a light ray incident at angleα
on a water drop of radiusR.

A ring-shaped area elementdA on the drop surface can
be characterized by its impact parameterb and widthdb. The
area of the ring can then be written as:

dA = 2π b(γ) db(γ). (12)

The number of incident particles passing through the area el-
ementdA per unit time is then:

Rev. Mex. Fis.72031301
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FIGURE 4. The impact parameter,b, is derived from the geomet-
ric relationship with the drop radius,R, and the angle,α, formed
between the incident ray and the radial direction.

dNi = I0 dA = 2π b(γ) I0 db(γ). (13)

If for that impact parameter the particles are scattered in the
directionrγ , the particles that passed through the area ele-
mentdA in the time intervaldt after being scattered will pass
through the area elementdA′ that subtends the solid angle
dΩ. This last area element can be written as:

dA′ = R2dΩ = 2πR2 sin γ dγ. (14)

The number of particles scattered through the area element
dA′ per unit of time is then:

dNd = J(γ) dΩ = J(γ) 2π sin γ dγ. (15)

Since the number of scattered particles that pass through the
area elementdA′ per unit of time must be equal to the num-
ber of incident particles ondA per unit of time (assuming
there are no losses along the way, which in the case of the
rainbow are taken later into account in the transmittance), it
is true that:

J(γ) 2π sin γ dγ = 2π b(γ) I0 db(γ). (16)

Then,

J(γ)
I0

=
b(γ)
sin γ

db(γ)
dγ

. (17)

The relationJ(γ)/I0 is usually called the differential scat-
tering cross-section and is often expressed as

J(γ)
I0

=
dσ(γ)
dΩ

, (18)

hence being

dσ(γ)
dΩ

=
b(γ)
sin γ

db(γ)
dγ

. (19)

Note that, whileI0 represents the energy per unit time and
unit area,J(γ) is the energy per unit time and unit solid an-
gle. The left-hand side of Eq. (18) then has units of area, such
as the cross-section on the right-hand side.

To calculate the cross-section we take into account that
b = R sin α (see Fig. 4), and therefore

db(γ)
dγ

= R cosα
dα

dγ
. (20)

Taking into account thatdα/dγ is the inverse of the deriva-
tive given by Eq. (3), and that this reasoning is valid for any
numberm of internal reflections, it follows that:

db(γ)
dγ

∣∣∣∣
m

=
R cos α

√
n2 − sin2 α

2
√

n2 − sin2 α− 2 (m + 1) cos α
. (21)

By substituting this last expression and the expression forγ
given by Eq. (2) into Eq. (19), we could then obtain the de-
sired cross-section. However, it is clear that such a cross-
section tends to infinity at the minimum deviation angle.
Sinceαm,MC is a minimum of the functionγ(α), dα/dγ|m,
and consequentlydb(γ)/dγ, tend to infinity at the minimum
deviation angle. Therefore,

γ → γm,MC =⇒ dσ(γ)
dΩ

∣∣∣∣
m

→∞.

2.4. Calculation methodology

As we mentioned before, within the framework of geomet-
ric optics it is not possible to use differential cross sections
near the minimum-deviation angle. In order to overcome this
limitation in the analysis, we propose to discretize the prob-
lem. Thus, we consider the outgoing light energy not for
individual values ofγ but rather within different intervals of
γ values. From Eq. (18) we can write:

I0 dσ(γ) = J(γ) dΩ, (22)

where dσ(γ) can be interpreted as the differential area
through which, in a given time, passes a number of incident
beam particles equal to the number of scattered beam parti-
cles passing through the differential solid angledΩ. Follow-
ing the reasoning outlined in the previous section we can now
say, by discretizing the problem, that the light energy enter-
ing the drop through a ring of area

∆σ(γ) = 2π b(γ)∆b = 2πR2 sin α cosα∆α, (23)

emerges from it within the solid angle of half-angle∆γ given
by

∆Ω = 2π sin γ∆γ, (24)

where∆α is the interval ofα values that contribute to the
assumed interval∆γ. That is, any ray entering the drop at an
angleα relative to the radial direction within the∆α inter-
val will emerge in a direction that forms an angleγ with the
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initial direction within the∆γ interval. The outgoing light
energy within this∆Ω solid angle of half-angle∆γ is then
given by:

J(γ)2π sin γ∆γ = I0 2πR2 sin α cosα∆α. (25)

Taking into account the losses from successive reflections and
transmissions, the outgoing light intensity,I(γ), is written as:

I(γ) = I0R
2 sin α cosα

sin γ

∆α

∆γ
(T⊥ + T‖), (26)

whereT⊥ andT‖ are given by Eqs. (11).
To perform our calculations, we proceed specifically as

follows. First, we set an interval∆γ. Then we divide the
full range of values thatγ takes for0◦ ≤ α ≤ 90◦, from
γm,MC up to its maximum value (180◦ if m = 1), into equal
subintervals of size∆γ. Next, for each of these subintervals,
all of equal width∆γ but centered at differentγ values, we
compute the corresponding∆α interval(s) ofα values that
contribute to the given∆γ. This requires numerically solv-
ing Eq. (2). Note that the intervals∆α are not only centered
on different values ofα, but are also, unlike∆γ, all distinct.
Moreover, sinceγ(α) is not a single-valued function over the

entire range0◦ ≤ α ≤ 90◦ (see Fig. 3), most of the∆γ
intervals are mapped to two∆α intervals each. Finally, we
computeT⊥ andT‖ using Eqs. (11) to determine the intensity
of the light via26. In this procedure, the key issue is how to
select an appropriate∆γ interval.

2.5. Refractive index of water

To account for the effect of both light wavelength and wa-
ter temperature in the analysis, we propose to calculate the
refractive index using the expression derived by Bashkatov
A. N. and Genina E. A. [23]. They applied Cauchy’s for-
mula and, based on experimental values of water’s refractive
index collected from the literature across the spectral range
200 nm≤ λ ≤ 1000 nm and water temperature interval0◦C
≤ tw ≤ 100◦C, they expressed the Cauchy coefficients as
temperature-dependent functions. The authors consequently
propose the following expression forn(λ, tw):

n(λ, tw) = A(tw) +
B(tw)

λ2
+

C(tw)
λ4

+
D(tw)

λ6
, (27)

where

A(tw) = 1.3208− 1.2325× 10−5tw − 1.8674× 10−6t2w + 5.0233× 10−9t3w,

B(tw) = 5208.2413− 0.5179tw − 2.284× 10−2t2w + 6.9608× 10−5t3w,

C(tw) = −2.5551× 108 − 18341.336tw − 917.2319t2w + 2.7729t3w,

D(tw) = 9.3495 + 1.7855× 10−3tw + 3.6733× 10−5t2w − 1.2932× 10−7t3w.

3. Treatment of the problem within wave the-
ory framework

The first rainbow theory that, by introducing wave effects
such as interference and diffraction, achieved a finite max-
imum light intensity, was introduced by G. B. Airy [5] in
1838. A few years later, G. Mie [6] developed a comprehen-
sive rainbow theory applying electromagnetic theory to light
scattering by small particles. Although Mie theory is consid-
ered the exact theory of the rainbow, its predictions are very
similar to those obtained from Airy’s semiclassical approx-
imation. On the one hand, the predictions from both theo-
ries are practically indistinguishable regarding the position of
the intensity maxima. On the other hand, the high-frequency
ripples predicted by Mie theory, superimposed on the Airy
fringes, could only be observed under laboratory conditions
involving monochromatic light scattered by a single droplet,
not in a natural rainbow. [19,25,26]. Furthermore, easily cal-
culable approximate mathematical expressions can be found
in the literature that very faithfully represent the so-called
Airy function, based on which the rainbow intensity is then
calculated. In contrast, implementing Mie theory is consid-
erably more cumbersome and time-consuming. Considering
that we are not interested in exact light intensity values but

rather in its behavior with certain parameters such as water
temperature or drop size, and given that this article focuses
on the primary rainbow, with phenomena like supernumerary
arcs being beyond our current scope, we have chosen to work
with Airy’s theory.

To calculate the Airy functionAi for different values of
its argument,X, we use the following expressions:

Ai(−X) = A0

(
1− X3

6
+

X6

180

)

+ A1

(
−X +

X4

12
− X7

504

)
, (28)

with

A0 = 0.355028053887817,

A1 = −0.258819403792807,

and

Ai(−X) =
1

(
√

πX1/4)

(
5

48X3/2
sin

[
2X3/2

3
− π

4

]

+cos
[
2X3/2

3
− π

4

])
. (29)
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Eq. (28) is a Maclaurin series expansion, suitable to represent
the Airy function for values ofX close to0, while Eq. (29)
represents the first two terms of a Poincaré asymptotic ex-
pansion, appropriate to represent the Airy function for the re-
maining values ofX. By joining both equations atX = 1.76,
the Airy function is very well reproduced, at least for the
values ofX of interest in the context of this work. Both
the Maclaurin series expansion and the Poincaré asymptotic
expansion that approximately fits the Airy function can be
found in the NIST Digital Library of Mathematical Func-
tions [27,28].

Regarding the argument of the Airy function,X, we use
the expression in terms ofλ, R, and n given by Nussen-
zveig [7], and employed by other authors [29,30], namely:

X = (γ − γm,MC)
(

4πR

3λ

)2/3 (
n2 − 1

)1/2

(4− n2)1/6
, (30)

whereγm,MC is the angleγ of the minimum light deviation
within the geometric optics framework. The light intensity
of the rainbow as a function of the deviation angleγ will be
given by

I(γ) = I0F Ai2(−X) (T⊥ + T‖), (31)

whereT⊥ andT‖ are given by Eqs. (11), being

F =
2πR2 sinαm,MC

sin γm,MC

(
32(n2 − 1)3πR

81(4− n2)λ

)1/3

. (32)

In this way,

dσ(γ)
dΩ

= FAi2(−X) (33)

represents an effective cross-section within Airy’s theory
framework (see [31, 32]), equivalent to the cross-section ob-
tained in the geometric optics approach. Note thatF is a
function dependent onλ, R, andtw throughn.

4. Results and discussion. Geometrical optics,
wave theory, and hybrid approach

We are interested not so much in the absolute values of the
rainbow’s light intensity but rather in its behavior with pa-
rameters such as water temperature, drop radius, wavelength,
and light exit angle. In this regard, we are particularly in-
terested in a potential comparison between geometric optics
and wave-theory predictions. All our calculations were per-
formed for the primary rainbow, so hereafter we omit the sub-
scriptm denoting the rainbow’s order.

Although geometric optics predicts an infinite light inten-
sity at the minimum deviation angle, we can estimateI(γ)
using Eq. (26). As explained in Sec.2.4., applying Eq. (26)
to calculate the light intensity of the rainbow requires first
assuming a value for∆γ. For this purpose, we make the fol-
lowing considerations. We compute the angular width of the

rainbow (γb − γr)MC , that is, the angle between Descartes
rays for the extreme wavelengths of the visible spectrum
(i.e. blue and red). All observed rainbow colors are the
result of light that emerges within this≈ 2◦ span. Since
we distinguish colors, each wavelength covers only a frac-
tion of this span. For a given wavelength, we can then write
∆γ = (γb − γr)MC/N , whereN is a number greater than
or equal to2. (γb − γr)MC/2 represents an upper bound for
∆γ, since if at least two colors are not distinguished, there
is no rainbow. This upper bound would imply a very poorly
defined rainbow. As∆γ decreases, there is less color mixing,
and the rainbow becomes sharper.N = 7, for the seven tra-
ditional colors, might approximate a well-defined rainbow.
Within the framework of geometric optics, we can do no
more than carry out our calculations for different values of
∆γ in the interval0 < ∆γ ≤ (γb − γr)MC/2, which we
indeed did. However, we have taken advantage of the wave
theory analysis of the rainbow and build a hybrid approach.
Since wave theory concludes that the size of water drops de-
termines how sharp the rainbow appears,∆γ should depend
on the drop radius. Given that we are interested in incor-
porating dependence onR (absent in the framework of pure
geometric optics), we propose, first,

∆γ = γh/2 − γMW , (34)

beingγMW andγh/2 the values ofγ for which Ai2 reaches
its maximum value and falls to half of this maximum, respec-
tively. Henceforth, the subscriptMW denotesMaximum, re-
ferring to peak intensity conditions, andWave, indicating the
wave theory framework we employ. We could observe that
the approach given by Eq. (34) not only introduces depen-
dence onR but also yields an intensity decay withγ compa-
rable to the predictions of the Airy theory. After performing
calculations across a broad range of values for parameters
λ, R, andtw, we observed that the geometric optic peak in-
tensity consistently exceeded the predictions of Airy theory
by ≈ 1.2. Consequently, we systematically determined the
∆γ values required to match the intensity predictions of both
theories. From our analysis, we found that the appropriate
values should be

∆γ =
(
γh/2 − γMW

)
1.44. (35)

Calculating∆γ this way for a wide range of values ofλ,
R, andtw, we verified that∆γ depends strongly onR and
moderately onλ, being completely negligible its dependence
on tw. For R = 0.5 mm and λ = 500 nm, for ex-
ample,∆γ = 0.28871◦, which is approximately equal to
(γb−γr)MC/6. AsR increases,∆γ calculated using Eq. (35)
decreases. Consequently, forR = 2 mm, ∆γ = 0.1162◦

which is approximately equal to(γb − γr)MC/16. In Fig. 5
we show∆γ, calculated using Eq. (35), as a function ofR,
for threeλ values.
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8 A. CESANELLI, A. CRUZADO AND C. A. PAOLA

FIGURE 5. The interval∆γ (see text) is displayed as a function
of the water drop radius,R, for λ = 400 nm, λ = 500 nm and
λ = 600 nm.

The curves shown in Fig. 5 can be fitted with the follow-
ing function ofR andλ:

∆γ[◦] = 18.677λ0.7515

× exp(−9.33R0.0735) + 0.0076, (36)

with λ in nm andR in mm. Adopting∆γ = (γh/2 −
γMW )1.44 as a function ofR andλ, we calculate the cor-
responding intervals∆α by numerically solving Eq. (2). The
∆α intervals thus calculated are shown plotted as a function
of γ in the left panel of Fig. 6, for two different values ofλ,
two different values ofR, and two different values oftw. The
symbols represent our calculations, while the curves joining
them are fitting functions.

The first thing that stands out in Fig. 6 is that, for any
set of parameter values, the value of∆α corresponding to
the angle of minimum deviation is much larger than those
corresponding to other exit angles. This allows for the usual
interpretation, within the framework of geometric optics, of

the existence of a maximum light intensity in the rainbow: all
rays that strike the drop at an angleα with the radial direc-
tion within the large interval∆α emerge from it at an angle
γ within a small range around the ray of minimum devia-
tion. In other words, the densest clustering of rays exiting the
drop after a single internal reflection occurs aroundγMC . The
second thing clearly observed in the figure is that all values
of ∆α, including those corresponding to the intensity maxi-
mum of the first-order rainbow,∆αMC , increase slightly with
wavelength, in addition to undergoing the corresponding shift
toward lower values ofγ. However, astw increases,∆α does
not vary, although a shift toward lower values ofγ is ob-
served. Regarding the dependence onR, from the left panel
of Fig. 6 it is obvious that the variation of∆α with R, which
arises from the introduction of aR-dependent value of∆γ, is
much more pronounced than with other parameters. In addi-
tion to a marked decrease in the values of∆α asR increases,
the rate of decline withγ increases. The latter means that, as
R increases, each color is distributed over smaller intervals
of γ values, which implies, in turn, a more defined rainbow.

On the other hand, if we want to extract information about
the dependence of the rainbow’s intensity on different param-
eters, analyzing the behavior of∆α alone is not enough. We
must examine the behavior of the ratio∆α/∆γ, to which the
light intensity is proportional. We then turn to what we have
plotted in the right panel of Fig. 6, namely,∆α/∆γ as a func-
tion of γ for the same two values ofλ, R, andtw as in the left
panel. There, it can be observed that although∆α increases
with λ and decreases withR, ∆γ grows and shrinks, respec-
tively, much more strongly, so∆α/∆γ ends up being smaller
for largerλ and larger for largerR. According to that, and
since∆α/∆γ is the factor that primarily determines the rain-
bow’s light intensity, as we explicitly state below, the rainbow
would be more intense on its blue side than on its red side.
This likely does not match our perception, given that there are
factors we are not considering: the non-uniform distribution

FIGURE 6. Interval∆α a) and∆α/∆γ b) as a function of the angleγ that the emerging ray makes with the incident ray direction (see text).
In both panels the results obtained forR = 0.5 mm andR = 2 mm are plotted with thick and thin lines, respectively. Solid lines correspond
to tw = 20◦ C and dashed lines totw = 0◦ C.
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LIGHT REFRACTION IN THE EARTH’S ATMOSPHERE IV. THE RAINBOW 9

FIGURE 7. The luminous intensity of the first-order rainbow, normalized to its maximum value, is displayed as a function of the angleγ.
Solid lines show the results obtained from Airy’s theory, while symbols correspond to those derived from geometric optics, with dashed lines
indicating fitting functions. The upper panel shows the results forR = 0.5 mm, and the lower panel forR = 2 mm. In both panels,λ = 500
nm andtw = 20◦ C have been taken.

FIGURE 8. ∆αMC , in the upper panel, and∆αMC/∆γ, in the lower panel, are displayed as functions ofλ for differentR values.

of sunlight intensity with wavelength, the greater attenuation
that blue light undergoes when passing through the atmo-
sphere between the drops and the observer’s eyes, and the
differential visual sensitivity of the human eye. As for the
behavior of the rainbow’s intensity withR, we reproduce the
well-known result: larger drops produce more intense rain-
bows. Regarding the dependence on water temperature, we
can conclude that this parameter does not affect the intensity
of the rainbow, although it does influence its position. This
is without prejudice to the potential influence that water tem-
perature may have on other drop properties.

Once∆γ and∆α are determined, we compute the light
intensity using Eq. (26) for different values ofλ, R, andtw,
which is shown in Fig. 7. In the upper panel we plot the
light intensity as a function ofγ obtained from Eq. (26), with
∆α and∆γ calculated as previously described, fortw = 20◦

C, λ = 500 nm, andR = 0.5 mm. For the same values
of tw, λ, andR, we also plot the light intensity computed
within Airy’s theory framework using Eq. (31). The sym-
bols in the figure represent discrete intensity values obtained
from Eq. (26), and the dashed curve represents an exponen-
tial fitting function. Since our primary interest lies not in the

absolute intensity values, but rather in their angular distribu-
tion, the intensities in Fig. 7 are normalized to their respective
maximum values,IM , in each case. The lower panel displays
the same functions but calculated forR = 2 mm.

Figure 7 clearly reveals the well-known differences in the
behavior of light intensity as a function ofγ obtained within
each theoretical framework. The wave treatment shows, on
the one hand, the appearance of secondary maxima that ac-
count for the existence of supernumerary arcs. On the other
hand, a shift of the primary maximum toward higherγ values
is observed compared to the results obtained from geometric
optics, a shift that furthermore shows a strong dependence
on the drop radius. By introducing a∆γ dependent onR
(and onλ), which only appears as a multiplicative factor in
the purely classical treatment, we achieve a drop size depen-
dence ofI(γ) similar to that observed in the wave treatment.
Thus, the decrease in intensity withγ is more pronounced for
larger values ofR in both cases, as can be seen in the figure.

Once the behavior of the luminous intensity with the exit
angle has been analyzed, we aim to highlight the behavior of
the first-order rainbow peak with the light’s wavelength, the
water temperature, and the drop size, separately. In Fig. 8
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FIGURE 9. ∆αMC is desplayed as a function of∆γ.

∆αMC a) and∆αMC/∆γ b) are plotted, both as functions of
λ for different values ofR. It is apparent that while∆αMC

grows asλ grows and decreases asR grows, the behavior
of ∆αMC/∆γ is the other way around with both variables.
∆αMC can be written as a function ofλ as

∆αMC [◦] = C1λ
2 + C2λ + C3, (37)

beingC1, C2, andC3, the following functions onR:

C1 = −0.00000411576R−0.258637 + 0.0000014,

C2 = 0.009587556R−0.268863 − 0.0026829,

C3 = 2.808R−0.330559 + 0.313407,

(38)

with λ in nm andR in mm.
Alternatively,∆αMC can be written as a function of∆γ

as shown in Fig. 9. In this figure, the symbols stand for our
calculations carried on for300 nm ≤ λ ≤ 700 nm, 0◦ C
≤ tw ≤ 50◦ C, and0.5 mm≤ R ≤ 5 mm, being the dashed
line the best fit curve given by

∆αMC = 13.6
√

∆γ, (39)

with both∆α and∆γ expressed in◦. Using either Eq. (37)
or Eq. (39) to calculate∆αMC avoids the numerical solution
of Eq. (2). Note that neither∆αMC nor ∆αMC/∆γ depend
on tw.

With ∆γ and∆αMC calculated as explained above, the
maximum intensity with respect to the incident intensity is
obtained as follows:

IMC

I0
= R2 sin αMC cos αMC

sin γMC

(T⊥ + T‖)MC

∆αMC

∆γ
. (40)

We were able to verify that for all values ofαMC obtained
from 300 nm≤ λ ≤ 700 nm and0◦ C≤ tw ≤ 50◦ C,

sin αMC cosαMC

sin γMC

(T⊥ + T‖)MC ≈ 0.06. (41)

Note that, just like∆αMC/∆γ, this is a dimensionless quan-
tity. Therefore,IMC/I0 has the units ofR2.

FIGURE 10. First-order rainbow peak intensity, normalized to inci-
dent light, as a function ofλ. Classical (solid lines) and Airy theory
(symbols) results are compared for differentR values.

Taking into account also that∆αMC/∆γ can be calcu-
lated as a function ofλ andR, either by dividing Eq. (37) by
Eq. (36) or, more simply, by dividing Eq. (39) by Eq. (36),
the maximum intensity with respect to the incident intensity
can be calculated as a function ofλ andR as follows:

IMC

I0

=
0.816R2

(18.677λ0.7515 exp(−9.33R0.0735)+0.0076)1/2
, (42)

which is temperature-independent. In Fig. 10 the maximum
intensity, relative to the incident intensity, of the first-order
rainbow is plotted as a function ofλ, for differentR values.
Solid lines show geometric optics predictions obtained from
Eq. (40), while symbols denote results from Airy theory. The
plot clearly shows that the results derived from both theories
are nearly identical. It is also evident that, within the frame-
work of both theories, all rainbow colors are more intense if
the drops are larger. A decrease in peak intensity with wave-
length is also observed, with the decrease being sharper for
larger drops under both theoretical approaches. This depen-
dence of rainbow intensity on droplet size and wavelength,
which causes the droplet size to influence both the rainbow’s
global brightness and the relative intensity of its constituent
colors, was described in early works by authors like [15].

Although the intensity does not depend on the water tem-
perature, the position of the peak is indeed influenced by this
parameter. To show the effect of temperature on peak in-
tensity, in Fig. 11 we plot the corresponding values ofαM

andγM as functions oftw. αMW andγMW , calculated using
Airy’s theory, are plotted as functions oftw for R = 0.5 mm,
in panels a) and d), and forR = 2 mm, in panels b) and e).
αMC andγMC , calculated using geometric optics, are plotted
as functions oftw in panels c) and f). Panels a)-f) show re-
sults for two representative wavelengths,λ = 500 nm and
λ = 600 nm. It is worth mentioning that, although we calcu-
lated the valuesγMW in the Airy theory framework using
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FIGURE 11. Plotted as functions of water temperature are: the incidence angle corresponding to the rainbow’s intensity maximum in panels
a), b), and c); the emergence angle corresponding to the rainbow’s intensity maximum in panels d), e), and f). The upper panels showαMW

andγMW obtained from Airy’s theory forR = 0.5 mm, the middle panels showαMW andγMW obtained from Airy’s theory forR = 2
mm, and the lower panels showαMC andγMC obtained from classical theory.αMW , γMW , αMC , andγMC are displayed forλ = 500 nm,
with solid lines, andλ = 600 nm with dashed lines.

a numerical code based on the full expression of Eq. (31),
these values could also have been derived from the argument
of the Airy function given by Eq. (30). Considering that the
first maximum of the Airy function occurs atX = −1.01879,
similarγMW values can be obtained, since theT⊥+T‖ factor
introduces a negligible correction to the peak locations.

In Fig. 11 we can see that, within both theoretical frame-
works and for any value ofR, while the value ofα corre-
sponding to the intensity peak increases with both tempera-
ture and wavelength, the corresponding value ofγ decreases
with these parameters. This means that for a given wave-
length and drop size, as the water temperature rises, the rain-
bow peak occurs at a lowerγ angle, which in turn corre-
sponds to a higherα angle. Since a largerα angle implies a

larger impact parameterb, this indicates that astw increases,
the light that contributes the most to the rainbow formation
enters the drop closer to its edge. For fixedλ and R, the
variation inαMC andαMW with tw reaches≈ 0.3◦ astw in-
creases from0◦ C to 50◦ C, while the change inγMC and
γMW reaches≈ 0.7◦ in the same temperature range.

Meanwhile, Fig. 12 depicts the values ofαM andγM as
functions ofR, for different values ofλ andtw. As shown
in this figure, whenR is varied from0.2 mm to 6 mm, the
change inγMC and γMW remains within a few tenths of a
degree, while the variation inαMC andαMW is considerably
more pronounced. The horizontal lines represent the results
obtained within the geometric optics framework, which are
independent ofR, for the adopted values oftw andλ.
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FIGURE 12. αM andγM are displayed as functions ofR for two differentλ values and two differentR values. Curved lines correspond to
Airy theory results, while straight lines indicate geometric optics predictions.

We compared our results with those presented by Van Beeck in Ref. [19], taking advantage of the fact that his work includes
Figs. 4.11, 4.12, 5.4, and 5.5, which show the angular positions of the Airy fringe maxima as functions of droplet size and
water temperature. We confirmed that the position of the first Airy fringe maximum we found deviates from that reported by
Van Beeck [19] by approximately one hundredth of a degree. This discrepancy arises from the use of different expressions for
the refractive index of water. While we employed the function ofλ andT proposed by A. N. Bashkatov and E. A. Genina [23],
Van Beeck used an expression provided by Thormählenet al. [33], which depends onλ, T , and atmospheric pressure (P ).
We verified that the refractive index values we obtained are approximately one thousandth higher than those reported by Van
Beeck [19] forP = 1 atm.

From our calculations, we derived the following expressions representingαMC , γMC , αMW andγMW as functions oftw, λ
andR:

αMC = 0.000091893 t2w + 0.0013079 tw − 0.00000358256 λ2 + 0.00639156 λ + 56.8408, (43)

γMC = −0.000232835 t2w − 0.00324744 tw + 0.00000851481 λ2 − 0.0154691 λ + 144.201, (44)

αMW =0.000091893 t2w+0.0013079 tw−0.00000358256 λ2+0.00639156 λ+56.8408+36.6017
(

λ

R

)0.333898

, (45)

γMW =−0.000232835 t2w − 0.00324744 tw+0.00000851481 λ2−0.0154691λ + 144.201+40.1912
(

λ

R

)0.709909

, (46)

with λ andR in nm andtw in ◦C. From these expressions
it follows that for large values ofR the results obtained
using Airy’s theory approach the solution found within the
framework of geometric optics. This is clearly evidenced
in Fig. 12, where the curves obtained using Airy’s theory
asymptotically approach the horizontal lines representing the
results derived from geometric optics.

5. Summary and conclusions

In this article we have explored two aspects of the rainbow
that, to our knowledge, have not been previously addressed
beyond their conceptual consideration.

On one hand, we have overcome the obstacle that, in the
classical treatment, arises from the singularity that the differ-
ential cross-section exhibits at the minimum deflection angle
by discretizing the problem. In this way, we have calculated
the outgoing light not for different values of the exit angleγ,
but rather for different intervals ofγ. The crux of the matter

then lies in adopting an appropriate discretization. First, we
established∆γ = (γb−γr)MC/2 as the maximum bound for
the interval ofγ values within which light of a given wave-
length is distributed. To incorporate the dependence onR
we later have adopted∆γ = (γh/2 − γMW )1.44. This en-
sures that the light intensity distribution with respect to the
exit angle depends onR (and, of course, onλ) in a manner
analogous to that ofAi2. Using this methodology, we have
first calculated∆γ for different sets of values of variables
λ, R, andtw. Second, for differentγ values, we have com-
puted the contributing intervals∆α corresponding to the cal-
culated∆γ. Finally, we have determined the light intensity
for various values ofλ, R, andtw. Regarding the absolute
values of the light intensity, we have verified that choosing
∆γ = (γh/2 − γMW )1.44, which is a function ofλ andR, it
resultsIMC ≈ IMW , for any value ofλ, R, andtw.

On the other hand, we have introduced the dependence of
the rainbow light intensity on water temperature. Given that
this dependence arises from the relationship between the re-
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fractive index and the temperature of the water, an expression
for n as a function of bothtw andλ has been adopted from the
literature. We confirmed that the dependence of light inten-
sity ontw, if any, is entirely negligible, while the variation in
the angular width of the rainbow astw changes is barely per-
ceptible. However, we observed that water temperature does
alter the distribution ofI with respect toγ and, consequently,
the position of the intensity maxima.

According to theoretical models and in situ measure-
ments, raindrop temperature is typically a few tenths of a
degree below the wet-bulb temperature and rarely exceeds
35◦C [34–36]. Nevertheless, we variedtw from 0◦C to50◦C
to account for exceptional scenarios where the drop temper-
atures might surpass this value. Such cases could occur in
natural settings, such as rainfall with high ambient tempera-
tures and humidity [37] or near geysers, or in artificial envi-
ronments such as industrial or laboratory conditions.

The following results focus on how the first-order rain-
bow’s peak position varies with water temperature and drop
radius:

1) For a given wavelength, the minimum deviation an-
gles in both theories,γMC and γMW , decrease as the tem-
perature increases, while the impact-related angles,αMC and
αMW , increase withtw. While αM exhibits a modest shift of
≈ 0.3◦ astw increases from0◦C to 50◦C, γM shows a more
pronounced shift of≈ 0.7◦. The temperature-induced shift
in γM suggests a measurable change in the observed rainbow
angle, though small, it could be relevant for precision optics
modeling. Both classical and wave theories predict the same
trends with temperature.

2) Regarding size dependence, theγM angles show vari-
ation of≈ 0.5◦ throughout the drop size range, while theαM

angles exhibit, in the same range, a much stronger variation
of ≈ 4◦. The strongerR-dependence onα indicates signifi-
cant changes in light entry conditions. Both parameters show
a strong dependence onR for small drops (R < 0.5 mm),

being much more stable across drop sizes forR ≥ 1 mm.
Then, the wave theory results deviate from geometric optics,
particularly for smaller drops.

We have illustrated our results in numerous figures and
expressed them as functions of the different variables when-
ever possible. We particularly highlight Eqs. (42) and (46),
simple expressions that allow us to calculate both the inten-
sity and the position of the first-order rainbow maximum as
functions ofλ, R, andtw. The classical terms show explicit
dependence ontw andλ, while the wave theory introduces
additionalR-dependence. For large drops (R À λ) the wave
theory results converge to classical solutions as wave effects
become negligible, confirming the correspondence principle
between wave and geometric optics.

We aim to explore the specific dependence of the rainbow
pattern on atmospheric conditions, which, in turn, determine
the properties of water drops. Lv and coworkers [22] found
that for cooling droplets, the volume-averaged temperature
measured by rainbow refractometry is higher than the drop
surface temperature, whereas the opposite is true for heating
droplets. In the context of a natural rainbow, it is clear that we
are dealing with the latter scenario (heating drops). Although
Lv and colleagues [22] did not work with water, they found
entirely similar results for the three different liquids they ex-
perimented with. According to these authors, when the ini-
tial temperature of a heating drop is approximately≈ 20 K
lower than the ambient temperature, the deviation between
the surface temperature and the volume-averaged tempera-
ture obtained via rainbow refractometry is less than1◦K. It
is only when the ambient temperature is hundreds of degrees
higher than the drop initial temperature that temperatures de-
duced by each technique could differ by approximately10◦K,
which is not a realistic scenario in nature. Therefore, we con-
clude that it is appropriate to extract raindrop characteristics
by analyzing the natural rainbow pattern and to subsequently
infer atmospheric conditions.
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