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Light refraction in the Earth’s atmosphere IV. The rainbow
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We approach the study of the rainbow with two primary objectives: 1) to analyze the explicit dependence of the intensity and angular
position of the first-order rainbow on different parameters, critically, water temperature; 2) to compare the results of geometric optics with
those derived from wave theory. To achieve this, we implemented a discretization method to circumvent the obstacle posed by geometric
optics, where the cross-section, and thus light intensity, diverges at the minimum deviation angle. Wave phenomena were incorporated using
the Airy approximation. Through calculations spanning a broad range of parameter values, we derived analytical expressions that efficiently
compute both the light intensity at the first-order rainbow’s peak and its angular position, as functions of light wavelength, drop radius, and
water temperature.
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1. Introduction time. Beginning with Descartes, who first concluded that
rainbows are formed by sunlight emerging from raindrops
This article is the fourth in a series we have titleidht re-  after penetrating and reflecting internally, and Newton, who
fraction in the Earth’s atmospheréhrough which we aim explained the colors of the rainbow by accounting for the
to advance the understanding of optical phenomena occuwavelength-dependent refractive index of water, the phe-
ring in the terrestrial atmosphere. Both inferior mirages, thenomenon has been analyzed through various theoretical
focus of our previous articles [1-3], and rainbows, the subframeworks and at varying depths. The foundational works of
ject of this work, involve refraction processes. In mirages,Young [4] and Airy [5] introduced wave phenomena within a
sunlight refracts as it passes through atmospheric layers wittemiclassical approximation, while Mie [6] provided an exact
varying refractive indices. In rainbows, refraction occurs attheory based on Maxwell's equations. Modern contributions
the air-water interface. These and other atmospheric opticaluch as those by Nussenzveig [7-9], Walker [10], Mobbs [11]
phenomena have been of great interest to many researcheasid Casini& Covello [12] represent just a few of countless
with a multitude of articles published over time. Although published studies. Extensive reviews and books on rainbows
their fundamental nature is well understood, increasingly efand related optical phenomeeag, [13—-15] further enrich
ficient computational tools continue to emerge. Using thes¢his corpus.
advances, we can now explore previously unexamined as- Although the physics of the rainbow has been studied for
pects of these phenomena. centuries, over recent decades the observation of this natu-
The rainbow, in particular, is a phenomenon for whichral phenomenon has been transformed into a powerful diag-
humans have sought rational explanations since Aristotle’sostic technique for engineering and science. In this way,
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theoretical findings have paved the way for techniques thater on this parameter. As water is the most abundant liquid
allow inferring the physical properties of liquid droplets and on Earth, the behavior of its refractive index with tempera-
thus characterize sprays created in different scenarios (fuélire has gained increasing interest, particularly for industrial
injection in internal combustion engines, agricultural spray-and biophysical applications. Several studies [23, 24] have
ing systems, cooling towers, atmospheric studies, etc.) bgddressed this topic and we build on their findings here.
examining the rainbow patterns they generate. In particular, In this article, it is also of interest to compare results ob-
rainbow refractometry has established itself as a benchmarigined within the framework of geometric optics with those
non-intrusive optical technique for droplet characterizationobtained by considering wave phenomena. When working
The foundations of this methodology, initially introduced by within the framework of geometric optics, we encounter a
Roth and colleagues [16, 17], were further developed by Varerious hurdle if the so-called Descartes ray is involved. As
Beeck and Riethmuller [18], who demonstrated the feasibilis well known, this theory predicts an infinite light intensity
ity of simultaneously determining the size and refractive in-for the minimum deviation angle. In order to overcome this
dex of spherical droplets by analyzing the rainbow patternobstacle, we propose a possible solution by discretizing a dif-
This is achieved by exploiting the dependence of the interferential problem.

ference fringe spacing on droplet diameter, and the angular e organize this article as follows. In Sec. 2, we present
position of the rainbow peak on the refractive index, and, conthe analysis of the rainbow from the perspective of geometric
sequently, on temperature. This principle was expanded anghtics, separating the treatment into five subsections. In the
consolidated in the doctoral thesis of Van Beeck [19], whichgjrst subsection, we discuss the geometric aspect of the rain-
integrated velocity measurement, thereby developing a triplenow, revisiting well-known results that nevertheless need to
diagnostic technique: size, temperature, and velocity. Hige reproduced here. Besides providing a suitable context for
work also provides a detailed analysis of scattering patterngonspecialist readers, we require explicit expressions, written
for both spherical and non-spherical droplets, proposing exin our own notation, that we use for our calculations in further
perimental and theoretical improvements that strengthen theections. In the second subsection, following the same logic,
applicability of the method to real sprays. we examine the energy aspect of the phenomenon by defining

Rainbow refractometry became a standard for spray chatransmittance and reflectance in terms of Fresnel coefficients.
acterization not only of water but also of other liquids and|n the third subsection, we address the problem of calculat-
in different scenarios. Using the global rainbow techniqueing the differential cross-section, tending to infinity near the
Saengkaew [20], for example, determined the droplet tempescartes ray. Then, in the fourth subsection, we propose a
perature and size distribution of a biodiesel spray under anpossible way to overcome this hurdle that arises within the
bient and combustion conditions. Also, Chanisa [21], usframework of geometric optics. Finally, in the fifth subsec-
ing global rainbow refractometry, carried out refractive in-tion we present expressions that arise from the dependence
dex measurements on free-falling water and ethanol dropletsf water refractive index on the wavelength of light and the
under high pressure. The field has evolved towards addresgemperature of water. In Sec. 3, we present the expressions
ing more complex scenarios, such as non-isothermal dropletge use to calculate the luminous intensity of the rainbow as a
In this context, Lvet al. [22] investigated the surface tem- function of different variables within the framework of Airy’s
perature of oscillating droplets through surface tension meaheory, while also justifying our choice of this semi-classical
surements. These surface temperatures were then compat@dory over others. Then, in Sec. 4, we present and discuss
to those volume-averaged obtained via rainbow refractomepur results, obtained within the framework of geometric op-
try, in order to assess the accuracy and applicability of theics and Airy’s theory. Finally, in Sec. 5 we provide a brief
rainbow technique under dynamic heating and cooling consummary and present our conclusions.
ditions.

While rainbows have been the subject of extensive the-
oretical and applied research, this and future work aim t@2. Treatment of the rainbow within the frame-
explore previously overlooked aspects. One such aspect is  \ork of geometric optics
their specific dependence on atmospheric conditions which,
in turn, determine the characteristics of the water drops re2.1. Geometry and basic physics of the rainbow
sponsible for rainbow formation.

In this article, we begin by examining the dependence ofrigure 1 depicts the widely known geometry of the ray path
rainbow appearance on drop size and water temperature. Alhat gives rise to the rainbow. It shows a light ray striking a
though it is well known that larger drops result in sharperspherical water drop forming an anglewith the radial di-
rainbows, we approach the subject with the aim of analyzingection and its subsequent trajectory inside the drop (which
the specific mathematical dependence of the rainbow lightorms an angles with the radial direction) after two suc-
intensity and the so-called rainbow angle on drop size. Wittcessive internal reflections. Denoting the refractive index of
the same goal, we investigate the influence of water tempethe water byn and considering the refractive index of air
ature on the appearance of the rainbow, which can be dorte be equal to 1, by successively applying Snell’'s law. (
by considering the dependence of the refractive index of wasin o = n sin 8) it can be shown that all internal anglgs
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FIGURE 1. Rainbow formation geometry. The diagram depicts an

incident light ray striking a water drop and three resulting emergent

rays corresponding to 0, 1, and 2 internal reflections. FIGURE 2. Families of incident and emergent rays. Thin solid
lines represent a family of incident rays on a water drop, thick solid

are equal to each other, and all external anglese equal to  lines show a family of emergent rays forming the first-order rain-

each other. bow, and dashed lines depict a family of emergent rays forming the

The figure also displays emergent rays from the drop corsecond-order rainbow.

responding to the transmitted portion of light, one of them

exiting through the back of the drop, another contributingEquating Eq.8) to zero we obtain the following expressions

to the first-order rainbow, and the third contributing to thefor a;, ., values ofa for which the relative extrema of;,

second-order rainbow. By also applying Snell's law, an ex-Occur:

pression can be found for the angle that each emerging ray

makes with the original direction of the incident ray: . n?—1
COS Om,mc = m»
77n22(a_ﬁ)+m(7r_2ﬂ)7 (l)
wherem represents the number of internal reflections under- . _ [(m+ 1)° —n? 4
gone by the ray before emerging from the drop. Following S Am, mo = (m+ 1)2 1 “)

this notation;n = 0 corresponds to the light emerging from

the back of the drop (not visible to the observer),= 1to  Inthese expressions and henceforth, the subskfigtstands

the emergent light forming the first-order rainbow,= 2 de-  for Maximum referring to all aspects related to the intensity

scribes the emergent light forming the second-order rainbowseak, andClassica) referring to classical physics within the

etc. Writing 8 as a function ofx from Snell’s law, Eq. /1) framework in which we work. It can also be verified that the

can be expressed as follows: relative extrema occurring in,, . are, in fact, the min-
sin o ima of the function given by Eqi2f. Thus, replacingy

Ym = 2a — 2(m + 1) arcsin (n) +mm. (2)  with a,, e given by Eq./4), the minimum deviation angle,

Ym, o 1S Obtained:
By repeating the ray tracing procedure for different incident

angles we obtain a family of emerging rays that give rise
. L . (m+1)" —

to each m-order rainbow. For example, in Fig. 2 we repre- ~, . = mr + 2arcsin vwrey) -

- ) 2
sent the families of rays that form the first- and second-order (m+1)" -1
rainbows. From this figure it becomes evident the existence
of minimum deviation a_ngles which, in fgct, make the exis- — 2(m +1) arcsin
tence of rainbows possible. These relative extremum in the
interval 0° < o < 90° for m > 0 can also be observed in
Fig. 3, wherey as a function ofx is plotted form = 1 and  From these expressions and also from Fig. 3 it is verified that
m = 2. Since in this section we only intend to show the gen-a,,, . inCreases as increases, whereas for = 0, it is
eral behavior ofy as a function ofx for different values of instead an increasing function afthroughout the interval.
m, this figure was constructed for a refractive index value of

1 (m +1)> — n2
n (m+1)211. ®)

n = 1.33, commonly adopted for water. 2.2. Energetic aspects of the rainbow
In order to calculate the relative extremum angles, we dif-
ferentiate Eq.2) with respect tav, which gives: To calculate the fraction of light intensity leaving the drop
dYm 5 2(m+ l)cosa 3 relative to the incident light, we must use the Fresnel co-
da = /1 ~ sin’a (3) efficients, which represent ratios between the amplitudes of
" % reflected and incident, or transmitted and incident, electric
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FIGURE 3. a) The exit angley as a function of the entrance angleis shown for a single internal reflection in a water drop and b) two
internal reflections.

waves (indicated a&,;, £, and E,;), vibrating parallel or

transverse to the incidence plane (indicated with symfjols o\ 2
and_L, respectively). Being:; andn; the refractive indices T — (1 _ R 1— ”COSQ - COSﬂ)
of the incident and transmitted media, afycandé, the an- I )R ncosa + cosp3
gles of incidence and transmission, respectively, the Fresnel o
coefficients are expressed as: o [TrCOSQ T COS p
NnCcos ¢ + CoS ﬁ
Ey ng cosB; —n; cos b, _ 2
= ") = L v 6 m cos a—n cosﬁ
" (EOZ')II ny cos0; 4 n;cos ©) TL_(l_RL RY 1= cosa+n cosﬂ
Eo 2 n; cosb;
= (E()) " g cos0; + ng cos by Q) x (22 cos 5 (11)
gy v cosa+n cos 3
Ey, n; cos; — n; cos b .
= = 8 2.3. Cross-section
L (Eolv)J_ n; cos8; +n; cosb,’ (8)
Eo; 2 1 cos 6 LetZ, be the incident light per unit area and time in direction
t — — 1 3 . 9 . . . . .
L (Em ) |~ micosO, + g cost; (9  r,, forming an angler with the radial direction, and () the

transmitted light per unit solid angle and time in direction
forming an angley with the incident beam direction. Our ob-

It is in terms of these coefficients that the reflectancgective is to determing(v)/Zy, known as the cross-section,
(R, R1) and transmittanceT{, 7', ) are subsequently ex- which can be approached as a problem of particles scattered
pressed, representing the fraction of incident light, whetheby a central potential. In this framework, can be inter-
vibrating paralel or perpendicular to the incidence plane, thapreted as the number of particles crossing any area element
is reflected or transmitted, respectively, at each interface. Wperpendicular to the incident sunlight beam per unit area and
can then write: unit time. J(y) is then interpreted as the number of particles
scattered in a direction, per unit solid angle and unit time.

2
Ry = (EOT') — (T)ﬁ . CalculatingJ(~y) requires finding the particle deflection an-
’ Eo; Il,L ’ gle as a function of the impact parameterdenotedy(b).
9 This angle is precisely the one indicated in Fig. 1 and repre-
T, = e cos by (E0t> _ Tt cosfy (t)ﬁ .. (10) sents the angle that the direction of scattered particles makes
’ n;cost \ Eo; |,L  TaCosS 0; ’ with the direction of incident particles. In Fig. 2 the impact

parameteb is represented for a light ray incident at angle

Taking into account the number of internal reflections occurOn & water drop of radiug.
A ring-shaped area elemetitl on the drop surface can

ring before the light leaves the drop, and further considerin . o .

that all angles inside the drop are equabtand that both the %e Cha:cr?r::ter_lzed bytl;[]s |mt§)act _ri?ramé?tand widthdb. The
original angle of incidence of sunlight on the drop and all exit'€a Ot the ring can then be written as:
angles from it are equal o, the fractions of outgoing light,

e ) e dA =27 b(v) db(y).
vibrating parallel or perpendicular to the incidence plane, rel-

(12)

ative to the initially incident light aftem internal reflections
can be written as:

The number of incident particles passing through the area el-
ementd A per unit time is then:

Rev. Mex. Fis72031301
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Note that, whileZ, represents the energy per unit time and
unit area,J () is the energy per unit time and unit solid an-
gle. The left-hand side of Edl8) then has units of area, such
as the cross-section on the right-hand side.
To calculate the cross-section we take into account that
b = R sin « (see Fig. 4), and therefore
M:Rcosozd—&. (20)
dy dry
Taking into account thada/d~ is the inverse of the deriva-
tive given by Eq. [8), and that this reasoning is valid for any
numberm of internal reflections, it follows that:

ab(y)| Rcosa /n? —sin® a

FIGURE 4. The impact parameteb, is derived from the geomet- (21)

ric relationship with the drop radiug?, and the angleq, formed

between the incident ray and the radial direction. By substituting this last expression and the expression for
given by Eq.R) into Eq. (19), we could then obtain the de-
sired cross-section. However, it is clear that such a cross-

dAN; = Ty dA = 27 b(7) To db(7). (13) sgction tend_s to ir_1fi_nity at the minimum deviation angle.

Sincea,,, . is a minimum of the functiony(«), da/d~/,,,,

If for that impact parameter the particles are scattered in th@nd consequentlyb(y)/d, tend to infinity at the minimum

directionr., the particles that passed through the area eledeviation angle. Therefore,

mentdA in the time intervalit after being scattered will pass

v 1y 2 nQ—Sinza—Q(m—l—l)cosa'

through the area elementd’ that subtends the solid angle Y = Yo = do ()
d). This last area element can be written as: st |,
dA’ = R%dQ = 27R? sin~y dn. (14) 2.4. Calculation methodology

The number of particles scattered through the area elemef%ls we me.nt'|oned befo.re, within th? framework of geomet'
dA’ per unit of time is then: ric optics it is not possible to use differential cross sections

near the minimum-deviation angle. In order to overcome this
limitation in the analysis, we propose to discretize the prob-
dNg = J(7) dQ = J(v) 27 sin~y dy. (15) lem. Thus, we consider the outgoing light energy not for
individual values ofy but rather within different intervals of
Since the number of scattered particles that pass through thevalues. From Eq/18) we can write:
area elemend A’ per unit of time must be equal to the num-
ber of incident particles odA per unit of time (assuming Zo do(y) = J(v) d, (22)

there are no losses along the way, which in the case of the

rainbow are taken later into account in the transmittance), ifYn€re do(y) can be interpreted as the differential area
through which, in a given time, passes a number of incident

is true that:
beam particles equal to the number of scattered beam parti-
J(7y) 27 sinvy dy = 27 b(7y) Lo db(). (16) _cles passing through _the d_ifferential §o|id an@@ Follow-
ing the reasoning outlined in the previous section we can now
Then, say, by discretizing the problem, that the light energy enter-
ing the drop through a ring of area
J(7) _ b(v) dbly) 17) g pIrotg g
Zo siny - dy Ao () = 27 b(y)Ab = 27 R*sin a cos aAa, (23)

The relation.J(vy)/Z, is usually called the differential scat-

) ! . emerges from it within the solid angle of half-an iven
tering cross-section and is often expressed as 9 9 de g

by
J(v) _ do(v) .
Z, © 4o (18) AQ = 27 sin YAy, (24)
hence being where A« is the interval ofa values that contribute to the
assumed intervahy. That is, any ray entering the drop at an
do(v) _ b(v) db(V). (19) anglea relative to the radial direction within thAa inter-
dQ siny dy val will emerge in a direction that forms an anglevith the

Rev. Mex. Fis72031301
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initial direction within theA~ interval. The outgoing light  entire range)® < a < 90° (see Fig. 3), most of thé\y
energy within thisAQ solid angle of half-anglé\~ is then intervals are mapped to twA« intervals each. Finally, we
given by: computel’; andT) using Egs.11) to determine the intensity
(25) of the light via26. In this procedure, the key issue is how to

select an appropriat&~ interval.
Taking into account the losses from successive reflections and

transmissions, the outgoing lightintensiiyy), iswrittenas: 25 Refractive index of water
5 sinacosa Aa
I(7) = ToR sin B (T + 1), (26)  To account for the effect of both light wavelength and wa-
ter temperature in the analysis, we propose to calculate the

whereT’; and7 are given by Eqs/1(1). S . ) .
To perform our calculations, we proceed specifically aSrefractlve index using the expression derived by Bashkatov

follows. First, we set an intervahy. Then we divide the A.N. and Genina E. A. [2.3]' They applied Cau’chys for_-
full range of values that takes for0® < a < 90°, from mula and, based on experimental values of water’s refractive

Yo UP 10 its maximum valuel80° if m = 1), into equal index collected from the literature across the spectral range

subintervals of sizé\y. Next, for each of these subintervals, 2<00t nm<§130§(:10t0h0 nm and Wa'gertrt]emc[:)era:]ure mtf?_rw_}ilct
all of equal widthA~ but centered at different values, we —~ "™ — » (NEY expressed he Lauchy coetlicients as

compute the correspondiniya interval(s) of values that temperature-depepdent functi_ons. The authors consequently
contribute to the givem\~. This requires numerically solv- propose the following expression fa(}, ¢.,):

J(7)27 sinyAy = Ty 2w R? sin a cos alAa.

ing Eqg. 2). Note that the interval&« are not only centered B(ty) Cf(ty) Di(ty)
on different values ofy, but are also, unlike\~, all distinct. nAte) = Alte) + —5—+— 3+ —5 > (@7
Moreover, sincey(«) is not a single-valued function over the
|  where

A(t,) = 1.3208 — 1.2325 x 10™°t,, — 1.8674 x 107%2 4 5.0233 x 10793 |

B(t,) = 5208.2413 — 0.5179¢t,, — 2.284 x 10722 4 6.9608 x 10773 |

C(tw) = —2.5551 x 10% — 18341.336t,, — 917.2319¢2 + 2.7729¢t3 |

D(t,) = 9.3495 + 1.7855 x 1073, + 3.6733 x 1075¢2 — 1.2932 x 10~ "¢3 .

3. Treatment of the problem within wave the-

ory framework rather in its behavior with certain parameters such as water
temperature or drop size, and given that this article focuses

The first rainbow theory that, by introducing wave effectson the primary rainbow, with phenomena like supernumerary

such as interference and diffraction, achieved a finite maxarcs being beyond our current scope, we have chosen to work

imum light intensity, was introduced by G. B. Airy [5] in With Airy’s theory.

1838. A few years later, G. Mie [6] developed a comprehen-  To calculate the Airy functiom: for different values of

sive rainbow theory applying electromagnetic theory to lightits argument,X, we use the following expressions:

scattering by small particles. Although Mie theory is consid- X3 X6

ered the exact theory of the rainbow, its predictions are very Ai(=X) = Ao <1 -5t 180)

similar to those obtained from Airy’s semiclassical approx-

imation. On the one hand, the predictions from both theo- + A, (—X n )ﬁ _ X7> (28)
ries are practically indistinguishable regarding the position of 12 504/’

the intensity maxima. On the other hand, the high-frequencyyith

ripples predicted by Mie theory, superimposed on the Airy

fringes, could only be observed under laboratory conditions Ao = 0.355028053887817,

involving monochromatic light scattered by a single droplet, A, = —0.258819403792807,

not in a natural rainbow. [19, 25,26]. Furthermore, easily cal-
culable approximate mathematical expressions can be fourfnd
in the literature that very faithfully represent the so-called Ai(=X) = 1 5 . 2x3/2
Airy function, based on which the rainbow intensity is then ! o (VrX1/4) \ 48X3/2 s
calculated. In contrast, implementing Mie theory is consid-
; ) S 2X3/2 g
erably more cumbersome and time-consuming. Considering + cos { _ D ) (29)
that we are not interested in exact light intensity values but 3 4

3 4

Rev. Mex. Fis72031301
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Eq. (28) is a Maclaurin series expansion, suitable to represemainbow (v, — 7, ) e, that is, the angle between Descartes
the Airy function for values ofX close to0, while Eq. 29) rays for the extreme wavelengths of the visible spectrum
represents the first two terms of a Poirecasymptotic ex- (i.e. blue and red). All observed rainbow colors are the
pansion, appropriate to represent the Airy function for the reresult of light that emerges within this 2° span. Since
maining values of. By joining both equations &t = 1.76, = we distinguish colors, each wavelength covers only a frac-
the Airy function is very well reproduced, at least for the tion of this span. For a given wavelength, we can then write
values of X of interest in the context of this work. Both A~y = (v, — v )me/N, WhereN is a number greater than
the Maclaurin series expansion and the Poia@symptotic  or equal ta2. (v, — v.)n /2 represents an upper bound for
expansion that approximately fits the Airy function can beA~, since if at least two colors are not distinguished, there
found in the NIST Digital Library of Mathematical Func- is no rainbow. This upper bound would imply a very poorly
tions [27,28]. defined rainbow. A2\~ decreases, there is less color mixing,
Regarding the argument of the Airy functioi, we use and the rainbow becomes sharpar.= 7, for the seven tra-
the expression in terms of, R, andn given by Nussen- ditional colors, might approximate a well-defined rainbow.
zveig [7], and employed by other authors [29, 30], namely: Within the framework of geometric optics, we can do no
more than carry out our calculations for different values of
A~ in the interval0 < Ay < (v — Y )mce/2, Which we
indeed did. However, we have taken advantage of the wave
theory analysis of the rainbow and build a hybrid approach.
wherev,, . is the angley of the minimum light deviation Since wave theory concludes that the size of water drops de-
within the geometric optics framework. The light intensity termines how sharp the rainbow appeaxs, should depend
of the rainbow as a function of the deviation anglevill be  on the drop radius. Given that we are interested in incor-
given by porating dependence di (absent in the framework of pure
geometric optics), we propose, first,

2/3 (,2 _ 1)'/?
47TR> (n?-1) (30)

X = ('V_'Ym,MC) ( BN (477712)1/6’

I(y) = IoF Ai*(-X) (T + 1)), (31)

whereT', andTj are given by Eqs[1(l), being Ay =Yns2 — Yuw, (34)

. 1/3
P 2m R? sin v e <32(n2 - 1)3773) / ) (32) being~,,w and~;/, the values ofy for which Ai? reaches
i Yy, v 81(4 — n?)A its maximum value and falls to half of this maximum, respec-
tively. Henceforth, the subscript/ W denotesvlaximum re-
ferring to peak intensity conditions, aifdave indicating the
wave theory framework we employ. We could observe that
the approach given by Ec34) not only introduces depen-
, ) o dence onR but also yields an intensity decay withcompa-
represents an effective cros;-sectlon within Airy's Fheoryrable to the predictions of the Airy theory. After performing
framework (see [31,32]), equivalent to the cross-section obgy . jations across a broad range of values for parameters
tained in the geometric optics approach. Note thals 8 ) 'p andr.  we observed that the geometric optic peak in-
function dependent ok, 2, andt,, throughr. tensity consistently exceeded the predictions of Airy theory
by ~ 1.2. Consequently, we systematically determined the
4. Results and discussion. Geometrical optics, A~ values required to match the intensity predictions of both
wave theory, and hybrid approach theories. From our analysis, we found that the appropriate
values should be
We are interested not so much in the absolute values of the
rainbow’s light intensity but rather in its behavior with pa-
rameters such as water temperature, drop radius, wavelength,
and light exit angle. In this regard, we are patrticularly in-
terested in a potential comparison between geometric opticSalculating A~ this way for a wide range of values of
and wave-theory predictions. All our calculations were per-R, andt,,, we verified thatAy depends strongly o and
formed for the primary rainbow, so hereafter we omit the sub-moderately om\, being completely negligible its dependence
scriptm denoting the rainbow’s order. ont,. ForR = 0.5 mmandXA = 500 nm, for ex-
Although geometric optics predicts an infinite light inten- ample, Ay = 0.28871°, which is approximately equal to
sity at the minimum deviation angle, we can estiméte) (Yo =) arc/6. As RincreasesA~ calculated using Eq3E)
using Eq.26). As explained in Sec2.4,, applying Eq. [26) decreases. Consequently, fBr= 2 mm, Ay = 0.1162°
to calculate the light intensity of the rainbow requires firstwhich is approximately equal t0y, — v ) nc/16. In Fig. 5
assuming a value fa\v. For this purpose, we make the fol- we showA~, calculated using Eq36), as a function ofR,
lowing considerations. We compute the angular width of thefor three) values.

In this way,

do(7)

0 = FA%(—X) (33)

Ay = ('Yh/Q - 71\4W) 1.44. (35)
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8 A. CESANELLI, A. CRUZADO AND C. A. PAOLA

G5 the existence of a maximum light intensity in the rainbow: all
\ rays that strike the drop at an anglewith the radial direc-
03r — | tion within the large intervalha. emerge from it at an angle
\\ - - - - A=500nm ~ within a small range around the ray of minimum devia-
aad) = = AmER0Nm g tion. In other words, the densest clustering of rays exiting the
= sl drop after a single internal reflection occurs arogpd.. The
R second thing clearly observed in the figure is that all values
G50 | of Aa, including those corresponding to the intensity maxi-
mum of the first-order rainbow\«,, -, increase slightly with
di | wavelength, in addition to undergoing the corresponding shift
toward lower values of. However, as,, increasesAa does
a5 |- not vary, although a shift toward lower values ofis ob-
. " - 5 4 g served. Regarding the dependenceiyrirom the left panel

RImm] of Fig. 6 it is obvious that the variation &« with R, which
FIGURE 5. The intervalA~ (see text) is displayed as a function arises from the introduction Ofﬁfdependem value @k, is .
of the water drop radiusR, for A = 400 nm, A = 500 nm and  Much more pronounced than with other parameters. In addi-
A = 600 nm. tion to a marked decrease in the values\ef asR increases,
the rate of decline withy increases. The latter means that, as
The curves shown in Fig. 5 can be fitted with the follow- R increases, each color is distributed over smaller intervals

ing function of R and\: of v values, which implies, in turn, a more defined rainbow.
Ay[°] = 18.677A%T1 On the other hand, if we want to extract information about
x exp(—9.33R%0735) 1 0.0076, (36) the dependence of the rampows |nten3|t.y on different param-
eters, analyzing the behavior &fa alone is not enough. We
with A in nm and R in mm. AdoptingAy = (yp/2 — must examine the behavior of the ratiav/A-~, to which the

varw )1.44 as a function ofR and )\, we calculate the cor- light intensity is proportional. We then turn to what we have
responding interval&« by numerically solving Eqid). The  plotted in the right panel of Fig. 6, namelx~ /A~ as a func-
Aa intervals thus calculated are shown plotted as a functiotion of  for the same two values of, R, andt,, as in the left
of v in the left panel of Fig. 6, for two different values &f  panel. There, it can be observed that althodghincreases
two different values ofz, and two different values d@f,. The  with X and decreases witR, A~ grows and shrinks, respec-
symbols represent our calculations, while the curves joinindively, much more strongly, sAa/A~ ends up being smaller
them are fitting functions. for larger A and larger for largeiR. According to that, and
The first thing that stands out in Fig. 6 is that, for any sinceAa/A~ is the factor that primarily determines the rain-
set of parameter values, the value & corresponding to  bow’s light intensity, as we explicitly state below, the rainbow
the angle of minimum deviation is much larger than thosewould be more intense on its blue side than on its red side.
corresponding to other exit angles. This allows for the usualhis likely does not match our perception, given that there are
interpretation, within the framework of geometric optics, of factors we are not considering: the non-uniform distribution

45

A=500nm
8r A=500nm — — R=0.5mm,t,=0° - 40 ' 2—600nm pox — — R=05mm,t,=0° {
t R=0.5mm, t,,=20° P x ‘ R=0.5mm, t,,=20°
7 A\ AV VO a e R=2.0mm, t,=0° - 35 [ R=2.0mm, 4,=0° |

=2. =20°
R=2.0mm, t,,=20' .l R=2.0mm, t,=20° |

25

Aa[’]
Aa/Ay

20 |

X R DK

0 ‘ : ‘ ‘ ‘ 0 ' ‘ ‘ ) : ‘
1375 138 1385 139 1395 140 1405 141 1375 138 1385 139 1395 140 1405 141
a) 1] b) w7
FIGURE 6. Interval Aa @) andA« /A~y b) as a function of the angtethat the emerging ray makes with the incident ray direction (see text).
In both panels the results obtained #®r= 0.5 mm andR = 2 mm are plotted with thick and thin lines, respectively. Solid lines correspond
tot, = 20° C and dashed lines tq, = 0° C.
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1 t,=20°C Wave theory | 1L x t,=20°C Wave theory
X A=500nm * x x Classical theory A=500nm * * x Classical theory
\ R=0.5mm - - - - fit function ! R=2mm - - - - fit function
08} ogf !
\
= 06 = 06 \
g g \
04 | 04 | g .
\
02} 02 r T J l ‘
0 l : ; 1355 139 139.5 ' ' 1;10 ' ' ’ 405
a) 138.5 ] 4 b) ! . .

°]

FIGURE 7. The luminous intensity of the first-order rainbow, normalized to its maximum value, is displayed as a function of the. angle
Solid lines show the results obtained from Airy’s theory, while symbols correspond to those derived from geometric optics, with dashed lines
indicating fitting functions. The upper panel shows the resultgfer 0.5 mm, and the lower panel fa&8 = 2 mm. In both panels\ = 500

nm andt,, = 20° C have been taken.

65 |
05 |
60 |

55

7 RImm |
1.0 50 | 5‘0 1
s 6 1 T o4s) 45 |
= 15 s 40
3 3 3.5
< 2.0 < 40} 3.0 1
5T 25 ] 25
30 35 | 2.0
Al 40 | 50 15 |
50 1.0
/// T 25 1
3F R[mm] 05
: ‘ ‘ . ‘ ‘ . . ‘ o0 L ; ‘ ; : ‘ ; ; :
300 350 400 450 500 550 600 650 700 300 350 400 450 500 550 600 650 700
a) Afnm] b) Afnm]

FIGURE 8. Aauc, in the upper panel, anfla. /A%, in the lower panel, are displayed as functions\déér different R values.

of sunlight intensity with wavelength, the greater attenuatiorabsolute intensity values, but rather in their angular distribu-
that blue light undergoes when passing through the atmaion, the intensities in Fig. 7 are normalized to their respective
sphere between the drops and the observer’s eyes, and thraximum values/,,, in each case. The lower panel displays
differential visual sensitivity of the human eye. As for the the same functions but calculated f&r= 2 mm.
behavior of the rainbow’s intensity witR, we reproduce the  Figure 7 clearly reveals the well-known differences in the
well-known re;ult: larger drops produce more intense rainpehavior of light intensity as a function efobtained within
bows. Regarding the dependence on water temperature, V@ch theoretical framework. The wave treatment shows, on
can conclude that this parameter does not affect the intensigxe one hand, the appearance of secondary maxima that ac-
of the rainbow, although it does influence its position. Thiscount for the existence of supernumerary arcs. On the other
is without prejudice to the potential influence that water tem-hang, a shift of the primary maximum toward higheralues
perature may have on other drop properties. is observed compared to the results obtained from geometric
OnceA~ and Aa are determined, we compute the light OPtics, a shift that furthe_rmore s_hows a strong dependence
intensity using Eq./26) for different values of\, R, andt,,, ~ ©n the drop radius. By introducing Ay dependent ori?
which is shown in Fig. 7. In the upper panel we plot the (&nd onA), which only appears as a multiplicative factor in
light intensity as a function of obtained from Eq/26), with  the purely classical treatment, we achieve a drop size depen-

A« andA~ calculated as previously described, for=20°  dence off (v) similar to that observed in the wave treatment.
C, A\ = 500 nm, andR = 0.5 mm. For the same values Thus, the decrease in intensity withs more pronounced for

of ¢, A\, and R, we also plot the light intensity computed larger values of? in both cases, as can be seen in the figure.
within Airy’s theory framework using Eq/3). The sym- Once the behavior of the luminous intensity with the exit
bols in the figure represent discrete intensity values obtainedngle has been analyzed, we aim to highlight the behavior of
from Eq. 26), and the dashed curve represents an exponerthe first-order rainbow peak with the light's wavelength, the
tial fitting function. Since our primary interest lies not in the water temperature, and the drop size, separately. In Fig. 8
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FIGURE 10. First-order rainbow peak intensity, normalized to inci-
dent light, as a function of. Classical (solid lines) and Airy theory
(symbols) results are compared for differéhtvalues.

FIGURE 9. A« ¢ is desplayed as a function df.

Aa,, e a) andAa,, /A~ b) are plotted, both as functions of
A for different values ofR. It is apparent that whild\a,,
grows as\ grows and decreases &grows, the behavior
of Aa,,-/A~ is the other way around with both variables.
A« can be written as a function ofas

Taking into account also thak«,,. /A~y can be calcu-
lated as a function of and R, either by dividing Eq.37) by
Eq. (36) or, more simply, by dividing Eq.39) by Eq. 36),
the maximum intensity with respect to the incident intensity

Aayo?] = C1A2 + Cod + Cs, (37) can be calculated as a functionofind R as follows:
beingC4, C», andCs, the following functions orR: I%’C
C, = —0.00000411576 R~9-258637 1 .0000014, ’ 0.816R2
Cy = 0.009587556 R~ 9268863 _ ().0026829, (38) B (18.677A0-7515 exp(—9.33 R0-0735)+0.0076) /%’ (42)
Cs = 2.808R~"%0%% + 0.313407, which is temperature-independent. In Fig. 10 the maximum

with X in nm andR in mm intensity, relative to the incident intensity, of the first-order
) rainbow is plotted as a function of, for different R values.

Alternatively, Aa,,- can be written as a function -~y S . . . .
as shown in Fig. 9. In this figure, the symbols stand for OurSolld lines show geometric optics predictions obtained from

calculations carried on o300 nm < A < 700 nm, 0° C Eq. (40), while symbols denote results from Airy theory. The

< t, < 50° C, and0.5 mm < R < 5 mm, being the dashed plot clearly_shov_vs that_the result_s derived fro_m_both theories
. ] . are nearly identical. It is also evident that, within the frame-
line the best fit curve given by

work of both theories, all rainbow colors are more intense if
Aaye = 13.61/Ar, (39) the drops are larger. A decrease in peak intensity with wave-
length is also observed, with the decrease being sharper for
with both Aa and A~ expressed ifi. Using either Eq.37) larger drops under both theoretical approaches. This depen-
or Eqg. 89) to calculateAa,, avoids the numerical solution dence of rainbow intensity on droplet size and wavelength,
of Eq. (2). Note that neitheA«,, nor Aa,,/A~ depend  which causes the droplet size to influence both the rainbow’s
OoNty,. global brightness and the relative intensity of its constituent
With Ay and Aa,,. calculated as explained above, the colors, was described in early works by authors like [15].
maximum intensity with respect to the incident intensity is  Although the intensity does not depend on the water tem-
obtained as follows: perature, the position of the peak is indeed influenced by this
: parameter. To show the effect of temperature on peak in-
I%w = g SR te +T||)MC%' (40)  tensity, in Fig. 11 we plot the corresponding valuesaof
0 SINYue Y . .
and~w as functions ot,,. amw and~y,,y,, calculated using
We were able to verify that for all values of,,. obtained  Airy’s theory, are plotted as functions f for R = 0.5 mm,
from 300 nm < A < 700 nm ando° C < ¢, < 50° C, in panels a) and d), and f&& = 2 mm, in panels b) and e).
a,.c andv,, o, calculated using geometric optics, are plotted
(T'L + 1) sec = 0.06. (41)  as functions ot,, in panels c) and f). Panels a)-f) show re-
sults for two representative wavelengtils= 500 nm and
Note that, just likeA«,,- /A%, this is a dimensionless quan- A = 600 nm. It is worth mentioning that, although we calcu-
tity. Therefore,l,,./Zy has the units of22. lated the values,,,, inthe Airy theory framework using

Sin vy COS Oy

S Yo
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FIGURE 11. Plotted as functions of water temperature are: the incidence angle corresponding to the rainbow’s intensity maximum in panels
a), b), and c); the emergence angle corresponding to the rainbow’s intensity maximum in panels d), e), and f). The upper pangls show
and~.w obtained from Airy’s theory forR = 0.5 mm, the middle panels showxw and~.,w obtained from Airy’s theory folR = 2

mm, and the lower panels shaw,- and~.,c obtained from classical theorsrsw , Yamw, anre, andyc are displayed foA = 500 nm,

with solid lines, and\ = 600 nm with dashed lines.

a numerical code based on the full expression of Bd),( larger impact parametér this indicates that as, increases,
these values could also have been derived from the argumetite light that contributes the most to the rainbow formation
of the Airy function given by Eq./30). Considering that the enters the drop closer to its edge. For fixednd R, the
first maximum of the Airy function occurs & = —1.01879, variation ino,,- anda,, with t,, reachess 0.3° ast,, in-
similar,, values can be obtained, since the+7j factor  creases front° C to 50° C, while the change in,,. and
introduces a negligible correction to the peak locations. Yuw reachess 0.7° in the same temperature range.

In Fig. 11 we can see that, within both theoretical frame-  Meanwhile, Fig. 12 depicts the values @f: and~ as
works and for any value oR, while the value ofx corre-  functions of R, for different values of\ andt,,. As shown
sponding to the intensity peak increases with both temperan this figure, whenR is varied from0.2 mm to 6 mm, the
ture and wavelength, the corresponding value decreases change iny,,. and~,,;,, remains within a few tenths of a
with these parameters. This means that for a given wavedegree, while the variation in,,. anda,,,, is considerably
length and drop size, as the water temperature rises, the raimore pronounced. The horizontal lines represent the results
bow peak occurs at a lower angle, which in turn corre- obtained within the geometric optics framework, which are
sponds to a highex angle. Since a larger angle implies a independent oR?, for the adopted values of, and .
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FIGURE 12. ans and+y,, are displayed as functions &f for two different\ values and two differenR values. Curved lines correspond to
Airy theory results, while straight lines indicate geometric optics predictions.

We compared our results with those presented by Van Beeck in Ref. [19], taking advantage of the fact that his work includes
Figs. 4.11, 4.12, 5.4, and 5.5, which show the angular positions of the Airy fringe maxima as functions of droplet size and
water temperature. We confirmed that the position of the first Airy fringe maximum we found deviates from that reported by
Van Beeck [19] by approximately one hundredth of a degree. This discrepancy arises from the use of different expressions for
the refractive index of water. While we employed the function ahdT" proposed by A. N. Bashkatov and E. A. Genina [23],

Van Beeck used an expression provided by Tharhanet al. [33], which depends on, T', and atmospheric pressurB)(
We verified that the refractive index values we obtained are approximately one thousandth higher than those reported by Van
Beeck [19] forP = 1 atm.

From our calculations, we derived the following expressions represemting ..o, @ andy,,w as functions of,,, A

andR:

Qe = 0.000091893 t2 + 0.0013079 t,, — 0.00000358256 A\ + 0.00639156 A + 56.8408, (43)

Yae = —0.000232835 t2 — 0.00324744 t,, + 0.00000851481 A? — 0.0154691 \ + 144.201, (44)
0.333898

Qarw=0.000091893 ¢2 +0.0013079 t,,—0.00000358256 A\*+0.00639156 A+56.8408+4-36.6017 (R) , (45)

0.709909
Yauw=—0.000232835 t?v —0.00324744 t,,40.00000851481 A\2—0.0154691\ + 144.201+40.1912 (R) ,  (46)

with A and R in nm andt,, in °C. From these expressions
it follows that for large values of? the results obtained 'then lies in adopting an appropriate discretization. First, we
using Airy’s theory approach the solution found within the established\y = (v, —7;)xc/2 @s the maximum bound for
framework of geometric optics. This is clearly evidencedthe interval ofy values within which light of a given wave-
in Fig. 12, where the curves obtained using Airy’s theorylength is distributed. To incorporate the dependenceron
asymptotically approach the horizontal lines representing theve later have adopted~y = (v4/2 — vuw)1.44. This en-
results derived from geometric optics. sures that the light intensity distribution with respect to the
exit angle depends oR (and, of course, on) in a manner
analogous to that afli?. Using this methodology, we have
5. Summary and conclusions first calculatedA~ for different sets of values of variables
A, R, andt,,. Second, for differeny values, we have com-
In this article we have explored two aspects of the rainbowputed the contributing intervals« corresponding to the cal-
that, to our knowledge, have not been previously addressecllatedA~. Finally, we have determined the light intensity
beyond their conceptual consideration. for various values of\, R, andt,,. Regarding the absolute
On one hand, we have overcome the obstacle that, in thealues of the light intensity, we have verified that choosing
classical treatment, arises from the singularity that the differAy = (7,72 — Yarw)1.44, which is a function of\ andR, it
ential cross-section exhibits at the minimum deflection angleesults/,, ~ I, , for any value of\, R, andt,,.
by discretizing the problem. In this way, we have calculated On the other hand, we have introduced the dependence of
the outgoing light not for different values of the exit angle the rainbow light intensity on water temperature. Given that
but rather for different intervals of. The crux of the matter this dependence arises from the relationship between the re-
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fractive index and the temperature of the water, an expressidoeing much more stable across drop sizesRop 1 mm.
for n as a function of both,, and\ has been adopted from the Then, the wave theory results deviate from geometric optics,
literature. We confirmed that the dependence of light intenparticularly for smaller drops.
sity ont,,, if any, is entirely negligible, while the variation in We have illustrated our results in numerous figures and
the angular width of the rainbow &g changes is barely per- expressed them as functions of the different variables when-
ceptible. However, we observed that water temperature doesver possible. We particularly highlight Eqg.2f and @46),
alter the distribution of with respect toy and, consequently, simple expressions that allow us to calculate both the inten-
the position of the intensity maxima. sity and the position of the first-order rainbow maximum as
According to theoretical models and in situ measure-functions of)\, R, andt,,. The classical terms show explicit
ments, raindrop temperature is typically a few tenths of adependence oty, and )\, while the wave theory introduces
degree below the wet-bulb temperature and rarely exceed=lditional R-dependence. For large dropg® & \) the wave
35°C [34-36]. Nevertheless, we variegd from 0°C to50°C  theory results converge to classical solutions as wave effects
to account for exceptional scenarios where the drop tempebecome negligible, confirming the correspondence principle
atures might surpass this value. Such cases could occur between wave and geometric optics.
natural settings, such as rainfall with high ambient tempera- We aim to explore the specific dependence of the rainbow
tures and humidity [37] or near geysers, or in artificial envi-pattern on atmospheric conditions, which, in turn, determine
ronments such as industrial or laboratory conditions. the properties of water drops. Lv and coworkers [22] found
The following results focus on how the first-order rain- that for cooling droplets, the volume-averaged temperature
bow’s peak position varies with water temperature and drogmeasured by rainbow refractometry is higher than the drop
radius: surface temperature, whereas the opposite is true for heating
1) For a given wavelength, the minimum deviation an-droplets. In the context of a natural rainbow, it is clear that we
gles in both theoriesy,,c and~,,,, decrease as the tem- are dealing with the latter scenario (heating drops). Although
perature increases, while the impact-related anglgs,and  Lv and colleagues [22] did not work with water, they found
s INCrease witht,,. While o, exhibits a modest shift of entirely similar results for the three different liquids they ex-
~ 0.3° ast,, increases frond°C to 50°C, ~,, shows a more perimented with. According to these authors, when the ini-
pronounced shift ofx 0.7°. The temperature-induced shift tial temperature of a heating drop is approximatel\20 K
in v,, suggests a measurable change in the observed rainbdewer than the ambient temperature, the deviation between
angle, though small, it could be relevant for precision opticghe surface temperature and the volume-averaged tempera-
modeling. Both classical and wave theories predict the samtire obtained via rainbow refractometry is less thaK. It
trends with temperature. is only when the ambient temperature is hundreds of degrees
2) Regarding size dependence, the angles show vari- higher than the drop initial temperature that temperatures de-
ation of~ 0.5° throughout the drop size range, while thg duced by each technique could differ by approximatéRK,
angles exhibit, in the same range, a much stronger variatiowhich is not a realistic scenario in nature. Therefore, we con-
of ~ 4°. The strongeR-dependence oa indicates signifi- clude that it is appropriate to extract raindrop characteristics
cant changes in light entry conditions. Both parameters showy analyzing the natural rainbow pattern and to subsequently
a strong dependence dd for small drops R < 0.5 mm), infer atmospheric conditions.
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