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This work presents a comparative study of interpolation schemes for the Particle-Mesh step in Particle-in-Cell (PIC) simulations of nonlinear
electron-ion dynamics, emphasizing an OpenMP parallel implementation of a modified cubic B-Spline kernel. The modified B-spline
introduces a small, zero-mean perturbation close to the standard cubic B-Spline to mimic microscale fluctuations and mitigate oscillations
caused by superparticle clustering. We compare this approach against non-parallel modified B-spline, classical cubic B-Spline, and trilinear
(cloud-in-cell) interpolation.

We propose a three-dimensional cubic benchmark with controlled initial conditions (following Brieda) to ensure a fair comparison. The
metrics include the number of electrons, the electric field, and the conservation of energy. The classical modified B-Spline consistently
attenuates noise and suppresses oscillations relative to the CIC and the standard cubic kernel, while preserving force accuracy and nc
degrading energy conservation beyond baseline levels. The OpenMP implementation achieves substantial speedups; the per-thread, seeda
randomization adds only marginal overhead and maintains parallel scalability. Sensitivity analyzes (perturbation amplitude and random seed
indicate stable behavior and reproducibility.

Overall, the OpenMP-parallel randomized cubic B-Spline provides a favorable trade-off between accuracy, robustness, and performance
making it a practical option for high-fidelity PIC of nonlinear electron-ion plasmas.
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1. Introduction ume method (FVM), and finite difference method (FDM),

impractical for many real problems [9]. In practice, two ap-
To describe the complex phenomena encountered in electrigoaches are widely used: the Particle-in-Cell (PIC) [1,10-
thrusters requires a deep understanding of plasma dynamid€] and the Direct Simulation Monte Carlo (DSMC) [13-
[1,2]. One of the most complex phenomena is the electrod5]. In the framework of Hall-effect thrusters (HET), PIC
dynamics, which could help us to describe phenomena suds extensively used to describe the transport, instabilities, and
as secondary electron emission (SEE) that can degrade tMéll-interaction physics; nonetheless, key aspects of plasma
performance and lifetime of these devices [3]. We outline twotransport (electron-ion dynamics) remain only "partially” un-
modeling paradigms: the fluid model, typically formulated in derstood [16-18], to say the least.

the framework of magnetohydrodynamics (MHD) [4-7], and A limitation of conventional PIC is their numerical noise

the kinetic models based on the Boltzmann equation [4,5]. introduced in the Particle-Mesh step, particularly when using
We reduce the problem to an electrostatic and collision{ow-order interpolationd.g, Cloud-in-Cell). Such noise can
less framework of the Vlasov-Poisson system. The Vlasojistort or mask physical features, including instability signa-
equation [6] follows from the Boltzmann equation under thetyres and SEE effects, thereby affecting the fidelity of thruster
collisionless aSSUmption; so the variation of the diStribUtionperformance predictions [19] |mproving interp0|ati0n accu-
function due to collisions vanishes by definition [7,8]. Using racy and robustness is therefore critical. Moreover, fidelity
the approximation, we reduce Maxwell’s equations to Poisin P|C simulations directly impacts design life and durabil-
son’s equation, which is self-consistently coupled to the dyity assessments. In HET, energetic ions sputter the discharge
namics of the particles. channel walls, causing erosion that limits lifetime [22]. Be-
However, the high dimensionality of the Vlasov-Poissoncause direct long-duration testing is costly and measurements
system, defined in the phase space, renders traditional grate constrained, enhanced numerical models are needed to re-
solvers, such as the finite element method (FEM), finite voldiably predict erosion, guide geometry refinement, and inform
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the selection of erosion-resistant materials and coatings [23].

This dictates constraints to fast and accurate PIC simulations. 9f; of; Of;
. +v; ‘*“(E + €jrvrB) 5 =0,

This work addresses these challenges through a compar- 0t orj — m; dvj
ative study of interpolation schemes for the Particle-Mesh of. of. af.
step, with special emphasis on a modified cubic B-Spline .~ +vj5— + *(E +€yklkaz)8U =0, 1)
kernel that introduces small, zero-mean random perturba- i Me J
tions around the standard kernel shape. The rationale is P p @
twofold: (i) to emulate unresolved micro-scale fluctuations 87*? T

that are otherwise smoothed by deterministic kernels, and
(i) to mitigate spurious ringing and cell-to-cell oscillations
arising from superparticle clustering. We compare three in-
terpolation families: classical trilinear (CIC), standard cubic
B-Spline, and modified cubic B-Spline [22]. The modified 9q
cubic B-Spline is tested in serial and OpenMP-parallel imple- ot
mentations to assess not only physical accuracy and stabiliyhere A is a differential operator that can be decomposed

but also computational performance and scalability. into A = E + L. Using the splitting scheme, the E) €an

: .. be decomposed into two auxiliary problems.
To ensure a controlled, repeatable setting for verifica- P yp

tion, we use the cubic electrostatic benchmark described

According to [25], we can rewrite Eql) as the transport
equation for the DF as

+Aq =0, ©)

by Brieda [23]. The domain is a grounded cubic box o9 +Eq=0, (4)
with equal initial number densities for electrons and ions; ot
one octant is initialized with electrons while the remain- 99 4+ 1gq=0, )
ing volume is filled with ions. This configuration pro- ot

duces an imbalance in electric forces that drives electrong, is a particular timer is a time step.

ion dynamics and exposes Particle-Mesh interpolation errors.  Discretizing the domaif,, = @ \ R in cells denoted
Our evaluation metrics include charge-conservation erroras{w, }; we will arrive at

the electric field, and parallel performance (throughput and

strong-scaling efficiency). The OpenMP design parallelizes Q= [ J({wa Uwg})- (6)
the charge-assignment, field-interpolation, and particle-push K

loops while preserving determinism via seedable per-thread We have two auxiliary problems that describe Ed}, (
random streams for the modified kernel. (4) refers to the space domain, commonly calledEgerian

step and Eq. ) is called theLagrangian step To construct

Contributions. (i) We evaluate a modified cubic B-
the solution of Eq.4) we use the elements that represent the
Spline interpolation that suppresses mesh-scale oscillations
space domain, since the description of the variagjlds a

and noise relative to CIC and standard cubic kernels. (ii) Wi S unction of the actual step time

present an OpenMP-parallel implementation that maintains Equation ) must be solved for the, + 7 time. If the

the accuracy benefits of the modified kernel with marglnalO erator represents the phase-space aradient of the func-
overhead and strong scalability (in time). (iii) We provide a P P P P 9

systematic, apples-to-apples comparison on a controlled 35 9.

benchmark, reporting accuracy, stability, and performance La — ouq  9Uq _ Uq @)
metrics relevant to nonlinear electron-ion PIC. or ov ou’
u € Q,,. Rewriting Eq.6) using Eq.7)
dq  oUgq
o + T 0. (8)
2. Governing equations and the Particle-Mesh HereU = U(u, ¢) is thetransport of the property. Inte-
step grating B8)
oq  ouUq
. . . — +—5—]=0 )
The Vlasov equationsl describe the transport of the dis- Q,, \ Ot ou

tribution function (DF) assuming no collisions; for ions,
fi(rj,u;,t), and electronsf.(r;, u;,t), respectively;r; is
the position vectory; velocity vector, and time, for j = 2Q

2,3. The Eg. ) models the change in electric potential + (n-Uq)dof,.., = 0, (10)
¢ as a function of the charge densjiyand the permittivity ot ez
of free space,. In this way, the charge density is obtained n is the normal vector pointing outward to the boundary
by the sum of the integration DF in the momentum space foH{2,.,,.
each species [10].

Applying the Gauss theorem and n@Qe= fQ qdu, we
arrive at

Rev. Mex. Fis72041501
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Proposing the solution of EqlQ) as If we assume the solution of the Ed) @s

N
=Y QiR(u,u). (11) (1 v, 1) ZQRrrJ (V,vy), (19)

subscripts refers to the s-th species, assuming that the kernel
in the velocity-space is the Dirac delta function, we rewrite
Eq. (19

This solution, Eqg.11), represents the discretization wf
into superparticles The vectorQ, represents the set of fea-
tures carried by the i-superpatrticle, this vector is not a func-
tion of time. The functionR(u, u;) is the interpolation shape
of the superparticle, called the kernel. Due to the fact that the S(r,v,t) ZQ] r,ri)av—v;). (20)
vector@); is time-independent, it must be satisfied.

N The kernelR(r,r;) in Eq. (19) has the same properties
Q= ZQZ.. (12) as the kernel in Eq/11), that iszT R(r,rj)du = 1 and
' R(r,rj) = R(rj,r) >0.
As we mentioned, assuming an electrostatic phe-
nomenon, multiplying the Eq1f by some arbitrary smooth
test functiong(r,u;) and performing an integration in the

Introducing the weak formulation foB) using the proce-
dure employed by [28],

aqu position-space,
/ o (3t+ du )du:o’ &= of,  0f.  a.E,0f
/ o(r,u;) { 8; + v Ja ® o+ q:n (%9 dr=0. (21)
where ¢(u) is an arbitrary smooth test function. Using s
Eq. 11) in (13 Using the solution from Eq20Q) in Eq. (21) and rearrang-
ing
/ ¢<u><aZQ»R<u w)
Qi at =1 ' Y Z Q]{ /( ¢R)
2
—l—giQ-R(u w;)U|du=0 (14)
ou ™ ' + O (oR)— LLi 90 dr; v =0. (22)
or; Mg ov;

Using R(u,u;) = R, and making a mathematical treat- Making a differentiation in time, integrating by parts and

ment, regrouping, Eq.22) will be
OR  OR(u,u;)U N
U Y du=0, (15 : 9¢
ZQ @ < T ) u=0, (15) ZQJ‘{/Q (75— vj) aTj} dr; (23)
j=1 v
OR du; 0
qb + RU— ) =0. (16) , )
/ (8 ou -2y R an b =0 @)
Q. Uj
If we make a change of variable— u; ] ) o
Making a change of variable, similar to EQ.7}, but us-
¢ [du; ing r — r; and because of the arbitrariness of the test func-
/Q 87uj —= —U(u;)| du; =0 A7) tion o(r,v), we arrive at the following.
Due to the arbitrariness of the test function, the ) (must dr
satisfy the condition de = vy,
_ (25)
du, dv;  qsE;
— = U(uy). 18 ZJ 257
el (D) (18) =

The Eq. 08) is a generalized result for the probleB).(  Here, the ternE; is the generalized electric force field acting
relating the evolution of variable; for the j-th particle with  on the modeled particle with the multiplication of the kernel
some j-th transport property of the solutign R. In this sense, the generalized electric force field is ob-

To describe the transport property we perform the sameained by
procedure used in Ed8), but with the expression of the op-
eratorL in terms of the two subspaces of the domain, &J. ( E; = E;Rdr;. (26)

In this way, Eq.8) will have the same shape as Ef). ( Q,
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Due to the properties of the kernel, we guaranty the non- B-spline Interpolation (Normal)

negativity and normalization in Eq26), as well as the de-
terministic averaging with respect to the distribution of the
kernel. 08

As we can see, the kernel plays a key role in obtaining the
velocity of the modeled patrticle.

After the Lagrangian step, and before the next step given
by 7, we project the solutiotf, in the form of Eg. 20) into o
the space of the mesh functiof&, }. For the calculation of 04
the fields.

For the present study, we compare interpolation methods
for the particle-mesh interpolation step: i) Trilinear interpola-
tion, T(r), ii) Third-order B-spline interpolation$(r), and
iii) Third-order B-spline modified interpolationS?, (r.,), oo & " e o i it
following the stochastic amplitude-shape perturbation pro- a) & ' '
posed in Ref. [31], in serial and parallel. The third order B-spline Interpolation (Modified)
B-spline modified interpolation is carried out using random
number generation with a uniform distribution. The common
B-spline, Eq.27) and the B-spline modified in Ec28) 08
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The Eg. 28) shows the modified third-order B-spline,
where~,, is the random amplitude modification, ang is 0.0
the modification shape vector. We define the shape vector as b) °’
the scale of the vectar,

0.00
Q 02 04 06 08 10

dx

r FIGURE 2. Comparative between the common interpolation and
Tm = B (29) modified interpolation. a) B-spline interpolation, and b) Modified
m

B-spline interpolation [31].
The modification adjusted the amplitude; if we have a
value greater than one, the height will increase. On the other

Histogram of differences between B-splines

Comparison of Modified and Original B-splines
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FIGURE 3. Histogram of the frequencies for B-spline interpola-
tion [31].

0.0 1

FIGURE 1. Families of modified B-spline and classical B- hand, if the value is less than one, the height decreases. The
Spline [31]. above modifications control the amplitude that adjusts the
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magnitude by which a particle affects close nodes; and thsignificant asymmetry. However, the structure and smooth-

shape determines how many adjacent nodes will be affectechess remain. This is acceptable because our intention is to
Figure 1 depicts the modified interpolation that intro- introduce asymmetries in the particles.

duces stochastic variability. In Figs. 2 and 3 we have a

smoother distribution and small differences that suggest a

smaller impact on the noise. This interpolation method pre3. Numerical setup and benchmark

serves the physical properties, so it is less probable to in-

troduce significant errors in energy and charge conservatiod© compare the results of the proposed method, we use the

This suggests their applicability in the PIC, introducing vari- results from the trilinear interpolation used in the problem

ability and describing the stochastic behaviour inherent in thélepicted by Brieda [24]. In this way, we introduce a compar-

particles. ison between trilinear interpolation, B-spline interpolation,
We perform a statistical analysis to guaranty the proper@nd modified B-spline interpolation, serial and parallel. Also,

ties of B-splines with random modifications; we propose awe make a variation in the initial real number of density for

population of50,000 S,. As shown in Fig. 1, the compact four casesn = 1e9, n = 4.5¢9, n = 1el0, n = lell, and

support is maintained as well as positivity. On average, thé = 1lel3.

normalization has an integral value bf14, so we can as- The configuration of the simulation is a cubic domain

sume the normalization property. App|y|ng @3 norm to with an extent of 0.2 m on each side, divided into a uniform

measure the distance from the curve to ghaxis, we guar- Cartesian mesh witlh » = 2.5 x 107* m. One octant of

anty symmetry, finding that 39% of the B-splines do not havethe domain is filled with computational particles of electrons,

symmetry, and the averade norm is3.804, which indicates ~ With a number density equal te., and the rest of the domain

Electron population 111 ——"T— T Electron population Te11 //,,/—/l\* —
Triinearinterpolation [ ——t— — —~ | B-Spline inferpolation  — — — —L — ;

| i
\ \ \ \
\ [ !

| | | |
! | 1.5e+11

| 1.5e+11
|
‘f / [ 1.2e+11 N / | [ 1.2e+11
e L le+ll T —le+1l
ge+10 @ l 8e+10 ©
[ —6e+10 £ —6e+10 2
/ — 4e+10 l i _4e+10
. e a) . 26+10 " b) S |/ 26+10
Time: 0.0 ns ~~— 1.0e+02 Time: 0.0 ns ~~—_ 0.0e+00
Becfonpopuafionlell —— [ 7 Electron population1e1l — ] 7
n el pon e} o / Parallel Modified B-Spliner=— — — w5
Modified B-Spline \merpolahon\ » — | interoolation \ e |
\ |
\ |
I 1.50+11 / | I 1.50+11
1.20+11 | 1.26+11
L e+ e — el |
—8e+10 & ’ / —8e+10 &
—be+10 < / —6e+10 <&
46+10 ’ / 4e+10
it 2e+10 =% - | / 2e+10
Time: 0.0 ns ¢) 0.0e+00 Time:0.0ns &) ~__l 0.0e+00
FIGURE 4. Initial conditions for a number of density = 1ell.
" Electron population 1€9
R poHon = b T Modifed bpine merpoiion
il | = | ]
. +— — -
| \ ‘ | Il
|
| |
| -
| | \
,\ \ t 1.0e+09 1.0e+09 1.0e+09
)r’ | % 9e+8 9e+8 [9e+8
= \ ‘ - 8e+8 - 8e+8 — 8e+8
- / eSS ——— 7ot8 7e+8 ~——__ N 7048
\ T 6ee8 T bet8 — bet8
/, — 5e+8 — 5e+8 — 5e+8 2
; 'J—x,,, 4048 4e+8 N s
— ;\ 348 ) _ 3e48 i ) — 3048
4) < 20+8 b) ~ - 2e+8 ¢) ~—e 2e+8
Te+8 [ le+8 le+8
Time: 12.0 ns 1.08+02 Time: 12.0 ns 1.0e+02 Teries: 12,0 o5 1.06402

FIGURE 5. Last time for a number of density = 1¢9.
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Mumber of density 19
Time: 12.0 ns

BecticFeldMogniude

" postion

FIGURE 6. Last time for a electric field magnitude over a transver-
sal line,n = 1e9.

Electron population 4.5e9
Trilinear interpolation

4.5e+09
l: 4e+9

3.5e+9

3e+9

—2.5e+9 @

2649 2
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2o o L 1649
5e+8
Time: 12.0 ns 1.0e+02
Electron population 4.5¢9

B-Spline interpolation
T e T

4.5e+09
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b) 5e+8
Time: 12.0 ns 1.0e+02
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Modified B-Spline interpolation
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) 3e+9
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FIGURE 7. Last time for a number of density = 4.5¢9.

Number of cersty 4565
Time: 12.0ns

Eleciric Fleld .

" poion

FIGURE 8. Last time for a electric field magnitude over a transver-
sal line,n = 4.5€9.

is filled with ions of the same density. In Fig. 4, we can see
the initial configuration of the simulation. The time domain
ist € [0,12e — 9], divided into intervals of» ¢t = 1e — 10 s.

Performing an analysis of the problem using a lower num-
ber density, we observe that the novel method takes advan-
tage when the number density is greater thel0 particles,
so we briefly discuss the behavior of the system for particles
less tharlel0 using only serial methods.

Figure 5 depicts the improvements between the B-Spline
methods; the trilinear interpolation shown in Fig. 5a) does
not display the same structures that the B-Spline interpola-
tion does; it shows higher dispersions and masks the central
structure where the B-Spline and modified B-Spline indicate
a central concentration of particles. A plot over a line be-
tween a domain vertex in the octant and the opposite vertex
of the electric field is depicted in Fig. 6; for the three meth-
ods, the results are close.

For a higher number density, the same mask effect of the
trilinear interpolation hides the central structure and creates
dispersion performance in the distribution of particles. The
electric field over a line in Fig. 8 shows differences between
the three interpolation methods; we observe higher oscilla-
tions in the trilinear interpolation and a close performance of
the B-Spline and modified B-Spline.

This short analysis shows certain advantages of the mod-
ified method with respect to the classic methods, although it
does not demonstrate better performance.

4. Results

The four tests are performed under the same conditions as
Figs. 4. We observe that the novel method takes advantage
when the number density is higher thael0. Figures 9, 10

and 11 depict the system over three different times; for the tri-
linear interpolation, we observe a dispersion of the electrons
and simplifications of the distribution. The B-spline shows an
improvement with respect to trilinear interpolation; the mod-
ified B-spline constructs a complex topology of the electron
distribution and lower dispersion. With the parallel B-spline
interpolations, we observe higher dispersion; however, the
structure, in comparison with the B-spline and modified B-
spline, is conserved.

Rev. Mex. Fis72041501



COMPARATIVE OF PARALLEL MODIFIED B-SPLINE INTERPOLATION AGAIN CLASSIC INTERPOLATION METHODS. ..
Electron population Te11

_
Trlinear inferpolation |

—
—
0

Electron population 1e11

B-Spline interpolation
|

‘ \
| ; \
| 1.0e+11 \

| [8e+10

1.0e+11
\ P [ 8e+10
—6e+10 \ T —6esl0
—de+10 B _de+10 2
. a) —— [ 2e+10 L. b) [ 26+10
Time: 3.0 ns 1.0e+02 Time: 3.0 ns -
Electron population Tell — 1 Elecfonpopulation lell T —— i
sericl S Parailel e .
Modified B-Spline imerpol(ﬂi(‘m Modified B-Spline inTerpo\oTign \
| | |
»‘ | \ |
‘ il | | o 10e+11
\\ | [8e+10 | / I 8e+10
’w T 0 g \ —6es10
‘ | _4e+10 2 ’ / _aes0 E
i — | / r2e+10 1
Time: 3.0ns ) T L 1.0+02

-~ /
Time: 3.0 ns b /

r 2e+10
—

_ 1.0e+02
FIGURE 9. Comparative at timeé = 3 ns between a) trilinear; b) B-Spline; c) Serial Modified B-Spline; d) Parallel Modified B-Spline

Electron populafion 1e11
Trilinear inferpolation

B-Spline inferpolation | o

|
i |
¥ |
| 1.0e+11
|0 10esm | | e
o I ‘ “ | Rge+l0
{ | 8e+10 \ |
| - | , ‘\ | —6et+tl0 4
| D i 7 aevi0 2
/o —aeri0 B _ y
I/ 26+10 [/ I 2exlD
2l a) / [ s b) T / 106402
Time: 6.0 ns g cE02 Time: 6.0 ns f
Electron population Tell  _—— : Electron leopuulql*rion lell
Serial — arallel :
Modified B-Spline interpolationt Modified B-5pline inferpalation ;
i |
\ ( '\ :
\ ! : '
(\ | 1.0e+11 |~ J‘ [ 10e+11
|
) | [Be+10 | 1] goro0
\“ 7 —6e+l0 g | 6e+10 ¢
/ ] |
1 |/ 4e+10 B \
o 2e+10 4
Time: 6.0 ns c e/

_de+ln 2

1.0s+02

Time: 6.0 ns d)

- | (”‘(/. 2e+10
= “L [

1.0e+02

Electron population 1811

Trilinear interpolation

Electron population 1e11

il
=l
B-Spline inferpolation | |
| ‘\ i
\ ( ' !
| | g 10411 | 10e+11
| ! |
| f I—8e+'IO b | lSEHD
,;_J —6e+10 4 ! | =610
/7 —4e+10 2 / —ae+0 B
| ok 2e+10 2e+10
k. 2) N | b) /0
Time: 12.0 ns e f Lo Time: 12.0 ns e/ 108402
Electron population Te1l " = Electron population 1e11 .
Serial R - | arclle! - |
Modified B-Spline inferpolation Madified B-Spling \nterpo\GT\gn
| i
x \ ‘
! [ o 10001 | ,’ 10e+11
! | | 8e+10 | fl 8e+10
| 6e+10 ¢ | 1T se+10 4
| / —aeri0 B
g TR 26410 Je.,
Time: 12.0ns °) e N L

_4e+10 B
1.0e+02

Time: 12.0 ns &)

f [QE-HD
L"/"

1.0e+02

FIGURE 11. Comparative at timeé = 12 ns between a) trilinear; b) B-Spline; ¢) Serial Modified B-Spline; d) Parallel Modified B-Spline.
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Number of density Tel1
Time: 3.0 ns

ol /ﬂV&\\ o~ el
y

\ // H

Postion”
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V /[
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FIGURE 12. Electric field magnitude comparison for time= 3 ns.
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FIGURE 13. Electric field magnitude comparison for time= 6 ns.

Number of density le11
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-

Electric field magnitude

\ /\/\// // > \
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FIGURE 14. Electric field magnitude comparison for time=
12 ns.

Figures 12, 13 and 14 compare the electric field magni
tude distribution over a line; it is clear that the plots of the

(reduction order and stochastic sampling) and not as a modi-
fication of the physical model. Future work will explore de-
terministic reduction€.g, per-thread accumulators with or-
dered merging or compensated sum techniques) and/or per-
particle deterministic randomness strategies to minimize de-
pendence on the number of threads.

5. Conclusions

We presented a modified cubic B-spline kernel for the
Particle-Mesh step of PIC that injects small, zero-mean
stochastic perturbations to emulate unresolved microscale
variability while preserving compact support and positivity.
Across a controlled D electrostatic benchmark, the modi-
fied kernel systematically reduced electric-field oscillations
along diagnostic lines relative to CIC and the standard cu-
bic B-spline, without degrading charge conservation or the
overall energy behavior, as shown in Fig. 15. Visual diagnos-
tics revealed that Could-in-Cell (trilinear) tends to smear and
under-resolve central structures, whereas both cubic kernels

three methods differ in the electric field but maintain the same =

mean shape. The method with lower oscillation is the serial
modified B-spline method; it is the most stable. The trilinear
and B-spline interpolations exhibit oscillations during the ini-
tial time period. The parallel modified B-spline exhibits os-
cillations but preserves the shape of the other methods; how-
ever, it is clear that it overestimates the magnitude.

The most likely cause is numerical in parallel imple-
mentation: (i) in floating-point arithmetic, additions are not
associative, so the reordering inherent in parallel reduc-

tions/accumulations can introduce small differences in the o

charge deposited on the mesh and, consequently, in the po
tential and its gradient; (ii) The modified kernel incorporates
stochastic perturbations of amplitude and shape, E28. (
and 29), so that changes in the distribution of the workload
by subprocesses and in the order of evaluation can alter the
effective sampling of these disturbances. In addition, a lo-
cal seed per thread was used, inducing variations in the local
gradients and amplifying the magnitude fof d
We interpret the overestimation as a numerical repro-

ngﬂ energy
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ducibility effect associated with multi-threaded execution FiIcurE 15. Total energy behaviour over time.
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FIGURE 16. Wall-clock time per iteration.
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robustness-cost trade-off of the modified kernel makes it

attractive for high-fidelity electron-ion PIC in Hall effect
thruster studies, where reliable electric field statistics, stabil-
ity signatures, and wall interaction predictions are critical.
Limitations and future work. First, while the stochastic per-

turbations reduce oscillations, they introduce an additional
variance source whose bounds must be reported (amplitude

e and shape scaling), we suggest generating simulations with

a larger populatiom > 1ell, something statistically devel-

oped and closer to reality. Second, our tests focused on elec-
better preserve topology; the modified B-spline further attrostatic, collisionless cases on Cartesian grids; extensions
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