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Fractional scale transform and fractional Mellin transform for
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The fractional scale transform is introduced and studied to develop a new pattern recognition system invariant to scale, translation, and
rotation. This system was also implemented with the fractional Mellin transform, and the results were compared with those obtained with
the fractional scale transform. The analysis was performed to classify 30 phytoplankton species. For both transformations, optimal orders
were found for each species. This study implemented nonlinear correlation and adaptive nonlinear correlation for the classification stage.
The system achieved a mean accuracy of 0.998 with nonlinear correlation and 0.999 with adaptive nonlinear correlation.
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1. Introduction ing that the fractional version preserves the scale-invariance
property [12]. Zhotet al. (2012) applied the MT to develop a
reality-preserving color encryption algorithm [13]. Vashisth

The fractional Fourier transform (FrFT), as a generalizatior€t @l (2014) implemented a phase mask for encryption, based
of the conventional Fourier Transform (FT), has found appli-on the fractional Mellin transform [14]. In 2015, Sharma and
cations in different areas where the FT has been used, witReshmukh proved the analyticity of the FrMT [15]. Baloch
the potential to obtain better results [1]. Image correlation€t al (2019) established the relationship that the FrMT also
using FrFT or fractional correlation has been used for obhas with the fractional Laplace transform [16]. Waetgal
ject recognition [2], showing a less noisy response than cont2020) presented an encryption scheme based on the reality-
ventional correlation. Likewise, for identifying 30 phyto- Preserving FrMT with Gaussian opening [17].
plankton species, a pattern recognition methodology invari-
ant to translation and rotation was developed based on one- Furthermore, Cohen proposed the concept of scale trans-
dimensional signatures obtained with binary masks generaté@rm (ST) in 1993. In this transformation, the main mag-
from the FrFT, which were classified using nonlinear corre-hitude to be represented is, as its name indicates, the scale,
lation [3]. In this methodology, FrFT orders were found for since scale can be considered as a physical attribute of a sig-
each species, which improved discrimination capacity comnal [18]. Like the MT, this transform has the property that
pared to the case in which the FT is used for mask generatiofits modulus is invariant to changes in scale, in the same way
that the modulus of the FT is invariant to translation. Also,
In addition to the FrFT, the concept of fractional or- like the MT, this transformation can be implemented digi-

ders has been extended to other transforms, including th@lly: through the FT using a logarithmic mapping [19].

Mellin transform (MT), giving rise to the fractional Mellin

transform (FrMT) [4]. Butzeret al. (2002) conducted an To enhance discriminative capabilities in image classifi-
extensive study of fractional Mellin analysis, using the so-cation problems regardless of scale, rotation, and translation
called Hadamard integrals [5-7]. The MT can be imple-changes, this work proposes the fractional scale transform
mented via the FT, also known as the Fourier-Mellin trans{FrST) by extending the concept of fractional orders to the
form [8,9]. However, by working with the FrFT, the FrMT ST. To achieve this, the FrFT is employed. In addition to
can be obtained, also called the fractional Fourier-Mellinthe FrST, the FrMT was also implemented for classification
transform. Sazboet al. (2002) implemented optical cor- using nonlinear and adaptive nonlinear correlations.

relators based on the fractional Fourier-Mellin transform for

navigation tasks to detect and control specific ranges of ob- The rest of the article is organized as follows. In Sec. 2,
ject motion [10]. In 2011, Sharma showed how the fractionathe mathematical theory behind this work is presented. The
Fourier-Mellin transform is a generalization of the conven-methodology is described in Sec. 3. Section 4 presents the
tional Fourier-Mellin transform [11]. Zuo and Zhou (2011) analysis and results, and finally, in Sec. 5, the conclusion is
performed spectrum analysis with the MT and FrMT, find- given.
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2. Mathematical bases

2.1. TheMT

2.4. FrMT and FrST

The FrMT is a generalization of the MT as the FrFT is to the
FT. The two-dimensional FrMT of the ordgrof the function

The MT is an integral transform strongly related to the FT. r(; ) is defined by [24]

The MT of a function is defined as

- / f(z)2*~tdx, 1)
0

where,s = jc + 3 andc is the scale variable. Equation (1)
defines the3-Mellin transform family. If 3 = 0 we obtain a
compression/expansion invariant transform [20], in this case

M(c) = M{f(x)} = / f@)e e (2)
0
The most useful property of the MT with = 0 is that

MP{f (2, 9)} = Mo {f(2,9)} = / " / " fey)

X Ko (x,y,u,v)dzdy, (10)
where the kernek, (z, y, u, v) is defined by
Ko (z,y,u,v) = oo *1y§§fﬂ’i*1
% emm[u +o?+In 2% +1In y? ] (11)

any change in scale in the spatial domain translates to #r0 < o < 7/2, and the fractional order is= a/(7/2).

change only in phase in the Mellin domain, while its mod-

The MT can be implemented via the FT [20] using log-

ulus remains invariant to those changes in scale. For the casgithmic mapping. However, as the FrFT is a generalization
of an image, the two-dimensional MT is used, which is givenof the FT, the fractional concept was also extended to the MT

by [21]
M{f(z,y)} = /0 /0 Fla, )iy v ey, (3)

2.2. The scale transform

The scale transform (ST) is a special case of the MT with

B =1/2. The ST is given by [18]

€ —jelnzx

D(c) = D{f(x }fr/ o) —da. (@

Equation (4) can also be written as

DU} == [ et )

which is equivalent to the MT with complex argument=

—jc+ 1/2. In two dimensions, the scale transform is giveng 1

by [22]
D{f(z,y)}

= [ e

efjcwlnwfjcylny
X ——————————dxdy. (6)
VTY

2.3. Relationship between the MT and the ST
The MT in Eq. (2) can also be written as
> flx)ae
mif@y = [ 12

x
while the ST in Eg. (4) can be expressed as

f z)a e
D dx. 8
V== [ 1w @

Therefore, discarding the constarjt\/er, which is only for

——dx, @)

[4]. Therefore, the FrMT can be obtained by implementing
the FrFT after the logarithmic mapping [10]. And based on
the relationship between the MT and the ST given in Eq. (9),
the fractional scale transform can be obtained by multiplying
the input by the factoy/zy as

DS (2, y)} = My f(x,y)} (12)

3. Methodology

In this work, two position, rotation and scale methodologies
are presented. In the first method, the FrST is used. The frac-
tional version of the scale transform is implemented using the
FrFT. Then, the FrMT is also implemented to compare with
the results obtained with the FrST.

Position, rotation and scale invariant correlation
methodology based on the FrST

The system implementing the FrST is shown in the diagram
of Fig./L. Itis based on the methodology used to obtain the ST
[19], but now using the FrFT instead of the FT to implement
the FrST. First, step (1) presents a target image to the sys-
tem. In step (2), the modulus of the FT, named as the spectral
image, is calculated, thus introducing translation invariance.
After that, the factor,/zy that differentiates the FrST from
the FrMT is introduced in step (3). Then, in step (4), the
Cartesian coordinates are mapped to polar coordinates, thus
obtaining rotation invariance [9,25]. In step (5), a logarith-
mic mapping is performed. In step (6), the FrST of orger

of the target image is obtained by applying the FrFT to the
logarithmically scaled data. Then, to get scale invariance,
the modulus of the FrST of the target image is calculated in
step (7). In step (8), a problem imagér, y) is introduced

normalization purposes, there is a relationship between th&® the system, and from step (9) to step (14), the modulus of

MT and the ST, given by [23]
M{Vzf(z)} = D{f(z)}.

the FrST of the problem image is calculated. Finally, in step
(15), the correlation of the modulus of the FrFTs of the target
and problem images is performed to classify the images.
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where, for this workp p,.,, and¢r,.,, are the phases of the FT
of the fractional transformations of the problem image and
target image, respectively, afd< k < 1 is the nonlinearity
factor. For this workf = 0.3. The adaptative nonlinear cor-
relation is a variation of the nonlinear correlation that gives
better classification performance, and is defined as [27]

Cnir = F H|F{Ppr}**"

G ,0 . . i
Henoe) —— X €9Prn | F{Tpp}|Fe~97rR)Y, (14)
© | L (13) _ . . .
D”{f(x.y)}:W(F(exp(p).,,)}‘ ’Dn{a(x,m:p{g(exp(p),g)}‘ where R is the factor that modifies the nonlinearity of the
1} (15) ] modulus of the FT of the fractional transformation of the
(7) - (4 problem image. For this work, the factor is defined as
|DP{f(x, M} Correlation !
o(z,y)
FIGURE 1. Block diagram of the position, rotation, and scale cor- o’(m,y);; ,o(@,y)pr < o(@,y)rr,
relation methodology based on the FrST. R= (15)
o(z.y)r1

@) pr’ o(x,y)pr > o(x,y)r1,

whereo (z,y) ps is the standard deviation of the spectral im-
age of the problem image, andz, y)r; is the standard de-
viation of the spectral image of the target image. Calculating
an autocorrelation makd® = 1, which turns the adaptative
nonlinear correlation into a nonlinear correlation.

F(exp(p),6) G(exp(p),6)
where p = Inr where p = Inr
5) | | 1 ] (a1 4. Analysis and results
MP{f(x,y)} = ?”{F(eXP(p)VG)}‘ ‘M”{G(x. »}= T”{GCEXP(p),B)}‘

- ¥ 13) ¥ 5 This work discriminates between the 30 phytoplankton
species in Fig3. The classification is made by implementing
the FrST or the FrMT with an optimal order.
FIGURE 2. Block diagram of the position, rotation, and scale cor-

relation methodology based on the FrMT. . .
4.1. Obtaining the optimal order

3.2. Position, rotation and scale invariant correlation As stated earlier, the parametecan have values betweén
methodology based on the FrMT andr /2. Thus, the ordep can have values betweérand1.

) _ ) Therefore, it is necessary to determine the optimal value
Now, Fig.2 shows the system implementing the FrMT. In of ), to use in the process.

step (1), a target imagf(x, y) is presented. In step (2), the A non_normalized autocorrelation is performed for a par-
spectral image is calculated. Then, in step (3), the Cartesigf o orderp, and the peak value is extracted. This is done
coordinatgs are mapped to polar coordinates. In step(4), &, gifferent orders. In this way, each order will give its re-
logarithmic mapping is performed. In step (5), the FIMT of gnective autocorrelation value. Finally, the order with the
the orderp of the target image is obtained, and its modulusygpest correlation value is considered the optimal order [3].
is calculated in step (6). Then, in step (7), a problem imagerjs js done for the FrST and the FrMT for all 30 species.
is introduced. From step (8) to step (12), the modulus of the,, optimal order is searched by changjnffom 0.01 to 1
FrMT of the problem image is obtained. Finally, in step (13).yith steps 0f0.01. In this way, planes other than the ST and
the correlation of the modulus of the FrMTs of the target andy 1 are selected, which are special cases of their fractional
problem images is calculated. versions wherp = 1. Tablelll shows the optimal order of
each species obtained for the FrST and the FrMT. It can be
observed that there is no single optimal order for all species,

In the classification stage, using the FrST or the FrMT, non@nd in some cases, the optimal order of a species differs for
linear and adaptative nonlinear correlations are used. Th@ach transformation. Also, for both transforms, no species

nonlinear correlation ok-law correlation is defined as [26] ~has an optimal order equal to 1. This means that the species
. K id k. —idrrn) identified themselves better in both cases when working with
One=F {[F{Prr}l" e re|F{Trr}["e™ " 77}, (13)  fractional orders.

3.3. Correlation

Rev. Mex. Fis72051301
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» % < hytoplankton . species was scalet10% in steps of1%. Thus, the scale
“3 . species used in N P \ - .
' this work ranges from90% to 110% of the original image 100%
Species 1 Species 5 Species 9 Species 19 Species 23 Species 27 Scale), thls range |S typlcal Of th|S SpeC'eS type| WhICh |S Why
} @ @ & €« ~— p . f[he range was selecteq. Therefore, considering the orlgmal
- - ' image, 21 scaled versions were produced for each species.
Species 2 Species6  Species 10 Species 13 Species 16  Species20  Species24  Species 28 .. . .
‘ Then, the original image of each species was selected as
@ @ ) yd @( Y @ (& the target and compared with all scaled versions of itself
Species 3 Species 7 Species 11 Species 14 Species 17 Species21  Species25  Species 29 and a” Scaled Versions Of the Other SpeCIeS' The Comparl-
- son was made by following the transformation methodolo-
@ n @& & & @ ¥ gies described in Secs. 3.1 and 3.2. The order used in each

comparison was that of the target species, depending on the
transformation used, as shown in Takléhis process was
performed using non-linear correlation and adaptative non-
linear correlation for both transformations. Figug:and5
show the results obtained with the FrST and the FrMT when
species 4 is the target. The box plots show the mean.
standard deviation, and the maximum and minimum values
obtained from all the performed correlations.

Figureld4a) shows the results of the nonlinear correla-
tion with the FrST. Considering the maximum and minimum
values in the box plots, there is some overlap with species
25 only. Figure4b) shows the results for the same trans-
formation but using adaptive nonlinear correlation, with no
overlaps. The results for the FrMT transform using nonlin-
ear correlation are shown in F/§a), and those with adaptive
nonlinear correlation are shown in Figb), with no overlap
in either case. To evaluate the performance with each species
as the target, four metrics were used:

Species 4 Species8  Species 12 Species15  Species 18  Species22  Species26  Species 30

FIGURE 3. Images of the 30 phytoplankton species used in this
work. Species 1:Acanthogonyaulax spiniferaSpecies 2:Cer-
atium gravidum Gourret Species 3Dinophysis hastataSpecies
4: Diplosalopsis orbicularis Species SHistioneis Species 6Lin-
gulodinium polyedrumSpecies 7Ornithocercu armata Species
8: Ornithocercus magnificus Species 9: Oxytoxum scolopax
Species 10Podolampas bipesSpecies 11Podolampas spinifer
Species 12Podolampas bipesSpecies 13Podolampas palmipes
Species 14:Podolampa spinifer Species 15:Protoperidinium.
Speciesl6: Dinophysis rapa Species 17:Dinophysis hastate
Species 18:Ceratocorys horrida Species 19:Ceratocorys hor-
rida. Species 20Ceratium furca Species 21Ceratium lunula
Species 22Ceratium hexacanthumSpecies 23Ceratium prae-
longum Species 24 Ceratium breve Species 25Asterolampra
marylandica Species 26:Hemidiscus cuneiformisSpecies 27:
Thalassionema nitzschioideSpecies 28Pyrocystis Species 29:
Hemidiscus Species 30Dinoflagellata

4.2. Classification accuracys,,) = TP, + TN, (16)
) =
i i TP,+ TN, + FP,+ FN,’
Thirty species of phytoplankton were used to analyze the TP
perforr.n'ance of t.he two correlation methodologies invariant  sensitivity(S,,) = —————, (17)
to position, rotation and scale presented in this work. The TP, + FNy
images are grayscale with3)7 x 307 size. Each of the 30
1.0 M 19 @« Mean
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FIGURE 4. Results obtained by implementing the FrST using FIGURE 5. Results obtained by implementing the FrMT using
species four as the target. a) Nonlinear correlation. b) Adaptativespecies four as the target. a) Nonlinear correlation. b) Adaptative
nonlinear correlation. nonlinear correlation.
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TABLE |. Optimal order for each phytoplankton species. Column 1 Tag| g |I. Results of the FrST with nonlinear correlation.
shows results obtained with FrST. Column 2 shows results obtained

with FrMT.

Accuracy Sensitivity Specificity Precision

Species

FrMT optimal orders

FrST optimal orders

Species

0.986
0.991

0.986
0.991

0.905 0.998 0.950

0.995

0.978

0.978

0.953
0.986
0.978

0.978
0.979

0.857

0.995

0.978

0.952

0.978

0.979

0.979

10
11
12
13
14
15
16
17
18
19
20
21

0.986
0.986
0.992
0.978

0.986
0.986
0.993
0.978
0.984
0.974
0.985
0.985
0.978
0.986
0.986
0.977

10
11
12
13
14
15
16
17
18
19
20
21

0.984
0.974
0.985
0.978

0.978
0.986
0.986
0.978

22
23
24
25
26
27
28
29
30
AVERAGE

0.978

0.978
0.985
0.983
0.978

0.985
0.984
0.978

22
23
24
25
26
27
28
29
30

0.571 0.990 0.667

0.976

0.978

0.978
0.985
0.978
0.978
0.978
0.979

0.979
0.978
0.978

0.905 0.985 0.679

0.982

0.978

0.976

0.974 0.999

0.998

0.978

Confusion Matrix

21

18

17

16

15

7]

13

12

10

olele]|e

°

olefe]|e

o

[species| 1

R
SRR =

3

18
19

21

22

25

27

28

29
30

18qeT ani

Predicted Label
FIGURE 6. Confusion matrix obtained with the FrST using nonlinear correlation. Rows represent true classes, while columns represent the

predicted classes.
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o
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FIGURE 7. Confusion matrix obtained with the FrST using adaptive nonlinear correlation. Rows represent true classes, while columns

represent the predicted classes.

TABLE IlI. Results of the FrST with adaptive nonlinear correlation. 14, e |V. Results of the ErMT with nonlinear correlation.

Accuracy Sensitivity Specificity  Precision

Species

Accuracy Sensitivity Specificity Precision

Species

1 0.998 0.955

0.998

0.997 0.905

6

10
11
12
13

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
AVERAGE

14
15
16
17
18
19
20
21

22
23
24
25
26
27
28
29
30
AVERAGE

0.571 0.993 0.750

0.979

0.952

0.998

0.857 0.985 0.667

0.980

1 0.998 0.955

0.998

0.977 0.999 0.979

0.998

0.998 0.999 0.998

0.999
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TABLE V. Results of the FrMT with adaptive nonlinear correlation. o TN,
Species  Accuracy Sensitivity Specificity Precision specificity(5) = TN, + FP,’ (18)

1 1 1 1 1 o TP,
2 1 1 1 1 precision{S,,) = TP 1 FP. (19)
3 1 1 1 1
4 1 1 1 1 whereT P, are true positives for the species,I'N,,, are
5 1 1 1 1 true negatives for the speciesf’ P, are false positives fat
6 1 1 1 1 species, and’'N,, are the false negatives farspecies.
7 1 1 1 1 Tablesll! andllll! show the results obtained for the FrST
8 1 1 1 1 with nonlinear and adaptative nonlinear correlations, respec-
9 1 1 1 1 tively. The tables show the accuracy, sensitivity, specificity,
10 1 1 1 1 and precision obtained with each species. The last row shows
11 1 1 1 1 the averages of the four metrics. The results show a value of
12 1 1 1 1 one for the four metrics in almost every species, with nonlin-
13 1 1 1 1 ear correlation. In the case of adaptive nonlinear correlation,
14 1 1 1 1 only two species do not achieve a value of one for the four
15 1 1 1 1 metrics. Looking at the averages, adaptive nonlinear correla-
16 1 1 1 1 tion has slightly better performance in accuracy, sensitivity,
17 1 1 1 1 and precision than nonlinear correlation, with the same per-
18 1 1 1 1 formance in specificity for both types of correlation.
19 1 1 1 1 TableslV| and V| show the FrMT results with nonlin-
20 1 1 1 1 ear and adaptive nonlinear correlation, respectively. For this
21 1 1 1 1 transformation, working with nonlinear correlation, the re-
22 1 1 1 1 sults also show a value of one for the four metrics in al-
23 1 1 1 1 most every species. With adaptive nonlinear correlation, only
24 1 1 1 1 two species do not achieve a value of one for the four met-
25 0.998 0.952 1 1 rics. Again, looking at the averages, only in specificity did
26 1 1 1 1 both types of correlation have the same performance, with a
27 1 1 1 1 slightly better performance for adaptive nonlinear correlation
28 1 1 1 1 in the other three metrics.
29 0.998 1 0.998 0.955 Comparing both transformations, in the case of nonlinear
30 1 1 1 1 correlation, both transforms have the same mean accuracy

AVERAGE 0.999 0.998 0.999 0.998 and mean specificity, and for the mean sensitivity and mean

Confusion Matrix
13 14 15 16 17
0

-
N
=
]
N
o

N =
HE1E
o

Nlele|ele]|e|e]e|e|a]|e]e

alefe|ele]e|ale|e|e]e]e]e

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

True Label

2

Nlolelele|ele|e]e|e|e|e]|e|e]e|e|e]|e|e

slelele|elele|ele]e]elele|e]e]e|zlc]e]e]cle|e]e]e]e]e|e]e
ole|e|e|e|ele|e|e]|e|ele|e|e]e|n|e|e]e]e]|e|e|e|o]e]|e|e|e]|e
]
slelelelelelelele]e]elele|e]e]e|ele]e]e]e|ele]e]e]e]e|e]e
slelelelelele|ele]e]elele|a]e]e|e|e]ele]elele]e]o]e]e || |8

olelale|e|ele|e|e|e|e]|e]e]|e

olele|e|e|elele]e|e]e|e]e]e|e]e|e]e|e]elo|e]|e|o]e|o]e]|2|o]e [«

ololefelelelele]e|e]e]ele]e]c|e]a]ele|e]elela]e |- |o]2|e]e]e |-

olelele]e]e]ele]elelelelele|e|e|elele|ecle]e]e]e e |2le|e|e|e =

olele|e|a|e|ele]|elo]|e|o|e|e|ele]e|o]e|e|e|e]o|e|z]e]e|e]o|e ]

olo|e[o]e]e|ele|e|o]|e]e|o]|e]|e|e|o]elo|e]o|olo||o|o]e|o]o]e|n

olelefele]e|ele|e|ale]e|e]e]e|e|e]ele|e]ale|r]e|e|e]e|a]e]e =

olele|e|e|e|ele|e|e|e]e]e|e|e]e]c]e|e|e|e|t]|e]e|e|e]|e]ele|e|e

olo|e|e|e|o|ele]e|e]e|e]o]o|e]e|e]olo]elz|e]elo]e|ole]ole] |8

1) ) P Y P A A O A Y O O O A A I ) N O O O R O I O O

ololo|elelo]e]o]e[e|o]o|rle|o|e]o]ole|e]e]e]o[o|o]e]e] oo |8

ololelele|elelals|a|zlelele|s[a|a|elelelo|a|s oo oo s o [&

olo[o]o|o]o]ofe]e[x|o]|o|e]e[o|o]|o|e]e[e]o]c|o|o[o|o|o|o o o [

S R D R P P N P P A R O O P Y O Y P A Y

ololelelefe|elz|e|a|e|elele|a[a|alele|elo|a|ale[e|o|e]o s [o [&

ololalele|e|zlale|o|elelela|s|a|alelelelo|a|s oo |o|e]s]s o [&

olwl|e|e|e|k|ele]|e|e|e|ele]|e|e]|e]|e]e|ec|e|e]|e]|e|e|=|o|ec]|e]|e]=|B
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FIGURE 8. Confusion matrix obtained with the FrMT using nonlinear correlation. Rows represent true classes, while columns represent the
predicted classes.

Rev. Mex. Fis72051301



8 E. GARZA-FLORES AND JALVAREZ-BORREGO

Confusion Matrix

MI 1 2 3 4 5 (3 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
1 21 o o 0 0 0 0 0 o 0 o o o o 0 0 0 o o o o o 0 0 0 0 0 o o o
2 o l2a1] o 0 ] [ 0 0 0 0 0 0 [] 0 0 0 0 [ 0 0 ) [ 0 0 [] [] [ Q Q 0
3 0 o 21 0 0 0 0 0 0 0 o 0 o o 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 o
4 0 0 o 21 0 0 0 0 [ 0 0 0 o 0 0 0 0 0 0 0 0 o 0 0 0 0 0 0 0 0
5 o o o 0 21 0 0 0 0 0 0 o 0 o 0 0 0 o 0 o o o 0 o o a 0 0 0 9
6 o 0 0 0 0 21 0 0 0 0 0 o o 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
7 ) ) ) 0 ) o | 2| o o o 0 0 0 0 o o [ ) ) ) ) ) 0 ) [ [ 0 o [ 0
3 0 0 o 0 0 0 0 21 0 o 0 o o o 0 0 0 o 0 0 o 0 0 0 0 ) 0 0 o 0
9 ) ) 0 0 0 [ o o | 21| o0 0 0 0 0 o o ] o ) ) 0 0 0 0 [ [ o o o 0
10 0 0 0 0 0 0 o [ o | 21] o 0 0 0 0 o 0 0 0 0 0 0 0 0 0 0 [ 0 0 0
oL ) ) ) 0 [ 0 o ] 0 o |21] o 0 0 [ [ [ 0 ) ) ) ) 0 0 0 0 [ ) 0 0
al 12 0 0 0 0 0 0 0 ] [ 0 o [a1] o 0 [ [ 0 0 0 0 0 0 0 0 0 ] 0 [ [ 0
@©| 13 0 0 0 0 ] 0 0 0 0 0 0 o |21 0 0 [ 0 0 0 0 0 0 0 [ 0 0 o o 0 0
-5 ) ) [ 0 ] ] 0 [ 0 0 0 0 o 1] o ] 0 [ ] ) [ [ 0 ] ] ] [ 0 0 0
% 15 o [ [ 0 0 0 o o o o 0 o o o 21 0 0 o 0 o [ [ 0 0 0 ) o o o 0
=| 16 ) ) ) [ 0 0 [ 0 0 0 0 0 [ [ o |21] o 0 0 o o o 0 ) [ 0 0 0 0 0
L= 17 [ o [ 0 0 0 o o o 0 0 0 o o 0 0 21 0 [ [ o o 0 0 0 Q 0 0 0 0
18 o o o 0 0 0 o o o o o o o o 0 o 0 21 o o o o 0 0 0 a o o 0 o
19 [ o ] 0 0 0 Q9 0 Q Q9 0 0 0 o 0 0 ] [ 21 ] o ] 0 0 g ) 0 0 9 0
20 0 o o 0 0 0 0 o 0 0 0 o o o 0 0 0 0 0 21 [ o 0 0 0 0 0 0 0 o
21 0 [ [ 0 [] [ [] [] 0 0 0 0 [] [] [ 0 0 0 0 o |2 o 0 0 0 0 ) 0 Q 0
22 0 o o 0 0 0 0 0 0 0 o 0 o o 0 0 0 0 0 o 0 21 0 0 0 0 0 0 02 0o
23 0 0 [ 0 0 0 Q 0 0 0 0 0 0 0 0 0 0 0 0 [ 0 0 21 0 0 a 0 0 0 0
24 0 0 0 0 0 0 0 0 0 o 0 0 0 0 0 0 0 0 [ 0 0 0 o |21] o 0 o o o 0
25 0 0 0 0 0 0 0 0 0 0 0 o o 0 0 0 0 0 0 0 [ 0 0 0 20 0 0 0 1 o
26 [ ) ) 0 0 ] o o a o 0 0 0 0 o o 0 [ ) [ ) ) 0 0 o || o a a 0
27 o [ [ 0 0 0 0 0 Qo o 0 Qo ] o o 0 0 [ [ 0 [] [ 0 0 0 0 21 0 o L]
28 [ ] [ 0 [] [ ] ] [ [ 0 0 0 0 ] o ] [ ] ] ] [ 0 [ [ [ o | 21| o 0
29 ) 0 0 0 0 0 0 o o [ 0 0 0 0 o [ 0 0 0 0 0 0 0 0 0 ) o o | 21] o
30 ) ) [ 0 ) [ o o o o 0 0 0 0 o ] 0 ) ) [ [ ) [ [ [ o 0 o |z

o
Predicted Label

FIGURE 9. Confusion matrix obtained with the FrMT using adaptive nonlinear correlation. Rows represent true classes, while columns
represent the predicted classes.

precision, the FrMT had slightly better performance than the The species analyzed determines the scale range used in
FrST. With adaptive nonlinear correlation, both transforma-this work. However, integral transformations of this type
tions performed similarly with all four metrics. The perfor- can be applied to a broader range, as demonstrated by Pech-
mance of both transforms with adaptive nonlinear correlaPachecet al. (2003) [25], who used the classical scale trans-
tion was better than that obtained with nonlinear correlatiorform to classify Arial font letters across scale ranges from
for mean accuracy, mean sensitivity, and mean precision. 180% to 150%. Therefore, the fractional scale transform, be-
contrast, mean specificity had the same performance in boting a generalization of the classical scale transform, can op-

types of correlations for both transformations. erate effectively over a broader range.
Figures6-9 present the confusion matrices for both trans- ~ This methodology does not require a training stage; there
formations and both correlation types. is no need to know the scale, rotation, and position param-
eters in advance to achieve the performance reported in this
work.

5. Conclusion
Conflicts of interest

The results show similar performance across the two frac- i ) ,
tional transformations when using nonlinear correlation,The authors declare no conflict of interest related to this
achieving high performance across all metrics, with theStudY-

FrMT performing slightly better than the FrST. In the case
of adaptive nonlinear correlation, the results are the sam
for both transforms and are better than those obtained withhis research was funded by Centro de Investiyaci
nonlinear correlation. Therefore, the adaptive nonlinear corgiengfica y de Educaéin Superior de Ensenada (CICESE),
relation was the better option for both transformations. TheBaja California, grant number FOF181.

results show that using fractional orders yields better discrim-

ination performance for both transforms. Therefore, the fracpata statement

tional scale transform introduced in this work is a good new

pattern recognition tool capable of scale-invariant identifica-The data supporting is not publicly available, but they can be
tion with high performance. shared if you send an Email to the corresponding author.
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